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Valley Two-Qubit System in a MoS2-Monolayer Gated Double Quantum dot
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We explore a two-qubit system defined on valley isospins of two electrons confined in a gate-defined
double quantum dot created within a MoS2 monolayer flake. We show how to initialize, control, interact,
and read out such valley qubits by only electrical means using voltages applied to the local planar gates,
which are layered on the top of the flake. By demonstrating the two-qubit exchange or readout via the Pauli
blockade, we prove that valley qubits in the transition-metal-dichalcogenide semiconductor family fulfill
the universality criteria and represent a scalable quantum-computing platform. Our numerical experiments
are based on the tight-binding model for a MoS2 monolayer, which gives single-electron eigenstates that
are then used to construct a basis of Slater determinants for the two-electron configuration space. We
express screened electron-electron interactions in this basis by calculating the Coulomb matrix elements
using localized Slater-type orbitals. Then we solve the time-dependent Schrödinger equation and obtain an
exact time evolution of the two-electron system. During the evolution we simultaneously solve the Poison
equation, finding the confinement potential controlled via voltages applied to the gates.
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I. INTRODUCTION

In recent years quantum computing has experienced a
return of great interest mainly due to advances in scaling
multiqubit registers into devices composed of dozens of
qubits, such as the Google superconducting quantum com-
puter [1,2], in the case of which authors claim to have
achieved quantum supremacy [3]. However, the road to
realizing systems that scale to hundreds of logical qubits
(each of them storing dozens of noisy qubits with applied
quantum error-correction codes [4]) is still a long way off,
and intensive work is currently applied to other approaches
to implement qubits in a solid-state quantum computer
[5–12].

Two-dimensional (2D) crystals consisting of single lay-
ers of atoms are modern materials that can be used
to implement quantum computations. Two-dimensional
monolayers of transition-metal dichalcogenides (TMDCs)
(e.g., MoS2) seem to be better candidates than graphene
because they have wide direct band gaps and strong spin-
orbit coupling [13,14]. The spin-orbit coupling allows one
to perform quantum operations on a qubit defined on the
spin of a confined electron. However, TMDC monolayers
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have no inversion centers to allow access to an extra degree
of freedom of charge carriers, the so-called K-valley
index, which opens up an intriguing prospect to define a
valley-based qubit [15–17] or to create a spin-valley two-
qubit system [18–20].

A valley-based information carrier is also postulated in
many other materials and arrangements. It was explored in
carbon nanotubes [21,22], TMDCs [23,24], and graphene
bilayers [25], and very recently a fast valley qubit in silicon
was proposed [26,27]. Deformations of the structure of a
graphene flake induce pseudo-magnetic-fields that couple
the K and K ′ valleys with opposite signs [28], resulting
in the valley splitting or the generation of valley polar-
ization, thus working as a valleytronic filtering device
[29,30]. Also, the electrically controlled valley degree
of freedom was reported in twisted WS2 bilayers [31].
TMDC monolayers are attractive also from the point of
view of optical manipulation of valleys [32–37], which
has been widely used to study initialization and coher-
ence of this degree of freedom [38–42], also including
interesting many-body effects related to valley polarization
[43–45]. The excess electron gas in these systems [46–51]
potentially provides additional means of control as recently
examined experimentally [52,53]. In this work, however,
we focus on all-electrical manipulation protocols due to
their potentially improved scalability in large multiqubit
systems.
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It is known that for carriers that are spatially
localized, the valley degree of freedom is still well
defined. There are many theoretical [13,16,17,54–64] and
experimental [52,65–69] studies of quantum dots (QDs)
based on MoS2 and related TMDCs pointing toward
promising routes to various spin-valley massive-Dirac-
fermion-based qubit realizations, as summarized recently
in Ref. [70]. We also note that the rich physics of single-
body [71,72] and many-body [73] properties of such dots,
combined with tunability via heterostructure details or
proper substrate engineering, may lead to even greater
interest in these systems. Also, experimental demonstra-
tions of TMDC-based QDs are still in an early phase,
and significant progress in this direction is expected in the
coming years.

In our recent work [17] we proposed a valley-qubit
implementation and proved that it is possible to perform
single valley-qubit operations in monolayer TMDCs. Here
we extend this idea to two-electron systems. We achieve
this by using a pair of qubits and coupling them in a con-
trolled manner to perform two-qubit operations. For this
we propose a nanodevice based on a gate-defined [74]
double QD [75–78] within a MoS2 monolayer in which
we confine two electrons. Using quantum-computing lan-
guage, we identify two-qubit states of the two-electron
system as described by the left-dot (L) and right-dot (R)
valley index (showing which valley, i.e., K or K ′, is occu-
pied) for a chosen spin orientation (e.g., spin-up, ↑). This
means that single qubit state is pinned to the specific
dot, not to the electron, which is delocalized between the
dots. In our proposal the two-qubit |00〉 state is associated
with |K ′

↑,LK
′
↑,R〉, where L and R indicate the left dot and

the right dot, respectively. The remaining two-qubit basis
states are defined as |01〉 = |K ′

↑,LK↑,R〉, |10〉 = |K↑,LK
′
↑,R〉,

and |11〉 = |K↑,LK↑,R〉. For brevity, in the next sections we
drop the L and R indices. By applying control voltages
to the gates, we modulate the confinement potential, forc-
ing in this way intervalley transitions [55] of each qubit
associated with each dot, and adjust the potential barrier
between them. Accurate modeling of the Coulomb inter-
action enables us to correctly describe the valley-swap
operation between qubits, as well as the qubit initialization
and readout via the valley Pauli blockade [22,79].

This paper is organized as follows: In Sec. II we pro-
pose and describe a realistic nanodevice structure. In
Sec. III we discuss the theoretical tools used (i.e., single-
electron and two-electron theory), details for calculating
the Coulomb integrals, the electrostatic potential model,
and the time-dependent simulations. Readers interested in
the results may omit Sec. III and proceed to Sec. IV,
in which states of the double QD are discussed. Then,
in Secs. V and VI, results for the electrically driven
valley exchange and the valley-Pauli-blockade readout
mechanism are discussed. We conclude with a summary in
Sec. VII.

h-BN

FIG. 1. Structure of the proposed device consisting of a MoS2
nanoflake with nearby source (S) and drain (D) electrodes
deposited on a SiO2 layer placed on a highly doped substrate
serving as the back gate, together with the layout of eight gates
(G1–G8) separated from the flake by a h-BN barrier layer.

II. DEVICE STRUCTURE

The structure of the proposed nanodevice is presented
in Fig. 1. On a strongly doped silicon substrate (Sin++) we
place a 25-nm-thick layer of SiO2. Then we place two elec-
trodes that serve as a source (S) and a drain (D) and deposit
a MoS2-monolayer ribbon of the shape and dimensions
presented in Fig. 2. The monolayer is then covered with
a 5-nm-thick insulating layer of hexagonal boron nitride
(h-BN), which has a large band gap [80], forming a tun-
nel barrier. Finally, on top of this layered structure, we lay
down eight control gates G1–G8, as presented in Fig. 1.
Three of them, 15-nm-wide G1 and 10-nm-wide pair of G2
and G8, are placed around the right-dot region and form
its confinement. Similarly, 15-nm-wide G5 and the 10-nm-
wide pair of G4 and G6 form the left dot. Left and right
dots are separated by a controllable barrier generated by a
pair of elongated gates, G3 and G7. The structure of the
proposed device is very similar to the one described in
Ref. [69], albeit with a reversed ordering of layers (i.e.,
in our case the role of the top gate is taken over by the
strongly doped substrate).

The gate layout presented enables us to create a con-
finement potential forming a double-QD structure within
the flake. With the tunable barrier height between the dots
(controlled via G3 and G7) and variable locations of the
dot-potential minima (via G1, G2, and G8 or via G4, G5,
and G6) and confinement depth (by tuning the negative
bias voltage applied to all gates), we can efficiently con-
trol each dot confinement, as well as the potential offset
between the dots (via G1 and G5). The potential φ(r) in the
entire nanodevice, controlled by the gate voltages, is cal-
culated by solving the generalized Poisson’s equation [81],
while the electron states in the flake are described with the
tight-binding (TB) formalism.
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FIG. 2. The MoS2 monolayer flake used in the device has an
elongated hexagonal shape with sides made of NA = 85 or NB =
25 Mo atoms, making the bottom side 27 nm long and the lateral
sides 8 nm long (the distance between Mo nodes is 0.319 nm).
The inset shows the structure of the MoS2 crystal lattice formed
of hexagonally packed Mo and S atoms arranged in triangular
lattices rotated relative to each other by π . The Mo lattice vectors
Rp determine the hopping directions in our nearest-neighbor TB
model.

III. MODEL AND METHODS

A. Single-electron tight-binding theory
The flake used in our device is a monolayer made of

molybdenum disulfide. This semiconductor is successfully
described by several TB models with various numbers of
orbitals used [82–84], although, at least six Mo and S
orbitals [82] with next-nearest-neighbor hoppings are nec-
essary to construct a minimal TB model that reproduces
the low-energy physics around the Fermi level in the entire
Brillouin zone. It has been shown that a simple three-Mo-
orbital TB model [85] on a triangular lattice can correctly
represent the dispersion relation and the orbital composi-
tion close to the K point in the Brillouin zone near the
band edges, where the Bloch states consist mainly of Mo
d orbitals [86]. Because in our calculations we are con-
cerned solely with states derived from the minimum in the
conduction band (CB) at ±K points, we can safely ignore
the multivalley structure of the conduction band [72,82]
and focus on a simple, effective description of the confined
electron states. Consequently, we describe the monolayer
structure using three Mo orbitals, dz2 , dxy , and dx2−y2 , with
the nearest-neighbor hoppings [85]:

H1e =
∑

m σσ ′αβ

[
δσσ ′δαβ(εα + ϕm) n̂mασ + sz

σσ ′λαβ ĉ†
mασ ĉmβσ ′

]

+
∑

〈mn〉 σσ ′αβ

δσσ ′ t〈mn〉
αβ ĉ†

mασ ĉnβσ + HZ . (1)

Indices {m, n}, {σ , σ ′}, and {α,β} enumerate lattice sites,
spins, and orbitals; for example, the operator ĉ†

mασ (ĉmασ )
creates (annihilates) an electron with orbital α and spin σ
at the mth lattice site. Also, we abbreviate n̂ = ĉ†ĉ. On-
site energies for orbitals α are parametrized by εα . The
potential energy of the electrostatic confinement at the
mth lattice site ϕm = −|e|φ(xm, ym) together with the on-
site energies εα enters the diagonal matrix elements. λαβ

expresses the intrinsic spin-orbit coupling [14], sz stands
for the z-Pauli-matrix, and HZ stands for the Zeeman
Hamiltonian, which is added whenever the response to a
magnetic field is studied.

The off-diagonal electron-hopping element from the β
Mo orbital localized in the nth lattice site to the α orbital
localized in the mth site is denoted by t〈mn〉

αβ ≡ tαβ
(
Rp(m,n)

)
.

We note that it does not flip spin, as explicitly written with
Kronecker delta δσσ ′ . It depends on the hopping direc-
tion between 〈m n〉 nearest-neighbor pair—that is, it is
described by the Rp (p = 1 · · · 6) vectors for the Mo lat-
tice; see Fig. 2. They form two nonequivalent families: R1,
R3, R5 and R2, R4, R6, which differ by the position of the
nearest sulfur (S) neighbor, either on the left side or on
the right side. This symmetry constraint is reflected on the
reciprocal lattice, where the K points in the corners of the
hexagonal Brillouin zone form two nonequivalent fami-
lies: K and K ′. Opposite hoppings are mutually transposed:
tαβ(Rp) = tβα(−Rp). Their explicit forms, together with
the on-site energies εα and spin-orbit-coupling parameters
λαβ , can be found in Refs. [17,85].

Knowing the tight-binding representation of the flake
lattice, we solve the eigenproblem for the single-electron
Hamiltonian (1): H1eψ i = Eiψ i, with eigenenergies Ei.
Calculation results are discussed in Sec. IV.

B. Two-electron theory

We use the single-electron eigenstates ψ i found to con-
struct the two-electron spinor 〈r1r2 ˜|ij 〉 ≡ � ij (r1, r2) of an
antisymmetric form:

� ij (r1, r2) = 1√
2

[
ψ i(r1)⊗ ψ j (r2)− ψ j (r1)⊗ ψ i(r2)

]
,

(2)

with spin-orbital notation ψ i(ra) ≡ [ψσα
i (ra)], where a =

1, 2 (two electrons), σ = 1, 2 (1/2-spin-vector elements),
and α = 1, 2, 3 (orbital number). We abbreviate ψ i(r1)⊗
ψ j (r2) ≡ 〈r1r2|ij 〉, and then ˜|ij 〉 = (1/

√
2) (|ij 〉 − |ji〉).

Taking m single-electron low-energy spin-orbitals near the
CB minimum, we combine them into n = (m

2

)
two-electron

spinors ˜|ij 〉. Next we expand the full two-electron spinor in
this basis:

�(r1, r2) =
n∑

k=1

dk 〈r1r2 ˜|ij 〉, (3)

where i, j ∈ {1, 2, . . . , m}, and n = m(m − 1)/2.
To include electron-electron interactions, the two-

electron Hamiltonian is written as

H2e(r1, r2) = H1e(r1)+ H1e(r2)+ V̄C(r1, r2), (4)

054025-3
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where V̄C(r1, r2) = V̄C(|r1 − r2|) is the Coulomb interac-
tion screened by the dielectric environment of the nearby
layers, described in detail later.

C. Configuration-interaction method

To describe a two-electron state exactly, we use
the configuration-interaction method [87–90], where the
Hamiltonian given in Eq. (4) is represented in the
two-electron basis [defined in Eq. (3)] of two-particle
antisymmetric Slater determinants [given by Eq. (2)], con-
structed from the single-electron states. In such a basis,
with 〈ij |V̄C|kl〉 abbreviated as Vijkl, one has [91–93]

H2e =
∑

i<j

d†
i d†

j didj Eij +
∑

i<j ,k<l

d†
i d†

j dkdl
(
Vijkl − Vijlk

)
.

(5)

Here d†
i d†

j creates an electron pair in the ˜|ij 〉 state, and
the two-electron energy is defined as Eij = Ei + Ej , with Ei
being the energy of a single-electron state |i〉. An explicit
derivation of the Hamiltonian in Eq. (5) can be found in
Appendix A. Because of the symmetry constraints, the
Coulomb-matrix elements Vijkl obey the following relation:

∑

i<j ,k<l

d†
i d†

j dkdl
(
Vijkl − Vijlk

) = 1
2

∑

i,j ,k,l

d†
i d†

j dkdlVijkl. (6)

D. Coulomb integrals

Two-electron scattering-matrix elements 〈ij |V̄C|kl〉 are
calculated from the two-body localized on-site Coulomb-
matrix elements 〈sp|V̄C|df 〉 ≡ Vspdf . To get the latter we
expand states |i〉 in a basis of atomic orbitals ηαs centered at
the lattice nodes rs = (xs, ys, 0). For every two nodes s and
p , located in rs and rp , we have ηαs (r − rs) = ηαp (r − rp).
On-site states are indexed by indices s, p , d, and f ; for
example, for s,

〈r|i〉 = ψ i(r) =
∑

s,σs,αs

ψ
σsαs
i,s ηαs

s (r). (7)

In some places we abbreviate on-site states as |sαs〉;
that is, ηαs

s (r) = 〈r|sαs〉. We now expand the scattering-
matrix elements Vijkl in this new on-site basis of
atomic orbitals. We abbreviate 〈ηαs

s η
αp
p |V̄C|ηαd

d η
αf
f 〉 ≡

〈sαspαp |V̄C|dαd f αf 〉 ≡ Vαsαpαdαf
spdf , or simply Vspdf . In gen-

eral we have

Vijkl =
∑

s,σs,αs
p ,σp ,αp
d,σd ,αd
f ,σf ,αf

(
ψ
σsαs
i,s ψ

σpαp
j ,p

)∗
ψ
σdαd
k,d ψ

σf αf
l,f Vspdf . (8)

In the calculation of Vijkl, the main contribution is
from one-center and two-center integrals (i.e., s = d and

p = f ). In addition, the Coulomb interaction does not
change spin, and thus σs = σd and σp = σf . Therefore, we
can simplify the calculations by taking leading order-of-
magnitude elements

Vijkl ≈
∑

s,σs,p ,σp
αsαp ,αd ,αf

(
ψ
σsαs
i,s ψ

σpαp
j ,p

)∗
ψ
σsαd
k,s ψ

σpαf
l,p Vαsαpαdαf

spsp ,

(9)

with atomic elements defined as

Vαsαpαdαf
spsp =

∫ ∫
d3r1d3r2[ηαs

s (r1)η
αp
p (r2)]∗

× ηαd
s (r1)η

αf
p (r2)V̄C(r1, r2). (10)

Atomic Coulomb-matrix elements Vspdf are calculated by
a Monte Carlo approach with adaptive sampling via the
VEGAS algorithm [94]. We assume that localized orbitals
ηαs

s (r) have a hydrogenlike Slater form [95] with appro-
priate atomic shielding parameters [91,96]. The molybde-
num atomic-shielding constant ζ is in the range between
2.85 and 3.11 (a.u.) [97]. However, because of screen-
ing by the sulfur dimers, a smaller ζ value is taken
since the actual orbital is slightly widened. We estimate
this effect through density-functional-theory (DFT) calcu-
lations using the projector-augmented-wave method [98]
for atoms and the Perdew-Burke-Ernzerhof parametriza-
tion [99] of the generalized-gradient approximation for
the exchange-correlation functional, as implemented in
VASP [100]. We use a plane-wave-basis cutoff of 400 eV
and a 12 × 12 × 1 k-point grid. The unit cell contains
15 Å of vacuum in the direction perpendicular to the
monolayer. The spin-orbit interaction is taken into account
during all calculation steps. This setup ensures consistency
with the tight-binding-model parametrization we use from
Ref. [85].

In Fig. 3 we plot the electronic charge density for the
MoS2 monolayer along a Mo-Mo line at the CB minimum
at the K point obtained from the DFT calculations (blue
curve), and compare it with the charge density calculated
with Slater-type orbitals Nrn−1e−ζ r Ylm for molybdenum,
which for 4dz2 has the form

η
4dz2
0 (r) = ζ 9/2

2
√

63π
re−ζ r(3z2 − r2), (11)

and accounts for 88% of the orbital composition in the CB
at the K point. To include the contribution from the Mo
atomic core, we add a charge density approximated by a
Gaussian fit and shown as the dashed gray curve in Fig. 3.
We find that ζ = 2.9 (a.u.), taken from the literature, gives
a less satisfactory fit to the DFT electron density (green
curve) than the tuned value ζ = 2.45 (orange), which is
assumed when we calculate Vspdf , as defined in Eq. (10).
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FIG. 3. Fitting of the molybdenum atomic shielding constant
ζ . On-site electron density along the Mo-Mo interatomic line in
a MoS2 monolayer calculated within DFT (blue curve) versus
the density obtained for the Slater-type orbitals with ζ = 2.45a−1

B
(orange curve) or ζ = 2.9a−1

B (green curve), together with the
assumed atomic core density (dashed gray curve).

During Vspdf calculations, we find that the most-
significant contributions come from one-center direct inte-
grals [i.e., involving orbitals centered at the same node:
s = p = d = f (34 = 81 different integrals; in practice the
number is less due to orbital symmetries)] and two-center
integrals: s = p and d = f between the nearest sites [i.e.,
〈12|V̄C|12〉 (also 81 elements)]. To simplify the calcula-
tions of Vijkl we take the explicit values only for the 75
integrals that are greater than 0.3 eV. They are grouped
in Table I in Appendix B, with the largest value reported
for each group. The small spread of values within each
group of integrals comes from the probabilistic nature of
the method used in the calculations. Taking more inte-
grals explicitly (i.e., smaller than the arbitrarily set 0.3-eV
threshold) would have no practical impact on the cal-
culations. However, what is important, remaining long-
range elements are also taken into account in Vijkl, albeit
they are modeled as classical pointlike density-density
terms of screened Coulomb interaction V̄C(r), defined in
Appendix C.

The Vijkl elements are calculated once, by summing up
Vspdf integrals, as described in Eq. (10), and stored on
a hard disk (80 × 80 × 80 × 79/2 elements in total) for
further use.

E. Electrostatic potential

As discussed previously, the layout of the gates is pre-
sented in Fig. 1. The voltages applied to these gates (rel-
ative to the substrate) are used to create confinement in
the flake. To calculate the realistic electrostatic potential
φ(r) we solve the generalized Poisson equation [81] tak-
ing into account voltages V1–V8 applied to the control gates

Po
te

nt
ia

l

FIG. 4. Confinement potential in the area of the nanoflake
(black outline) calculated via the Poisson equation for voltages
V1, V3, V5, V7 = −1600 mV and V2, V4, V6, V2 = −1500 mV
applied to the nanodevice local gates G1–G8 (see Fig. 1). Such
gating results in a double-quantum-dot structure created within
the nanoflake area.

G1–G8 and to the highly doped substrate (kept at the refer-
ential potential V0 = 0), together with the space-dependent
permittivity of different materials in the device. At the
lateral and top sides of the computational box we apply
Neumann boundary conditions with a zeroing normal com-
ponent of the electric field. Further details on the method
used can be found in Ref. [17]. The resulting potential in
the area between SiO2 and h-BN layers, where the flake
is sandwiched, is presented in Fig. 4, and is calculated
for voltages V1, V3, V5, V7 = −1600 mV and V2, V4, V6,
V8 = −1500 mV applied to the local gates. At the same
time, voltage VB = −1600 mV applied to gates G3 and G7
controls the height of the interdot barrier.

F. Time-dependent simulations

We have learned how to calculate eigenstates of a two-
electron system confined within a double quantum dot with
an included Coulomb interaction. Such dressed states, each
described by a set of m(m − 1)/2 (m = 80) dij amplitudes,
serve as initial states for the time-dependent simulations
that we introduce now.

To control qubits we apply time-varying voltages
to the device gates. Evolution of the system wave
function induced in this way is described within our
configuration-interaction basis, albeit now with time-
dependent amplitudes dij (t), constituting the time-
dependent configuration-interaction method. Insertion
of �(r1, r2, t) = ∑

i<j dij (t) � ij (r1, r2)e−(i/�)Eij t into the
Schrödinger equation with the time-dependent Hamilto-
nian

H2e(r1, r2, t) = H2e(r1, r2)+ δϕ(r1, t)+ δϕ(r2, t) (12)

and the variable potential energy ϕ(r, t) = ϕ(r)+ δϕ(r, t),
together with the Coulomb-matrix elements, gives a recipe
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for the time evolution of the system (the dot denotes the
time derivative):

ḋij (t) = − i
�

∑

k<l

dkl(t)
{
Vijkl − Vijlk + δijkl(t)

}
e

i
�
(Eij −Ekl)t,

(13)

with energy Eij = Ei + Ej in the ˜|ij 〉 basis state. The matrix
elements related to the potential energy are given by
δijkl(t) = ˜〈ij |δϕ(r1, t)+ δϕ(r2, t) ˜|kl〉 = δϕijkl(t)− δϕijlk(t),
where

δϕijkl(t) = 〈ij |δϕ(r1, t)+ δϕ(r2, t)|kl〉
= 〈i|δϕ(r, t)|k〉δjl + 〈j |δϕ(r, t)|l〉δik. (14)

The full time-dependent potential energy ϕ(r, t) = ϕ(r)+
δϕ(r, t) contains a variable component δϕ(r, t), generated
by modulation of the gate voltages. The potential energy
is calculated as ϕ(r, t) = −|e|φ(r, t), with the electro-
static potential φ(r, t) obtained by our solving the Poisson
equation for the variable density ρ(r, t) at every time step.
The charge density originates from the actual wave func-
tion, and thus the Schrödinger and Poisson equations are
solved in a self-consistent way.

G. Evaluation of valley indices

To follow the valley index corresponding to each dot,
as well as the total valley index, we have to calculate
the Fourier transform of the time-dependent two-electron
wave function:

�̃(k1, k2, t) =
∫

F
d2r1d2r2�(r1, r2, t)e−i(k1r1+k2r2)

=
∑

i<j

dij (t)�̃ ij (k1, k2)e− i
�
Eij t, (15)

with �̃ ij (k1, k2) = [ψ̃ i(k1)ψ̃ j (k2)− ψ̃ j (k1)ψ̃ i(k2)]/
√

2.
For single-electron states ψ i(r), the Fourier transform is
defined as

ψ̃ i(k) =
∫

F
d2rψ i(r)e

−ikr, (16)

integrated over the flake surface F , with the 2D wave vec-
tor k ≡ (kx, ky). The Fourier transform naturally exhibits
periodicity in the reciprocal space, so we can restrict the
k area to F̃: kx,y ∈ [−2π/a, 2π/a], which encompasses the
first Brillouin zone.

Knowing ψ̃ i(k), we can calculate the probability density
in the reciprocal space as

ρ̃(k, t) = 2
∫

F̃
d2k′ |�̃(k, k′, t)|2

=
∑

i<j ,k<l

d∗
ij (t)dkl(t)

{
ψ̃

†
i (k)ψ̃k(k)δjl − ψ̃†

i (k)ψ̃ l(k)δjk

−ψ̃†
j (k)ψ̃k(k)δil + ψ̃

†
j (k)ψ̃ l(k)δik

}
e

i
�
(Eij −Ekl)t.

(17)

Finally, the total valley index of the two-electron system is
calculated as

K(t) = 3a
4π

∫

F̃1/3

d2k ρ̃(k, t)kx, (18)

where the integration of the kx component is performed
over the reciprocal-space area F̃1/3 defined as two oppo-
site π/3 sectors within the F̃ area encompassing exactly
one K point and one K ′ point (note that they have oppo-
site kx components). Point K (K ′) in F̃1/3 has coordinates
1(−1)×(4π/3a, 0), and thus the valley index for one elec-
tron would be in the interval K1e ∈ [−1, 1], with K1e = 1
representing the K valley, whereas K1e = −1 represents
the K ′ valley. The total valley index spans the interval
K ∈ [−2, 2], with, for example, K = 2 for the |K↓K↓〉 or
|K↑K↑〉 state.

To get the expectation value of the valley isospin in each
dot we have to collect the single-electron Fourier trans-
forms (16), but now integrated over the left-dot area or
the right-dot area; that is, we calculate ψ̃

L
i (k) [ψ̃

R
i (k)] by

putting DL (DR) in the Fourier integral in Eq. (16). Then,
by proceeding as before, we obtain the valley index in the
left dot KL(t) and the right dot KR(t). Note that naturally
KL(R) ∈ [−1, 1] becuase electrons are evenly distributed
between both dots. To define two qubits, the electrons must
occupy both dots simultaneously. In the other case, if both
electrons occupied the same dot, the other, unoccupied one
would have its qubit undefined.

IV. DOUBLE QUANTUM DOT

Knowing the double-dot confinement potential, we cal-
culate a set of eigenstates of the Hamiltonian in Eq. (1)
with the confinement potential energy −|e|φ. These eigen-
states are further used to build two-electron basis states
[of the Slater determinant form given in Eq. (2)] for the
two-qubit system considered. In Fig. 5, the subsequent
single-electron eigenstates are presented for the double-dot
potential from Fig. 4 albeit with a slightly higher barrier
between the dots (VB = −1700 mV), while the other volt-
ages remain the same as in Fig. 4. We assign colors to the
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FIG. 5. (top) Single-electron states represented by markings
on the energy scale with color that express electron localization:
outside the dots, near the flake edges forming the “in-gap” states
(black markings), and localized in the left dot (red) or the right
dot (yellow). The insets show subsets of states located in the
vicinity of the CB edge. Electron densities for states from groups
(a)–(e) marked in the left inset are shown at the bottom.

dot occupancy parameter, defined as

N =
∫

DL

d2r|ψ i(r)|2 + 2
∫

DR

d2r|ψ i(r)|2 ∈ [0, 2], (19)

with ψ i being the ith eigenstate, DL indicating the area
over the left dot (but without including the edge), and DR
indicating the area over the right dot. Red markings mean
that the electron is located in the left dot (N 
 1), yellow
markings mean that the electron is located in the right dot
(N 
 2), orange markings mean that the electron is evenly
spread between both dots (N 
 1.5), and black markings
mean that the electron is outside the dots (N 
 0). The
latter means that the electron is in a state located at the
edge of the flake, forming the so-called edge state. These
edge states marked as black in Fig. 5 are forbidden for
the electron confined within the dot, thus creating the band
gap visible in Fig. 5 (left)—in the case of an infinite flake
these states would disappear. It is also known that those
states are not present in a torus geometry [72,73], equiva-
lent to periodic boundary conditions, and their presence in
open boundary conditions does not affect confined states in
gate-defined regions in any way. We choose to keep open
boundary conditions here due to our eight gate geometry,
which ensures decoupling of qubits from the edge.

In the left inset in Fig. 5, we present several lowest states
derived from the CB minimum at K , K ′ points. Some of
them form characteristic yellow-red arrangements of four

(a)

(b)

(c)

(d)

FIG. 6. Single-electron eigenstates for lower interdot barriers:
(a) VB = −1500 mV, (b) VB = −1400, (c) VB = −1300, and (d)
VB = −1200. Lowering the barrier between the dots makes the
eigenstates spatially symmetric and antisymmetric.

states [e.g., groups (a) and (c)], meaning that for the elec-
tron located in the left dot (red markings) we have two
spin-orbit-split doublets (spin-valley subspace), and the
same for the right dot (yellow markings). This gives eight
states in total (see the right inset in Fig. 5).

On the other hand, some states are formed with sym-
metric densities and are marked in orange in Fig. 5 [e.g.,
groups (b) and (d)]. Electron densities of states from
several groups, marked by (a)–(e) in the left inset, are
presented on the right in Fig. 5. What is noteworthy is
that bringing the dots closer to each other by modulat-
ing VB, and thus lowering the interdot barrier, symmetrizes
the eigenstates. They become spatially symmetric or anti-
symmetric, with the latter moving up on the energy scale.
Electron densities for dots brought closer to each other are
presented in Fig. 6. The left and center columns contain the
lowest symmetric and antisymmetric states, respectively.

We now use the single-electron basis found for VB =
−1300 mV. The value of VB is chosen so as to get spatially
symmetric and antisymmetric states. This is motivated
by the fact that we want to study and control interac-
tions between two electrons in close proximity. To do
so, we must set up a basis of antisymmetric Slater deter-
minants given by Eq. (3). We take first 80 states from
the CB minimum. In a basis so defined, we construct a
matrix representing the two-electron Hamiltonian from Eq.
(5) with the Coulomb interaction via the configuration-
interaction method, filled by single-electron eigenenergies
Ei + Ej = Eij and Coulomb two-electron matrix elements
Vijkl as in Eq. (8). We solve the eigenproblem by the exact
diagonalization of the constructed H2e matrix. The key
parameter that controls coupling between electrons is the
barrier height controlled by the voltage VB.

In Fig. 7 we present the first 16 two-electron eigenstates
spanning a spin- and valley-degenerate subspace [18], with
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FIG. 7. Two-electron states for different coupling between
the dots, controlled via voltages VB = V3 = V7, giving three
regimes of the interplay between the exchange energy and spin-
orbit splitting: (a) J � 2�SO, (b) J < 2�SO, and (c) J > 2�SO.
These 16 lowest states span the ground two-electron spin-valley-
degeneracy subspace. We identify them as built up mainly from
the first four single-electron CB states: |K ′

↑〉, |K↓〉, |K ′
↓〉, |K↑〉,

colored in blue, green, yellow, and red, respectively. The minus
or plus signs above pairs of dots, which represents an eigenstate,
denote the singlet or the T0-triplet combinations.

the same (in the limit of decoupled dots) spatial state,
being the ground state (with closer dots this state becomes
a spatial symmetric-antisymmetric pair). They are built
up mainly (but not exactly, because in our exact calcu-
lations we use the full Coulomb interaction) from the
first four single-electron states from the CB edge (spin-
valley degeneracy): {|K ′

↑〉, |K↓〉, |K ′
↓〉, |K↑〉}, split by the

spin-orbit-coupling energy �SO. We identify them by cal-
culating the total spin (see Appendix D) and the total valley
index K, defined in Eq. (18).

The first four states form the singlet-triplet base
{|K ′

↑K↓〉−|K↓K ′
↑〉, |K ′

↑K ′
↑〉, |K ′

↑K↓〉+|K↓K ′
↑〉, |K↓K↓〉} split

by the spin-valley exchange energy J . Singlets are denoted
in Fig. 7 by a minus sign above a pair of dots representing
the given state, while T0 triplets are denoted by plus signs.
The next eight states, four singlets and four T0 triplets,
are separated by the doubled single-electron spin-orbit-
splitting value (2�SO). The next four states also form a
singlet-triplet set, but are made of the two upper states:
{|K ′

↓〉, |K↑〉}. By lowering |VB| from VB = −1400 mV in
Fig. 7(a) to VB = −1200 in Fig. 7(c), we observe that states
are gradually reorganized on the energy scale. It is clear
that VB controls the interdot exchange: for VB = −1400

mV, J � 2�SO, while for VB = −1200, the exchange
dominates: J > 2�SO.

When one is analyzing two-electron states, it is also
sensible to examine the dependence of eigenenergies on
the applied external magnetic field [88]. To calculate the
energy spectrum in such a case, we add to the Hamiltonian
in Eq. (1) the standard Zeeman term:

HZ =
∑

i σσ ′αβ
γZ B · sσσ ′ δαβ ĉ†

iασ ĉiασ ′ , (20)

with the magnetic field B. For γZ = geμB/2, we arrive at
the Zeeman energy gμBs · B/2. To also address the spatial
effects related to the magnetic field, we apply the so-called
Peierls substitution [101]. We multiply the hopping matrix
by the additional factor tij → t̃ij = tij exp iθB in the Hamil-
tonian in Eq. (1). Now the vector potential A (we use
the Landau gauge, A = [0, Bzx, 0]T, for the perpendicu-
lar magnetic field B = [0, 0, Bz]T) enters Eq. (1) via the
Peierls phase θB, calculated as the path integral between
neighboring nodes: θB = e/�

∫
A · dr.

The most-noticeable result of applying a magnetic field
is the splitting, introduced between levels with opposite
total spin and/or valley index. In the first four states (1–4)
and the last four states (13–16) [numbering as in Fig. 7(a)],
the singlet S and triplet T0 have opposite spins and valley
indices, meaning that their energy is almost constant in the
magnetic field. Two T+ and T− triplet states are split in the
magnetic field, the upper pair (14, 15) more strongly than
the lower pair (2, 3). In the eight states in the middle we
have S and T0 composed of pairs with opposite spins or
opposite valleys, which manifests itself in a different mag-
netic field dependence, with g factors that are different for
spin and valley indices; that is, in MoS2, gv > gs [19].

V. VALLEY MANIPULATION AND EXCHANGE

A. Single-qubit operations

So far we have described the calculation method to
determine the evolution of the system wave function under
an applied external electrostatic potential via local gat-
ing, as well as to determine the dressed eigenspectrum of
the two-electron system. Moreover, we have described a
method for calculating valley isospin in each dot separately
(left or right). Now we are ready to define a two-qubit sys-
tem based on the valley degree of freedom in each dot:
left and right. To disentangle the valley degree of both
electrons from their spins, we apply an external magnetic
field, arriving at a work subspace of, let us say, spin-
up states, {|K ′

↑〉, |K↑〉}, for each electron. This magnetic
field also enables us to set the specific frequency of val-
ley transitions within the given spin subspace [19]. This
way, the lowest (red dot) state in Fig. 8, |K ′

↑K ′
↑〉, repre-

sents the |00〉 two-qubit state, with KL = KR = −1, while
the linear combination of the singlet and triplet (orange
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FIG. 8. Evolution of the two-electron states from Fig. 7(b)
(i.e., for VB = −1300) in an external magnetic field. Red, orange,
green, and violet dots represent states that span the two valley-
qubit subspace (with the spin up) for the applied perpendicular
magnetic field Bz = 1 T.

and green dots in Fig. 8), with a plus sign or a minus
sign, gives a |01〉 state (KL = −1, KR = 1) or a |10〉 state
(KL = 1, KR = −1). The violet dot represents the |11〉
state, with KL = KR = 1. Remember that we define qubits
not on indistinguishable electrons, which are described by
an antisymmetric wave function, but on the valley index of
localized, spatially separated dots.

Because qubits are localized in different dots, we can
easily manipulate them electrically, addressing their valley
indices separately, by applying an oscillating voltage to the
local gates in each dot separately [17]. Now we show how
this is done in our two-qubit device. We assume that ini-
tially the system is in the singlet state within the spin-up
subspace, meaning that the valley index in each dot is zero
and each qubit is in the equally weighted superposition of
K and K ′ states (orange or green dots in Fig. 8).

We start the time evolution governed by Eq. (13) and
turn on oscillating voltages on gates G4 and G6 next to
the left dot: V4(t) = −V6(t) = Vac sinωt, Vac = 75 mV.
The pumping frequency ω = 1/T, where T = 2.37 ps [see
Fig. 9(c)], is tuned to the energy splitting, which equals the
spin-orbit splitting 2�SO = 1.75 meV for Bz = 0. How-
ever, for Bz = 1 T, the energy splitting (energy difference
between the red and green dots in Fig. 8) is a bit larger,
and is about 1.95 meV, due to additional valley-Zeeman
splitting [19] between these two valley states, which at the
same time are the qubit basis states. This way, by mod-
ulating the confinement potential in the left-dot area, we
induce a transition between the valley states of the left
qubit, and thus rotate the |KL〉 qubit [17]. The valley index
calculated for the left dot KL (i.e., defined in the same way
as the total valley index in Eq. (18), but calculated for the
Fourier transforms integrated over the left dot) is depicted
in Fig. 9(a) by a brown curve. One can observe a gradual
decrease from 0 to −1, meaning that after time tb = 64
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FIG. 9. (a) Evolution of the two-qubit system. In the first step,
at 0 < t < tb = 64 ps, modulated voltages at nearby gates (c)
induce the left (right) valley-qubit rotations, depicted by the
brown (green) curve, after which we arrive at opposite valley
states: KL = −1 and KR = 1. In the second step, for t > tb, we
reduce the interdot barrier by raising the voltage VB, and observe
the valley exchange between the dots, which can be seen as the
(two-qubit) valley-swap operation. (b) Raising VB up to three dif-
ferent levels at tb = 64 ps reduces the interdot barrier, couples
the dots, and induces the valley exchange with three different
exchange periods, as in (a).

ps the left qubit is in the K ′ state. A similar situation
happens in the right dot, where the potential is also mod-
ulated by an additional oscillating voltage applied to gates
G2 and G8 (forming the potential of the right dot) albeit
in antiphase: V2(t) = −V8(t) = −Vac sinωt [see Fig. 9(c)].
The aforementioned modulation also results in an interval-
ley transition in the right dot (green curve), and finally at
tb the right qubit is in the K state with a valley index of
1: |KR = 1〉. The voltages in the dots oscillate in antiphase
with the purpose to obtain antiparallel qubits at the end of
this evolution step.

B. Two-qubit operation

During the previous step (for 0 < t < tb), the barrier
between the dots was set to be high [V3(t) = V7(t) =
−1450 mV], ensuring that no valley isospin exchange
between left and right dots occurs. We have shown how
to perform single-qubit operations on individual qubits by
manipulating voltages applied to nearby gates. To fulfill
the universality criterion [102] we also need to implement
a two-qubit operation. The simplest one, which naturally
emerges in a system of two isospins, is their exchange,
or SWAP using quantum-information language. It is known
that the

√
SWAP gate, which performs half of a two-qubit

swap, is universal in a sense that any multiqubit gate
can be constructed from only

√
SWAP and single-qubit

gates [103].
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Now at time tb = 64 ps we lower the interdot barrier by
raising the (negative) voltage VB, as shown in Fig. 9(b),
and thus begin swapping the valley isospins between the
dots. The modulation of voltages on gates G2 and G8
and on gates G4 and G6 is now turned off. In Fig. 9(a)
we observe that valley indices between dots KL and KR
exchange their values. What is characteristic is that this
process is faster when the barrier, controlled by VB, is
lower. In other words, the barrier height controls the cou-
pling between the dots. We perform simulations for three
different barrier heights. For VB = −1400 mV (brown and
green curves) the swap is completed in TSWAP = 230 ps,
for −1350 mV (violet and orange curves) in 94 ps, while
for −1300 mV (red and blue curves) it takes 30 ps. The
exchange time translates to singlet-triplet energy difference
J = h/TSWAP, which agrees with the exchange energies
20, 45, and 125 μeV, respectively, obtained from the
two-electron eigenspectrum presented in Fig. 7. Thus, the√

SWAP-gate timings, which last half of TSWAP, are rela-
tively short—we can perform a full operation cycle within
less than 100 ps. This time can be tuned precisely by
adjustment of the interdot barrier height via the voltages
VB = V3 = V7.

We assume the singlet state is the starting state of our
simulation, but this is not the only option. With magnetic
field Bz = 1 T, the lowest state is the polarized triplet
|K ′

↑K ′
↑〉 (see Fig. 8). We could also assume this state is

the starting state. Then, to observe the exchange, in the
first stage of the operation we have to rotate the valley in
only one dot. As a result, we would also get two opposite
valleys, and would then be able to observe their exchange.

VI. SINGLE-SHOT READOUT VIA PAULI
BLOCKADE

To get a complete physical implementation of the
quantum computer, apart from single-qubit operations and
swapping, we need the ability to initialize the state of the
qubits as well as a qubit-specific measurement capability.
Among numerous spin initialization and readout methods
in gated QDs, the most-common approach is to use the
Pauli-spin-blockade mechanism [104,105].

In the following paragraphs, we show that the Pauli-
blockade effect can be extended in our setting to the valley
degree of freedom, similarly as was done for carbon nan-
otubes [22,106]. In Pauli blockade, a double quantum dot
containing two electrons in total is tuned to the transi-
tion between two charge states: (1,1) with one electron in
each dot and (0,2) with both electrons in the right dot.
This transition involves the electron tunneling from the
left dot to the right dot. If we properly tune the volt-
age bias between the dots, we set a blockade for the
(1,1)-valley-triplet state, for which transition to an ener-
getically accessible (0,2)-valley-singlet state is forbidden.
It is crucial that the (0,2)-valley-triplet state, which would

Singlet at

Bias

R
ig

ht

Triplet at

FIG. 10. Valley Pauli blockade. The right-dot occupancy at
various biasing voltages, calculated for the singlet initial state
(orange) and the triplet initial state (green), shows resonance
(which means increased transition between the dots) at different
biases. This way, proper biasing (i.e., Vbias = 145 mV) enables
electron transfer in the singlet state but blocking in the triplet
state.

not block, is sufficiently separated in energy by the (0,2)-
singlet-triplet energy difference, which in our case is about
5 meV. On the other hand, the (1,1)-valley-singlet state
in this regime is not blocked. The cases discussed above
are presented in Fig. 10. To observe the blockade we
add a positive offset voltage Vbias > 0 between the dots
by raising the voltage V1: Ṽ1(t) = V1 + Vbias. Then we
stimulate an electron transition from the left dot to the
right dot, the lower one (see the blue potential profile in
Fig. 10), by applying an additional oscillating voltage to
gate G5: Ṽ5(t) = V5 + Vstim sinωstimt, where Vstim = 5 mV
and 2π/ωstim = 5 ps. When simulating the blockade, we
take slightly different single-electron eigenstates, obtained
for V1 = −1550 mV and VB = −1300 mV, while the other
voltages remain the same as in Fig. 4. This step aims to
add states with asymmetric densities (located majorly in
the right dot) to the basis.

After turning on Vstim sinωstimt, we gradually increase
Vbias and calculate time evolutions for each of the Vbias
values considered and for two different initial two-electron
states: singlet |K ′

↑K↓〉 − |K↓K ′
↑〉 and triplet |K ′

↑K ′
↑〉. After

a few dozen picoseconds, we observe that for the singlet
initial state and Vbias = 145 mV the “left electron” trans-
fers completely to the right dot (nonblocked state), while
for the triplet state the occupancy of both dots is almost
unchanged (blocked state). The resulting electron densities
for the singlet (triplet) state are presented at the top left (top
right) in Fig. 10. The occupancy of the right dot, calculated
as the total electron density ρ(r) (defined in Appendix D)
integrated over the right dot, does not remain constant after
the transfer. The density oscillates over time as the electron
goes back and forth between the dots, and the occupancy
plot, presented in Fig. 10, shows their maximum values
over time. It is now clear that for the singlet state (orange
curve) and for the triplet state (green curve) the resonant
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transitions occur at different biasing: VS
bias = 145 mV and

VT
bias = 265 mV, respectively. Thus, at Vbias = VS

bias, we
observe the valley Pauli blockade for the electron den-
sity defining the left valley qubit. The estimated blockade
fidelity is about 97.5%.

Therefore, using the valley blockade, one can set up or
read out the left valley-qubit state. However, we should
keep in mind that the spin degree of freedom makes the
(spin-valley) singlet-triplet subspace extend to 16 states
(not just 1 + 3). This complicates proper setting up of the
Pauli blockade. To resolve valley from spin, we have to
apply a magnetic field, and then use of proper transition
frequencies, as in Fig. 8, of the valley single-qubit oper-
ations ensures that we stay within the given spin (let us
say, up) subspace. But how can we initialize or check that
two qubits are in the desired valley state together with the
given spin? A magnetic field enriches the blockade opera-
tion [107]. If we look at Fig. 8, we see that for Bz = 1 T
the analyzed triplet |K ′

↑K ′
↑〉 and singlet |K ′

↑K↓〉 − |K↓K ′
↑〉

are the two lowest states. By proper adjustment the left
lead potential [i.e., to energy lower than the third state
|K ′

↑K↓〉 + |K↓K ′
↑〉 (unwanted triplet)], we allow only these

two (1,1) states to populate the double dot. This way we
ensure that only |K↑K↑〉 is blocked, thus implementing the
valley-qubit initialization.

VII. SUMMARY

We study a two-electron system in a gate-defined
TMDC double quantum dots from the point of view
of valley-qubit implementation. Using the configuration-
interaction method, the realistic theory of Coulomb inter-
action, and the time-dependent Schrödinger equation
coupled with the Poisson equation, which models a real-
istic dielectric environment, we describe a proposed nan-
odevice with an eight-gate geometry and time-modulated
electric potentials.

By performing numerical simulations, we show how one
can obtain single-qubit and two-qubit gates in the valley
two-qubit system by electrically controlling the state of
the electrons and the interdot coupling in a static magnetic
field. First, we explain each qubit rotation (single-qubit
operations) in the left dot or the right dot, controlled sep-
arately by the local gates. Then, we couple both qubits,
getting the valley swap (two-qubit operation). Finally,
we discuss how to setup the valley Pauli blockade to
implement the valley-qubit initialization and readout. In
this way, we obtain a physical scheme to realize univer-
sal quantum computation based on valley isospin in the
gate-defined TMDC double quantum dots.

In our theoretical description of the two-electron sys-
tem, we use the exact configuration-interaction method,
which gives a basis of dressed states in an interaction
between the electrons. The Coulomb interaction and the
confinement potential are modeled realistically, including

atomic matrix elements, the screening by nearby dielec-
tric layers, and voltages applied to the layout of con-
trol gates with geometry inspired by experiments. Vari-
able control voltages modulate the confinement poten-
tial, leading to nontrivial device operation calculated with
the time-dependent Schrödinger equation and solved in
the configuration-interaction basis self-consistently with
the Poisson equation.
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APPENDIX A: TWO-ELECTRON HAMILTONIAN

Here we present an explicit derivation of the formula for
the Hamiltonian in Eq. (5):

∑

i<j ,k<l

˜|ij 〉 ˜〈ij |H2e ˜|kl〉 ˜〈kl|

=
∑

i<j ,k<l

˜|ij 〉 ˜〈kl|
[
Eij (δikδjl − δilδjk)+ ˜〈ij |V̄C ˜|kl〉

]

=
∑

i<j ,k<l

d†
i d†

j
˜|0〉 ˜〈0|dkdl

[
Eij δikδjl

+ 〈ij |V̄C|kl〉 − 〈ij |V̄C|lk〉
]

=
∑

i<j

d†
i d†

j
˜|0〉 ˜〈0|didj Eij

+
∑

i<j ,k<l

d†
i d†

j
˜|0〉 ˜〈0|dkdl

(
Vijkl − Vijlk

)
.

The two-electron energy is simply the sum of the single-
electron-state energies: Eij = Ei + Ej . Note that, firstly,
δilδjk vanishes since i < j , k < l. Secondly, we have
˜〈ij |V̄C ˜|kl〉 = 〈ij |V̄C|kl〉 − 〈ij |V̄C|lk〉, so we introduce the

abbreviation 〈ij |V̄C|kl〉 ≡ Vijkl.

APPENDIX B: ATOMIC COULOMB ELEMENTS

In this section we present numerical values for the
atomic Coulomb-matrix elements. We use the following
numbering of orbitals: α = 1, 2, 3 for the Mo dz2 , dxy , and
dx2−y2 orbitals, respectively.
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TABLE I. The largest Coulomb atomic integrals with the listed
largest energies from each group (eV). We include only elements
with energies larger than 0.3 eV, while the others are taken classi-
cally, as interaction between two point charges. Each two-center
integral occurs six times, one for each R1–R6 direction.

Group One-center integrals 〈ss|V0
C|ss〉

1 14.43 〈sαsα|V0
C|sαsα〉, α = 1, 2, 3

2 13.63 〈s2s3|V0
C|s2s3〉, 〈s3s2|V0

C|s3s2〉
3 12.86 〈s1s2|V0

C|s1s2〉, 〈s2s1|V0
C|s2s1〉,

〈s1s3|V0
C|s1s3〉, 〈s3s1|V0

C|s3s1〉
7 0.79 〈s1s2|V0

C|s2s1〉, 〈s2s1|V0
C|s1s2〉,

〈s1s3|V0
C|s3s1〉, 〈s3s1|V0

C|s1s3〉,
〈s1s1|V0

C|s2s2〉, 〈s2s2|V0
C|s1s1〉,

〈s1s1|V0
C|s3s3〉, 〈s3s3|V0

C|s1s1〉
8 0.41 〈s2s3|V0

C|s3s2〉, 〈s3s2|V0
C|s2s3〉,

〈s2s2|V0
C|s3s3〉, 〈s3s3|V0

C|s2s2〉
Two-center integrals 〈sp|V0

C|sp〉
4 4.71 〈s2p2|V0

C|s2p2〉, 〈s3p3|V0
C|s3p3〉,

〈s2p3|V0
C|s2p3〉, 〈s3p2|V0

C|s3p2〉
5 4.55 〈s1p2|V0

C|s1p2〉, 〈s2p1|V0
C|s2p1〉,

〈s1p3|V0
C|s1p3〉, 〈s3p1|V0

C|s3p1〉
6 4.42 〈s1p1|V0

C|s1p1〉

When calculating the one-center (rs = rp ) and two-
center (rs �= rp ) integrals listed in Table I, we take
the three-dimensional Coulomb interaction in a vac-
uum, V0

C(r) = (|e|2/4πε0r). The values obtained are then
renormalized by the rn(|rs − rp |) function defined in
Appendix C, and this way we estimate Vspdf values,
defined in Eq. (10), for the screened Coulomb interaction:

〈sαspαp |V̄C|sαd pαf 〉 
 〈sαspαp |V0
C|sαd pαf 〉

κ rn(|rs − rp |) . (B1)

This way we include the screening effects of the dielec-
tric environment (nearby insulators) and the monolayer
flake. The calculated integrals, shown in Fig. 11 and listed

Subsequent integrals

FIG. 11. Interaction energies for subsequent groups of inte-
grals as listed in Table I.

in Table I, do not take into account screening, and can
be applied to other structures with, for example, different
insulating layers.

APPENDIX C: COULOMB EFFECTIVE
INTERACTION

We now introduce the screened Coulomb potential used
in our model. We check three different approaches to
describe the screened Coulomb interaction in 2D struc-
tures, and verify them with an exact numerical potential
calculated for our structure.

In the simplest, naive, approach at the flake level, we
take ε as the average from two neighboring materials: κ =
(εh-BN + εSiO2)/2 = 4.5 (in ε0 units) [108]. We assume
the following dielectric constants: εh-BN = 5.1 (for the top
layer of hexagonal boron nitride) [109] and εSiO2 = 3.9
(for the bottom layer of quartz). However, the follow-
ing potential derived by Keldysh [110,111] to model the
Coulomb interaction in a thin semiconductor layer embed-
ded between top and bottom layers with given permittivity
is much-more accurate:

VK(r) = |e|2
4πε0

π

2r0

[
H0

(
κr
r0

)
− Y0

(
κr
r0

)]
, (C1)

with the zero-order Struve function and the Bessel func-
tion of the second kind. Another potential, VTYD, was
introduced by Tuan, Yang, and Dery (TYD) [112] to
better model the Coulomb interaction in TMDC mono-
layers. In addition to information about the permeabil-
ity of adjacent dielectric layers, it takes into account
the values of the polarizabilities χ+ of the central Mo
atomic sheet and χ− for the top and bottom S (chalco-
gen) sheets. We take the following parameters for the
Keldysh and TYD potentials: κ = (εt + εb)/2 = (εh-BN +
εSiO2)/2 = 4.5 (ε0), r0 = 7.5d = 4.875 nm, l+ = 2πχ+ =
5.6d = 3.64 nm, and l− = 2πχ− = 5d = 3.25 nm (d =
0.65 nm for MoS2). See Ref. [112] for a detailed analysis
of the fitting parameters for these models.

We compare all of these model potentials with the
standard three-dimensional Coulomb potential VC(r) =
V0

C(r)/κ = (|e|2/4πε0)(1/κr) and the potential VN (r) cal-
culated numerically via the Poisson equation for the space-
dependent permittivity,

κ(z) =

⎧
⎪⎨

⎪⎩

εh-BN for z > d/2,
1 for − d/2 < z < d/2,
εSiO2 for z < −d/2,

(C2)

and the average 2D polarizability for the MoS2 monolayer
taken as χ = 0.55 nm, which screens the electron charge
in the monolayer itself, weakening it by the factor ε = 1 +
(4πχ/d) 
 12 [113,114].
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FIG. 12. The screened Coulomb interaction captured by sev-
eral model potentials, and compared with the exact numerical
result VN (r). Comparison between the Coulomb potential VC(r)
and best potential VTYD(r) gives a correction for screening,
described by the rn(r) function.

A comparison of all the potentials is presented in
Fig. 12. We can see that the Keldysh, TYD, and numeri-
cal potentials give qualitatively comparable results, while
the bare Coulomb potential overestimates the interac-
tion, especially at small distances (r < 1 nm). The clos-
est results to the numerical results are obtained with the
TYD potential, and we take that potential to describe the
electron-electron interaction in our model:

V̄C(r) = VTYD(r) 
 V0
C(r)

κ rn(r)
. (C3)

We are now able to define the function that renormalizes
the bare Coulomb potential to describe realistic screening:
rn(r) = VC(r)/VTYD(r). The exact analytical formula for
the TYD potential is rather complicated; thus, for conve-
nience, we approximate rn(r) using the following formula:
rn(r) 
 (r + 0.2/r − 0.01), r > 0.01 (r is in nanometers).
This means that, for example, for r = 0.319 nm we have
to divide the energies obtained from the Monte Carlo
approach (listed in Table I) by 1.68 (times κ). On the
other hand, for interaction at the same node, for one-
center integrals, we need to divide the energies by about
3 (assuming the average radius of the Mo atom). However,
if we take into account the fact that for atomic length scales
the screening naturally decreases (in contrast to a sim-
ple model of dielectric slabs), then for r ∼ d the real ε is
(roughly speaking) about twice as small [113]. Hence, for
interaction on the node itself, we assume 1.5 instead of 3:
rn(r 
 0) = 1.5.

APPENDIX D: TWO-ELECTRON DENSITY AND
TOTAL SPIN

The full two-electron wave function is expanded in the
configuration-interaction basis as

�(r1, r2) =
∑

i<j

dij � ij (r1, r2). (D1)

Thus, expansion for the total electron density reads

ρ(r) =
∫

dr′|�(r, r′)|2 + |�(r′, r)|2 = 2
∫

dr′|�(r, r′)|2

= 2
∑

i<j ,k<l

d∗
ij dkl

∫
dr′�†

ij (r, r′)�kl(r, r′)

=
∑

i<j ,k<l

d∗
ij dkl

{
ψ

†
i (r)ψk(r)δjl − ψ

†
i (r)ψ l(r)δjk

−ψ†
j (r)ψk(r)δil + ψ

†
j (r)ψ l(r)δik

}
,

where for clarity we omit the ⊗ symbol. Because of the
antisymmetry constraint�

σiαiσj αj
ij (r′, r) = −�σj αj σiαi

ij (r, r′),
we get |�(r′, r)|2 = |�(r, r′)|2. Obviously one has∫

dr ρ(r) = 2. The total spin is calculated in the same way:

〈σz〉 = 〈�|σ z ⊗ 1 + 1 ⊗ σ z|�〉 = 2〈�|σ z ⊗ 1|�〉

= 2
∑

i<j ,k<l

d∗
ij dkl

∫
dr dr′�†

ij (r, r′)σ z ⊗ 1�kl(r, r′),

(D2)

with σ z ≡ σz ⊗ 13 and the identity matrix 1 ≡ 16. By
defining σijkl = 〈i|σz|k〉δjl + 〈j |σz|l〉δik, with, for example,
〈i|σz|k〉 = ∫

drψ†
i (r)σ zψk(r), we can write the formula

for the total spin compactly:

〈σz〉 =
∑

i<j ,k<l

d∗
ij dkl

{
σijkl − σijlk

}
. (D3)
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PAWŁOWSKI, BIENIEK, and WOŹNIAK PHYS. REV. APPLIED 15, 054025 (2021)

K. Ensslin, Interactions and Magnetotransport through
Spin-Valley Coupled Landau Levels in Monolayer MoS2,
Phys. Rev. Lett. 121, 247701 (2018).

[68] C. S. Lau, J. Y. Chee, D. Thian, H. Kawai, J. Deng, S.
L. Wong, Z. E. Ooi, Y.-F. Lim, and K. E. J. Goh, Carrier
control in 2D transition metal dichalcogenides with Al2O3
dielectric, Sci. Rep. 9, 8769 (2019).

[69] S. Davari, J. Stacy, A. Mercado, J. Tull, R. Basnet,
K. Pandey, K. Watanabe, T. Taniguchi, J. Hu, and
H. Churchill, Gate-Defined Accumulation-Mode Quan-
tum Dots in Monolayer and Bilayer WSe2, Phys. Rev.
Appl. 13, 054058 (2020).

[70] K. E. J. Goh, F. Bussolotti, C. S. Lau, D. Kotekar-Patil,
Z. E. Ooi, and J. Y. Chee, Toward valley-coupled spin
qubits, Adv. Quantum Technol. 3, 1900123 (2020).

[71] L. Chirolli, E. Prada, F. Guinea, R. Roldán, and P. San-
Jose, Strain-induced bound states in transition-metal
dichalcogenide bubbles, 2D Materials 6, 025010 (2019).

[72] M. Bieniek, L. Szulakowska, and P. Hawrylak, Effect of
valley, spin, and band nesting on the electronic properties
of gated quantum dots in a single layer of transition metal
dichalcogenides, Phys. Rev. B 101, 035401 (2020).

[73] L. Szulakowska, M. Cygorek, M. Bieniek, and P. Hawry-
lak, Valley- and spin-polarized broken-symmetry states
of interacting electrons in gated MoS2 quantum dots,
Phys. Rev. B 102, 245410 (2020).

[74] M. Ciorga, A. S. Sachrajda, P. Hawrylak, C. Gould,
P. Zawadzki, S. Jullian, Y. Feng, and Z. Wasilewski,
Addition spectrum of a lateral dot from coulomb and
spin-blockade spectroscopy, Phys. Rev. B 61, R16315
(2000).

[75] M. Bayer, P. Hawrylak, K. Hinzer, S. Fafard, M.
Korkusinski, Z. Wasilewski, O. Stern, and A. Forchel,
Coupling and entangling of quantum states in quantum dot
molecules, Science 291, 451 (2001).

[76] M. Pioro-Ladrière, M. Ciorga, J. Lapointe, P. Zawadzki,
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