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Nonparaxial Mie Theory of Image Formation in Optical Microscopes and
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We derive an explicit partial-wave (Mie) series for the image of a dielectric microsphere collected by a
typical infinity-corrected microscope. We model the propagation of the illumination and scattered vector
fields through the optical components of the microscope by using the angular-spectrum theorem with the
help of Wigner rotation matrix elements, allowing us to identify the contribution from spin-orbit helicity
reversal. We consider a high numerical aperture objective well beyond the validity range of the paraxial
approximation. The spherical aberration introduced by refraction at the planar interface between the sam-
ple and the glass slide is fully taken into account. By comparing our theoretical model with images of
colloidal particles placed at different positions with respect to the objective focal plane, we characterize
their radii and refractive index. We employ polystyrene microspheres with a known refractive index in
order to fit the transverse attenuation length describing the transmission loss of the scattered field. As an
application, we measure the radius and refractive index of individual silica beads. We compare the result
for the radius with an independent measurement using high-resolution scanning electron microscopy. To
validate the result for the refractive index, we develop a second method, independent of the theoretical
model, based on the image contrast in glycerin-water solutions. In all cases we find very good agreement
between our method and the validation procedures. In addition, the nonparaxial theory provides a reliable
description of the images found for all focal-plane positions and for both polystyrene and silica micro-
spheres. Our approach allows a common optical microscope to be used to measure the refractive index and
radius of spherical particles covering the entire size range from the Rayleigh regime to the ray optics one.

DOI: 10.1103/PhysRevApplied.15.064012

I. INTRODUCTION

Light microscopy has undergone considerable advances
in recent decades. The attained limit of resolution has
reached the nanometric scale by the development of tech-
niques such as confocal scanning [1–3], near field [4,5],
structured illumination (SIM) [6], stimulated emission
depletion (STED) [7], photoactivated localization (PALM)
[8], tracking of fluorescent molecules with minimal photon
fluxes (MINFLUX) [9], defocusing [10–12], and stochas-
tic optical reconstruction microscopies (STORM) [13].
Recently, a multifocus strategy has been implemented for
three-dimensional (3D) volumetric imaging [14]. Many
among the above referred techniques employ imaging of
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fluorescent markers that allow for nanometric resolution
but also require probe attachment that may change the sam-
ple. On the other hand, label-free microscopy techniques
such as quantitative phase imaging (QPI) use transmit-
ted light microscopy with minimum sample damage but
relatively poor molecular specificity and image resolution
[15]. Nano-optics [16] has employed the conceptual and
theoretical framework of classical and quantum optics to
study the available microscopy technologies, and to pro-
pose developments based on modern microscope designs.
In such a context, accurate theoretical descriptions of the
light interaction with samples and microscope lenses are
sorely needed.

Methodologies that combine optical microscopy with
Mie-scattering theory have been used to track and/or
characterize individual colloidal particles, by measuring
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their refractive index, radius [17–21], and porosity [22], as
well as the rotational dynamics of nonspherical particles
[23] and the antibodies’ binding rate and concentration in
solution [24]. A model for light propagation through the
optical microscope considering the objective and tube lens
as a single effective lens was recently proposed [25].

In this work, we develop a nonparaxial vectorial model
based on Mie-scattering theory to describe the interaction
between the incident light and a dielectric microsphere,
also on the angular-spectrum method to propagate the
resulting total field through the optical system. The prop-
agation of the light field through the microscope objective
and tube lenses are analyzed separately with the help of the
angular-spectrum theorem [16,26]. The refraction through
the planar water-glass interface and the resulting spheri-
cal aberration [27] are also fully taken into account. We
represent the spherical waves scattered by the microsphere
as a partial-wave (Mie) series, which is then expanded as
a superposition of plane waves by employing Weyl’s rep-
resentation [28,29]. We derive an explicit representation
for the light-intensity pattern captured by a CMOS cam-
era in terms of integrals over the aperture angle of the
objective lens. The (Mie) scattered fields are represented
in terms of Wigner rotation matrices, which allows for
an explicit identification of the spin-orbit [30,31] helicity
reversal contribution.

Finally, we apply our model to characterize colloidal
particles. To accurately describe the experimental results,
we introduce two phenomenological parameters describing
the attenuation of the light field as it propagates through
the optical system. We analyze the images of polystyrene
(PS) and silica microspheres to determine their radii. We
compare the results with the value provided by the manu-
facturer for the monodisperse polystyrene microspheres. In
the case of the silica microspheres, we use high-resolution
scanning electron microscopy to measure the radius, in
order to compare with the results obtained by our method.
We also measure the refractive index of silica micro-
spheres, and to validate the results we develop a second
methodology based on the variation of the image contrast
with the dilution of glycerin in aqueous solution, which is
employed as the host medium. We find agreement between
our method and independent validation procedures in all
cases, showing that the proposed theoretical model pro-
vides an accurate description of the light-intensity patterns
measured in bright-field optical microscopy.

II. NONPARAXIAL THEORY OF THE IMAGE OF
A MICROSPHERE ILLUMINATED BY A PLANE

WAVE

Our theoretical approach is based on Mie-scattering the-
ory, which we develop in terms of Debye potentials [32].
By using Weyl’s integral representation [28,29,33,34] and
Wigner rotation matrix elements, we expand the scattered

field as a superposition of plane waves. We then proceed
by considering the propagation of each plane-wave com-
ponent across the microscope optical system, which we
assume to be infinity corrected. We start by considering the
case of coherent illumination, and later introduce an atten-
uation factor to account for partial transverse coherence
of our light source. Our assumptions provide an accurate
description of our images obtained with light-emitting-
diode (LED) illumination when the condenser aperture
diaphragm is partially closed. We also model the transmis-
sion loss of the illumination field by introducing a heuristic
reduction factor.

We consider the microscope illumination field as a
monochromatic plane wave (angular frequency ω and vac-
uum wavelength λ0 = 2πc/ω) propagating in the aqueous
host medium (refractive index n1) along the z direction.
We start assuming a linearly polarized wave along the x
direction:

Ein(z, t) = E0ei(k1z−ωt)x̂, (1)

with k1 = n1ω/c = 2πn1/λ0 (c = speed of light in vac-
uum). In the final steps of our derivation, we take an
average of the intensity over all possible directions of
polarization in order to model the case of nonpolarized
light.

In Appendix A, we solve the Mie scattering by the
microsphere imaged by the microscope taking Ein(z, t)
as the incident field. We expand the scattered field in
the aqueous host medium as a superposition of circularly
polarized plane waves (helicity = σ ):

E(1)
s (r) = − E0

8π

∑

σ=−1,+1

∞∑

J=1

(2J + 1)

∫ 2π

0
dβ

∫

C
dα sin α

× [
aJ gJ

σ ,+(α, β) + bJ gJ
σ ,−(α, β)

]

× (ϑ̂ + iσ ϕ̂)eik1(α,β)·r. (2)

Here, aJ and bJ are the Mie coefficients [35] representing
the scattering amplitudes for electric and magnetic multi-
poles, respectively. They are functions of the microsphere
radius a and refractive index n2, as well as of the index n1
of the aqueous host medium (see Fig. 1). The direction of
the wave vector k1(α, β) is defined by the spherical angles
in the aqueous solution α and β, to which we associate the
unitary vectors ϑ̂ and ϕ̂, respectively. The integration con-
tour C for the angular variable α, defined in Appendix A, is
such as to include both evanescent and propagating waves.
However, only part of the evanescent sector contributes by
frustration at the water-glass interface when considering
propagation through the optical system as detailed below.
We define the coefficients:

gJ
σ ,ε(α, β) = eiσβdJ

σ ,σ (α) − εe−iσβdJ
−σ ,σ (α), (3)
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FIG. 1. Propagation of the field scattered by a dielectric micro-
sphere (radius a) through the microscope optical train. The
scattering angle α in the host aqueous medium is related to the
angle θ in the glass medium by Snell’s law of refraction. OL
(focal length f ) and TL (focal length f ′) are the objective and tube
lenses. The distance D between them satisfy D = f + f ′. S1 − S4
are spherical reference surfaces as defined by the sine condition.
We calculate the total electric energy density at a point rt in the
image space of TL.

with ε = 1(−1) for electric (magnetic) multipoles. The
matrix elements of finite rotations dJ

M ′,M (α) [36] are taken
at M = M ′ = σ for the helicity-conserving terms, and at
M = −M ′ = σ for the contribution of the spin-orbit [30]
helicity reversal [31] upon Mie scattering.

In Appendix B, we analyze the propagation of the scat-
tered field, Eq. (2), through the optical system as illustrated
by Fig. 1. We first consider the refraction at the planar
interface separating the aqueous solution from the glass
slide of refractive index n. We obtain the refracted field
in terms of the angle of refraction θ = sin−1(N sin α) and
the corresponding Fresnel coefficient:

T(α) = 2N cos α

N cos α + cos θ
, (4)

with N = n1/n. Refraction also gives rise to the spherical
aberration phase [37],


g−w(θ) = k
(−Lg cos θ + NLc cos α

)
, (5)

where k = nω/c is the wave number in the glass medium.
As indicated in Fig. 1, Lg and Lc denote the positions of
the objective Gaussian focal point and microsphere center,
respectively, with respect to the interface.

We use the angular-spectrum theorem and the method of
parallel transport when considering transmission across the
objective (focal length f ) and tube lens (focal length f ′).
The objective NA defines the nonparaxial opening angle
θ0 = sin−1(NA/n) in the glass medium. Only propagating
modes are considered in the glass medium. However, the
angular spectrum within the interval sin−1(n1/n) < θ < θ0
arises from frustration of the microsphere’s near field when

NA > n1 (which is the case in our experiment). We assume
that the objective lens satisfies the Abbe sine condition
[32]. As f ′ � f , we take the paraxial approximation in the
image space of the tube lens.

The propagation of the illumination field, Eq. (1), is
derived by the same approach. After crossing the objec-
tive lens, the illumination beam is focused at its back focal
point, which is placed at the focal plane of the tube lens as
the distance between the lenses is D = f + f ′. We model
the total propagation loss of the illumination field, as it
propagates from the light source to the image space of the
tube lens, with the help of a real transmission amplitude
tin. The total field at a point (in cylindrical coordinates)
rt(ρt, φt, zt) in the image space of the tube lens is then
written as

Etube(rt) = Es,tube(rt) + Ein,tube(rt)x̂. (6)

We take the origin at the tube lens back focal point, as illus-
trated by Fig. 1. The scattered field in the image space of
the tube lens Es,tube is derived in Appendix B, whereas the
illumination field reads

Ein,tube(rt) = − tinE0f
f ′

2n1

n1 + n
ei(k1Lc−kLg)eik0(f ′+D)eikf eik0zt ,

(7)

with k0 = ω/c.
After taking the squared modulus of the total field,

Eq. (6), to find the total electric energy density, we aver-
age over the azimuthal coordinate φt as the illumination
beam is unpolarized. We find

Itube(ρt, zt) = 1
2π

∫ 2π

0
|Etube(ρt, φt, zt)|2dφt

= |Es1(ρt, zt) + Ein,tube(zt)|2 + |Es2(ρt, zt)|2.
(8)

Here, we define the scattered-field amplitudes:

Es1(ρt, zt) = E0

2
f

nf ′ e
ikf eik0(D+f ′+zt)

∞∑

J=1

(2J + 1)(aJ + bJ )

×
∫ θ0

0
dθ sin θdJ

1,1(α)J0

(
k0

f
f ′ ρt sin θ

)
t(θ),

(9)

Es2(ρt, zt) = E0

2
f

nf ′ e
ikf eik0(D+f ′+zt)

∞∑

J=1

(2J + 1)(aJ − bJ )

×
∫ θ0

0
dθ sin θdJ

1,−1(α)J2

(
k0

f
f ′ ρt sin θ

)
t(θ),

(10)
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in terms of the complex transfer amplitude:

t(θ) = cos3/2 θ

cos α
T(α)τ(θ)ei
g−w(θ)e−ik0zt(f 2/2f ′2) sin2 θ .

(11)

Partial coherence is taken into account in Eq. (11) through
the phenomenological factor

τ(θ) = e−(f 2 sin2 θ/�2), (12)

where � denotes the transverse attenuation length for the
scattered field as it propagates through the optical system,
as discussed in more detail in Appendix B.

The amplitude Es2 accounts for the spin-orbit helicity
reversal σ → −σ upon Mie scattering. Its integral rep-
resentation, Eq. (10), contains the Bessel function [38]
J2(n1k0ρ sin α) capturing the nonparaxial spin-orbit cou-
pling driven by Mie scattering at large angles, where ρ =
[f /(nf ′)]ρt is the radial distance in the object space of
the objective lens. The spin-orbit amplitude Es2 vanishes
along the beam axis and is maximized at a distance ρ ∼
λ0/n1. Equation (10) also shows that the spin-orbit effect
arises from the difference between electric and magnetic
scattering amplitudes. As a consequence, the effect is sub-
dominant when considering particles that nearly match the
refractive index of the host medium, which is the case of
the PS and silica microspheres considered in the present
paper. On the other hand, the contribution arising from Es2
becomes more relevant for particles with larger refractive
indices.

In the next section, we use Eqs. (7)–(11) as our theoret-
ical model for the microsphere image and then determine
the transverse attenuation length for the scattered field �

and the illumination field loss tin as fitting parameters.
Whereas the former is a property of the optical system
only, the latter also depends on the imaged microsphere
as it takes into account the extinction associated to Mie
scattering. We determine the attenuation length � by com-
paring the predictions of our model, Eq. (8), with images
of a calibrated PS microsphere. Then we apply the known
value of � to measure the refractive index and diameter of
silica microspheres. In addition, we assume that the CMOS
detector is placed at the back focal plane of the tube lens
and then take zt = 0 in Eq. (8). In our model, the real and
positive parameters � and tin have clear physical mean-
ings. Their fitted values discussed below are within the
range one could expect on physical grounds. Moreover,
we verify that the transverse attenuation length �, which
accounts for partial transverse coherence of the illumina-
tion beam, decreases as a function of the radius of the
condenser diaphragm as expected. When employing high-
NA oil-immersion objectives, Eq. (12) could also account
for the nonuniform transmittance of the objective lens [39],
although our comparison between the values of � obtained

with different radii of the condenser diaphragm indicates
that partial coherence is the dominant effect even in our
setup with NA = 1.4. Overall, the introduction of the
attenuation factor, Eq. (12), paves the way for implemen-
tations of quantitative characterization methods [17–22]
using common optical microscopes with LED illumination
instead of coherent light sources.

III. MATERIALS AND METHODS

A. Samples

We employ PS [nominal radius a = (1.50 ± 0.07) μm]
and silica [nominal radius a = (2.50 ± 0.15) μm] micro-
spheres (Polysciences, Inc., USA) in solutions contain-
ing distilled water and glycerin C3H5(OH)3 (VETEC-
Sigma-Aldrich, Brazil). Prior to the experiments, a rubber
ring (diameter = 1 cm and height = 2 mm) is attached
to a cleaned glass coverslip of dimensions 24 × 60 ×
0.17 mm3 (Knittel, Germany) with the help of silicon
grease. A volume of 0.2 μl of the manufacturer’s micro-
sphere solution (approximately 10% v/v) is then placed
inside the rubber ring together with 160 μl of the aque-
ous solution (either pure water or glycerin-water). Another
glass coverslip, of dimensions 24 × 32 × 0.17 mm3 (Knit-
tel, Germany), is used to cover the sample, which is then
taken to the microscope. To measure the refractive index
of silica microspheres, we use glycerin-water samples with
increasing glycerin concentrations, from pure water to pure
glycerin with concentration steps of 10% v/v.

B. Experimental setup

The samples are observed in a Nikon Ti-S infinity-
corrected microscope equipped with a Plan Apo 60X, NA
1.4 oil-immersion objective (Nikon, Japan) and a LED
illumination system (470 nm, FWHM 25 nm, M470L3,
Thorlabs, USA) adjusted with the Köhler illumination
technique. To increase the spatial coherence of the illu-
mination, we close the condenser aperture diaphragm to a
diameter of 4 mm in all experiments. We choose a micro-
sphere attached to the glass coverslip in the microscope
field of view. We employ the piezoelectric positioning
stage E-710 (Physik Instrumente, Germany) to displace the
sample and the system focus from −5 to +5 μm relative
to the in-focus image position with a controlled speed of
0.1 μm/s. Images of the entire process are recorded by
an Orca-Flash 2.8 CMOS camera (C11440, Hamamatsu,
Japan) with an exposure time of 80 ms and analyzed with
the help of ImageJ (U.S. National Institutes of Health,
Bethesda, Maryland, USA), Kaleidagraph (Synergy Soft-
ware, USA) and Mathematica (Wolfram Research, Inc.,
USA) software packages.

C. Light-intensity contrast and camera gray level

The Orca-Flash 2.8 camera allows to capture 8-bit (256
levels) or 12-bit (4096 levels) gray images. Besides, it
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TABLE I. Gray level at zero intensity: values of B [see
Eq. (13)] for different combinations of the camera setting param-
eters.

8 bits 12 bits

BIN 1 3 51
BIN 2 12 204

operates with two spatial resolution modes, correspond-
ing either to 1920 × 1440 pixels (BIN 1) or to 960 ×
720 pixels (BIN 2). Using a power meter, we verify that
the relationship between the gray level (G) and the light
intensity (I ) reaching the camera sensor is linear:

G = A I + B, (13)

where A and B are (usually constant) parameters related to
the camera settings for gain and black level, respectively
[10]. When comparing with our theoretical model, the rel-
evant experimental quantity is the image intensity contrast
defined as C = (I − I0)/I0, where I0 is the background
intensity. Using Eq. (13), we find

C = G − G0

G0 − B
, (14)

where G0 is the gray level corresponding to the image
background. Equation (14) shows that image contrast
depends strongly on the camera black level B. We deter-
mine B for each combination of the camera setting param-
eters by turning off the microscope illumination system.
The resulting values are presented in Table I.

D. Image contrast

After selecting a microsphere image, its center is
determined by the ImageJ center-of-mass algorithm. We
develop an ImageJ macro to measure the gray level along a
straight line crossing through the image center and parallel
to the x axis. The line goes from −4.5 μm (left of center) to
+4.5 μm (right of center) for the 3-μm PS microspheres;
and from −6.0 to +6.0 μm for the 5-μm silica micro-
spheres. In theory, the gray-level map would be uniform
along a circumference centered at the origin. However, we
observe variations of approximately 10% that we attribute
to an asymmetry of the LED illumination and, to a lesser
extent, to a residual misalignment between the microsphere
center and the optical z axis. In order to average out such
variations, we take consecutive rotations of the probe line
by 10◦ around the z axis. We repeat the gray-level measure-
ment procedure for each of the 18 resulting lines on the x-y
image plane. The combined data for a given distance ρ to
the image center is averaged, and the image contrast C is
determined from Eq. (14).

E. Theoretical model parameters and fitting procedure

Several input parameters are required for the compari-
son between the theoretical results of Sec. II and the mea-
sured image contrasts. We take the refractive-index values
(at λ0 = 470 nm) n = 1.5169 for the glass slide (low-
index borosilicate glass [40]) and n2 = 1.615 ± 0.001 for
the PS microspheres (using the dispersion relation given
by Ref. [41]). For distilled water we use n1 = 1.3383 ±
0.0002 [42] with the error bar accounting for room-
temperature variation. The refractive index of the silica
microspheres is determined by the curve-fitting procedure
described below.

Additional parameters include the focal length of tube
lens f ′ = 20 cm (valid for Nikon microscopes) and
the objective NA = 1.4 and focal length f = nf ′/M ≈
0.5 cm, where M = 60 is the objective magnification. The
amount of spherical aberration introduced by refraction at
the water-glass interface is controlled by Lc and Lg (see
Fig. 1). As the microsphere is attached to the glass slide,
we take Lc = a. We are able to control the position of
the objective focal plane Lg (with respect to the interface)
by displacing the microscope stage along the z axis with
the help of our piezoelectric nanopositioning system, as
discussed in Sec. III B.

We develop a Mathematica code to implement the curve
fitting by the theoretical intensity function defined by
Eqs. (8)–(11). Experimental data corresponding to three
different observation planes are simultaneously fitted by
the resulting theoretical function taken with the same com-
mon set of parameters. The unweighted fitting procedure
is implemented by a Mathematica code employing the
NonlinearModelFit command to minimize

χ2 =
∑

i

[Cexp
i − Cteo(ρi)]2, (15)

where the sum runs over all experimental points, with a
tolerance of 10−6. To achieve the desired tolerance, up to
500 iterations are performed. The runtime for each contrast
curve is approximately 2 h when using a computer with
an IntelCore i7-5500U processor. A Mathematica code
for the numerical evaluation of the contrast as a func-
tion of the radial coordinate is provided as Supplemental
Material [43].

For PS microspheres, the fit parameters are the initial
value of Lg , written in terms of the dimensionless quantity
L0 = Lg/a, the microsphere radius a, and the two param-
eters describing transmission loss: the attenuation length �

for the scattered field and the global transmission ampli-
tude tin for the illumination field. We collect images at
the initial (reference) position corresponding to L0 as well
as at two additional vertical sample positions, which are
obtained by applying a known displacement �Lg from the
reference position. We then take a global fit of all images
assuming a common set of parameters (L0, a, �, tin) (with
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Lg = aL0 + �Lg for the additional images). In addition,
we also carry out independent fits of the individual images
for each vertical position of the sample in order to compare
the results with the global fit.

For the silica microspheres, we replace � (which is deter-
mined from the data for PS) by the microsphere refractive
index n2. Note that the value for the parameter tin in the sil-
ica experiment is not expected to coincide with the value
found for the PS case as tin is also connected to extinction
by Mie scattering.

F. Refractive index of silica microspheres: glycerin
method

As a validation of our method for the determination
of the refractive index n2 of our silica microspheres, we
implement a second, independent method for measuring
the refractive index. As n2 lies in between the values for
the refractive indices of water and glycerin (ngly ≈ 1.48)
[44], it is possible to tune the concentration of glycerin in
aqueous solution so as to match the microsphere refractive
index.

We analyze the intensity contrast of silica microspheres
immersed in water-glycerin solutions at different concen-
trations using a high magnification optical microscope.
Our method relies on the rule that the image intensity con-
trast reaches a minimum at the condition of index matching
as the absorption of silica is negligibly small in the visible
range [Im(n2) ≈ 7 × 10−8 at λ0 = 470 nm [45] ].

We obtain a Cauchy dispersion formula for each value of
glycerin concentration [gly] by employing a mercury lamp
and measuring the minimum angle of deviation by an opti-
cal water-glycerin prism. We then use the results to obtain
the refractive index of each of our samples at λ0 = 470 nm.
A linear relation between the refractive index of water-
glycerin solutions (n(470 nm)

WG ) and glycerin concentration
[gly] is found:

n(470 nm)

WG = (1.3315 ± 0.0007) + (1.495 ± 0.009)

× 10−3[gly]. (16)

We prepare a sample of silica microspheres in water-
glycerin solution, as described in Sec. III A, and take it
to the microscope. As in the procedure employed for the
samples containing pure water (see Sec. III B), we displace
the sample using the piezoelectric stage from 5 μm below
to 5 μm above the in-focus sphere image, collecting 1250
images at a rate of 12.5 Hz. We obtain the intensity con-
trast for each image pixel with the help of standard ImageJ
tools, calculate the contrast squared for each pixel, and
then the integral of the squared contrast over a disk (radius
ad = 5.30 μm ≈ 2a) concentric with the sphere image. We
then compare the squared contrast over the several contrast
maps corresponding to different sample vertical positions

to find the minimum integrated squared contrast (M):

M =
[

2π

∫ ad

0
dρρC(ρ)2

]

min
. (17)

For each glycerin concentration we find a given value
for M([gly]) as defined by Eq. (17). This procedure is
repeated 5 times for each one of the 11 concentrations
employed in the experiment. The function M([gly]) has
a minimum at the concentration [gly]min, which is deter-
mined by a quadratic fit in the close neighborhood of
the minimum. The uncertainty of [gly]min is evaluated by
a quadratic error propagation of the fit confidence inter-
vals carried out with Kaleidagraph, which minimizes χ2

while weighting data with the inverse of the squared error.
Finally, we determine the refractive index of the silica
microsphere by substituting [gly]min into Eq. (16).

G. High-resolution scanning electron microscopy
(HSEM)

A diluted sample with ultrapure water Milli-Q®(Merck
Millipore) with silica microspheres (1:100) are adhered
to 12-mm-diameter round glass coverslips (Paul Marien-
feld GmbH & Co. KG, Germany) previously coated with
0.01% poly-L-lysine (Sigma-Aldrich, Darmstadt, Ger-
many) for 20 min, and dried using a low-pressure argon
jet. The specimen is mounted on stubs using a conduc-
tive carbon adhesive (Pelco TabsTM, Stansted, Essex, UK).
Samples are sputter coated with a 4–5-nm-thick platinum
layer using a Leica EM SCD 500 sputtering device (Wet-
zlar, Germany). Considering the high Young modulus of
polystyrene and silica we do not expect changes in the
sphere morphology due to sample preparation. Finally, sec-
ondary electron images (SEIs) are obtained in a Quanta
450TM FEG (FEI Company, Oregon, USA) scanning elec-
tron microscope, at an accelerating voltage of 5.0 kV.

IV. RESULTS

A. Images of polystyrene and silica microspheres

For PS spheres, we initially place the objective focal
plane (red) near the glass slide (L0 	 1) as illustrated
by Fig. 2(a). The resulting reference image, shown in
Fig. 2(d), contains a maximum at the center surrounded by
a bright ring with a comparable intensity. Valuable infor-
mation on the probe particle can be obtained by moving
the optical system out of focus [10,11]. Images for two
additional focal-plane positions are recorded by displac-
ing the piezoelectric nanopositioning stage downward, so
as to move the focal plane up into the sample region. We
take the displacements �Lg = 1.5 μm [Figs. 2(b) and 2(e)]
and �Lg = 3.0 μm [Figs. 2(c) and 2(f)] from the initial
reference position shown in Fig. 2(a). The entire proce-
dure is repeated with three different microspheres from the
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIG. 2. From left to right, the image of the polystyrene parti-
cle (attached to the glass slide) is brought out of focus by driving
the microscope stage downwards. As a consequence, the objec-
tive focal plane (red) is displaced upwards with respect to the
glass slide, as illustrated by (a)–(C). The corresponding exper-
imental and simulated images are shown in (d)–(f) and (g)–(i),
respectively. Plots of the theoretical (line) and experimental (cir-
cles) image contrast versus the distance to center ρ are shown in
(j)–(l). The scale is the same for all images and is indicated by a
horizontal bar (5 μm) in (e).

same batch. The resulting nine images are processed into
intensity contrast maps and the global fitting implemented
as described in Sec. III. Fitting contrast curves obtained
from multiple focal planes with the same set of parameters
provides compelling evidence that the proposed theoretical
model accurately describes the main physical ingredients
of our experiment. Nevertheless, our methodology can also
be carried out by analyzing a single plane, which might
be preferable for several applications. To simulate such a
procedure, we also fit each of the nine contrast curves sep-
arately in the case of PS. In both situations we estimate the
error bars as the standard deviation. The results are sum-
marized in Table II. Figures 2(g)–2(i) show the simulated
images for each focal-plane position taking the parame-
ters obtained from the global fit. In Figs. 2(j)–2(l), we plot
the theoretical contrast versus the cylindrical coordinate ρ

(solid line) as calculated from the global fitting as well as
the experimental data (circles).

TABLE II. Fitting parameters employed in the nonparaxial the-
ory of the image of a dielectric microsphere. L0 is the initial
position of the focal plane with respect to the glass slide (in units
of radius), a is the microsphere radius, tin is the transmission loss
for the incident field, � is the transverse attenuation length for the
scattered field, and n2 is the microsphere refractive index. In the
case of polystyrene, we took the dispersion formula of Ref. [41]
to calculate n2. PS stands for results obtained from the global fit
of the three different focal plane positions with a common set
of parameters, while PS∗ denotes the average of results obtained
from independent fits for each individual plane. As � is a charac-
teristic length of the microscope alone, it should not depend on
which particle is imaged. Thus, the value found for � in the PS
experiment was employed when computing the theoretical image
of the silica microspheres.

PS PS∗ silica

L0 −0.078 ± 0.007 −0.068 ± 0.004 −0.69 ± 0.02
a (μm) 1.4821 ± 0.0005 1.47 ± 0.02 2.32 ± 0.01
� (cm) 0.47 ± 0.02 0.44 ± 0.06 –
tin 0.466 ± 0.007 0.47 ± 0.01 0.498 ± 0.004
n2 – – 1.428 ± 0.002

We follow the same global fitting protocol discussed
in the previous paragraph when considering silica
microspheres. The reference image is shown in Fig. 3(d),
again with a central intensity maximum surrounded by
a bright ring with a similar contrast. However, now the
corresponding focal-plane position turns out to be well
below the glass slide as illustrated by Fig. 3(a). Two
additional focal-plane positions are obtained by taking
�Lg = 2.43 μm [Figs. 3(b) and 3(e)] and �Lg = 4.86 μm
[Figs. 3(c) and 3(f)]. We use the value for the trans-
verse attenuation length found in the PS experiment and
take L0, a, tin, and n2 as fitting parameters. We repeat
the procedure for three silica microspheres. The resulting
values for the fitting parameters are shown in Table II.
Figures 3(g)–3(i) show simulated images obtained with
the fitting parameters. Figures 3(j)–(l) show the best-fit
theoretical intensity contrast (solid line) as well as the
measured contrast (circles) as functions of ρ.

B. Refractive index of silica microspheres from the
glycerin method

Figure 4 summarizes the results of the glycerin exper-
iment intended for an independent characterization of the
refractive index of silica microspheres (see Sec. III F for
details). In Fig. 4(a), we plot the M, as defined by Eq. (17),
versus concentration. The continuous line corresponds to a
smooth curve fit, used here as a guide for the eye, showing
that M([gly]) develops two local minima. The absolute
minimum is close to [gly] ≈ 60%. In the inset of Fig. 4(c),
we show a quadratic fit for M([gly]) in the vicinity of
the absolute minimum. We weight the error bars to deter-
mine the uncertainty. Fitting yields the value [gly]min =
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIG. 3. Images and contrast plots of a silica microsphere
attached to the glass slide. Same conventions as in Fig. 2. The
scale bar in (e) corresponds to 5 μm also as in Fig. 2. In con-
trast with Fig. 2, the initial reference image (d) corresponds to a
focal-plane position below the glass slide as indicated in (a).

(61 ± 6)% for the point of absolute minimum. Figure 4(b)
shows typical images of a silica microsphere immersed in
pure water and in a water-glycerin solution with increas-
ing concentrations from left to right (v/v) [gly] = 20%,
60%, and 90%. Note the fading in the panel corresponding
to [gly] = 60%, which indicates a condition of near index
matching between the microsphere and the solution.

After substituting the value of [gly]min into Eq. (16), we
find

(n2)silica = 1.423 ± 0.009. (18)

C. Radius of silica spheres from HSEM

In order to compare with the result for the silica micro-
sphere radius derived from the optical images, we conduct
an independent characterization using HSEM images as
illustrated by Fig. 5(a) (see Sec. III G for details). In
Fig. 5(b), we plot the gray level along the dashed line
shown in Fig. 5(a). Figure 5(c) presents an enlarged plot
showing the vicinity of one of the edges. In this region, we
fit the gray-level data with a hyperbolic tangent function
(solid line), so as to determine the position of the edge. The
fitting procedure is repeated in the vicinity of the opposite

(a)

(b)

FIG. 4. Glycerin method as an alternative measurement of the
refractive index of silica microspheres. (a) Experimental values
of M (circles with error bars) versus glycerin concentration. A
smooth fit to the data (solid line) is also shown. Inset: enlarge-
ment showing the experimental data and a quadratic fit weighting
the error bars for the determination of the concentration [gly]min,
and respective uncertainty. (b) Images of the silica microsphere
in pure water and in glycerin-water solutions of 20%, 60%, and
90% concentrations. The images correspond to focal-plane posi-
tions such as to minimize the integrated squared contrast as
required by the definition of M [see Eq. (17)]. The scale is the
same in all images and is indicated by the scale bar of 1 μm.
The refractive index is obtained after substitution of [gly]min into
Eq. (16).

edge. The microsphere diameter is then calculated as the
difference between the positions of the edges. The entire
procedure is repeated for ten different microspheres that
looked similar in shape and size. The microsphere radius
is found to be aHSEM

silica = (2.35 ± 0.06) μm, considering the
standard deviation as the error bar.

V. DISCUSSION

The development of an analytical model that accurately
describes the images obtained by an optical microscope
can open the way to transform bright-field imaging into
a powerful analytical tool. For instance, the morphologi-
cal and optical properties of colloidal particles are espe-
cially relevant when studying these systems. Silica and PS
spheres are often used as probes in the study of colloidal
forces using optical tweezers [46–48] and total internal
reflection microscopy [49]. In those experiments, it is com-
mon to employ averaged radii and bulk optical properties
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FIG. 5. (a) HSEM image of silica microspheres and (b) gray-
level plot along the diameter indicated as a dashed horizontal line
in (a). (c) Enlargement of the gray level (circles) in the vicinity of
the leftmost edge [highlighted by an ellipse in (b)] and hyperbolic
tangent fit (solid line) for the determination of the edge position.
The scale bar in (a) corresponds to 8 μm.

in the experimental analysis, which might introduce sys-
tematic errors. The bright-field image of a microsphere in
a microscope contains information about the sphere radius
and complex refractive index (including absorption) at the

wavelength of the illumination system. This information
can be accessed for each individual microsphere using the
nonparaxial image model proposed in this work. For the
very transparent materials and moderate particle diame-
ters considered here, absorption is too small to allow for
its characterization. However, images of larger polystyrene
particles would bring information about the absorption
coefficient, thus opening the way for its measurement by
following the approach outlined in this work.

A second field of potential applications involve tether
extraction experiments, which typically employ microma-
nipulation tools, such as optical traps [50,51], atomic force
microscopy [52], and micropipettes [53] to create a thin
cellular membrane tube, also called membrane tether. By
measuring the force for tether elongation and the tether
radius, the membrane surface tension and bending modu-
lus are characterized. These are relevant membrane elastic
properties and have been correlated with several cellular
functions [54–56]. Tethers have typical diameters ranging
from 50 to 300 nm [54,57–59]. To make a direct measure-
ment of tether radius, confocal microscopy [60] or HSEM
[50,56] are usually employed. Both use expensive equip-
ment and require sample fixation. Recently, the diameters
of neurites were measured in an optical microscope by
combining classical diffraction theory, defocusing and a
calibration procedure [12]. However, classical diffraction
theory is not expected to provide an accurate descrip-
tion when dealing with structures smaller than the light
wavelength. A nonparaxial vector model based on exact
solutions for the light-scattering problem would provide a
safer ground for applications involving tethers. It would
allow for a real-time measurement of the tether radius and
refractive index, thus helping to fully characterize the cell-
membrane mechanical properties while keeping the cell
alive throughout the experiment.

Here we develop a nonparaxial model for the micro-
scope bright-field image of a spherical dielectric object and
fit the model parameters to describe images of PS and silica
microspheres, allowing measurement of the sphere radius
and refractive index. Our model describes the microscope
illumination system as a coherent source. In fact, the light
emitted by our LED source is only partially coherent. In
order to set experimental conditions as close as possible
to coherent illumination, we close the aperture of the con-
denser diaphragm to a diameter of 4 mm, circa one fifth
of the full aperture. Partial coherence is taken into account
by introducing a Gaussian reduction factor for the propa-
gation of the scattered field. The characteristic transverse
attenuation length is found to be � = (0.47 ± 0.02) cm
from the analysis of PS microspheres. According to the
sine condition, the attenuation increases with the scatter-
ing angle. The transmission amplitude falls to 1/e ≈ 0.37
of its maximum value along the forward (axial) direction
at the scattering angle θ = sin−1(�/f ) ≈ 59◦, which is
slightly smaller than the objective opening angle θ0 =
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sin−1(NA/n) ≈ 67◦. When increasing the diameter of the
condenser aperture diaphragm (and thus reducing spatial
coherence [61]), we observe a reduction of the fitted values
for � (data not shown), as expected.

We also introduce a global attenuation factor for the illu-
mination field, tin, describing the total loss associated to
propagation from the LED source to the image space of
the tube lens. In contrast with the attenuation length �, tin
depends on the imaged microsphere, since it is also related
to the extinction effect arising from Mie scattering. We
find (tin)PS = 0.466 ± 0.007 and (tin)silica = 0.498 ± 0.004
for PS and silica microspheres, respectively. Since PS
has a larger refractive index, our results are consistent
with the larger extinction resulting from Mie scattering
by PS microspheres. Another interesting feature revealed
by our approach concerns the position of the focal plane.
Although the images shown in Figs. 2(d) and 3(d) (for
PS and silica microspheres, respectively) are very similar,
the corresponding focal heights differ by more than one
micron. Each microsphere can be thought as a microlens
focusing the incident light into a plane whose position
depends strongly on its refractive index and radius. When
compared to the polystyrene microsphere, the light focus-
ing by the silica microsphere is observed further down-
stream, as expected given its smaller index and larger
radius. To avoid systematic errors, such microlens effect
should be taken into account when using optical images to
measure axial displacements.

We implement a global fitting of multiple images with
a common set of parameters in order to provide a com-
pelling test of the proposed theoretical model. As an
example of application, we measure the radius of the PS
microspheres, and the radius and refractive index of sil-
ica microspheres. We find aPS = (1.4821 ± 0.0005) μm,
which is consistent with the value and dispersion range
provided by the manufacturer (see Sec. III A). In the
Supplemental Material [62] we show a video of exper-
imental (left) and respective simulated (right) images of
a polystyrene microsphere [nominal radius a = (1.50 ±
0.07 μm)] as the microscope stage is driven downward
along the negative z axis. The focal plane is moving
upward with respect to the particle and the total dis-
placement is �Lg = 5.5 μm. All simulations are made
with the same set of values for the parameters required
by the model (see Table II). Note the similarity between
real and simulated images for all focal-plane positions
relative to the microsphere, demonstrating the accuracy
of our model. The residual disagreement between the-
ory and experiment is mainly in the close neighbor-
hood of the image center, particularly when the posi-
tion of the microsphere relative to the focal plane is
such as to concentrate the intensity near the central
region. Since our theoretical approach already includes
near-field contributions, such residual difference might be
attributed to multiple reflections between the microsphere

and the glass-water interface, which should be more
relevant when considering the vicinity of the sphere-glass
contact point.

For PS microspheres, we also perform separate curve
fits of contrast data corresponding to individual focal-plane
positions. As shown by Table II, the results from the two
fitting procedures agree within error bars. In addition, the
average χ2 = 19 ± 7 found in the global fit is close to the
value χ2 = 14 ± 5 obtained by averaging over the indi-
vidual fits. We conclude that our methodology can also
be implemented by fitting a single image, particularly if
the focal-plane position is such that the light intensity is
not concentrated near the symmetry axis as in Figs. 2(d)
and 3(d). Indeed, we confirm that the agreement with the
theoretical model is generally worse in this case, as dis-
cussed in the previous paragraph, by comparing the values
of χ2 at different focal-plane positions for the same PS
microsphere. We find that χ2 is approximately 10× larger
at the reference focal plane position close to the interface
[see Figs. 2(a) and 2(j)] when compared to the individual
fits for the positions indicated in Figs. 2(b) and 2(c).

We also verify the accuracy of the values found for
the distance Lg between the focal plane and the glass sur-
face by comparing the difference between the fitted values
obtained for different plane positions with the displacement
controlled by the piezoelectric actuator. The single-image
fit leads to a systematic error in the determination of the
distance Lg , which is underestimated by approximately
6%, while the microsphere radius can be accurately deter-
mined from a single image with a percent-level precision.

When simulating the images of silica spheres, we take
the value for the transverse attenuation length � obtained
from the PS experiment, as this parameter characterizes
the microscope optical train and should not depend on
the imaged particle. We find asilica = (2.32 ± 0.01) μm for
the silica microsphere radius, in agreement with the value
found by HSEM (see Sec. IV C). For the refractive index,
we find (n2)silica = 1.428 ± 0.002, which is in agreement
with the result of the glycerin method (see Sec. IV B).
Although the latter also relies on the image contrast taken
at different focal positions, it is fully independent of our
theoretical modeling, as required for a genuine valida-
tion procedure. The difference between our values and
the refractive index of pure fused silica (nsilica = 1.464 at
λ0 = 470 nm [63]) might be attributed to the porosity of
our beads and is consistent with recent measurements of
the mass of silica microspheres [64].

The discrete dipole approximation (DDA) [23] is also a
powerful tool to analyze microscope images, called holo-
grams, obtained by the interference of the illumination and
scattered fields, in a similar way as implemented here.
The division of the scattering object into small dipoles
can be a useful and fast technique in some situations. Our
methodology, based on exact analytical results, which can
be derived for simple geometries (spheres, cylinders) is
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complementary to the DDA method, which is capable of
treating more general geometries but is in practice more
limited in terms of size range and dielectric properties as
the required computational resources generally increase
with size and refractive index [65,66]. Within DDA, the
lattice parameter of the required dipole grid scales as
approximately λ0/(10n2) [67]. Thus, the number of dipoles
is roughly proportional to (n2a/λ0)

3. On the other hand,
the Mie-scattering approach is numerically efficient for
arbitrary values of refractive index, with the number of
required multipoles scaling linearly with a/λ0, regardless
of the value of the particle’s refractive index [68].

VI. CONCLUSION

We develop a nonparaxial vector theory of the image
of dielectric spherical particles in an optical microscope
with a high-NA objective. We combine Mie-scattering
theory with the angular-spectrum theorem in order to ana-
lyze the propagation of the scattered and illumination field
through the microscope optical train. Our approach takes
into account the sector of the microsphere’s near field that
is converted (by frustration at the water-glass interface)
into propagating modes within the angular acceptance of
the objective. Partial coherence of the illumination field
is modeled as a Gaussian attenuation function, associated
with a characteristic transverse length �, which depends
on the diameter of the condenser aperture diaphragm but
not on the particle to be imaged. We also introduce the
global reduction factor tin associated to extinction of the
illumination beam as it propagates from the LED source
until the image space of the tube lens. While � depends
only on the optical imaging system, tin also depends on the
properties of the imaged particle, as it takes into account
extinction due to Mie scattering and absorption. In addi-
tion, our theoretical approach highlights the spin-orbit
effect in the context of optical microscopy. Although such
an effect turns out to be negligible for the microspheres
employed in the present paper, its contribution would be
relevant for particles with higher refractive indices, as well
as in the characterization of chiral particles by adapting
methods of circular differential scattering [69] and chiral
scatterometry [70].

We employ our model to study images of PS and sil-
ica colloidal particles in aqueous solution. We measure
their radii and found agreement between our results and
the values reported by the manufacturer. As our batch of
silica microspheres presented a significant size dispersion,
we also measure their radii with high-resolution scanning
electron microscopy and find agreement within error bars.
As a final application, we characterize the refractive index
of the silica beads and compare the result with an indepen-
dent method based on the condition of index matching with
a water-glycerin solution at the appropriate concentration.
We again find agreement between the two methods. Our

approach can be used to fully characterize colloidal par-
ticles, opening the way for measurements of refractive
index and sphere radius below the standard resolving limit
with a standard bright-field microscope equipped with a
LED source. For better results, the transverse attenua-
tion length can be calibrated by employing a microsphere
with a known refractive index. When fitting the optical
image at a single observation plane, the method allows
for a percent-level precision. In this case, the method is
optimized by displacing the particle slightly out of focus.
A higher precision is attained by fitting multiple images
collected at different planes, especially if a piezoelectric
nanopositioning system is available. As a perspective, our
method can be extended to the cylindrical geometry, which
would bring into play useful applications in cell biol-
ogy, such as, for instance, the real-time characterization of
cell-membrane tethers.
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APPENDIX A: MIE SCATTERING AND WEYL’S
INTEGRAL REPRESENTATION

In this appendix, we recast the standard Mie-scattering
theory in a form suitable for considering the propaga-
tion through the microscope optical components. As illus-
trated by Fig. 6, scattering of the illumination field by
the microsphere generates spherical waves. We expand the
scattered field E(1)

s (r) in the aqueous medium as a partial-
wave series in terms of the electric and magnetic Debye
potentials [32] (we omit the time factor e−iωt):

�e
s(r) = E0

k1

∞∑

J=1

iJ+1(−aJ )

√
π(2J + 1)

J (J + 1)
h(1)

J (k1r)

× [YJ ,1(θ , φ) − YJ ,−1(θ , φ)], (A1)
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FIG. 6. Scattering of the incident plane wave Ein(r) (wave-
length λ1 = λ0/n1) by a dielectric microsphere centered at the
origin of the coordinate system. The scattered field E(1)

s (r) is
expanded as a superposition of plane waves. Each plane-wave
component propagates along a direction defined by the scattering
angle α (relative to the forward z direction).

and

�m
s (r) = H0

k1

∞∑

J=1

iJ (−bJ )

√
π(2J + 1)

J (J + 1)
h(1)

J (k1r)

× [YJ ,1(θ , φ) + YJ ,−1(θ , φ)]. (A2)

Here, aJ and bJ are the electric and magnetic Mie coef-
ficients [35], respectively, while YJ ,M (θ , φ) and h(1)

J (k1r)
denote the spherical harmonics and spherical Hankel func-
tions [38]. The latter corresponds to outgoing spherical
waves as illustrated by Fig. 6. We take the origin of our
coordinate system at the sphere center and introduce the
magnetic field amplitude H0 = n1E0/(cμ0), where μ0 is
the vacuum permeability.

In order to consider the propagation of the scattered
field through the optical system, we expand the Debye
potentials, Eqs. (A1) and (A2), as a superposition of plane
waves. We employ Weyl’s integral representation [28,29,
33,34] for the product �JM (r) ≡ h(1)

J (k1r)YJ ,M (θ , φ):

�JM (r) = i−J

2π

∫ 2π

0
dβ

∫

C
dα sin αYJ ,M (α, β)eik1·r, (A3)

where the direction of the wave vector in the aqueous solu-
tion k1 = k1(α, β) is defined by the spherical angles α

(depicted in Fig. 6) and β. The integration contour C in
the complex plane of the angular variable α contains the
interval from 0 to π/2 along the real axis, followed by the
interval from π/2 to π/2 − i∞ running parallel to the neg-
ative imaginary axis. C is chosen so as to take into account
both evanescent (imaginary values of α) and homoge-
neous waves that propagate forward into the half-space
z > 0 (k1z > 0). Replacing the representation, Eq. (A3),
into Eqs. (A1) and (A2), we find

�e
s(r) = ik1

2π

∫ 2π

0
dβ

∫

C
dα sin α�e

s(α, β)eik1·r, (A4)

and

�m
s (r) = ik1

2π

∫ 2π

0
dβ

∫

C
dα sin α�m

s (α, β)eik1·r, (A5)

where the electric and magnetic angular spectra are given
by

�e
s(α, β) = −E0

k2
1

∞∑

J=1

aJ

√
π(2J + 1)

J (J + 1)

× [YJ ,1(α, β) − YJ ,−1(α, β)], (A6)

and

�m
s (α, β) = i

H0

k2
1

∞∑

J=1

bJ

√
π(2J + 1)

J (J + 1)

× [YJ ,1(α, β) + YJ ,−1(α, β)], (A7)

respectively.
From the plane-wave expansions of the Debye poten-

tials, Eqs. (A4) and (A5), we derive the angular-spectrum
representation for the scattered electric field:

E(1)
s (r) = ik1

2π

∫ 2π

0
dβ

∫

C
dα sin αEs(α, β)eik1·r, (A8)

where the angular spectrum Es(α, β) is given by

Es(α, β) = k1 × L�e
s(α, β) + cμ0

n1
k1L�m

s (α, β). (A9)

Here, L = −ik × ∇k is the orbital angular-momentum
operator in reciprocal space.

Substituting Eqs. (A6) and (A7) into Eq. (A9), and then
replacing the resulting expression back into Eq. (A8), we
obtain the explicit representation Eq. (2) for the scattered
field as a superposition of circularly polarized plane waves.

APPENDIX B: PROPAGATION OF THE
SCATTERED FIELD THROUGH THE

MICROSCOPE OPTICAL COMPONENTS

In this appendix, we analyze the propagation of the scat-
tered field, Eq. (2), through the optical system illustrated
by Fig. 1.

1. Propagation across the water-glass interface

We first consider the propagation of the scattered field
in the host aqueous medium E(1)

s (r), Eq. (2), across the
planar interface separating the sample from the microscope
glass slide (see Fig. 1). For that purpose, it is convenient
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to express the angular-spectrum representation, Eq. (2), in
terms of Cartesian coordinates in reciprocal space [71]:

E(1)
s (r) =

∫ ∫
dk1xdk1yE(1)

s (k1x, k1y , 0)eik1·r, (B1)

where the angular spectrum E(1)
s (k1x, k1y , z) corresponds to

a mixed representation in which the Fourier transform is
taken over the x and y spatial coordinates. Here, we take
the plane z = 0, defined by the position of the microsphere
center as shown in Fig. 1, and derive the spectrum from
Eq. (2):

E(1)
s (k1x, k1y , 0) = − E0

8πk1k1z

∑

σ=−1,+1

∞∑

J=1

(2J + 1)

× [
aJ gJ

σ ,+(α, β) + bJ gJ
σ ,−(α, β)

]

× (ϑ̂ + iσ ϕ̂), (B2)

where the spherical angles are now given by k1x =
k1 sin α cos β and k1y = k1 sin α sin β as functions of the
Cartesian variables k1x, k1y .

Solving the boundary conditions at the interface sep-
arating the sample from the glass slide, we obtain the
angular-spectrum representation for the electric field in
the glass medium (refractive index n), with the origin
displaced to the Gaussian focus Fg (see Fig. 1):

Es(r) =
∫ ∫

dkxdkyEs(kx, ky , 0)eik·r. (B3)

The angular spectrum in the glass medium is derived from
Eq. (B2) and reads

Es(kx, ky , 0)

= − E0

8πk2

∑

σ=−1,+1

∞∑

J=1

(2J + 1)
T(α)√
cos θ

eik1,zLc

cos α
e−ikzLg

× [
aJ gJ

σ ,+(α, β) + bJ gJ
σ ,−(α, β)

]
(θ̂ + iσ φ̂). (B4)

We employ the approximation T(α) = T⊥(α) ≈ T‖(α) for
the Fresnel coefficients corresponding to s and p linear
polarizations, which is accurate for a water-glass inter-
face. θ̂ and φ̂ are the unitary vectors associated to the
spherical angles θ = sin−1(n1 sin α/n) and φ = β in the
glass medium, respectively. The Cartesian wave-vector
components in the glass medium are

kx = k sin θ cos φ, ky = k sin θ sin φ, kz = k cos θ .
(B5)

We also introduce the factor 1/
√

cos θ in Eq. (B4) to
account for the sine condition [16].

2. Propagation across the tube lens

We use the angular-spectrum theorem [26] to connect
the angular spectrum Es(kx, ky , 0) at the focal plane of the
objective (focal length = f ) with the field Es

∞ at the point
of spherical coordinates (θ , φ) on the reference spherical
surface S1 (radius f centered at Fg) defined by the sine
condition and shown in Fig. 1. We find

Es
∞(θ , φ) = −2π ikzEs(kx, ky , 0)

eikf

f
, (B6)

with kx, ky , and kz given by Eq. (B5). We obtain the field at
the objective exit port by taking the Kirchhoff approxima-
tion and employing the method of parallel transport of the
unitary vectors [32]:

Eout(ρ, φ) =
{
[Es

∞(θ , φ) · θ̂ ]ρ̂ + [Es
∞(θ , φ) · φ̂]φ̂

}
e−ρ2/�2

,

(B7)

where ρ = f sin θ (sine condition), ρ̂ = cos φx̂ + sin φŷ,
and φ̂ = − sin φx̂ + cos φŷ. Transmission loss and partial
coherence are taken into account through the phenomeno-
logical factor e−ρ2/�2

. Here, � denotes the transverse atten-
uation length for the scattered field as it propagates through
the optical system.

Propagating the field Eout(ρ, φ) over the distance D to
the tube lens entrance (focal length = f ′) and using again
the method of parallel transport and the angular spectrum
theorem, now for the spherical reference surface S4 shown
in Fig. 1, we obtain the angular spectrum at the focal plane
of the tube lens:

Es,tube(k0,x, k0,y , 0)

= f ′eik0(f ′+D)e−ρ2/�2

2π ik0,z

×
{

[Es
∞(θ , φ) · θ̂ ]�̂ + [Es

∞(θ , φ) · φ̂]φ̂
}

. (B8)

The azimuthal angle φ is conserved when propagating
through the optical system, whereas the spherical angle in
the image space of the tube lens (see Fig. 1) is given by
� = sin−1( f /f ′ sin θ). �̂ denotes the corresponding uni-
tary vector. The spherical angles (�, φ) in the image space
of the tube lens are related to (k0,x, k0,y) as in Eq. (B5) with
the wave number in glass k replaced by the vacuum wave
number k0 = ω/c.

The angular spectrum, Eq. (B8), allows us to write
the scattered field (after propagation through the optical
train) at a point rt(ρt, φt, zt) in the image space of the tube
lens as a superposition of plane waves. We take the ori-
gin at the focus of the tube lens as indicated in Fig. 1.
Since f ′ � f , we take the paraxial approximation � 	 1
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and expand the axial wave-vector component as k0z ≈
k0

[
1 − (f 2/2f ′2) sin2 θ

]
. Then, we find an explicit inte-

gral representation for the scattered field by substituting
Eqs. (B4) and (B6) into Eq. (B8):

Es,tube(ρt, φt, zt) =
∑

σ=−1,+1

Es,σ (x̂ + iσ ŷ). (B9)

The helicity components are given by

Es,σ = E0

4
f

nf ′ e
ikf eik0(D+f ′+zt)

∞∑

J=1

(2J + 1)

×
∫ θ0

0
dθ

[
aJ I J

σ ,+(θ) + bJ I J
σ ,−(θ)

]
sin θ

cos α

× cos3/2 θT(α)ei
g−w(θ)e−( f 2 sin2 θ/�2)

× e−ik0zt( f 2/2f ′2) sin2 θ , (B10)

with:

I J
σ ,ε(θ) = dJ

σ ,σ (α)J0

(
k0

f
f ′ ρt sin θ

)

+ εe−2iσφtdJ
−σ ,σ (α)J2σ

(
k0

f
f ′ ρt sin θ

)
. (B11)

By substituting Eqs. (B9)–(B11) and Eq. (7) into Eq. (6),
we obtain the representation Eqs. (8)–(11) for the electric
energy density in the image space of the tube lens.
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