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Controlling directional emission of nanophotonic radiation sources is fundamental to tailor radiation-
matter interaction and to conceive highly efficient nanophotonic devices for on-chip wireless communi-
cation and information processing. Nanoantennas coupled to quantum emitters have proven to be very
efficient radiation routers, while electrical control of unidirectional emission has been achieved through
inelastic tunneling of electrons. Here we prove that the radiation emitted from the interaction of a high-
energy electron with a graphene-nanoparticle composite has beams in directions that can be made to
continuously span the full azimuthal circle even through small variations of the graphene Fermi energy.
Emission directionality stems from the interference between the double-cone-shaped electron transition
radiation and the nanoparticle dipolar diffraction radiation. Tunability is enabled since the composite
hybrid plasmonic resonances and the graphene plasmon polariton phase drive the nanoparticle dipole
moment, thus providing an effective electrical reorientation of the nanoantenna. The flexibility of our
method provides a way to exploit graphene plasmon physics to conceive nanosources with ultrafast
reconfigurability.
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I. INTRODUCTION

The ability of a nanophotonic radiation source to
pump out streams of directional photons is a fundamental
requirement enabling its efficient integration in a device
or, more generally, in a nanoenvironment. Nanoanten-
nas fed by nanoscale quantum emitters (e.g., fluorescent
molecules, quantum dots, etc.) [1–3] are arguably the most
interesting and widely investigated nanosources providing
directional emission. Basically, the electromagnetic near
field of the quantum emitter is converted by the nanoan-
tenna into freely propagating optical radiation whose inter-
ference with the primary quantum emitter radiation pro-
vides overall directional emission. Radiation beaming has
been achieved in a number of different designs as the
Yagi-Uda [4–7], planar [8], leaky-wave [9,10] and patch
[11,12] nanoantennas. Single element nanoantennas with
smaller footprints are provided by nanoparticles whose
directional emission stems from the interference among
their multipolar moments. High refractive index dielec-
tric nanospheres and nanocylinders can be made to display
beaming functionality [13–16] since their strong Mie mul-
tipolar resonances enable a suitable tailoring of multipoles
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interference. An analogous multipolar moments manage-
ment can be achieved through plasmonic nanoparticles
with asymmetric shape [17,18] or hybrid composition
[19–21].

All these schemes do not enable ultrafast active con-
trol of the emitted radiation pattern that is assigned by
the geometry and composition of the nanosource with
no input channel for electrical pulses. Electrically driven
nanosources have been achieved by coupling a plasmonic
nanoantenna with a metal-insulator-metal junction [22]
and electric control of the radiation spectrum has been
observed [23–25]. In such setups, the electrically biased
junction triggers inelastic electron tunneling that gener-
ates light, in turn exciting the nanoantenna. Since the bias
voltage tunes the interference between the dipolar junc-
tion radiation and the nanoantenna multipolar moments,
electric control of angular spread (directivity) of the
emitted radiation has been obtained [26]. Electron-matter
interaction provides alternative strategies for achieving
directional emission of radiation. In a scanning tunneling
microscope (STM), the interaction of low-energy electrons
with an asymmetric plasmonic nanoparticle both gener-
ates light by inelastic electron tunneling and selectively
excites localized plasmonic modes of the nanoparticle,
thus enabling radiation beaming [27]. Analogously, the
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plasmonic modes of a nanoantenna can be excited by
a high-energy electron beam focused to subwavelength
dimensions that also provides primary radiation through
a cathodoluminescence process [28–30]. Remarkably, in
both cases the emitted radiation pattern strongly depends
on the position of the electron excitation (i.e., the STM
tip and the electron beam axis, respectively), thus enabling
control over the beaming direction.

Electrically driven nanoantennas considered so far
mainly enable ultrafast modulation of the radiation emis-
sion and directivity tuning. However, the ability to elec-
trically control the beaming direction over a broad solid
angle is still missing. In a typical setup the bias voltage
basically affects the strength of the tunnel junction dipole,
its direction being set almost entirely by the fixed junc-
tion geometry so that, since the nanoantenna geometry is
fixed as well, the direction of the overall radiation emis-
sion very poorly depends on the electrical stimulation. In
a paradigmatic nanosource scheme where a radiation emit-
ter is coupled to a nanoantenna, ultrafast electric control of
the beaming direction can only be achieved if the emitter
and/or nanoantenna can be “electrically reoriented,” i.e., if

their multipoles can be fully driven by an electric pulse, an
avenue hitherto unexplored.

In this paper we theoretically demonstrate that a
graphene sheet evanescently coupled to a transparent
semiconductor nanoparticle, when hit by a high-energy
electron, generates cathodoluminescence radiation whose
beaming directions can be made to continuously span a
broad angular range by varying the graphene Fermi energy.
A schematic of the considered graphene-nanoparticle com-
posite is reported in Fig. 1(a). The composite is embedded
in a transparent medium (ε) and, in the sub-Cherenkov
regime we here focus on, the interaction between the fast
electron (e−) and the graphene sheet yields emission of
TR [see Fig. 1(b)] [31–33], which is the primary radi-
ation source in our setup. Electron-graphene interaction
also triggers the emission of a midinfrared GPP [34–37]
that, after reaching the NP, excites the hybrid plasmonic
modes of the graphene-nanoparticle composite [38,39]. As
a consequence, the DR [see Fig. 1(b)] [40] emitted by the
nanoparticle interferes with the TR [41–46], thus providing
an overall CLR exhibiting directions of maximal emission,
whose tuning is made possible by two distinct physical
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FIG. 1. Cathodoluminescence directional emission from the interaction of a fast electron with the graphene-nanoparticle composite.
(a) The electron (e−) normally crossing the graphene sheet triggers the emission of transition radiation (TR) [see panel (b)] and the
excitation of a graphene plasmon polariton (GPP) that reaches the nanoparticle (NP). The diffraction radiation (DR) emitted by the NP
[see panel (b)] interferes with the TR, thus providing an overall cathodoluminescence radiation (CLR) exhibiting directions of maximal
emission (arrows). (b) Schematic of the double-cone-shaped TR and the dipolar DR. (c) Geometrical parameters characterizing the
setup. (d) Real and imaginary parts of the graphene plasmon wave number κp normalized with the vacuum wave number k0 as functions
of the graphene Fermi energy EF and the photon midinfrared wavelength λ. The energy EF equates the photon energy hc/λ along the
dashed line that is the GPP excitation threshold. (e) Real and imaginary parts of the normalized NP polarizability α̃ = α/(4πε0εa3)

displaying the NP localized plasmonic resonance at λ = 10 μm.
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mechanisms. First, the hybrid plasmonic modes are sen-
sitive to the graphene Fermi energy so that its variation,
close to the hybrid resonances, effectively produces a reori-
entation of the NP dipole moment and a consequent change
of the maximal emission direction (TR being effectively
independent on the Fermi energy). Second, the NP dipole
moment is proportional to the GPP field and hence the
GPP phase, which is extremely sensitive to the graphene
Fermi energy, directly drives the TR-DR interference and
dramatically affects the directions of maximal emission to
the point that even relatively small changes of the Fermi
energy enable these directions to span the full azimuthal
circle around the electron trajectory.

II. EXCITATION OF HYBRID PLASMONIC
MODES

An electron of charge −e moving with constant velocity
v in a medium of dielectric permittivity ε produces a field
whose spectral component at frequency ω, assuming that
the electron velocity is parallel to the z axis, is

E(e)
ω = Eω0

ei ω
v z

εβ2γ

[
−K1

(
ωρ

vγ

)
êρ + i

γ
K0

(
ωρ

vγ

)
êz

]
, (1)

where β = v/c, γ = 1/
√

1 − εβ2 is the Lorentz contrac-
tion factor, Eω0 = ek0Z0/4π2 (k0 = ω/c and Z0 = √

μ0/ε0
is the vacuum impedance), êρ is the radial unit vector of
cylindrical coordinates (ρ, z) coaxial with the charge tra-
jectory, and the Kn are the modified Bessel functions of the
second kind. We here focus on the sub-Cherenkov regime
v < c/

√
ε where the exponential decay of E(e)

ω in the radial
direction prevents emission of electromagnetic radiation.
The field E(e)

ω comprises photons of frequency ω with nor-
mal wavevector kz = ω/v (the only ones the electron is
able to emit) and the distribution of their parallel wavevec-
tors k‖ (along the graphene sheet) is a Lorentzian of width
�k‖ = ω/ (vγ ), due to the free photon dispersion relation
k2
‖ + k2

z − k2
0ε = 0.

If the electron normally crosses a graphene sheet at z =
0 in the absence of the NP [see Fig. 1(c)], the overall field is

E(eg)
ω = E(e)

ω + E(g)
ω , (2)

where E(g)
ω is the field produced by the graphene surface

charge redistribution triggered by the moving electron.
Such a field is of central importance in our analysis since
it both describes TR in the far field and GPP excitation
in the near field. As a matter of fact, E(g)

ω is a source-free
field outside the graphene sheet and it is polarized in the
radial plane (transverse magnetic) as E(e)

ω . The distribution
of its photon parallel wavevectors is the above Lorentzian
of width �k‖ = k0/(βγ ) [≡ ω/(vγ )] with an additional
Fresnel factor displaying a pole at the complex plasmon
wave number κp = k0

√
ε − (2ε/Z0σ)2, where σ(k‖, ω) is

the graphene conductivity (see Appendix B 1). In this
paper we consider relativistic electrons with β = 0.1 (i.e.,
the kinetic energy is equal to 2.69 KeV) since faster elec-
trons produce TR so strong to prevent interference with
DR (see below) and we set ε = 2 so that �k‖ ≈ 10 k0. As
a consequence, the photons of E(g)

ω with k‖ < k0
√

2, which
are able to reach the far field, are all efficiently excited and
they set up the TR. In Fig. 1(d) we plot the real and imag-
inary parts of the (normalized) plasmon wave number κp
(as functions of the Fermi energy EF and the midinfrared
wavelength λ = 2πc/ω) evaluated with the local model
for the graphene conductivity σ(ω) (in the random phase
approximation; see Appendix A). If EF is smaller than the
photon energy hc/λ (region at the left of the gray surface),
graphene almost behaves as an absorbing dielectric, due
to the onset of an interband transition, and consequently
the electron is not able to trigger graphene plasmonic res-
onances since Re(κp) > 150k0 � �k‖. On the other hand,
if EF is greater than hc/λ, graphene behaves as a conductor
with low absorption and accordingly Re(κp) gets compa-
rable with �k‖ and much greater than Im(κp), implying
that a radially propagating GPP is launched by the elec-
tron crossing. Since GPP excitation is crucial for our
purposes (see below), we hereafter focus on the regime
EF > hc/λ where, in addition, the local model for the
graphene conductivity is fully adequate for the parallel
wavevector range �k‖ of photons generated by the electron
(see Appendix A).

The GPP field is also a very good approximation of
the full electron-graphene field of Eq. (2) in the near
field region surrounding the graphene sheet and far from
the electron trajectory (ρ � 1/�k‖) where the modi-
fied Bessel function exponentially vanishes (plasmon pole
approximation). The GPP field turns out to be the contri-
bution of the residue at the plasmon pole κp and it is given
by

E(eg)
ω = Eω0

iπ
εβ

κ3
p [H (1)

1 (κpρ)êρ + (z/|z|)H (1)

0 (κpρ)êz]

k0(κ2
p + �k2

‖)

× e−κp |z|, (3)

where the H (1)
n are the Hankel functions of the first kind

(see Appendix B 1). Note that such a GPP field is very sen-
sitive to the plasmon wave number κp , so that it is directly
driven by electric bias.

In the presence of the NP lying on the graphene sheet
[see Fig. 1(c)], the full electric field is

Eω = E(eg)
ω + E(NP)

ω , (4)

where E(NP)
ω is the field generated by the NP interacting

with both the electron and the graphene sheet and it dis-
plays hybrid plasmonic resonances due to the NP-graphene
evanescent coupling. The hybridization is effective when
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the NP supports localized plasmon modes in the midin-
frared, so that we consider a transparent conducting oxide
NP [47–49] of radius a = 30 nm with Drude dielectric per-
mittivity εNP(ω) = 1 − ω2

p/(ω
2 + iω), where we have

chosen ωp = 4.21 × 1014 Hz,  = 3.76 × 1012 Hz in such
a way that εNP = −4 + 0.1i at λ = 10 μm. Since the radius
a is much smaller than the midinfrared wavelengths, in the
nonretarded approximation we model the NP as a point
dipole located at rNP = −aêz [see Fig. 1(c)] with dipole
moment pω = αE(ext)

ω , where E(ext)
ω is the field experienced

by the dipole (without self-field) and α = 4πε0εa3[(εNP −
ε)/(εNP + 2ε)] is the well-known sphere polarizability. In
Fig. 1(e), we plot the real and imaginary parts of the (nor-
malized) nanoparticle polarizability showing its plasmonic
resonance at λ = 10 μm where Re(εNP + 2ε) = 0. The
field generated by the dipole is

E(NP)
ω = [θ(−z)(G(i) + G(r)) + θ(z)G(t)]pω, (5)

where the dyadics G yield the fields that are incident
on, reflected from, and transmitted by the graphene sheet,
whereas electron excitation and graphene coupling provide
the dipole moment

pω =
[

1
1/α − G(r) E(eg)

ω

]
r=rNP

(6)

(see Appendix B 2).

The hybridization of NP and graphene resonances is sig-
naled by the vanishing of det[1/α − G(r)(rNP)] in Eq. (6).
Since the electron trajectory has an impact parameter d
with respect to the NP center [see Fig. 1(c)], the electron-
graphene field E(eg)

ω at the dipole position has only x and z
components and Eq. (6) becomes pωx = αxE(eg)

ωx , pωy = 0,
and pωz = αzE

(eg)
ωz , so that the NP induced dipole is ellip-

tically polarized in the x-z plane. In Fig. 2(a) we plot the
moduli and phases of the (normalized) effective polariz-
abilities αx and αz (see Appendix B 2) in the regime of
Fermi energies greater than the photon energy. The polar-
izabilities αx and αz are peaked and experience a phase
variation of π at λ = 11.2 μm and λ = 12.6 μm, respec-
tively, which are therefore the hybrid plasmonic resonance
wavelengths. They are close to the bare NP resonance
wavelength λ = 10 μm and the splitting reveals efficient
excitation of graphene plasmon polaritons (different from
the above considered GPP excited by the electron), sup-
porting the evanescent coupling. Note that the larger EF
the better the quality of the resonances since the excita-
tion of graphene plasmon polaritons is facilitated at larger
Fermi energies by the smaller values of both Re(κp) and
Im(κp) [see Fig. 1(d)].

Since we aim at driving the NP by the GPP excited by
the electron crossing, in our analysis we set the electron-
NP impact parameter d to be larger than 1/�k‖ in the
chosen midinfrared spectral range, so that the plasmon pole

(a) (b)

(c)

FIG. 2. Excitation of hybrid plasmonic modes by electron crossing. We here consider the regime in which the Fermi energy is
greater than the photon energy and we set ε = 2 for the hosting medium permittivity, β = 0.1 for the relativistic electron velocity, and
d = 1000 nm for the impact parameter. (a) Moduli and phases of the normalized effective polarizabilities α̃j = αj /(4πε0εa3) of the
NP evanescently coupled to graphene. At the hybrid plasmonic resonance wavelengths the polarizability phases have a π jump. (b)
Moduli and phases of the normalized components Ẽ(eg)

ωj = E(eg)

ωj /Eω0 of the electron-graphene field at the NP center. (c) Moduli and

phases of the normalized components p̃ωj = α̃j Ẽ(eg)

ωj of the dipole moment representing the NP excited by the electron.
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approximation holds. In Fig. 2(b) we plot the moduli and
phases of the (normalized) components E(eg)

ωx and E(eg)
ωz of

the electron-graphene field of Eq. (2) evaluated at the NP
center for the impact parameter d = 1000 nm and we have
checked that the overall field is very well approximated
by the GPP field of Eq. (3) with ρ = d and z = −a. Note
that the GPP field is effective in the regime EF > hc/λ and
its strength is larger at larger wavelengths, in agreement
with the above discussion. On the other hand the phases
of its components turn out to be rapidly varying at the
lower wavelengths and with level curves resembling those
of Re(κp) [see Fig. 1(d)]. This can be easily grasped by
noting that κpd � 1 in the considered situation and hence
the Hankel functions in Eq. (3) can be replaced by their
asymptotic expansions, yielding

E(eg)
ω = Eω0

√
2π

κpd

κ3
p e−κp a(êx + iêz)

εβk0(κ2
p + �k2

‖)
ei(κp d−π/4), (7)

which clearly shows that the GPP field responsible for the
excitation of the hybrid plasmonic resonances has a global
phase contribution equal to Re(κpd). In Fig. 2(c) we plot
the moduli and the phases of the (normalized) compo-
nents pωx and pωz of the NP-induced dipole moment [see
Eq. (6)] whose behavior evidently shows the features of
both hybrid plasmonic modes and the GPP field. In par-
ticular, the generally elliptical polarization of the dipole
reduces to almost linear close to the resonance wavelengths
and, most importantly, the dipole phase is extremely sensi-
tive to EF even off-resonance since it is driven by the GPP
phase Re(κpd).

III. CATHODOLUMINESCENCE RADIATION
EMISSION

The excitation of hybrid modes is produced by the
electron-graphene-NP interactions in the near filed that
are self-consistently mediated by the overall field Eω of
Eq. (4). Such near field coupling has a large impact on the
CLR emission since this radiation is set up by the pho-
tons of the field Eω that survive in the far field. In the
limit k0r → ∞, the asymptotic expression of the field is
Eω = (ei

√
ε(k0r)/k0r)[f(g) + f(NP)] with

f(g) = Eω0

(
Z0σ

2
√

ε

)(
β sin θ cos θ

εβ2 cos2 θ − 1

)
êθ , (8a)

f(NP) = (êθ ê	
θ + êϕ ê	

ϕ )
k3

0pω

4πε0
, (8b)

where spherical coordinates (r, θ , ϕ) have been introduced
together with their coordinate unit vectors êr, êθ , and êϕ ,
and the dyadic notation (ab	)c = (b · c)a has been used
(see Appendix C). Here f(g) and f(NP) are the far-field
amplitudes of the graphene and NP fields, E(g)

ω and E(NP)
ω ,

respectively. Note that the bare electron field E(e)
ω does

not contribute to the CLR since we are considering the
sub-Cherenkov regime. The amplitude f(g) describes the
TR emitted by the graphene sheet upon interaction with
the electron, whereas f(NP) describes the DR emitted by
the NP upon excitation of hybrid modes [see Fig. 1(b)].
Since both amplitudes contribute to the far field and they
are not orthogonal, the overall CLR intensity results from
their interference and accordingly the photon emission
probability is

(θ , ϕ) = dN
d�dλ

= λ
√

ε

π�Z0
[|f (g)

θ + f (NP)
θ |2 + |f (NP)

ϕ |2],

(9)

which amounts to the number of photons emitted per
incoming electron, per unit solid angle of emission �, and
per unit of photon wavelength λ (see Appendix C). In
Fig. 3 we plot the photon emission probability per unit of
wavelength dN/dλ, obtained by integrating  of Eq. (C4)
over the entire solid angle, clearly revealing two peaks of
maximal emission occurring at the hybrid plasmonic res-
onance wavelengths λ = 11.2 μm and λ = 12.6 μm. The
sensitivity of the CLR emission to the GPP excitation is
also particularly evident since dN/dλ is globally larger
in the upper region of the plane (λ, EF) where the plas-
mon wavevector κp is almost real and with sufficiently
small imaginary part. In addition, dN/dλ displays oscil-
lations whose periods are larger at lower wavelengths and
whose crests lie on curves resembling the level curves of
Re(κp) [see Fig. 1(d)]. This behavior is a consequence of
the interference between TR and DR since it results from
the term 2Re(f (g)∗

θ f (NP)
θ ), which is the only contribution in

Eq. (C4) depending on the GPP phase Re(κpd) (carried by

FIG. 3. Electric tuning of the CLR emission. Here dN/dλ is
the photon emission probability per unit of wavelength, dis-
playing peaks at the hybrid plasmon resonance wavelengths and
oscillations due to the interference between TR and DR.
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the factor eiκp d in f(NP) due to pω). The electric tuning of the
CLR emission is therefore evident from Fig. 3 and it arises
from the tunability of the hybrid plasmon modes excitation
enabled by GPP excitation.

IV. DIRECTIONAL EMISSION STEERING

The interference between TR and DR supporting the
above discussed oscillations of the CLR photon emission
probability has a more far-reaching effect on the angu-
lar distribution of the emitted radiation. The contributions
of |f(g)|2, |f(NP)|2 in Eq. (C4) represent the angular dis-
tributions of TR and DR, respectively, whereas the term
containing 2Re(f (g)∗

θ f (NP)
θ ) accounts for their interference.

TR is rotationally invariant around the z axis and its double
cone profile [see Fig. 1(b)] is only homothetically rescaled
by varying the Fermi energy since the amplitude f (g)

θ is
proportional to the graphene conductivity σ [see Eq. (8a)].
On the other hand, DR has the usual electric dipole shape
[see Eq. (8b) and Fig. 1(b)], so that it is generally not
rotational invariant around the z axis, and it is ruled by
the NP dipole pω that, as detailed above, can be conve-
niently steered thorough the Fermi energy. Note that the
electric control of DR is particularly effective close the

plasmonic resonances and that it is not affected by the GPP
phase Re(κpd). The interference term is even more inter-
esting since it mixes the different geometrical features of
the two amplitudes f (g)

θ and f (NP)
θ and, most importantly,

it is directly modulated by the GPP phase Re(κpd). This is
of central importance in our analysis since the GPP phase
is the only quantity that is rapidly varying (with respect to
both λ and EF ) on the overall chosen midinfrared range.
Since DR is not rotationally invariant around the z axis, as
opposed to TR, their superposition displays directions of
maximal emission that can be globally controlled through
the Fermi energy. In other words, CLR displays directional
emission that can be controlled by electrically biasing the
graphene sheet. Because of the role played by interference,
such directional tunability is particularly effective when the
strengths of the TR and DR are comparable, i.e., when the
ratio R = |f (p)

θ |max/|f (g)

θ |max is of the order of one, a con-
dition that can be fulfilled by selecting the electron energy
(here we have chosen β = 0.1 in order to achieve this
goal).

In Fig. 4 we describe electric tunability of the CLR
directional emission at the off-resonance wavelength λ =
6 μm (a) and at the two on-resonance wavelengths λ =
11.2 μm (b) and λ = 12.6 μm (c). In each case we plot

(a2)(a1)

(b2)(b1)

(c2)(c1)

FIG. 4. Electric tunability of the CLR directional emission at an off-resonance wavelength (a) and at two on-resonance wavelengths
(b),(c). (a1),(b1),(c1) DR-TR mutual strength ratio R = |f (p)

θ |max/|f (g)

θ |max as a function of the Fermi energy. (a2),(b2),(c2) Angle-
resolved CLR emission patterns  at the four specific values of EF (blue, magenta, black, and yellow circles) reported in the subplots
of the first column. The arrows highlight the directions of maximal emission in the y > 0 half-space, whereas (θ , ϕ) [reported in the
first (a2) subplot] are the polar angles pertaining to the direction of maximal emission in the quadrant y > 0, z > 0.
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the ratio R versus the Fermi energy (a1),(b1),(c1) and we
depict the angle-resolved CLR emission pattern  at four
specific values of EF (a2),(b2),(c2). Because of the setup
invariance under reflection about the x-z plane, the emis-
sion patterns are invariant under y → −y and therefore we
highlight with arrows only the directions of maximal emis-
sion in the y > 0 half-space. We label with (θ , ϕ) the polar
angles of the direction of maximal emission in the quad-
rant y > 0, z > 0 [see the first subplot of Fig. 4(a2)]. In
the off-resonance case (a) the ratio R is of the order of 0.5
when the GPP is effectively excited (EF > 0.4 eV), so that
in this case the TR contribution is larger than the DR con-
tribution. Accordingly, the radiation patterns of Fig. 4(a2)
have shapes qualitatively similar to the TR pattern but
with relevant distortions due to DR that are different at
different Fermi energies. Note that the direction of max-
imal emission in the z > 0 half-space almost spans the
full half-circle (0 < ϕ < π ) over the four considered sit-
uations. In both on-resonance cases (b) and (c) the ratio R
is larger than that in the GPP excitation regime, so that the
DR contribution is larger than the TR contribution. Case
(b) corresponds to the excitation of the NP dipole that is
almost linearly polarized along the x axis [see Fig. 2(a)],
so that the DR emission vanishes along this axis as well as
the TR emission. Accordingly, the CLR pattern has effec-
tively the shape of the x-polarized dipole radiation pattern
but oppositely bent by the TR in the half-spaces z > 0 and
z < 0 [since f (g)

θ (θ) = −f (g)

θ (π − θ)]. Also, in this case
the directions of maximal emission almost span the full
half-circle. Analogously, case (c) corresponds to the exci-
tation of the NP dipole almost linearly polarized along the z
axis [see Fig. 2(a)], so that the interference between TR and
DR provides even more spectacular distorted profiles since
the two separated radiation patterns vanish along orthogo-
nal axes. Consequently, the directions of maximal emission
in the z > 0 and z < 0 half-spaces can be more efficiently
tuned in an independent fashion.

In Fig. 5 we plot the full dependence on the Fermi
energy of the polar angles (θ , ϕ) pertaining to the direction
of maximal CLR emission in the quadrant y > 0, z > 0
[see the first subplot of Fig. 4(a2)] in the same (a)–(c)
cases considered in Fig. 4. The most striking feature is that
the azimuthal angle ϕ spans the range 0 < ϕ < π many
times as EF increases with a larger periodicity at lower
wavelengths [specifically, see Fig. 5(a)]. Such a versatile
tunability arises because the interference between TR and
DR is mainly driven by the GPP phase, as shown above,
so that the periodicity of the phase factor eiκp d [in the
(λ, EF) plane] produces the fast variations of the direc-
tions of maximal CLR emission. This shows that even
relatively small variations of the Fermi energy can pro-
vide the tuning of the directional emission over the full
circle around the z axis. In addition, in on-resonance cases
(b) and (c) the further dependence of the dipole strength
|pω| on EF additionally provides more complex directional

(a)

(b)

(c)

FIG. 5. Electric tunability of the CLR directional emission.
Dependence of the polar angles (θ , ϕ) of the CLR maximal emis-
sion direction [see the first Fig. 4(a2) subplot] in the same (a)–(c)
cases considered in Fig. 4. The vertical dashed lines and dots
label the corresponding cases considered in Fig. 4.

tunability features across the emergence of the resonances
(say EF > 0.4 eV). Note that, in all the considered cases,
the polar angle θ is always close to the TR emission cone
semiangle [see Fig. 1(b)], so that it is less sensitive to the
Fermi energy than ϕ (whose pronounced sensitivity stems
from the lack of cylindrical symmetry of the DR). This is a
consequence of the strengths of the hybrid plasmonic res-
onances not enabling, in our setup, the dominance of the
DR over TR, as shown in Figs. 4(a1), 4(b1), 4(c1) where
R � 0.6, R � 2, and R � 1, respectively. Accordingly, in
the off-resonance case [Fig. 5(a)] θ is almost independent
of EF , whereas in the two on-resonance cases [Figs. 5(a)
and 5(b)] it displays a slight dependence.

Cathodoluminesce resulting from the interference
between TR and DR of a nanoparticle has recently been
considered in Ref. [43], where the authors considered
a silver nanoparticle lying on a SiO2/Ag substrate and
they adopted the spectroscopic perspective of retrieving
the phase ruling the plasmon-nanoparticle coupling from
the measured CLR angular distribution. In this paper we
encompass graphene to provide electrical functionality and
hence we adopt the active perspective, opposite to that of
Ref. [43], of actively steering the CLR angular distribu-
tion through electrical bias. Besides, in Ref. [43] numerical
integration of Maxwell equations was performed due to the
relatively large diameters of the nanoparticles, whereas in
this paper the description is fully analytical since the non-
retarded (dipole) approximation is adequate in the infrared
for the 30 nm nanoparticle.

As a final remark, we note that the basic features of
the above discussed CLR directional steering would be
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Video 1. Full dependence on
EF of moduli and phases of the
normalized dipole components,
angle-resolved CLR, TR, and DR
for case (a) of Figs. 4 and 5.

unaffected by the inclusion of a dielectric substrate just
underneath the graphene sheet [in the setup of Fig. 1(a)]
since its main role would be the amplification of the TR
without affecting its double cone shape.

In Videos 1–3 we provide the full dependence of the
angle-resolved CLR emission patterns on the Fermi energy
corresponding to cases (a)–(c) of Figs. 4 and 5, respec-
tively. In the videos we also sketch the evolution of the
separated TR and DR emission patterns as EF increases
together with the evolution of the dipole polarization
ellipse p(t) = Re(pωe−iωt) and of the moduli and phases
of pωx and pωz. The videos emphasize more clearly that the
variation rate with EF of the TR and DR emission patterns
coincides with the variation rate of the moduli |pωx| and
|pωz|, whereas the overall CLR emission patterns follow
the rapid variations of arg pωx and arg pωz due to the above
discussed GPP phase-driven interference mechanism.

V. CONCLUSIONS

In conclusion we have shown that the interaction of an
high-energy electron with a graphene-nanoparticle com-
posite is accompanied by directional emission of CLR
whose directionality can be feasibly steered by electri-
cally biasing the graphene sheet. We have shown that this
is an interferometric effect where the TR and DR inter-
fering components display very different dependencies on
the graphene Fermi energy. While the TR is shape invari-
ant, the DR angular profile crucially depends on the Fermi
energy through the excitation of hybrid plasmonic modes
triggered by electron crossings. Specifically, DR is very
sensitive to the phase of the GPP launched by the elec-
tron, which in turn interferometrically drives the direction
of maximal CLR emission. In the nanoantenna language,
TR plays the role of the primary radiation source whereas

Video 2. Full dependence on
EF of moduli and phases of the
normalized dipole components,
angle-resolved CLR, TR, and DR
for case (b) of Figs. 4 and 5.
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Video 3. Full dependence on
EF of moduli and phases of the
normalized dipole components,
angle-resolved CLR, TR, and DR
for case (c) of Figs. 4 and 5.

DR is the radiation outcoupled by the NP nanoantenna that
can be effectively reoriented and phase modulated by the
GPP. Because of its feasibility and flexibility, our method
can easily be extended to more complex setups (more than
one nanoparticle, inclination of the electron trajectory, etc.)
able to provide in principle a full control of the radiation
directionality. Our results could suggest strategies to con-
ceive nanophotonic devices where the ultrafast directional
routing of signals is achieved at the deep subwavelength
scale.
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APPENDIX A: INFRARED GRAPHENE LOCAL
OPTICAL RESPONSE

At infrared frequencies the optical response of graphene
is dominated by the conical band structure E = ±vF |p‖|
around the two Dirac points of the first Brillouin zone,
where vF ≈ 9 × 105 m/s is the Fermi velocity and E , p‖
are the electron energy and momentum, respectively. In
the present investigation we mainly focus on the infrared
range of wavelengths 5 < λ < 20 μm. While in undoped
graphene the Fermi energy lies at the Dirac points, injec-
tion of charge carriers through electrical gating [50] or
chemical doping [51] efficiently shifts the Fermi level up
to EF ≈ 1 eV owing to the conical dispersion and the
two-dimensional electron confinement. The response of
graphene to photons of energy �ω and in-plane momen-
tum �k‖ is described by the surface conductivity σ(k‖, ω)

that is generally affected both by intraband and interband
electron dynamics. The dependence of σ on k‖ physically
arises from electron-hole pair excitation and it gener-
ally yields unwanted absorption (Landau damping) and
nonlocal effects. However, if

k‖
kF

<
�ω

EF
< 2 − k‖

kF
, (A1)

where kF = EF/�vF is the Fermi wave number, the pho-
ton momentum is too small to trigger intraband transitions
and interband transitions are forbidden by the Pauli exclu-
sion principle [52]. Once interacting with photons whose
energy and momentum satisfy Eq. (A1), nonlocal effects
can be neglected and graphene displays a marked metal-
like behavior with long relaxation time τ = μEF/ev2

F ,
where μ is the electron mobility, which conversely to noble
metals can reach the picosecond time scale at moderate
doping and purity (affecting electron mobility) [53]. In
such a local regime, for the graphene conductivity, the
random phase approximation yields the integral expression

σ(ω) = −ie2

π�2(ω + i/τ)

∫ +∞

−∞
dE

×
{
|E |∂fE

∂E + sign(E)

1 − 4E2/[�(ω + i/τ)]2 fE

}
, (A2)

where fE = {exp[(E − EF)/kBT] + 1}−1 is the Fermi func-
tion (kB is the Boltzmann constant and T is the tem-
perature). In our analysis, we focus on photon-graphene
interactions satisfying Eq. (A1) and accordingly we model
graphene surface conductivity by means of Eq. (A2).

It is worth noting that, in the regime where the Fermi
energy is greater than the photon energy (EF > �ω),
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Eq. (A1) can be cast as

k‖<
(

c
vF

)
k0 � 333 k0, (A3)

where k0 = ω/c (vacuum wave number), which speci-
fies the wavevector range of those photons not triggering
nonlocal effects at frequency ω.

APPENDIX B: EXCITATION OF THE
GRAPHENE-NANOPARTICLE SYSTEM BY FAST

ELECTRONS

The geometry of the graphene-nanoparticle system
interacting with relativistic electrons is sketched in
Fig. 1(c). The graphene monolayer lies in the plane z = 0
and it is embedded in a homogeneous transparent medium
whose real dielectric constant is ε. The plasmonic nanopar-
ticle of radius a has dielectric permittivity εNP(ω) and
it lies upon the graphene sheet with its center located
at rNP = −aêz. An electron of velocity v = vêz normally
impinges the graphene sheet at an impact parameter d
with respect to the nanosphere center. In order to evaluate
the radiation emitted by the system by cathodolumines-
cence, we first examine the electromagnetic interaction
of the moving charge with the graphene monolayer and
subsequently we incorporate the effect of the nanoparti-
cle, resorting to the dipole approximation. Hereafter the
subscript “‖” denotes a vector lying in the x-y plane
(i.e., A‖ = Ax êx + Ay êy) and the subscript ω denotes a fre-
quency domain quantity by adopting the spectral analysis
fω = [1/(2π)]

∫
dt eiωtf (t).

1. Electron-graphene interaction

An electron of charge −e < 0 moving on the
trajectory re(t) = −dêx + vtêz is equivalent, in the
frequency domain, to the charge and current den-
sities ρω = −[e/(2πv)]δ(x + d)δ(y)eiωz/v , Jω = ρωvêz,
whereas graphene hosts the surface current density Kω‖ =
σ(ω)Eω‖, where Eω‖ is the in-plane part of the total elec-
tric field at z = 0. A direct solution of Maxwell equations
in the frequency domain with the above charge and current
densities together with the boundary conditions at z = 0
(continuity of the electric field tangential component and
discontinuity of the magnetic field tangential component
produced by the graphene surface current density) leads to
the electric field

E(eg)
ω = E(e)

ω + E(g)
ω , (B1)

where

E(e)
ω = Eω0

εβ2γ
eiωz/v

[
−K1

(
ωρ

vγ

)
êρ + i

γ
K0

(
ωρ

vγ

)
êz

]
,

(B2a)

E(g)
ω = Eω0

εβ

∫ ∞

0
dk‖eikz |z| k

2
‖

k0

× kzJ1(k‖ρ)êρ + i sign(z)k‖J0(k‖ρ)êz

{k2
‖ + [ω/(vγ )]2}[kz + k02ε/(Z0σ)]

, (B2b)

where β = v/c, γ = 1/
√

1 − εβ2 is the Lorentz contrac-
tion factor, Z0 = √

μ0/ε0 is the vacuum impedance, Eω0 =
ek0Z0/4π2, and kz =

√
k2

0ε − k2
‖ with Im(kz) ≥ 0. Here

cylindrical coordinates coaxial with the charge trajectory
have been introduced through ρ =

√
(x + d)2 + y2 and

êρ = ∇ρ, while the Kn are the modified Bessel functions
of the second kind and the Jn are the Bessel functions of
the first kind.

The field E(e)
ω is the well-known field produced by an

electron uniformly moving in a homogeneous medium
with permittivity ε, whereas E(g)

ω is a source-free field pro-
duced by the graphene sheet (accordingly vanishing for
σ = 0). Note that, due to graphene rotational invariance
around the charge trajectory, the field E(g)

ω lies on the radial
ρ-z plane as much as E(e)

ω and the whole field E(eg)
ω is trans-

verse magnetic (TM). Here we focus on the sub-Cherenkov
regime where v < c/

√
ε, so that Im(γ ) = 0 and E(e)

ω

displays an exponentially decaying profile (through the
modified Bessel functions) and it does not provide electro-
magnetic radiation. On the other hand, E(g)

ω is responsible
for the TR associated with the graphene surface charge
redistribution caused by an electron crossing the mono-
layer (see below). The analysis of such a field is simplified
by noting that it can be cast as

E(g)
ω = (k2

0ε + ∇∇·)�(g)
ω , (B3)

where

�(g)
ω = Eω0

i sign(z)
εβk0

∫ ∞

0
dk‖

× eikz |z|k‖J0(k‖ρ)

{k2
‖ + [ω/(vγ )]2}[kz + k02ε/(Z0σ)]

êz (B4)

is the Hertz vector.
The electron velocity v affects the distribution of pho-

ton wavevectors k‖ through the characteristic Lorentzian
profile of width

�k‖∼ ω

vγ
= k0

βγ
, (B5)
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whereas graphene yields the standard Fresnel coefficient
for TM polarization whose pole at the complex wavevector

κp = k0

√
ε −

(
2ε

Z0σ

)2

(B6)

[occurring only if Im(σ ) > 0] signals the excitation of
GPPs. The real and imaginary parts of κp , normalized with
the vacuum wave number k0, are plotted in Fig. 1(d), for
ε = 2. It is worth noting that if EF < hc/λ [the region at
the left-hand side of the gray surface in Fig. 1(d)], the plas-
mon resonance at k‖ = Re(κp) > 150k0 falls far outside
the Lorentzian distribution �k‖ < 10k0 (for β > 0.1 elec-
trons) and it has a very low quality since Im(κp) > 10k0. In
other words, if the Fermi energy is smaller than the photon
energy, GPPs are effectively not excited by the relativis-
tic electron and consequently the graphene field �(g)

ω is
not affected by electrical gating. Therefore, since electri-
cal tunability is among our main targets, we focus on the
regime EF > hc/λ = �ω.

In the chosen EF > �ω regime, the local model for the
graphene surface conductivity of Eq. (A2) is fully adequate
to describe the interaction with relativistic electrons. In
fact, from Eq. (B4), the broadest photon wavevector dis-
tribution occurs at the graphene plane z = 0, it has a width
of the order of �k‖ < 10k0 (for β > 0.1 electrons), and
it hosts the additional GPP peak at k‖ = Re

(
κp

)
< 150k0

[see Fig. 2(a)] so that Eq. (A3) is fully satisfied.
The integral expression in Eq. (B4) is also useful

to identify the GPP contribution to the graphene field
that is sufficiently accurate in the near filed and far
from the electron trajectory (plasmon pole approximation;
see below). By using the well-known relation J0(k‖ρ) =
1
2 [H (1)

0 (k‖ρ) − H (1)

0 (eiπk‖ρ)], where H (1)

0 (ζ ) is the analytic
continuation from the positive real axis of the Hankel func-
tion of the first kind of order 0, Eq. (B4) can be cast
as

�(g)
ωz = Eω0

i sign(z)
2εβk0

∫


dκ

× eikz |z|κH (1)

0 (κρ)

{κ2 + [ω/(vγ )]2}[kz + k02ε/(Z0σ)]
, (B7)

where the contour is performed along the upper side
of the real axis () due to the branch cut of
H (1)

0 (κρ) along the negative real axis (see Fig. 6).
Because of its asymptotic |κ| → ∞ behavior, H (1)

0 (κρ) ≈√
2/(πκρ) exp[iκρ − i(π/4)], the Hankel function asymp-

totically vanishes in the upper half-plane so that, in
view of Jordan’s lemma, we require eikz |z| to asymp-
totically vanish by choosing the Riemann sheet of

kz =
√

k2
0ε − κ2 uniformly satisfying Im(kz) ≥ 0 [i.e.,√

ζ = √|ζ | exp[(i/2) arg(ζ )], with 0 ≤ arg(ζ ) < 2π , with

Poles

Branch points
Branch cuts

( )Re κ

( )Im κ

pκ

p−κ

0k ε

0k− ε

i
v
ω
γ

− i
v
ω
γ

Γ

ϒ

FIG. 6. Sommerfeld contour (black, gray, and green curves)
used to identify the GPP contribution to the field produced by
graphene at the electron crossing.

branch cut at Im(ζ ) = 0, Re(ζ ) > 0]. For mathematical
convenience, we let ε have a small positive imaginary part,
so that kz has branch points at κ = ±k0

√
ε close to the

real axis and branch cuts along the curve Im(k2
0ε − κ2)

= 0, Re(k2
0ε − κ2) > 0 comprising two hyperbola portions

asymptotically approaching the imaginary axis (see Fig. 6).
The integrand in Eq. (B7) has four simple poles, two GPP
poles at κ = ±κp [see Eq. (B6)], and two electronic poles
at κ = ±iω/vγ close to the imaginary axis and lying on
the branch cuts [since k2

0ε − (±iω/vγ )2 = (ω/v)2 is real
and positive]. The residue theorem applied to the Som-
merfeld contour reported in Fig. 6 (black, gray, and green
curves), together with Jordan’s lemma, implies that the
integral along  equals 2π i times the residue at κp minus
the integral over the contour ϒ (green curve surrounding
the branch cut), so that Eq. (B7) yields

�(g)
ωz = Eω0

π sign(z)
εβk0

{[
eikz |z|kzH

(1)

0 (κρ)

κ2 + [ω/(vγ )]2

]
κ=κp

+ 1
2π i

×
∫

ϒ

dκ
eikz |z|κH (1)

0 (κρ)

{κ2 + [ω/(vγ )]2}[kz + k02ε/(Z0σ)]

}
.

(B8)

The first term is evidently the field of the GPP excited
by the electron that is closely confined to the graphene
plane with evanescent decay length about 1/Re(κp) [since
kz(κp) � iκp ] and displaying a radially oscillating asymp-
totic profile with period about 2π/Re(κp) and decay length
about 1/Im(κp). The second integral term in the Eq. (B8) is
responsible in far field for the transition radiation produced
by the electron crossing, whereas, close to the graphene
plane, it is tightly confined around the electron trajectory
with the same radial decay length as the electron field
E(e)

ω . In fact, for z = 0 and ρ → ∞, the leading contri-
bution to the integral comes from the infinitesimal circle
around the pole iω/vγ since the upper and lower por-
tions of the contour ϒ provide negligible contributions
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[H (1)

0 (κρ) has a very fast exponential decay over the upper
portion and it very rapidly oscillates over the lower por-
tion]. Hence, performing the integral over the infinitesimal
circle κ = iω/vγ + ηeiφ (η → 0+), we get

1
2π i

∫
ϒ

dκ
eikz |z|κH (1)

0 (κρ)

{κ2 + [ω/(vγ )]2}[kz + k02ε/(Z0σ)]

� − K0[ωρ/(vγ )]
iπ [k02ε/(Z0σ) + ω/v]

, (B9)

which displays the same vanishing exponential profile of
the electron field E(e)

ω in Eq. (B2a).
It is worth noting that, for our later purposes, in the

chosen regime of Fermi energy greater than the photon
energy (where GPPs are effectively excited), the field close
to the graphene plane and radially far from the electron
trajectory is dominated by the GPP contribution (since all
the other terms display radial exponential decay). More
precisely, if the condition ωρ/vγ � 1 is satisfied, the so-
called plasmon pole approximation holds and the field
E(eg)

ω of Eq. (B1), from Eq. (B3) and the GPP term of
Eq. (B8), reduces to

E(eg)
ω = Eω0

π

εβk0

[
eikz |z|κkz

−ikzH
(1)

1 (κρ)êρ + sign(z)κH (1)

0 (κρ)êz

κ2 + [ω/(vγ )]2

]
κ=κp

, (B10)

which, using the relation kz(κp) � iκp , can be cast as

E(eg)
ω = Eω0

iπ
εβk0

κ3
p [H (1)

1 (κpρ)êρ + (z/|z|)H (1)

0 (κpρ)êz]

κ2
p + [ω/(vγ )]2 e−κp |z|. (B11)

2. Nanoparticle excitation

We consider a plasmonic nanoparticle whose dielectric
permittivity is described by the Drude model εNP(ω) =
1 − ω2

p/(ω
2 + iω) that accurately applies to transparent

conductors with plasma frequency ωp in the midinfrared.
The nanoparticle-graphene evanescent coupling entails the
hybridization of nanoparticle localized plasmons (NLPs)
and GPPs, thus yielding hybrid plasmonic modes that, in
the presence of the moving electron, are excited by the field
E(eg)

ω discussed in the previous section.
Since the radius a is much smaller than the midin-

frared wavelengths, here we resort to the electrostatic

(no-retarded) approximation where the nanoparticle is
modeled by a point dipole located at rNP = −aêz whose
dipole moment (in the frequency domain) is pω = αE(ext)

ω ,
where E(ext)

ω is the field experienced by the dipole (with-
out self-field) and α = 4πε0εa3[(εNP − ε)/(εNP + 2ε)] is
the well-known polarizability of the sphere. Because of the
presence of the graphene sheet at z = 0, the field radiated
by the point dipole is

E(NP)
ω = {θ(−z)[G(i) + G(r)] + θ(z)[G(t)]}pω, (B12)

where

G(i) =
∫

d2k‖eik‖·r‖eikz |z+a|
[

1 − sign(z + a)
êzk	

‖
kz

][
i
k2

0εI‖−k‖k	
‖ − sign(z + a)kzk‖ê	

z

8π2ε0εkz

]
, (B13a)

G(r) =
∫

d2k‖eik‖·r‖eikz(−z+a)

(
1 + êzk	

‖
kz

)[
rTE

(
1 − k‖k	

‖
k2
‖

)
+ rTM

(k‖k	
‖

k2
‖

)](
i
k2

0εI‖−k‖k	
‖ − kzk‖ê	

z

8π2ε0εkz

)
, (B13b)

G(t) =
∫

d2k‖eik‖·r‖eikz(z+a)

(
1 − êzk	

‖
kz

)[
tTE

(
1 − k‖k	

‖
k2
‖

)
+ tTM

(k‖k	
‖

k2
‖

)](
i
k2

0εI‖−k‖k	
‖ − kzk‖ê	

z

8π2ε0εkz

)
. (B13c)

Here the dyadic notation (ab	)c = (b · c)a has been used, I‖ = êx ê	
x + êy ê	

y and the reflection and transmission
coefficients for TE and TM waves are
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rTE = − k0(Z0σ/2)

kz + k0(Z0σ/2)
, tTE = kz

kz + k0(Z0σ/2)
,

rTM = − kz

kz + k0(2ε/Z0σ)
, tTM = k0(2ε/Z0σ)

kz + k0(2ε/Z0σ)
.

(B14)

The first term in Eq. (B12) is the standard dipole field

G(i)pω = (k2
0ε + ∇∇·)

(
1

4πε0ε

eik0
√

ε|r+aêz |

|r + aêz| pω

)

in the angular spectrum representation, whereas G(r)pω

and G(t)pω are the reflected and transmitted fields, respec-
tively, produced by the graphene sheet (and accordingly
G(r) = 0 and G(t) = G(i) for σ = 0, since in this case rTE =
rTM = 0 and tTE = tTM = 1). Evidently, the TM reflection
and transmission coefficients have the plasmon pole κp
[see Eq. (B6)] that signals the well-known ability of the
nanoantenna to excite GPPs.

Note that, due to the factor eikza in Eqs. (B13b)
and (B13c), the broadest photon wavevector distribution
at the graphene plane z = 0 has a width of the order of
1/a < 105k0 (for a = 30 nm and λ < 20 μm) with the

same GPP peak discussed in the above section. There-
fore, in the chosen EF > �ω regime, Eq. (A3) is fully
satisfied and nonlocal effects do not play any role in the
nanoparticle-graphene interaction.

In the presence of the moving electron, the overall field
is

Eω = E(eg)
ω + E(NP)

ω , (B15)

and the field experienced by the dipole is E(ext)
ω =

[E(eg)
ω + G(r)pω]r=rNP so that, using the nanosphere polar-

izability α, we get

pω =
[

1
1/α − G(r) E(eg)

ω

]
r=rNP

(B16)

for the induced dipole moment. Since the field E(eg)
ω lies on

the radial ρ-z plane, this equation implies that the dipole
moment has only x and z components, so that

pω = αxE(eg)
ωx (rNP)êx + αzE(eg)

ωz (rNP)êz, (B17)

where

αx = 1
1/α − [i/(8πε0ε)]

∫ ∞
0 dk‖ei2kza(rTEk‖k2

0ε/kz + rTMk‖kz)
,

αz = 1
1/α − [i/(8πε0ε)]

∫ ∞
0 dk‖ei2kza(−rTM2k3

‖/kz)

(B18)

are the effective polarizabilities (the angular integrations
have been performed in G(r)). Equation (B15), with the
help of Eq. (B17), fully describe the field accompany-
ing the interaction of the relativistic electron with the
graphene-nanoparticle system. Hybrid plasmonic reso-
nances of the nanoparticle-graphene system are identified
by the poles of pω, so that Eq. (B18) reveals that the
fast electron is able to excite two different hybrid plas-
monic modes whose dipole moments are purely x and
z polarized, respectively. In order for the denominators
of Eq. (B18) to be very small, the 1/α and the integral
contributions have to be comparable, which requires both
NLPs and GPPs to be excited. Therefore, the hybrid plas-
monic resonances appear spectrally close to the nanoparti-
cle resonance wavelength in the Fermi energy range where
graphene plasmonic resonance occurs.

The overall field of Eq. (B15) turns out to be highly
sensitive to the graphene Fermi energy (electric tunabil-
ity) for two main reasons. First, the GPP peak appears in
the wavevector spectral distributions of all the graphene

reaction fields, i.e., the one directly induced by the elec-
tron E(g)

ω [Eq. (B2b)] and the two fields produced by the
dipole G(r)pω and G(t)pω [Eq. (B12)]. Second, and most
importantly for our purposes, the dipole field E(NP)

ω directly
experiences the above discussed hybrid plasmonic reso-
nances, with a particularly spectacular impact, since they
are carried by pω, thus uniformly enhancing the overall
wavevector spectral distribution of E(NP)

ω .

APPENDIX C: DIRECTIONALITY OF
CATHODOLUMINESCENCE EMISSION AND ITS

TUNING

The field Eω of Eq. (B15) has spectral components
with k‖ < k0

√
ε that survive in the far field. This phys-

ically corresponds to the emission of radiation by the
target (here the graphene-nanoparticle system) upon inter-
action with the fast electron, a well-known fact usually
referred to as cathodoluminescence (CL). Here we investi-
gate the tunability of the spectral CL emission, provided by
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the graphene Fermi energy, with emphasis on the angular
distribution of the radiation pattern.

1. The far field and spectral-angular distribution of the
CL emission

Since we are considering the sub-Cherenkov regime, the
electron field E(e)

ω [in Eq. (B2a)] does not contribute to the

emitted radiation, so that, after suppressing it, the total field
of Eq. (B15) in the far field (k0r → ∞) reduces to

Eω = ei
√

ε(k0r)

k0r
[f(g) + f(NP)], (C1)

where

f(g) = Eω0ei
√

ε(k0d) sin θ cos ϕ Z0σ/(2
√

ε)

1 + [Z0σ/(2
√

ε)]|cos θ |
(

β sin θ cos θ

εβ2 cos2 θ − 1

)
êθ , (C2a)

f(NP) = θ(− cos θ)ei
√

ε(k0a) cos θ (êθ ê	
θ + êϕ ê	

ϕ )
k3

0pω

4πε0
+ θ(− cos θ)e−i

√
ε(k0a) cos θ

×
[

[Z0/(2
√

ε)] cos θ

1 − [Z0σ/(2
√

ε)] cos θ
(cos 2θ êθ ê	

θ + sin 2θ êθ ê	
r ) + Z0σ/(2

√
ε)

cos θ − Z0σ/(2
√

ε)
êϕ ê	

ϕ

]
k3

0pω

4πε0

+ θ(cos θ)ei
√

ε(k0a) cos θ

[
1

1 + [Z0σ/(2
√

ε)] cos θ
êθ ê	

θ + cos θ

cos θ + Z0σ/(2
√

ε)
êϕ ê	

ϕ

]
k3

0pω

4πε0
, (C2b)

in which polar spherical coordinates (r, θ , ϕ) have been
introduced together with their coordinate unit vectors êr,
êθ , and êϕ . Here f(g) is the far-field amplitude of the
graphene field E(g)

ω and it describes the TR that is gener-
ated by the electron crossing the graphene sheet. Note that
f(g) is along the êθ direction, it has a phase factor account-
ing for the electron impact parameter d, and it displays a
Fresnel-like coefficient (proportional to σ ) modulated by
a standard β-dependent factor (not diverging in the sub-
Cherenkov regime

√
εβ < 1 we are considering). On the

other hand, f(NP) is the far-field amplitude of the dipole
field E(NP)

ω and it describes the DR that is outcoupled from
the nanoparticle excited by the field E(eg)

ω . The amplitude
f(NP) has three contributions arising from the fields G(i)pω,
G(r)pω, and G(t)pω, respectively, and it has components
both along êθ and êϕ that are suitable projections of the
dipole moment pω.

The total energy emitted by CL per incoming electron
is U = ∫ ∞

−∞ dt
∫

d�r2êr · [E(r, t) × H(r, t)], which, resort-
ing to the frequency domain, can be suitably cast as a
superposition of photon energy quanta hc/λ, i.e.,

U =
∫ ∞

0
dλ

(
hc
λ

) ∫
d�

dN
d�dλ

, (C3)

where dN/d�dλ = [4π/(�λ)]r2êr · Re(Eω × H∗
ω) is the

number of photons emitted per incoming electron, per unit
of solid angle of emission, and per unit of photon wave-
length. By using Eq. (C1) and the far-field relation Hω =
(
√

ε/Z0)êr × Eω, we get the spectral-angular distribution

of the photon emission probability

dN
d�dλ

= λ
√

ε

π�Z0
[|f (g)

θ + f (NP)
θ |2 + |f (NP)

ϕ |2], (C4)

revealing that the θ components of the graphene and dipole
fields interfere in the CL radiation pattern. Since TR and
DR have different spatial symmetry properties, their inter-
ference in Eq. (C4) provides peculiar directionality traits to
the overall CL emission. In addition, since the nanoparti-
cle excitation strongly depends, at each wavelength, on the
graphene Fermi energy, it turns out that the CL emission
directionality can effectively be tuned by electrical gating.

2. CL emission directionality

In order to investigate CL emission directionality more
closely, we note that in our nanophotonic setup the inequal-
ities k0d � 1, k0a � 1, and |Z0σ/2

√
ε| � 1 hold in the

chosen infrared range, so that Eqs. (C2) reduce to

f(g) = Eω0

(
Z0σ

2
√

ε

)(
β sin θ cos θ

εβ2 cos2 θ − 1

)
êθ ,

f(NP) = (êθ ê	
θ + êϕ ê	

ϕ )
k3

0pω

4πε0
.

(C5)

Since the amplitude f (g)

θ does not depend on ϕ, the TR
angular distribution (about |f (g)|2) is axially symmet-
ric around the electron trajectory with its characteristic
double cone shape [see Fig. 1(b) of the main text] of
aperture θmax (with tan θmax =

√
1 − β2ε) and maximum
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|f (g)

θ |max � Eω0(β/2)[Z0σ/(2
√

ε)]. The amplitude f(NP) is
the standard dipole far-field amplitude [see Fig. 1(b) of
the main text] and the maximum of its θ component is
|f (NP)

θ |max � k3
0|pω|/(4πε0). Therefore, the relative impact

of TR and DR to their interference is basically measured
by the ratio

R = |f (NP)
θ |max

|f (g)

θ |max

∼= 4
√

ε

βZ0σ

k3
0|pω|

4πε0Eω0
, (C6)

which can be adjusted to be close to 1 by adjusting the
electron velocity. Once the condition R � 1 is achieved,
TR and DR interference is effective and the directional-
ity of the CL angular distribution basically stems from the
relations

f (g)

θ (θ) = −f (g)

θ (π − θ), (C7a)

f (NP)
θ (θ , ϕ) = k3

0

4πε0
(cos θ cos ϕ pωx − sin θpωz). (C7b)

The first of these equations states that the TR ampli-
tude has opposite signs in the half-spaces z > 0 and z < 0,
whereas the second equation shows that the DR amplitude
does not have this property if pωz �= 0, resulting in differ-
ent interference patterns in the two half-spaces. In addition,
the dependence of f (NP)

θ on ϕ implies that the interfer-
ence is not axially symmetric around the z axis with the
maximum emission direction angle ϕmax dependent on the
dipole moment components pωx and pωz.

3. Impact of the GPP phase on the CL directionality

As discussed above, the tunability of the maximal
CL emission direction is an interferometric effect rely-
ing on the dependence of the excited dipole moment
pω on the Fermi energy at each wavelength. As a con-
sequence, the effect is particularly spectacular close the
hybrid nanoparticle-graphene resonances where |pω| is
highly sensible to variations of EF . There is however a spe-
cific situation where the phases arg pωx and arg pωz play
a significant role, leading to an even more spectacular
angular emission phenomenology. This happens when the
nanoparticle is far enough from the electron trajectory that
it experiences only the GPP field whose phase is a rapidly
varying function of both λ and EF .

To discuss this effect, we choose the impact parameter d
in such a way that

d >
βγ

2π
λ (C8)

for each wavelength in the considered infrared spec-
tral domain, so that the plasmon pole approximation of
Eq. (B11) holds. Since in this regime |κpd| is very large,

we can resort to the Hankel function asymptotic behavior
H (1)

n (ζ ) � √
2/πz ei(ζ−π/4−nπ/2) (for |ζ | → ∞), so that the

field at the nanoparticle [and triggering its dipole moment;
see Eq. (B17)] from Eq. (B11) can be cast as

E(eg)
ω (rNP) = Eω0

√
2π

κpd

κ3
p e−κp a(êx + iêz)

εβk0{κ2
p + [ω/(vγ )]2}ei(κp d−π/4),

(C9)

where the relation kz � iκp (correct in this regime) has
been exploited. As expected, the GPP field turns out to be
circularly polarized in the x-z plane (i.e., carrying trans-
verse momentum-locked spin) and exhibits the plasmon
phase factor eiκp d that is a rapidly varying function of both
λ and EF since Re(κpd) is large [see Fig. 2(a)]. Because of
Eq. (B17), both pωx and pωz turn out to be proportional to
eiκp d, which is the only rapidly varying phase factor. Now,
from Eq. (C4) [and Eq. (C7b)], the interference term in the
angular emission pattern is

2Re(f (g)∗
θ f (NP)

θ )

= k3
0

2πε0
Re[f (g)∗

θ (cos θ cos ϕpωx − sin θpωz)], (C10)

which, due to the plasmon phase factor eiκp d in both pωx
and pωz, is evidently a rapidly varying function of both λ

and EF . We conclude that in the plasmon pole approxima-
tion, the CL angular distribution is highly sensitive to the
Fermi energy, thus providing the effective ability to tune
the maximal emission direction very easily through small
variations of EF . Conversely, from a spectroscopic per-
spective, the phenomenon can also be exploited to extract
the GPP phase by comparing the CL angular distribution
at different Fermi energies, at each wavelength.
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