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Slip-Flow Regimes in Nanofluidics: A Universal Superexponential Model
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Many experiments have shown large flow-enhancement ratios (up to 105) in carbon nanotubes (CNTs)
with diameters larger than 5 nm. However, molecular-dynamics simulations have never replicated these
results maintaining a 3-orders-of-magnitude gap with measurements. Our study provides a generic model
of nanofluidics for continuum slip flow (diameter > 3 nm) that fills this significant gap and sheds light
on its origin. Compared to 140 literature cases, the model explains the entire range of experimental flow
enhancements by changes of nanotube diameters and finite variations of interfacial energies. Despite large
variations of flow-enhancement ratios spanning 5 orders of magnitude in experimental results, the ratio
between these data and corresponding model predictions approaches unity for the majority of experiments.
The role of viscous entrance effects is discussed. The model provides insight into puzzling observa-
tions such as differences of CNTs and boron-nitride nanotubes, the slip on low-contact-angle surfaces
and massive functionalization effects. This study could advance our understanding of nanoscale transport
mechanisms and aid the design of tailored nanomembranes.

DOI: 10.1103/PhysRevApplied.15.054051

I. INTRODUCTION

Incredibly fast flows observed in carbon nanotubes
(CNTs) [1–5] have attracted much interest with potential
applications in desalination, filtration, and energy conver-
sion [6–9]. High flow rates attributed to the slip condition
on interfaces lead to significant flow-enhancement ratios, ε
(the ratio between observed and classically predicted flow
rates).

However, the measured flow-enhancement ratios in nan-
otubes varied substantially (ε = 1 − 106). The controversy
emerged from the early report of Majumder et al. [1] who
experimented on nanotubes of larger diameters (d = 7 nm)
than those of Holt et al. [2] (d = 1.6 nm) and yet measured
greater flow enhancements than the latter by 1 to 2 orders
of magnitude. Molecular-dynamics (MD) simulations sup-
ported only a portion of experimental results, mainly in
a subcontinuum flow regime, typically for d < 1.66 nm
[10,11]. The simulations failed to explain the observed
very intensive flow enhancements with ε = 103 − 105 in
larger nanotubes (d > 5 nm), although they were indepen-
dently reported in several experiments [1,3,5,12–17]. The
disagreement (a 3-orders-of-magnitude underprediction of
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ε by MD simulations) led to scepticism on the accuracy
of the measurements [18–20]. On the other hand, unam-
biguous measurements of water flow in individual CNTs
provided further evidence of significant flow enhance-
ments in relatively large tubes (d = 30–100 nm) [3]. With
the measured flow rates far exceeding the numerical pre-
dictions, Secchi et al. posed more challenges on the MD
simulations [3]. Moreover, observing no flow enhancement
for boron-nitride nanotubes (BNNTs), which are crystallo-
graphically similar to CNTs, led to further complication
concerning the slip-flow behavior [3]. The insufficiency of
MD models to identify the differences between CNTs and
BNNTs [21,22] or to estimate the scales of such differences
due to corrugation effects [23,24], motivated the authors of
Ref. [3] to link the phenomenon to physiochemical factors,
in a perspective beyond hydrodynamic theories. Overall, a
3-orders-of-magnitude mismatch has remained unresolved
between the MD predictions and experimental results of
nanotube flow enhancements [25].

The range of MD (Lennard-Jones) intermolecular poten-
tials are truncated at 1 nm. The mechanisms beyond
van der Waals (vdW) interactions including longer-
ranged water molecule orientation, correlations in the
hydrogen-bonding network or proton hopping are poorly
understood and too complex to be thoroughly simulated
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via MD models. However, supported by substantial exper-
imental evidence, the pure hydrophobic forces are much
stronger and longer-ranged than the Lifshitz vdW force
[26–28]. Furthermore, small perturbations in carbon-water
interactions could have drastic impacts on the nanotube
transmissivity [11], but no comprehensive study is yet
performed.

A single-file or ring-style subcontinuum molecular
mechanism for the narrowest nanotubes (d < 1.66 nm)
[10,11], and also the curvature effects are hypothesized
as the origin of nanotube ultraconductivity [19]; however,
none has explained high flow enhancements observed in
larger nanotubes (d > 5 nm) [1,3,5,12–17].

A few theoretical models have been proposed in search
of a generalized slip-flow model in nanoscales [29,30].
These models are based on limited MD data, which are cor-
related linearly for estimating critical parameters, e.g., slip
lengths and viscosity. The contact angle, θ is normally used
to quantify interfacial effects, however, it does not fully
reflect the surface hydrophobicity [31] and is insufficient
in reproducing MD interaction parameters [32]. Further-
more, these models link high flow enhancements to large
θ (> 150◦), which is incompatible with the moderately
hydrophobic nature of CNTs (with reported θgraphene ≈
70◦–90◦ [33–36], and θCNT ≈ 70◦ [37]). Modifying classi-
cal hydrodynamics, another theory has corrected enhance-
ment ratios from an order of 103 to unity with some
experimental data examined [38].

Indeed, experiments [1,3,12,13] and MD simulations
[18–20] have been challenging each other over the last
15 years. A clear-cut model or theory for nanofluidic
slip flow is yet to be achieved. Here using a con-
tinuum approach—proven to be valid for nanofluidics
[10,39,40]—incorporated with interface intermolecular
potentials, we present a universal model of nanoscale
continuum fluid transport for nanotubes and nanochan-
nels. The model applies to the continuum regime where
channel width d > 3 nm and channel lengths are practi-
cally long in which entrance effects are not dominant. In
our model, a single dimensionless number uniquely char-
acterizes the flow behavior, i.e., flow-rate-enhancement
ratios (slip lengths). The model successfully explains the
entire range of continuum-flow experimental data includ-
ing those unpredictable by previous MD simulations. This
model explains the large experimental data scatters by
changes in nanotube diameters where small perturbations
or chemical variations of interface properties are also dis-
cussed. Our study also sheds light on the origin of a signif-
icant mismatch between MD simulations and experiments
by incorporating the actual interfacial energy levels. We
also discuss the significance of viscous entrance effects.

Our method being already examined on complex and
slip-flow regimes [41,42], bypasses the limitations of com-
putationally expensive MD models (in simulating larger
dimensions, parametric sensitivity analyses, accurate force

fields, and complicated interplay of molecular features).
Hence, the approach allows us to provide a more com-
plete picture of flow behavior in response to parametric
variations, i.e., interfacial effects (energies) and the sys-
tem’s characteristic length scales. We also investigate the
influence of different interfacial force functions and varia-
tions of their effective lengths to test the generality of the
proposed slip-flow model (see Appendix A for the details).

II. MODELING INTERFACE INTERMOLECULAR
INTERACTIONS

To consider the averaged intermolecular mechanism
involved in nanoscale fluid slippage, we develop a numer-
ical approach incorporated with well-established interac-
tion potentials for interfaces based on nanoscale exper-
iments [26,28]. The approach is potentially capable of
including additional longer-range interactions not included
in the combination of electrostatic double layer and vdW
theories [28,31]. A general interaction potential that best
describes the hydrophobic interactions is developed as
an exponential function of the effective interfacial energy
γ eff

i (positive for hydrophobic interfaces and negative
for hydrophilic—hydrated—ones) [28,43,44] with a decay
length of approximately equal to 0.3–2 nm [28]. For fully
hydrophobic surfaces, γ eff

i is equivalent to γi. For graphene
as the substance for making CNTs, the (effective) interfa-
cial energy in water is directly measured to be γi(graphene) =
83 ± 7 mJ/m2 [34] with also similar values reported exper-
imentally (90 mJ/m2) [45] and numerically (94–99 mJ/m2)
[46] (see Table II for a review).

Unlike the hydrophobic interactions, the hydrophilic
ones are not well defined in terms of interfacial energy.
Negative interfacial energy means a tendency of the inter-
face to expand indefinitely, i.e., miscible media resulting
in eventually dissolved interfaces with γi approaching 0,
thus thermodynamically unstable. However, the interface
may be kept in place by attractive physical interactions
or chemical bonds to substrates (crystallization or strong
covalent crosslinking) [28,31,43]. Negative γ eff

i accounts
for solid-fluid attractive effects in hydrophilic interfaces
with effective hydration forces resulting from the water
ability to hydrogen bond and hydrate the surface. For a
hydrophilic surface, observed effective interfacial energies
are in the range of γ eff

i = −0.5 to −15 mJ/m2 (e.g., −2.5
for silica surfaces in water, and −0.5 to −5 mJ/m2 for mica
in different cation salt solutions), with the theoretical limit
of the surface tension of water (γl = 72.8 mJ/m2 for water
at 20 ◦C) [28].

Here, we develop an exponentially decaying (hydropho-
bic or hydrophilic) solid-fluid intermolecular force func-
tion, Fh(y) = −ρ(y)gh = −ρ(y)gh0

e−y/s, where ρ(y) is
the fluid density, y is the normal distance from the wall,
gh0

is the force strength factor (in units of acceleration),
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and s is the decay length [see Fig. 1(a)]. Such forces gener-
ate interfacial energies γ eff

i [see Fig. 1(b)] calculated from
simulations as the integration of pressure differences (see
Appendix A for methods). Upscaling the molecular-scale
properties, e.g., depletion and adsorption molecular layer-
ing, this model facilitates the simulation of fundamental
vdW forces and the longer-ranged effects. While the origin
and exact molecular mechanisms of these forces remain
unknown [31], we retrieve their resultant effects—in scales
of interfaces—and match it with accurately measured data
in terms of γ eff

i in nanoscopic experiments. We also show
that the conclusions are independent of the solid-fluid
force functions (exponential or constant) and the ranges
of forces (short or long range), but mainly dependent
on incorporating accurate interfacial energy levels (see
Appendix A 7).

Here, the definition of hydrophobic or hydrophilic
surfaces is based on positive or negative γi, which
is different from a sole θ criterion. γi is directly related
to the solid-surface energy, γs and θ via Young’s equation
[48]:

γi = γs − γl cos θ , (1)

where γl is the fluid surface tension.
Our model is developed based on continuum simula-

tions with surface-water interfacial interactions modeled
using up-layer averaged molecular potentials. While aver-
aging fluid layering at the interface, the model averages
molecular interactions including corrugations with their
effects as variations in interfacial fluid density and vis-
cosity. Also as shown in Ref. [49], both corrugation and
fluid-solid interactions are affecting the slip where the
responsible molecular signature appears to be the distribu-
tion of water molecules within the contact layer, coupled
with the strength of water-surface interactions. This work
also showed that the contact angle can change by varia-
tions of either lattice parameter or electrostatic parameter.
Therefore, a change in corrugation can induce a variation
in the macroscopic contact angle, despite the same inter-
molecular interaction parameters. One may then suggest
that the average wetting property may inherently include
the effects of corrugation when an up-layer averaging is
maintained in simulations. Thus we suggest that the corru-
gation effects can be assumed as being implicitly included
in our model.

III. FLOW RATE VARIATIONS AND
MECHANISMS

The model predicts flow attenuation and enhancements
(for hydrophilic and hydrophobic interfaces, respectively),
indicated as deviations of the velocity profiles from the
results under the no-slip assumption [Fig. 1(e)]. Deviated
velocity profiles extrapolate into (apparent) negative and

positive slip lengths (λ), for hydrophilic and hydropho-
bic walls, respectively [Fig. 1(f)]. With larger slip lengths,
fluid velocities tend to pluglike profiles [Fig. 1(e)], as also
demonstrated in MD simulations [24,47].

The mechanism of such flow slippage (or inhibition) is
attributed to fluid rarefaction (or densification) at interfa-
cial layers next to hydrophobic (or hydrophilic) surfaces
[Fig. 1(c)] extending to long-ranged molecule arrange-
ments and hydrogen bonding incorporated with low (or
high) fluid viscosity in the interface region. Such interfa-
cial properties are supported by MD investigations demon-
strating water depletion (and adsorption) next to hydropho-
bic (and less hydrophobic, i.e., low-contact-angle) surfaces
[50,51]. Furthermore, the thermodynamically driven low-
density depletion regions on hydrophobic interfaces are
shown by x-ray reflectivity measurements with the thick-
ness in the order of water molecules (2–4 Å), disappearing
with decreased hydrophobicity [52,53]. Similar to our
results, velocity jumps in the depletion region are com-
putationally identified next to the hydrophobic CNT walls
[24,47].

IV. A UNIVERSAL NANOFLUIDIC SLIP-FLOW
MODEL

Considering the balance of the involved hydrodynamic
forces in nanofluidics and the interfacial length scale, we
define the slip-flow number. While the ratio of inertial to
viscous forces, as indicated by Reynolds number, is the
fundamental number representing hydrodynamic forces
involved in the fluid-flow behavior, with scales approach-
ing nanometers, interfacial forces can also become consid-
erable as the fluid slip at interfaces can be significant. The
interfacial tension (although a static force) is the param-
eter associated with the viscosity at the interfacial fluid
layer. The viscosity is also directly linked with the inter-
facial friction at the slip layer in nanoscales. The capillary
number, which is the ratio between viscous to interfacial
forces, is then the potential representative number in these
scales. Thus the ratio between Reynolds to capillary num-
bers as the balance of all forces multiplied by a function
of the interfacial layer scale factor, i.e., f (s/d) is used to
define the slip-flow number �,

� = Re
Ca

f
( s

d

)
= ρud/μ
μu/γ eff

i
f

( s
d

)
= ργ eff

i d
μ2 f

( s
d

)
,

(2)

where ρ is the fluid (bulk) density, u is the fluid (average)
velocity, d is the characteristic dimension of the system,
e.g., tube diameter, μ is the dynamic viscosity for the bulk
fluid, and s is the interfacial fluid-layer characteristic thick-
ness (s ≈ 0.5 nm). This number is based on the bulk values
of density and viscosity but accounts for the subinterface
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This study

(a)

(b) (d) (f)

(c) (e)

FIG. 1. Modeling slip-flow characteristics in nanotubes. (a) Intermolecular effects (combined vdW forces and effects beyond) are
modeled using an interaction potential with an exponentially decaying, positive (hydrophobic) or negative (hydrophilic) force, corre-
sponding to positive or negative γ eff

i , respectively. The decay length of the force, s (approximately equal to 0.5 nm) is the characteristic
thickness of the interfacial fluid layer. (b) γ eff

i is calculated as the integrated difference of pressure components. (c) The density vari-
ations (normalized by the bulk density, ρb) correspond to the dimensionless slip-flow number, � and the flow-enhancement ratio, ε.
(d) Capable of incorporating the molecular effects in ranges longer than MD models, our approach retrieves the interface hydrodynamic
features, e.g., slip velocities while upscaling the depletion and adsorption molecular layering. (e) Enhanced and attenuated velocity
profiles correspond to (f) positive and negative apparent slip lengths, respectively. The velocity jump takes place at the interfacial layer
as also demonstrated by MD simulations [24,47], leading to pluglike velocity profiles at higher flow-enhancement ratios.

variations of these quantities intrinsically via the interfa-
cial energy. When selecting the simulation scales, care has
been taken to ensure that the validity of these considera-
tions is not affected by a nonlocal viscosity [54]. We then
assume a simple power function for f as (s/d)α .

A large number of pressure-driven flow systems
(infinitely long tubes and parallel plates with different
diameters and distances) are simulated where interfacial
forces are varied from weak to strong, attractive to repul-
sive modes (in total more than 660 simulation cases includ-
ing 22 tube and channel sizes each simulated for more than
30 different interfacial force conditions). Analyses of the
results show that when α = 1.2, all the �− ε curves (for
all systems examined) converge into a unique behavior
(with the smallest sum of squared differences among the
curves; see Appendix A 4 for more details). Thus we pro-
pose the dimensionless slip-flow number in the following

specific form:

� = ργ eff
i s
μ2

( s
d

)0.2
. (3)

The characteristic length, d is readily the inner diame-
ter of circular tubes including the depletion thickness. For
nanochannels, we implement a geometrical transformation
of the parallel plates into analogous tubes with identical
solid-fluid interface area and volume of fluid that leads
to d = 2l where l is the separation distance of the plates.
With such a transformation, consistent behavior is found
for slip flows in tubes and between parallel plates when
characterized by the same definition of slip-flow number.

To examine the generality of the model, we also test
variations of the force models (with constant or exponen-
tially decaying solid-fluid force functions with different
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FIG. 2. The universal nanofluidic slip-flow model. The unified �− ε relationship provides a universal slip-flow model for nanoflu-
idics (obtained for tubes and parallel plates). The model is presented as a superexponential function [Eq. (4): ε = ε

(�/�cr)β

0 ] for the
critical regime (� > �cr) with the optimal coefficients’ values: ε0 = 4.50, �cr = 0.0154, and β = 4.13. A biexponential function can
best describe the subcritical regime corresponding to flow attenuation and enhancement due to hydrophilic and hydrophobic effects,
respectively (the inset).

decay lengths). Four different force functions are examined
on three tube diameters, each simulated over more than 20
different force strengths (more than 240 cases in total). The
analysis showed that the conclusions are universal with the
same behavior observed at similar slip-flow numbers (see
Appendix A 7 for more details).

As shown in Fig. 2, our simulations reveal a subcriti-
cal slip-flow behavior followed by a critical regime. The
critical regime can be described by the following universal
superexponential slip-flow function:

ε = ε
(�/�cr)β

0 , (4)

with ε0 ≈ 4.50, �cr ≈ 0.0154, and β ≈ 4.13. In this
model, ε0 is the flow-enhancement ratio corresponding
to the threshold of critical behavior (the critical slip-flow
number,�cr) beyond which the slip flow turns into the crit-
ical superexponential regime, i.e., approaching the limit of
frictionless walls.

For � < �cr (subcritical), the slip-flow regime is
best characterized as a biexponential behavior, with the

following equation:

ε = a1eb1� + a2eb2�, (5)

where the coefficients (with %95 confidence bounds)
are a1 = 0.97 (0.962, 0.987), b1 = 15.14 (12.14, 18.15),
a2 = 0.03 (0.024, 0.037), and b2 = 304 (290.6, 317.5). The
subcritical regime describes both flow attenuation for
hydrophilic (� < 0) and flow enhancement for hydropho-
bic (� > 0) cases up to � ≈ �cr (Fig. 2, inset)

The normalized apparent slip lengths can also be shown
as a function of � via the analytical relationship for tubes,
ε = 1 + 8(λ/d) (Fig. 3). The interfacial density, ρi, i.e., the
average fluid density in the interface region next to walls
(with characteristic thickness of s ≈ 0.5 nm) is also shown
to be a function of the nondimensionalized effective inter-
facial energy, γ eff∗

i = {γ eff
i /[μ

2/(ρs)]} in Fig. 3. The value
ρi/ρb (where ρb is the bulk density) indicates the range
of fluid densification (and rarefaction) near hydrophilic
(and hydrophobic) surfaces. A strong hydrophilicity (e.g.,
γ eff

i = −15 mJ/m2) corresponding to γ eff∗
i = −0.0074 can
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FIG. 3. The unified nanofluidic slip-flow characteristics. (a) The normalized apparent slip length as a function of �. Note the abso-
lute value |λ| in the graph. The inset shows the hydrophilic side of the graph with a normal scale for the vertical axis showing the
actual negative values of λ/d. (b) Normalized average fluid density at the interfacial layer (ρi/ρb) versus the dimensionless effective

interfacial energy (γ eff∗
i = γ eff

i
μ2/(ρs)

). The inset in (b) shows the density variations with a logarithmic vertical axis. Note the absolute

value |γ eff∗
i | used in the inset.

lead to water densification in the interface with ρi/ρb ≈
2.05. This densification is supported by experimental evi-
dences such as the nanoacoustic measurements of a 5-
times higher water density at Al2O3 hydrophilic surfaces
in water (tending to bulk density in about 1-nm distance)
[55]. Contrarily, a typical γi = 83 mJ/m2 for hydrophobic
CNTs [34] gives γ eff∗

i = 0.041, which corresponds to the
rarefaction at the interface (ρi/ρb ≈ 0.25).

V. EXPERIMENTAL VALIDATION

A. Experimental estimation of the interfacial energy, γi
for nanotube materials

Wetting properties of the nanotubes and their con-
stituent materials were investigated in several previous
studies as summarized in Table II. We select the follow-
ing values as the interfacial energies of nanotube materials
when calculating the �: γi(CNT:graphene) = 83 mJ/m2 [34],
γi(BNNT) = 23 mJ/m2 [56], γi(polysulfone UF) = 48.93 mJ/m2

[57], γi(polycarbonate) = 38.0 mJ/m2 [58]. Particularly, we
select the value of γi(CNT:graphene) from Ref. [34] in which the
interfacial energy of graphene is directly measured using
a surface force apparatus independently instead of an indi-
rect estimation from other parameters (contact angle). The
role of energy perturbations or functionalization effects are
discussed later (Fig. 8).

B. Model validation

We compare our model with a large number of exper-
imental data to evaluate the validity of the revealed

behavior (Fig. 4). The model is proposed for the
continuum-flow regime up to the limit of the validity of
classical hydrodynamics which can be up to a channel
width of about ten molecular diameters, i.e., d > 3 nm
[59,60]. The subcontinuum experiments indicate an evi-
dently different behavior. We note that in the experiments
conducted on outer-wall membranes by Lee et al. [16], the
flow channels have been the voids between outer walls
of vertical CNTs, not inside tubes. These untypical con-
ditions may explain larger differences between these data
and the model predictions. The details of experiments are
summarized in Table I.

A comparison between our predicted enhancement
ratios and experimental values as shown in Fig. 5(a)
demonstrates a close agreement between the model and
experiments across the entire range of ε variations. The
ratio between experimental ε and corresponding predicted
ones approaches unity for the majority of continuum
experiments [Fig. 5(b)].

The model features the onset of the critical regime
(�cr) where flow enhancement intensifies superexponen-
tially with � (Fig. 2). Both the critical regime’s onset
and the growth rates are evidently in agreement with the
experimental data (Fig. 4).

To further examine the validity of this model, we inde-
pendently derive the main features of the model from
experiments, i.e., (a) the onset of the critical regime
(�cr) and (b) the superexponential growth rate. Firstly,
we show that a range of 0.012 < �cr < 0.025 for the
proposed superexponential model (ε = ε

(�/�cr)β

0 , ε0 = 4.5,
β = 4.13) can cover %95 of experimental data from 41
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FIG. 4. The universal nanofluidic
slip-flow model versus experimen-
tal data. Data extracted from 40
experiments on water flow in nan-
otubes are shown in comparison
with the proposed universal slip-
flow model (see Table I for experi-
mental details). Note that the model
is proposed for continuum slip-flow
regime and the subcontinuum data
are shown for comparison. Also
note untypical conditions in outer-
wall membranes where the voids
between vertical close-ended tubes
are used as flow channels. Also see
Fig. 8.

experiments including the limiting subcontinuum data. The
computationally determined value of �cr = 0.0154 devel-
oped for continuum regime lies within the given range
derived from experimental data [see Fig. 6(a)]. Secondly,
we independently investigate the growth rate of ε in exper-
iments. For this purpose, we select those reports in which
multiple tests were performed on nanotubes of different
diameters. Thus, � in each set of these experiments varies
with only diameters (with other materials and test condi-
tions being constant). Therefore the growth rate of ε versus
� in those experiments is a pure experimental outcome
independent from any other assumption. As illustrated
in Fig. 6(b), this analysis further validates the proposed
superexponential growth model with the experimentally
fitted value of β equal to 5.349 close to the computation-
ally derived value of 4.13 for superexponential coefficient
in our model (β in ε = ε

(�/�cr)β

0 ).

VI. DISCUSSION

A. Entrance effects

The transition from a macroscopic reservoir to a
nanoscale pore with streamlines being bent while entering
the channel is a source of viscous dissipation. Considering
a nanopore of radius R from which the flow enters a chan-
nel (tube) of the same radius, we can assume that the total
hydrodynamic resistance Rpc is the sum of the resistances
through pore and channel, i.e., Rpc = Rp + Rc. The total
pressure drop
P is also the sum of pressure drops through
pore and channel, 
P = 
Pp +
Pc. Also the flow of the
channel is Qc = 
Pc/Rc while the flow through the pore
is Qp = 
Pp/Rp . The entrance-corrected flow is then
Qpc = Qp = Qc = 
P/(Rc + Rp).

For a nanopore, the flow rate can be written as

Qp = R3

3μ

Pp . (6)

The flow rate through a pore is not significantly affected
by slip conditions since the dissipation source is mainly
geometric.

For the no-slip boundary conditions, it can be shown that
entrance effects are apparently negligible for tube lengths
exceeding a few channel radii [67].

Considering a nonzero slip length λ, the flow rate
through a tube (channel) is given as

Qc = πR4

8μL

(
1 + 4λ

R

)

Pc. (7)

Therefore, the entrance-corrected flow rate in case of slip
is

Qpc = R3

3μ

P

1 + 8L
3π(R+4λ)

. (8)

From the above equation it can be seen that when λ >
R, the hydrodynamic resistance is dominated by entrance
effects as long as λ > L.

We use the value of Rp/Rc = 3π(R/L + 4λ/L)/8 as a
criterion for the significance of entrance effects. Figure 7
shows this criterion in which the limit of Rp/Rc > 1 can
be defined as the threshold of the flow being dominated by
viscous entrance effects. With slip length λ reaching the
order of channel length L, flow behavior approaches such
a threshold [67].

Our model, which is based on channel slip flow in
the continuum regime, is limited to relatively long tubes
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(a) (b)

Secchi, et al, [3] 
Majumder, et al, [1]
Whitby, et al, [5]
Majumder, et al, [12]
Du, et al, [15]
Baek, et al, [13]
Baek, et al, [13] (UF membrane)
Secchi, et al, [3] (BNNT)
Lee, et al, [16]
Zhang, et al, [17]
Majumder and Corry, et al, [12]
Sinha, et al, [62]

FIG. 5. Model predictions versus experimental data. (a) The model predictions of flow-rate-enhancement ratios, ε are shown versus
the experimental values for continuum-flow experiments in CNTs (20 experiments). Untypical experiments and those affected by
subcontinuum flow (d � 3 nm) are excluded. (b) The ratio between experimental measurements of ε and corresponding predictions of
our model is shown versus the slip-flow number, �. This ratio approaches unity for the majority of data. The experiment conducted by
Zhang et al. [17] that most deviates from our predictions can be highly affected by entrance effects with Rp/Rc = 10.31.

(L/λ > 1) in which the entrance effects are negligible.
When comparing experimental data from the literature to
our model, we show if the entrance effects are significant or
negligible (Table I). In most cases, the entrance effects are
shown to be negligible. In a few cases, the entrance resis-
tance can be effective on the flow rates for some factors
up to at most a factor of 10. However, in those experi-
ments, enhancement factors have been several orders of

magnitude suggesting that the model predictions based on
channel flow could yet be practically reasonable, compared
to the entrance effects, which are effective for only some
factors.

In particular, Sisan and Lichter [68] showed that the
experiments reported by Majumder et al. [1] can be up
to 9 times faster than physically allowed values for fric-
tionless tubes as they should be dominated by entrance

10–4 10–3 10–2 10–1
100

101

102

103

104

105

106

(a)

10–4 10–3 10–2 10–1
100

101

102

103
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106
(b)

Superexponential
slip-flow model: Ωcr = 0.0154
Secchi, et al, [3] 
Majumder, et al, [1]
Holt, et al, [2]
Whitby, et al, [5]
Majumder, et al, [12]
Qin, et al, [61]
Du, et al, [15]
Baek, et al, [13]
Baek, et al, [13] (UF membrane)
Kim, et al, [63]
Secchi, et al, [3] (BNNT)
Holt, et al, [2] (Polycarbonate) 
Lee, et al, [16]
(Outer-wall CNT membrane)
Lee, et al, [16] (Outer-wall CNT
membrane, thermal)
Lee, et al, [16] 
Zhang, et al, [17]
Bui, et al, [64]
Yu, et al, [65]
Majumder and Corry, et al, [12]
Sinha, et al, [62]

Secchi, et al, [3]
Qin, et al, [61]
Lee, et al, [16]

FIG. 6. Independent experimental derivation of model parameters (�cr and β). (a) The analysis of experimental data suggests
the range of 0.012 < �cr < 0.025 by which the proposed superexponential model predicts %95 of the experimental data from 41
experiments. The computationally calculated value of �cr = 0.0154 lies within this range. (b) An equation is fitted (ε = a(�/b)

c
) to

data from selected experiments in which all test conditions except the tube diameters have been constant. The analysis suggests a
superexponential growth factor c = 5.349, close to the computationally derived value of β = 4.13 (in ε = ε

(�/�cr)β

0 ).
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100
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FIG. 7. Criteria for the significance of entrance effects. The
ratio between the pore (entrance) hydrodynamic resistance and
channel (tube) resistance, Rp/Rc versus L/R where L and R are
the channel length and radius, respectively. The viscous entrance
effects are dominant when λ > L.

effects. We also show that Rp/Rc for those experiments
could be between 1.44 and 9.34 (Table I). The findings of
Ref. [68] are also consistent with our work as the flow rates
reported by Mjumder et al. are 2.21–3.8 times faster than
our model predictions. Also the experiment reported by
Zhang et al. [17] that most deviates from our predictions
[Fig. 5(b)] should be highly affected by entrance effects
with Rp/Rc = 10.31.

B. Continuum nanofluidic slip flow as iso-γi model
behavior

In Fig. 8 we show our slip-flow model (shown as γ eff
i

contours) versus original data from experiments [Fig. 8(a)]
and MD simulations [Fig. 8(b)] [62–66,69–75]. The orig-
inal data are reported values of ε versus reported tube
diameters, d. Thus the data points on Fig. 8 are pure
literature data (with no assumptions) shown against the
solution of our model (iso-γ eff

i lines). The model can pre-
dict almost the whole range of experimental ε variations
for CNTs in continuum regime (d > 3 nm) over 6 orders
of magnitude [Fig. 8(a)] with finite variations of interface
energies around the value of graphene (γi(graphene) = 83 ±
7 mJ/m2 [34]). The flow mainly dominated by subcontin-
uum regime (d < 3 nm) appears to behave differently as
the experimental data deviate from our model’s iso-γ eff

i
contours at graphene’s range.

In particular, Secchi et al. [3] and Lee et al. [7] have
reported multiple experiments with constant test condi-
tions except tube diameters (thus constant interfacial ener-
gies). These data lie within similar iso-γ eff

i lines predicted

by our model in Fig. 8(a) further evidencing the validity of
predictions.

Of particular relevance could be the similar iso-γi lines
attributed to the data of Secchi et al. [3] (one of the most
accurate measurements to date) and most of the other
continuum-flow experiments as shown in Fig. 8(a). Sim-
ilar γi levels indicating equivalent behaviors again suggest
the feasibility of large ε in nanotubes with larger diameters,
supporting many experiments [5,13,16,17].

C. functionalization effects

The role of energy levels can also describe the
major impacts of functionalizations on flow enhancements
[24,76]. For instance, chemical hydrophilic functionaliza-
tion of 7-nm CNT membranes is reported by Majumder
et al. to reduce ε for more than 4 orders of magnitude
[14]. According to our model, a reduced γi from approx-
imately equal to 83 [orange hexagrams in Fig. 8(a)], to
approximately equal to 70 mJ/m2 (black hexagram) and
approximately equal to 50 mJ/m2 (red hexagram) corre-
sponds to original, tip, and core-functionalized nanotubes
in this report, respectively.

D. Differences between CNTs and BNNTs

Insight into the surprising dissimilarity of CNTs and
BNNTs (Secchi et al. [3]) could also be provided consider-
ing γiBNNT = 21–26 mJ/m2 [56] being lower than γiCNT =
83 mJ/m2 [34]. Such differences in γi match closely with
the predictions of our model [see Fig. 8(a)]. This ratio-
nale can complete the ab initio findings [23] that linked
the larger friction on boron nitride compared to graphene
to a greater corrugation of free energy [23], but sug-
gested only a threefold friction difference between CNTs
and BNNTs, which was much smaller than experimental
observations. Indeed, experiments revealed the differences
between CNTs and BNNTs [3] in much greater scales
where CNTs enhanced flow up to a factor of 100, but simi-
larly sized BNNTs produced no flow enhancements. These
differences convinced the authors of Ref. [3] to consider
the corrugation effects as minor mechanisms and suggest
mechanisms beyond these effects to describe the phe-
nomenon. Now our findings here may further explain the
actual scales of the differences between CNTs and BNNTs
by potential differences of their interfacial energies.

E. The gap between experimental data and MD
simulations

The proposed model sheds light on the significant gap
between MD predictions and experimental data [large ε
values reported in experiments for d > 5 nm, i.e., data in
the highlighted ellipse in Fig. 8(a)]. The insufficiency of
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FIG. 8. Literature data for nanotube-water systems versus the universal (superexponential) slip-flow model. Original data as (d, ε)
values from 42 experiments (a) and 97 MD simulations (b) are shown (see Appendix C for the details of MD data). Literature data
points are for CNTs, unless mentioned otherwise. Our model is presented as dotted iso-γ eff

i lines in both (a) and (b) as the solution of Eq.
(4) i.e., ε = f (�) = f (d, γi, constants) in which for � [Eq. (3)], the following parameters are assumed as constants: ρ = 997 kg/m3,
s = 0.5 nm, and μ = 1.002 mPa s. A large portion of experimentally reported (d, ε) values (data in the highlighted ellipse in (a) have
never been replicated by MD simulations (b). The cause of this significant gap is discussed in the text. Despite 6-orders-of-magnitude
variations, the majority of experimental data in the continuum-slip regime (d > 3 nm) shown in (a) can be explained well with our
iso-γ eff

i model with graphene’s value of γi = 83 ± 7 mJ/m2 [34]. Subcontinuum experimental data (d < 3 nm) appear to behave
differently.

MD empirical force models to retrieve all hydrophobic-
ity features including beyond vdW effects and hydrogen-
bonding networks might be the reason for such a gap. Fur-
thermore, when attempting to recover the interfacial (e.g.,
carbon-water) interactions in nanotubes, MD investigators
have normally relied on the tuning of contact angles [77].
However, reproduction of the solid-liquid energy states as
reference values rather than θ could be crucial in character-
izing nonbounded interactions of water on graphene (see
Ref. [32] for a detailed study). Thus, slight inaccuracies
in intermolecular energy parameters used in MD simula-
tions could also be the origin of significant deviations from
experiments.

F. ε − θ relationship

Our model accounts for a combined role of contact
angles, θ and surface energy, γs in flow-enhancement
behaviors, as shown in Fig. 9. The graph illustrates how
the flow slippage (enhancement) does not solely depend
on θ ; hence even traditionally defined hydrophilic sur-
faces (with θ < 90◦) can cause flow slippage depending on
γs. Here the difference between a conventional definition
of hydrophobicity (θ > 90◦) and the principle of positive

interfacial energies used here is highlighted. Thus the
findings can also explain the “unexpected” slip on sur-
faces with θ < 90◦ observed in experiments [78,79] and
simulations [49].

VII. CONCLUSION

A continuum approach coupled with interfacial force
models in simulating solid-fluid intermolecular effects
enabled us to provide an inclusive picture of continuum
slip-flow regimes in nanofluidics. We show that the inter-
facial energies that originate the interfacial fluid viscos-
ity and density variations can be responsible for ultra-
fast flows in nanotubes. The slip mechanism attributes
to the variations of nanotube diameters and interfacial
energies. We develop a universal model that quantifies
flow-enhancement ratios of nanotubes and nanochannels
as a superexponential function of a single dimensionless
slip-flow number, �. The model could explain all previ-
ously measured flow enhancements filling a significant gap
between experimental data and MD results. The model
features a critical threshold (�cr) beyond which the flow-
enhancement ratios (ε) turn from a normal exponential
to a superexponential growth. Insights are provided into
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FIG. 9. Flow-enhancement ratio versus contact angle. The
predicted ε depends on the tube diameter d, surface energy
γs, and contact angles θ [via Young’s Eq. (1)]. The inset
magnifies the hydrophilic portion (ε < 1). Dependence of the
flow enhancement on the energy state—instead of a sole con-
tact angle—explains how moderately hydrophobic CNTs (with
reported θgraphene ≈ 70◦–90◦ [34–36], and θCNT ≈ 70◦ [37])
could induce extraordinary flow enhancements. The model dif-
fers from the few existing theoretical models that attribute typical
flow enhancements observed in nanotubes to very large contact
angles (θ > 150◦) [29]. In calculating ε [Eq. (4)] as the func-
tion of � [Eq. (3)], the following parameters are assumed as
constants: ρ = 997 kg/m3, s = 0.5 nm, and μ = 1.002 mPa s.

long-standing puzzling observations in nanofluidic sys-
tems such as scattering of reported ε data by 6 orders
of magnitude, 4-orders-of-magnitude decrease of ε due to
hydrophilic functionalizations [14], and slippage of water
on low-contact-angle surfaces [49,78]. We highlight a sig-
nificant gap between previous MD simulations and exper-
imental results where the ultrafast flow rates observed
in wider than 5-nm tubes have never been computation-
ally predicted by MD simulations (3-orders-of-magnitude
differences in ε). Our study suggests the role of actual
interfacial energy levels as a clue to addressing such a gap.

We limit our model to relatively long nanotubes (when
entrance effects are negligible) in continuum-flow regimes
(d > 3 nm). The entrance effects are only significant when
the slip lengths exceed the channel length. An analysis of
the experimental data shows that the model predictions
can be reasonably accurate for the majority of previous
experiments.

Our model can reduce the complicated problem of
functionalization effects on nanoscale permeability to a
fundamental or experimental determination of the altered
interfacial energy. This advancement could aid tailor-
ing of separation membranes in which both permeabil-
ity and selectivity of nanotubes are tunable [14,80] by
reversible functionalization techniques [81,82], promising

broad applications in water purification, ion-exchange, and
energy conversion.
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APPENDIX A: COMPUTATIONAL DETAILS

1. Continuum-based simulation in nanofluidics

Despite the discrete nature of molecules in nanofluidic
systems, a continuum-based approach has proved valid
in describing the transport phenomena at the nanoscale
[10,29,39]. The molecular dynamics and continuum hydro-
dynamics are shown to be different only in scales of a
few layers of molecules [83–85]. As suggested by MD
studies, for water nanofluidic systems, the limit of contin-
uum transport mechanism (where the flow can be modeled
using continuum-based relations) can be up to a chan-
nel width of about ten molecular diameters, i.e., d > 3
nm [59,60]. The characteristic length (tube diameter) of
1.66 nm is also proposed below which the transition
to the subcontinuum mechanism takes place [10,18,29].
Thus, the majority of experiments of nanotube-flow sys-
tems can be studied using a continuum approach, provided
that the interfacial features are properly captured. Lattice-
Boltzmann is shown valid to investigate the nanoscale
local hydrodynamic interactions, for example, in modeling
lipid systems (with a grid spacing of approximately equal
to 3 Å being sufficiently accurate) [86–88]. In our contin-
uum framework, we adopt a lattice-Boltzmann approach
with intermolecular potential for interfaces to account for
the interfacial interactions averaged on the scales of the
interface.

2. Lattice-Boltzmann method (LBM) with
intermolecular potentials at interfaces

The Boltzmann equation reads

∂f
∂t

+ e · ∇f + F · ∇ef = �coll, (A1)

where the collision term �coll = (f eq − f /τ) is the
Bhatnagar-Gross-Krook (BGK) model, f ≡ f (x, t) is the
particle distribution function in the phase space (x, e) with
t being the time, e is the local molecular velocity, F
is the external force experienced by each fluid particle,
f eq is an equilibrium distribution function, and τ is the
characteristic relaxation time.
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The Navier-Stokes equations are shown to be recovered
with the equilibrium distribution function given by [89]

f eq
i = ωiρ

(
1 + 3(ei · u)

C2 + 9(ei · u)2

2C4 − 3u2

2C2

)
, (A2)

where C = δx/δt is the characteristic lattice velocity with
δx being the time step and δx, the grid spacing. The weight
factor ωi is also assigned for each direction, the sum of
which would be unity (see Ref. [90] for weight factors of
different schemes). The study is performed using a D3Q19
scheme, while the parametric analyses on numerical vari-
ables (e.g., relaxation time) ensured the generality of the
results [42].

The interparticle potential can be incorporated into the
lattice-Boltzmann equation using a mean-field approxi-
mation [91]. Considering f eq being the leading part of
the distribution f , with the assumption of ∇ef eq ≈ ∇ef ,
the Boltzmann equation can be discritized in time and
integrated leading to the following implicit expression
[92]:

fi(x + eiδt, t + δt)− fi(x, t)

= �coll + δt

2

[
f F
i (x + eiδt, t + δt)+ f F

i (x, t)
]

, (A3)

where f F
i is the forcing term defined as [93]

f F
i = F · (ei − u)

ρC2 f eq
i . (A4)

With a transformation defined as f̄i = fi − (δt/2)f F
i

applied to Eq. (A3), we obtain an explicit solution for the
Boltzmann equation incorporated with interparticle forces

f̄i(x + eiδt, t + δt)− f̄i(x, t) = �̄coll + δtf F
i , (A5)

where �̄coll = [f̄ eq
i (x, t)− f̄i(x, t)/τ ] and f̄ eq

i =
{1 − [F · (ei − u)/2ρC2]δt}f eq

i .
The method implements a mean-field interparticle

potential that can provide a semimesoscopic solution to the
interfacial effects. Such molecular interactions that appear
as interfacial energies averaged in scales of several molec-
ular layers are treated in this method using solid-fluid
attractive or repulsive forces (with different force models
examined). The values of interfacial energies are calcu-
lated using the integration of the difference in the normal
and transverse pressure tensor components obtained in
lattice-Boltzmann (LB) simulations assuring the accuracy
of the method for the level of fluid confinements.

3. Calculation of the interfacial energy in LBM
simulations

The pressure tensor �P defined by �∇ · �P = �∇(c2
sρ)− �F

where �F is the local boundary (interfacial) force acting on

0 2 4 6 8 10
x (distance from wall)

0.0

0.2

0.4

0.6

0.8

1.0

g h(x
)/

g h0

Exponential, s = 0.5

Exponential, s = 1.5

Exponential, s = 1.0

Constant, s = 1.0

FIG. 10. Intermolecular solid-fluid force models implemented
in this study, i.e., constant [Fh(x) = −ρ(x)gh0

for 0 < x <
s and Fh(x) = 0 for s < x] and exponential decay [Fh(x) =
−ρ(x)gh(x), where gh(x) = gh0

e−x/s].

the fluid (when setting 
t = 1) is equal to [94,95]

�Pαβ =
(

c2
sρ + c2

s gh

2
ψ2 + c4

s gh

4
( �∇ψ)2 + c4

s gh

2
ψ
ψ

)
δαβ

− c4
s gh

2
(∂αψ)(∂βψ). (A6)

The variable gh specifies the intensity of the boundary
(interfacial) force. This force is implemented in this study
as a constant, gh(x) = gh0 or an exponentially decaying
function of x, gh(x) = gh0e(−x/s) with different values for
s where x is the distance from boundaries (see Fig. 10).
The pseudopotential ψ is given as ψ(x) = ρ(x). We calcu-
late the solid-fluid interfacial energy for an assumed planar
interface at x = 0 using the pressure tensor in Eq. (A6)
[94,95]

γi =
∫ L

0
(Pxx − Pyy)dx = −c4

s

2

∫ L

0
gh

(
dψ
dx

)2

dx. (A7)

The length L is the length on which the boundary (interfa-
cial) force is effective.

We calculate the solid-liquid interfacial energy with
Eq. (A7) for each simulation (with a cellwise integra-
tion) where the boundary force is implemented. It is worth
mentioning that the relation between the force coefficient
gh and the resulting interfacial energy is nonlinear as
demonstrated in Fig. 11.
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Exponential force: Fh(x) = –r(x)gh0 exp(–x/s)
Constant force: Fh(x) = –r(x)gh0
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0.10
gh0

Exp., s = 0.5

Exp., s = l

Exp., s = l.5

Constant, s = 1

Power (Exp., s = 0.5)

Power (Exp., s = 1)

Power (Exp., s = 1.5)

Power (Constant, s = 1)

Fit: y = 3.9857E–03x2·9542E+00

Fit: y = 6.8172E–01x2·8207E+00

Fit: y = 2.1542E+00x2·4072E+00

Fit: y = 2.5075E–03x1.8144E+00

g i

FIG. 11. Nonlinear relationship between the solid-fluid force
intensity coefficient gh0 and the resulting interfacial energy γi
(in lattice units) for different intermolecular solid-fluid force
models (constant or exponentially decaying forces). For each
force model (constant and exponentially decaying), we change
the force factors (force intensity coefficient gh0 and the decay
length s). γi is calculated through a cellwise integration of the
pressure tensor as per Eq. (A7). The power functions are fitted to
each set of simulation data with a specific force function and s.

4. Determination of the factor α in the definition of �

We define a dimensionless slip-flow number � as fol-
lows:

� = ργ eff
i d
μ2

( s
d

)α
. (A8)

To determine the coefficient α in Eq. (A8), we implement
a least-squares fitting analysis on the subcritical portion of
the results (ε versus �) for all simulations including tubes
(with different diameters) and parallel plates (with various
spacing) and variable intensities of interfacial energies.

The data points can be fitted to a biexponential function
up to the limit of the critical value of slip-flow number,
�cr beyond which the behavior of ε begins to deviate from
any normal exponential function with a fast surge in the
increase rate (see Fig. 12). We select α in such a way to
make all data (curves) best collapse into a single curve.
The unified model is achieved by minimizing the sum of
square errors (differences), SSE, for all datasets (Fig. 13).
The value of α = 1.2 is found to produce the minimum
SSE for the subcritical portion of the results, giving the
best convergence of all curves to a unified behavior. The
resulting � also provides a unified trend in critical regime
where� exceeds the critical value, which suggests the uni-
versality of � with α=1.2 in describing the nanofluidic
slip-flow regimes.

5. Interfacial energy values for nanotube materials

Experimental reports on wetting properties of nanotube
materials are reviewed in Table II.

(a) (b)

(c) (d)

FIG. 12. Biexponential function fitted to the subcritical por-
tion of the ε −� values with α = 1.0 (a), 1.2 (b), 1.4 (c), and
2.0 (d) used in the definition of� = ργid

μ2 (
s
d )
α . The red data points

are those in the critical regime, which are excluded from the fit-
ting. The fitted function appears in blue with the dashed lines
indicating the prediction bounds with 95% confidence.

6. Biexponential and superexponential coefficients

In Fig. 14, we provide more details on the fitting coeffi-
cients of the subcritical and critical slip-flow regimes.

FIG. 13. Sum of square differences and errors versus α in� =
ργid
μ2 (

s
d )
α . The value of α = 1.2 gives the minimum SSE (best

collapses all curves into a unified model).
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(a)

(b)

FIG. 14. (a) Variation of the superexponential model coeffi-
cients. The optimized coefficients, i.e., (ε0,�cr,β) are multiplied
by (1.2, 0.8, 1.2) and (0.8, 1.2, 0.8) to determine a +%20 and
−%20 variation of coefficients, respectively. (b) The superexpo-
nential slip-flow model shown together with the biexponential
behavior of slip flow in the subcritical regime. While the subcrit-
ical behavior is best characterized by the biexponential fit, with
� exceeding the critical value (�cr ≈ 0.0154), a superexponen-
tial fit would be the best representative of the ultrafast slip-flow
behavior. The inset illustrates the sum of exponential terms in
the biexponential model for the subcritical regime where the
first term (ε = 0.97e15.14�) best represents the flow attenuation
behavior (hydrophilic effects). The biexponential sum of both
terms (ε = 0.97e15.14� + 0.03e304�) can properly fit the moder-
ate flow-enhancement behavior (due to hydrophobic effects) in
the subcritical regime.

7. Universality of the slip-flow model (� − ε behavior)

Our model is proposed as a function of the nondimen-
sional slip-flow number�. To demonstrate the universality
of this function, we conduct a large number of simulations

10–12 10–10 10–8 10–6 10–4 10–2 100

10–4 10–3 10–2 10–1 100 101

d =  30, s = 1.5, Exponential

d = 10, s = 1, Constant
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d = 10, s = 0.5, Exponential

d = 20, s = 0.5, Exponential

d = 30, s = 0.5, Exponential

d = 10, s = 1, Exponential

d = 20, s = 1, Exponential
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Ω
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ε
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FIG. 15. Universality of the proposed slip-flow model as a
function of the slip-flow number�. Here ε versus� is shown for
the different force models used (constant or exponentially decay-
ing with various decay lengths, s), all collapsing into a unified
behavior as given by the superexponential model. The proposed
slip-flow number � is demonstrated to be a physically meaning-
ful number in unifying the slip-flow regime independent of the
force models and their lengths of influence. The inset illustrates
the same simulation data but shown as ε versus gh0 —in lattice
units—(where the constant force model is Fh(x) = −ρ(x)gh0

,
0 < x < s and the exponential model is Fh(x) = −ρ(x)gh0

e−x/s

with x being the distance from walls). The inset shows the
broad scatteredness of the slip-flow behaviors in contrast with
the single behavior obtained using the slip-flow number.

for flow in tubes and between parallel plates with vari-
able diameters and separation spaces. We also simulate
a variety of cases, from repulsive to attractive solid-fluid
forces, with different levels of interfacial energies. It is
shown in Fig. 2 of the main paper that all cases can be uni-
fied into a single behavior with our dimensionless slip-flow
number, �.

To further evaluate the universality of our model, we
also implemented different force models (constant and
exponentially decaying: see Fig. 10). In addition, we
change the decay length of the exponentially decaying
forces (s). The proposed slip-flow number � is shown
to universally characterize the slip-flow regimes with a
unique behavior for all cases under a wide range of
conditions, as illustrated in Fig. 15.

APPENDIX B: DISCUSSIONS ON THE VARIATION
OF MODEL PARAMETERS IN

NANOTUBE-WATER SYSTEMS

1. Variation of viscosity, μ

Indicated by many experiments [104,105] and MD sim-
ulations [18,106], the viscosity of confined water varies
spatially within an interface region near the walls where
it is significantly affected by interfacial interaction. The
interfacial region is determined as the water layer with a
critical thickness next to the wall surface. The viscosity
retains the value of bulk fluid for interior water beyond the
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Majumder, et al, [12]
Qin, et al, [61]
Du, et al, [15]
Baek, et al, [13]
Baek, et al, [13] (UF membrane)
Kim, et al, [63]
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Lee, et al, [16]
(Outer-wall CNT membrane)
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Yu, et al, [65]
Majumder and Corry, et al, [12]
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FIG. 16. Superexponential model versus experimental data (as
summarized in Table I) where data points correspond to the
assumption of s = 0.75 nm and errorbars correspond to the
variation of s in range of 0.5–1 nm.

critical thickness. The critical thickness of the interfacial
region is investigated by several studies (reviewed in Ref.
[29]), with a thickness of 0.7 nm suggested as an average
[18,29].

Some researchers have suggested that the viscosity of
water in the interface region could be a function of the con-
tact angle [29]. Fitted to some datasets from mainly MD
simulations, the following linear relationship is proposed
for the ratio of the interfacial viscosity to the viscosity for
the bulk fluid, μi/μ∞ and the contact angle, θ (degree)
[29]:

μi

μ∞
= −0.018θ + 3.25. (B1)

We argue that the use of a sole contact angle crite-
rion based on MD simulations is inadequate for deter-
mining the interfacial characteristics of the nanofluidic
systems. The interfacial energy states in addition to the
contact angle—which is a tunable factor in MD simula-
tions—could be a critical point to investigate the interface
fluid properties in nanoscales [32]. In our model, the
dynamic viscosity for the bulk fluid is used to calculate
the slip-flow number, � while the subinterface variations
are intrinsically accounted for by the value of the inter-
facial energy. As viscosity can be a nonlocal property of
the highly confined fluid, care has been taken to ensure
the transport coefficients are valid when selecting the
simulation scales.

10–4 10–3 10–2 10–1
1.00

1.02

1.04

1.06

1.08

1.10

1.12
Analytical: parallel plates
LBM: parallel plates
Analytical: circular duct
LBM: circular duct

FIG. 17. Comparison of numerical results with analytical solu-
tions for flow-enhancement ratios versus normalized slip lengths.
The analytical solutions are ε = (1 + 6λ/d) for parallel plates
(with separation distance of d) and ε = (1 + 8λ/d) for circular
ducts (with diameter d) [118].

2. Variation of interfacial layer characteristic
thickness, s

Although a conclusive law for hydrophobic interactions
(between two hydrophobic surfaces in water) is yet to
be achieved [107], an exponentially decaying behavior
is usually observed in direct measurements [26,108,109].
There has also been a long-lasting debate on the range of
hydrophobic interactions. However, direct measurements
of hydrophobic forces between two surfaces in aqueous
solutions using atomic force microscopy have revealed a
pure hydrophobic interaction exponentially decaying over
distances up to 10–20 nm with a decay length of 0.3–2 nm,
averagely approximately 1 nm [27,28,107]. For the mea-
surement of such pure hydrophobic forces, the surfaces are
required to be smooth, continuous, free from defects, and
stable in water. The long-range attractive forces measured
in larger ranges from > 200 nm up to thousands of nm
are also believed to be associated with surface-preparation
techniques [27], and not the pure hydrophobicity. Over-
all, a typical value of approximately 1 nm is suggested
as the decay length of both hydrophobic and hydrophilic
interactions [28], i.e., the forces between two surfaces in
water.

The characteristic length of 1 nm concluded for both
hydrophobic and hydrophilic (solid-solid) interactions
between two surfaces in water [28] could be assumed as
an upper limit for s, which is the characteristic length of
the solid-fluid effects (for a single surface in water). Those
solid-fluid effects (which result in interfacial energies) are
the origin of the solid-solid hydrophobic and hydrophilic
interactions. In this study, considering the overlapping
of hydrophobic effects, we assume a value of 0.5 nm
as s (force characteristic length for a single solid sur-
face in water), equivalent to half of the decay length of
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TABLE III. MD simulation data from the literature on water flow in nanotubes.

No. Ref. Method Material d (nm) ε Slip length (nm)

1 Ritos et al. [47] MD CNT 2.03 30.00 7.37
2 Ritos et al. [47] MD BNNT 2.07 8.50 1.94
3 Ritos et al. [47] MD SiCNT 2.06 5.50 1.16
4 Thomas et al. [18] MD CNT 1.66 432.47 89.53
5 Thomas et al. [18] MD CNT 2.22 198.70 54.86
6 Thomas et al. [18] MD CNT 2.77 110.39 37.88
7 Thomas et al. [18] MD CNT 3.33 81.82 33.64
8 Thomas et al. [18] MD CNT 3.88 53.25 25.34
9 Thomas et al. [18] MD CNT 4.44 53.25 29.00
10 Thomas et al. [18] MD CNT 4.99 48.05 29.35
11 Joseph and Aluru [24] MD CNT 1.60 2052.00 410.20
12 Joseph and Aluru [24] MD BNNT 1.60 1142.00 228.20
13 Joseph and Aluru [24] MD Si NT 1.60 155.00 30.80
14 Joseph and Aluru [24] MD Rogh NT 1.80 4.70 0.83
15 Falk et al. [19] MD CNT 10.13 92.30 115.61
16 Falk et al. [19] MD CNT 6.75 133.14 111.49
17 Falk et al. [19] MD CNT 5.40 199.01 133.65
18 Falk et al. [19] MD CNT 4.05 306.22 154.52
19 Falk et al. [19] MD CNT 2.68 534.24 178.64
20 Falk et al. [19] MD CNT 2.02 981.48 247.57
21 Falk et al. [19] MD CNT 1.60 1845.59 368.92
22 Falk et al. [19] MD CNT 1.34 2944.73 493.08
23 Falk et al. [19] MD CNT 1.07 5298.85 708.59
24 Falk et al. [19] MD CNT 0.93 23 318.28 2710.63
25 Falk et al. [19] MD CNT 0.80 266 194.13 26 619.31
26 Thomas et al. [20] MD CNT 7.00 34.74 29.50
27 Thomas et al. [20] MD CNT 4.99 56.03 34.32
28 Thomas et al. [20] MD CNT 4.44 65.44 35.76
29 Thomas et al. [20] MD CNT 3.88 75.52 36.14
30 Thomas et al. [20] MD CNT 3.33 90.33 37.18
31 Thomas et al. [20] MD CNT 2.77 114.72 39.37
32 Thomas et al. [20] MD CNT 2.22 191.87 52.97
33 Thomas et al. [20] MD CNT 1.66 443.49 91.82
34 Du et al. [15] MD CNT 4.00 520.00 259.50
35 Babu et al. [69] MD CNT 5.42 1.49 0.33
36 Babu et al. [69] MD CNT 5.16 1.72 0.46
37 Babu et al. [69] MD CNT 4.88 2.00 0.61
38 Babu et al. [69] MD CNT 4.33 2.82 0.98
39 Babu et al. [69] MD CNT 4.07 3.37 1.20
40 Babu et al. [69] MD CNT 3.79 4.10 1.47
41 Babu et al. [69] MD CNT 3.52 5.05 1.79
42 Babu et al. [69] MD CNT 3.25 6.34 2.17
43 Babu et al. [69] MD CNT 2.98 8.17 2.67
44 Babu et al. [69] MD CNT 2.50 13.48 3.89
45 Babu et al. [69] MD CNT 2.16 20.21 5.19
46 Babu et al. [69] MD CNT 1.93 27.81 6.48
47 Babu et al. [69] MD CNT 1.35 64.24 10.68
48 Nicholls et al. [70] MD CNT 0.96 860.00 103.08
49 Kannam et al. [71] MD CNT 6.52 95.05 76.59
50 Kannam et al. [71] MD CNT 4.87 155.85 87.11
51 Kannam et al. [71] MD CNT 4.34 181.28 92.81
52 Kannam et al. [71] MD CNT 3.80 206.70 98.10
53 Kannam et al. [71] MD CNT 3.26 260.48 100.92
54 Kannam et al. [71] MD CNT 2.71 337.44 121.82
55 Kannam et al. [71] MD CNT 2.16 517.50 131.63
56 Kannam et al. [71] MD CNT 1.90 664.24 157.49

Continued.
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TABLE III. MD simulation data from the literature on water flow in nanotubes.

No. Ref. Method Material d (nm) ε Slip length (nm)

57 Kannam et al. [71] MD CNT 1.63 911.49 174.72
58 Casanova et al. [76] MD Pristine CNT 4.07 105.15 53.00
59 Casanova et al. [76] MD Turbostratic CNT 4.07 20.07 9.70
60 Casanova et al. [76] MD Carbon-nitride nanotube 4.07 <2.97 <1
61 Bordin et al. [72] MD CNT 1.93 17.71 4.03
62 Bordin et al. [72] MD CNT 1.79 17.78 3.75
63 Bordin et al. [72] MD CNT 1.65 20.71 4.06
64 Bordin et al. [72] MD CNT 1.45 20.10 3.47
65 Bordin et al. [72] MD CNT 1.37 23.72 3.88
66 Bordin et al. [72] MD CNT 1.24 27.36 4.08
67 Bordin et al. [72] MD CNT 1.17 23.82 3.34
68 Bordin et al. [72] MD CNT 1.00 49.62 6.07
69 Bordin et al. [72] MD CNT 0.90 35.39 3.87
70 Bordin et al. [72] MD CNT 0.82 53.29 5.36
71 Bordin et al. [72] MD CNT 0.68 62.65 5.22
72 Bordin et al. [72] MD CNT 0.51 102.02 6.48
73 Bordin et al. [72] MD CNT 0.48 118.46 7.03
74 Bordin et al. [72] MD CNT 0.43 124.92 6.72
75 Bordin et al. [72] MD CNT 0.41 211.35 10.88
76 Bordin et al. [72] MD CNT 0.38 277.80 13.13
77 Walther et al. [73] MD CNT 2.00 253.00 63.00
78 Tao et al. [74] MD CNT 101.07 1.00 0.00
79 Tao et al. [74] MD CNT 4.71 230.00 134.76
80 Tao et al. [74] MD CNT 3.73 332.73 154.57
81 Tao et al. [74] MD CNT 2.89 481.54 173.57
82 Tao et al. [74] MD CNT 2.10 1046.83 274.76
83 Tao et al. [74] MD CNT 1.79 1285.87 287.89
84 Tao et al. [74] MD CNT 1.53 1783.96 340.71
85 Tao et al. [74] MD CNT 1.26 2912.73 459.67
86 Tao et al. [74] MD CNT 1.00 5161.59 645.07
87 Tao et al.. [74] MD CNT 0.72 10776.59 969.38
88 Sam et al.. [75] MD CNT (zigzag) 4.89 166.47 101.11
89 Sam et al. [75] MD CNT (zigzag) 4.34 185.60 100.15
90 Sam et al. [75] MD CNT (zigzag) 3.78 218.66 102.89
91 Sam et al. [75] MD CNT (zigzag) 3.23 251.73 101.34
92 Sam et al. [75] MD CNT (zigzag) 2.72 326.63 110.54
93 Sam et al. [75] MD CNT (zigzag) 2.43 362.67 109.92
94 Sam et al. [75] MD CNT (zigzag) 2.15 443.31 118.72
95 Sam et al. [75] MD CNT (zigzag) 1.88 537.90 126.39
96 Sam et al. [75] MD CNT (zigzag) 1.59 718.88 142.57
97 Sam et al. [75] MD CNT (zigzag) 1.36 933.35 157.96

hydrophobic and hydrophilic interactions (for two surfaces
in water).

We also examine the validity of the model when con-
sidering the variations of the value of s, i.e., the interfacial
layer characteristic thickness (the solid-fluid force charac-
teristic length). For this purpose, we plot our model versus
the experimental values obtained from the literature (as
summarized in Table I), with a choice of s in the range
of 0.5–1 nm (see Fig. 16). As evident from the figure, the
model predictions lie close to the data (varied with the
assumed range of s), where �cr obtained from simulations
is within the same order suggested by data variations.

3. Variation of density, ρ

The variation of density is dominant in sub-1.6-nm
dimensions where the subcontinuum transport is evident
[61,110,111], extended up to 2.4-nm diameters with the
effects of first molecular layers [111,112]. Nevertheless,
while the density can increase or decrease up to a few
folds in the subcontinuum regime or in the interfacial
layers, the effective density in larger diameters is differ-
ent from the bulk only in few percentages. The effective
density can lead to the bulk value in upper-2.4-nm diam-
eter tubes [111,112]. Overall, the density variations are
in much lower ranges than those of viscosity. Similar to
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viscosity, a bulk value is used in calculation of � in
our model and density variations in interfacial layers are
intrinsically accounted for in calculating the interfacial
energies.

APPENDIX C: MODEL VALIDATION

1. Slip-flow numerical model versus analytical
solutions

The validity of the numerical method in capturing the
slip-flow characteristics as induced by the fluid-solid wet-
tability has been evaluated in previous studies [42,113–
117] and also here against the analytical solution (Fig. 17).
Under the influence of hydrophobic solid-fluid effects
(forces resulting in interfacial energies), the velocity pro-
files deviate from those with a no-slip boundary-wall
assumption. Deviated velocity profiles result in increased
mean velocity and an apparent slip length (when extrap-
olating the velocity profiles). Here, we implement the
solid-fluid repulsive (hydrophobic) forces. Then the mean
flow velocity and the apparent slip lengths (from extrapo-
lated profiles) are calculated. In Fig. 17, we show that the
velocity enhancements and corresponding slip lengths due
to deviated velocity profiles are in agreement with the ana-
lytical relations available for the pipe flow and the flow
between plates.

2. Numerical (MD) literature data for nanotube-water
flow systems

A summary of the parameters used to produce Fig. 8,
extracted from molecular-dynamics simulations on nan-
otubes reported in the literature is given in Table III.
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