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High-performance and lightweight waterborne acoustic devices have provided important support for the
development of ocean exploration, health monitoring, etc. In this work, we propose a high-efficiency ultra-
thin nonlocal waterborne acoustic metasurface. Due to strong nonlocal interaction between the waterborne
unit cells induced by the fluid-solid interaction, a nonlocal design concept based on diffraction theory and
the optimization approach is proposed to design waterborne acoustic metasurfaces, in contrast to the local
design based on the generalized Snell’s law. The theoretical efficiency limitation of the generalized Snell’s
law can be broken, and unitary efficiency could be obtained even for large-angle anomalous reflection. The
high-efficiency modulation is achieved owing to the energy flow along the metasurface resulting from the
nonlocal interaction. The thickness of the waterborne acoustic metasurface can be minimized to one tenth
or even one sixtieth of the working wavelength. The nonlocal design with fluid-solid interaction paves the
way for high-efficiency and deep-subwavelength waterborne acoustic wave manipulation.
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I. INTRODUCTION

As one kind of artificial subwavelength microstructure,
acoustic metasurfaces [1–4] have witnessed rapid devel-
opment in manipulating acoustic wave propagation. In
recent years, waterborne acoustic wave manipulation has
received extensive interest [5–14]. Based on the gener-
alized Snell’s law (GSL) [1,15], different extraordinary
functions have been successively achieved [5–9,12–14],
such as conversion from cylindrical waves to plane waves
[5,7], beam steering [5,12], focusing [9,13,14], carpet
cloaking [9,14], etc. However, these waterborne acoustic
metasurfaces (WAM) based only on local phase gradient
modulation cannot fully control the propagation direction
of acoustic waves [16,17]. Therefore, their efficiencies
are mostly subject to the inherent limitation of the GSL
[16,17]. In particular, the efficiency decreases sharply with
the increase in the reflection angle for anomalous reflec-
tion, due to the impedance mismatch between the inci-
dent and reflected waves [16,17]. Hence, improvements in
the efficiency of the WAMs are expected, especially for
large-angle reflection.

Actually, many methods [16–25] have been proposed
to enhance the efficiency of airborne acoustic metasur-
faces. Based on the impedance-matched theory, scattering-
free anomalous reflection and refraction have been suc-
cessively achieved [16,17]. With independent amplitude
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and phase modulations, high-quality and high-fidelity air-
borne acoustic holograms were generated using lossy unit
cells [19,24]. By considering the nonlocality between unit
cells, unitary efficiency of extreme beam steering was
achieved using passive metastructures with balanced gain
and loss distributions [18]. In particular, diffraction the-
ory [20–23,25,26] was applied to independently control
the amplitudes of different diffraction components. Nearly
perfect energy conversion is fulfilled by various acoustic
metagratings, such as surface grooves with nonlocal cou-
pling [20,21,26], C-shaped meta-atoms with Willis cou-
pling [23], binary cells with empty walls and coiling-up
structures [25], zigzag microstructures with integer par-
ity [22], etc. In general, these high-efficiency metasurfaces
require a nonlocal response with energy flowing along the
surface [16,18,21,27].

Recently, acoustic metagratings have been extended to
underwater acoustic wave manipulation [10,11]. Ultra-
sound underwater carpet cloaking was realized by a meta-
grating with simple grooves [10]. Beam splitting and
asymmetric transmission were achieved by a metagrat-
ing with iron cylinders [11]. Although high-efficiency
manipulation can be obtained, the thickness of underwater
metagratings may exceed half of the operating wavelength
[10,11]. Therefore, it is still a challenge to design ultrathin
WAMs with high-efficiency manipulation.

In addition, waterborne and airborne acoustic metasur-
faces are distinctly different due to the high impedance
contrast of water and air [28]. The interface between the
solid and air is usually considered to be rigid for airborne
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acoustic metasurfaces [3,11]. This guarantees that the unit
cells do not affect each other. Thus, the phase shift of
a unit cell in the metasurface can be well predicted by
considering a single unit cell [3]. This allows on-demand
wavefront manipulation by assembling unit cells with var-
ious phase profiles. The local design strategy based on the
GSL is widely applied for airborne acoustic metasurfaces
[1,2]. However, the fluid-solid interaction (FSI) cannot be
neglected for WAMs [28–30]. The prescribed reflection
wavefronts may be obviously distorted if the solid material
is replaced with a rigid one [11], owing to the coupling of
acoustic and elastic waves through the FSI [29,31]. There-
fore, the local design may be not practicable for WAMs,
and the effect of the FSI should be further explored.

In this work, we develop a nonlocal design of a high-
efficiency ultrathin WAM by combining diffraction theory
and an optimization method. Similar to airborne acous-
tic metasurfaces, we start with a WAM for anomalous
reflection according to the local design based on the GSL.
The reflection efficiencies obtained from local WAMs and

estimated by the GSL are compared and analyzed for
different reflection angles. Second, nonlocal interaction
between the waterborne unit cells induced by the FSI
is discussed through numerical simulation and theoreti-
cal analysis. Then, an optimization procedure based on
diffraction theory is proposed to consider fully the non-
local interaction between the waterborne unit cells. High-
efficiency ultrathin WAMs for anomalous reflection at dif-
ferent angles are illustrated to confirm the presented strat-
egy of nonlocal design. The underlying physical mecha-
nism for high-efficiency reflections is also discussed. The
validity of the scaling law with the FSI effect is later inves-
tigated for the WAM. Finally, we summarize the main
findings of the present work.

II. LOCAL DESIGN BASED ON THE GSL

We first design a WAM by following the local design
procedure of airborne acoustic metasurfaces [2,3], as illus-
trated in Fig. 1. According to the GSL, the relationship
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FIG. 1. Schematic of the local design for a WAM based on the GSL. (a) WAM based on the local design is composed of some
discrete unit cells that provide local phase shifts. Based on the GSL, the incident waves can be reflected at an angle θr through the
WAM with phase gradient on the basement. Panel (b) illustrates the cross section of the waterborne unit cell. The depth and width of
the ith (i = 1, . . . , 5) rectangular cavity are Li and Wi, respectively. Panel (c) shows a full 2π range variation of the phase shift (green
dashed lines) with the parameter L1(= L5) for the unit cell with the FSI boundaries in (b), which is calculated by the finite-element
model of a single unit cell with the periodic boundary condition. The analytical and simulated phase shifts for the unit cell with rigid
walls are represented by blue dotted lines and red solid lines, respectively. Panel (d) shows the variation of the linear phase profile
with coordinate x for anomalous reflection with D = λ/|sin θi − sin θr|, where the green solid line and purple squares represent the
continuous and gradient phase profiles approximated by the local discrete unit cells, respectively.
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between the incident and reflected waves in Fig. 1(a) can
be expressed as

k(sin θi − sin θr) = d�/dx, (1)

where θi and θr represent the incident and reflection angles,
respectively; k = 2π f /cw is the wave number in the water
with the acoustic velocity cw = 1500 ms−1; f is the fre-
quency; and d�/dx denotes the phase gradient along the
x direction provided by discrete unit cells. Figure 1(b)
shows the cross section of the unit cell used to con-
struct the WAM. It consists of a straight channel with two
Helmholtz resonators shunted in parallel, as well as a base-
ment to mimic the practical case. The detailed geometrical
parameters of the unit cell are listed in the Supplemental
Material [32].

The phase shift of the reflected wave can be adjusted
by tuning the geometrical parameter L1(= L5). A finite-
element model of a single unit cell with periodic boundary
condition on its lateral boundaries is applied to predict the
phase shift. Figure 1(c) shows the variation of the reflection
phase shifts with L1(= L5) for f = 10 kHz and a = λ/10
where λ = cw/f . A full 2π coverage of the phase shift is

obtained when the FSI boundaries are considered. In this
way, we can approximate a continuous phase profile, e.g.,
for anomalous reflection illustrated in Fig. 1(d), by using
local discrete unit cells with different geometrical parame-
ters. Based on the local design of the WAM, the targeted
anomalous reflection is expected to be achieved. More-
over, the phase shifts of the unit cell with rigid walls are
also calculated by analytical and numerical methods, as
shown in Fig. 1(c). The FSI is observed to have a great
effect on the phase shifts of the unit cell, and should be
considered in the design of the WAM. Detailed discussions
can be found in Appendix A.

To test the feasibility of the local design, we take anoma-
lous reflection at three different reflection angles as exam-
ples. Figures 2(a)–2(c) illustrate the cross sections of the
designed periodic WAMs for θr = 36◦, 72◦, and 81◦ under
normal incidence (θi = 0). It is noted that periodic arrange-
ment of unit cells is not necessary for the local design of
a WAM based on the GSL. However, to compare with
the following nonlocal design, we consider the periodic
arrangement here. According to Eq. (1), the WAM should
have a periodicity of D = λ/sin θr for normal incidence
(θi = 0◦). These values are approximately D = 1.70λ,
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FIG. 2. Local design of the WAM for anomalous reflection. Panels (a)–(c) illustrate the cross sections of the WAMs based on the
local design for θi = 0◦ and θr = 36◦, 72◦, and 81◦, respectively, the thickness of which is λ/10. The corresponding real parts of
the reflected acoustic pressure fields are shown in (d) θr = 36◦, (e) θr = 72◦, and (f) θr = 81◦, where the white arrows indicate the
local power intensity vector of the reflected acoustic pressure fields with P0 = 1 Pa and max = √

cos θi/cos θr in the color bar; and
perfectly matched layers with thickness 2D and typical wavelength 3λ are added at the top regions (not shown in figure) to eliminate
the reflection at the boundaries. The corresponding FFT amplitudes of the reflected pressure on the transverse line located at z = 2.5D
as a function of −kx/k sin θr are presented for θr = 36◦ (g), θr = 72◦ (h), and θr = 81◦ (i), respectively.
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1.05λ, and 1.01λ for the 36°, 72°, and 81° reflections,
respectively. Furthermore, a unit cell having a 0 − 2π

phase shift with slow variation is beneficial for local
designs based on the GSL [33]. Such a condition may be
satisfied when the width of the unit cell is about λ/5, as
shown in Fig. 1(c). Therefore, the number of unit cells in
a period is M = INT[D/(λ/5)] with INT[∗] representing
a round-down operation, and there are eight, five, and five
unit cells in a period for the 36°, 72°, and 81° reflections,
respectively. Detailed geometrical parameters of the unit
cells are listed in the Supplemental Material [32].

The simulated results of the reflected acoustic pres-
sure fields for the three different angles are shown in
Figs. 2(d)–2(f). The white arrows in the reflected fields
represent the local power intensity vector, Ir = Ixex + Izez,
where (Ix, Iz) can be calculated by Re[pr(vr)

∗]/2 with vr =
vxex + vzez = j ∇pr/(kρwcw) being the reflected velocity
field (ρw = 1000 kgm−3 is the density of the water), ex and
ez are the unit vectors in the x and z directions, and “∗”
represents the complex conjugate [16]. For the smallest
reflection angle (θr = 36◦), the acoustic waves are basi-
cally redirected into the desired direction, although there
are slight fluctuations in the reflection wavefronts. How-
ever, when the reflection angle is relatively big (θr = 72◦
and 81◦), the reflection patterns become more chaotic. The
directions of the arrows are diverse, suggesting the energy
of the reflected waves flows in different directions.

Here, we use the reflection efficiency η to characterize
quantitatively the performance of the local design [16,20]

η = α · Ir

α · Ii
=

(
Pr

P0

)2 cos θr

cos θi
× 100%, (2)

where α is the normal vector of the WAM (here, α =
ez); α · Ii and α · Ir represent the normal components of
the power in the incident and desired reflection direc-
tions, respectively; and Pr/P0 is the amplitude ratio of
the incident and reflected waves in the desired direction
(θr). Moreover, the theoretical values of Pr/P0 for the
GSL can be estimated by 2 cos θr/(cos θi + cos θr) [16],
and the corresponding efficiencies are 98.89%, 72.14%,
and 46.79% for the three angles. To determine Pr/P0,
we perform a fast Fourier transform (FFT) on the spa-
tial position x [17,20,21]. Figures 2(g)–2(i) show the FFT
amplitudes of the reflective acoustic pressure along a trans-
verse line located at z = 2.5D for the three angles, where
−kx/k sin θr = −1 represents the desired reflection direc-
tion, with the rest for other directions. Thus, the amplitudes
of Pr/P0 extracted at −kx/k sin θr = −1 are 1.10, 1.26, and
1.37 for θr = 36◦, 72◦, and 81◦, respectively. The reflec-
tion efficiency η of the WAMs is then calculated by Eq. (2)
to be 97.90%, 48.78%, and 29.21%. Obviously, the actual
efficiency is close to the theoretical one at θr = 36◦, but
significantly lower than the theoretical values at θr = 72◦
and 81◦. However, the actual efficiency of an airborne

acoustic metasurface can be accurately estimated even for
large-angle reflections [16].

Unlike in airborne acoustic metasurfaces, the solid acts
as an elastic body instead of a rigid one in WAMs because
the FSI between the solid and water is more significant than
that between the solid and air. To investigate the influence
of the FSI, we follow the local design procedure to con-
struct a series of WAMs for the aforementioned anomalous
reflections. The channel-type unit cell is chosen to obtain
the homogeneous phase shifts with and without FSI. The
corresponding results are given in Appendix B. It is found
that the reflection efficiencies for the rigid cases basically
match the GSL theoretical prediction. In contrast, various
deviations from the theoretical efficiency are observed in
the cases with the FSI for different geometrical parame-
ters, including the anomalous reflection for θr = 36◦. This
means that the efficiency of the WAM for a specific reflec-
tion angle is no longer a constant that can be predicted by
the GSL. It is highly dependent on the geometrical configu-
rations when the FSI is involved. To further understand the
significance of the FSI, we present a theoretical analysis for
a simplified theoretical model with a coupled plate-fluid in
Appendix C. The analysis intuitively shows that the FSI
between water and solid is stronger than that between air
and solid, and the vibration of the solid structure is highly
dependent on its geometrical parameters for the water-
solid case, which may result in different efficiencies for
different combinations of unit cells in WAMs.

III. NONLOCAL INTERACTION BETWEEN THE
WATERBORNE UNIT CELLS

The deviation between actual and theoretical efficiencies
of the local WAMs is mainly attributed to the nonlo-
cal interaction between the waterborne unit cells orig-
inating from the FSI. To demonstrate, we contrast the
following three situations: a single unit cell, a homo-
geneous, and an inhomogeneous unit cell array (UCA).
Figures 3(a)–3(c) show the corresponding reflected acous-
tic pressure fields and total displacements of the three
systems at f = 10 kHz, where unit cells no. 1–5 are
selected from the supercell in Fig. 2(b). In the calcula-
tion, the periodic boundary condition is imposed on the
two sides of the waterborne area and single unit cell in
Fig. 3(a). For the two UCAs in Figs. 3(b) and 3(c), the
waterborne areas above the UCAs are separated by inte-
rior sound hard boundaries; the two sides of the waterborne
areas are defined as the sound hard boundaries; and the
two sides of the UCAs are set as the periodic bound-
aries. The uniform background pressure field serves as the
incident wave and is exerted on the waterborne area over
every unit cell in Figs. 3(a)–3(c). The FSI between water
and solid is taken fully into account. A gradient phase
shift for single unit cells no. 1–5 is observed in Fig. 3(a),
satisfying the local design requirement. Meanwhile, the
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FIG. 3. Nonlocal interaction between the waterborne unit cells. Panels (a) to (c) show the real parts of the reflected acoustic pressure
fields and total displacements for single unit cells no. 1–5, a homogeneous UCA of unit cell no. 3 and an inhomogeneous UCA of unit
cells no. 1–5 at f = 10 kHz, respectively, where unit cells no. 1–5 in panels (a)–(c) are selected from five unit cells in Fig. 2(b); point
A is an observation point 0.75λ away from the upper surface of the unit cell; and the phase shift and reflection coefficient are retrieved
and normalized as [arg(Pr) + π ]/2π and |Pr|/P0, respectively, with P0 = 1 Pa; w0 = 10−11 m; and the scale factor of the structural
deformation is 2 × 108. Panels (d) and (e) show the phase shifts at point A and reflection coefficients varying with the parameter
L1(= L5) for the single unit cell in (a) (red solid lines), unit cell no. 3 in the homogeneous UCAs in (b) (blue dotted lines) and the
inhomogeneous UCAs in (c) (green dashed lines).

reflected acoustic pressure field and the symmetrical struc-
tural deformation for single unit cell no. 3 in Fig. 3(a) are
completely the same as those for the homogeneous UCA
of unit cell no. 3 in Fig. 3(b). However, when different unit
cells are assembled together, the acoustic pressure field
in Fig. 3(c) is obviously changed for unit cell no. 3, and
the asymmetrical structural deformation is observed. Since
the waterborne areas above each unit cell in the UCA are
strictly separated, these differences are mainly attributed
to the change of the structural vibration for the inhomo-
geneous UCA induced by the FSI. As a result, the target
gradient phase shift is distorted, and the acoustic pressure
amplitude reflected by each unit cell in Fig. 3(c) is differ-
ent from that reflected by the single unit cell in Fig. 3(a).
However, these differences almost disappear among the
airborne unit cells for the three cases. The detailed results
are provided in Appendix D.

For quantitative analysis, we also extract the phase shift
at point A and the normalized reflection coefficient of
unit cell no. 3 in Figs. 3(a)–3(c) varying with geometrical

parameter L1( = L5). The results are plotted in Figs. 3(d)
and 3(e), respectively. The phase shifts of a single unit
cell and a homogeneous UCA perfectly coincide. How-
ever, a visible deviation can be found for the two UCAs
in Figs. 3(b) and 3(c), and a phase difference of more
than 93° appears at L1 = L5 = 8.25 mm. In addition, the
reflection coefficients for the single unit cell and homo-
geneous UCA are both 1 for all values of L1, while the
result for unit cell no. 3 in the inhomogeneous UCA fluc-
tuates between 0.399–1.019, and a peak value is obtained
in the phase jumping region. Furthermore, the result for
unit cell no. 3 in the inhomogeneous UCA in Fig. 3(c)
may also change when it is integrated with different unit
cells. This means that the practical boundary condition
between the adjacent unit cells in the WAM can hardly be
approximated by using the periodic boundary condition.
The prearranged phase profile provided by each single unit
cell may be disturbed when different unit cells are assem-
bled. The nonlocal interaction between the waterborne unit
cells makes it difficult to achieve target acoustic functions
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by the local WAM based on the GSL. Furthermore, we dis-
cuss the influence of material parameters on the nonlocal
interaction in Appendix E. The results show that the non-
local interaction is universal for the WAMs with natural
solid materials.

IV. NONLOCAL DESIGN BASED ON
DIFFRACTION THEORY AND OPTIMIZATION

To overcome the restriction of the interaction between
the waterborne unit cells, we adopt a nonlocal design
concept by using diffraction theory and an optimization
approach. Figure 4 shows the schematic of the nonlo-
cal WAM for acoustic wave manipulation. The nonlocal
WAM consists of periodic supercells. When an acoustic
beam impinges on the WAM, as shown in Fig. 4(a), the
reflected waves can be diffracted in different directions.

According to diffraction theory [20,22], the incident and
reflected acoustic waves satisfy the following relationship

k(sin θi − sin θr) = NGN , (3)

where GN = 2π/D, with D being the period length of
a supercell, and N = 0, ±1, · · · , ±∞ ∈ Z representing
the diffraction order. When N = 1 and 2π/D = d�/dx,
Eq. (3) is reduced to the GSL in Eq. (1). Other values of
N represent reflection waves in other directions. They are
neglected and cannot be predicted by the GSL, resulting in
poor efficiency of local design for large-angle reflections.
The reflected acoustic pressure field pr(x, z) in Fig. 4(a)
can be expressed as [20]

pr(x, z) =
∑

N

Pr,N exp[−j kxN x − j kyN z], (4)
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FIG. 4. Schematic of the nonlocal design
for a WAM based on diffraction theory and
optimization. (a) WAM based on the nonlo-
cal design is composed of periodic super-
cells, where the period length of a super-
cell along the x direction is D. Based on
diffraction theory, when an acoustic wave
is incident from the negative z axis direc-
tion, there will be reflected waves of 0th,
±1st,..., ±N th order diffractive components
above the WAM on the basement. Panel (b)
illustrates the sketch of the nonlocal design
combining diffraction theory and optimiza-
tion. A background acoustic field at the
specific incident angle +θi, 0, or −θi serves
as incident acoustic waves and is exerted on
a supercell with Floquet periodicity. Reflec-
tion acoustic pressure on the transverse line
is extracted to analyze the reflected waves
in different directions (+θr, 0, or −θr, etc.)
with FFT. Driven by the objective function
of reflection efficiency, a parameter opti-
mization procedure with genetic algorithm
is applied to reverse design the WAM. Panel
(c) shows the variation of the real and imag-
inary parts of the acoustic pressure with
x/D for p1(x) = exp(ik sin θrx) (1st col-
umn), p2(x) = 1 (2nd column), and p3(x) =
exp(−ik sin θrx) (3rd column). The cor-
responding FFT amplitudes of the above
acoustic pressure are presented in (d).
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where Pr,N denotes the amplitude of the reflected acous-
tic wave at θr,N ; kxN = k sin θr,N = k sin θi − NGN ; and
kyN =

√
k2 − (k sin θi − NGN )2. The real kyN is yielded

only when k2 > (k sin θi − NGN )2. Hence, the infinite
summation in Eq. (4) only contains finite propagating
modes.

Figure 4(b) illustrates the sketch for the nonlocal
design. Several unit cells are integrated in the supercell
with a period of D. The determination of D is essen-
tial for the design of the WAM. Take anomalous reflec-
tion as an example; Eq. (3) is simplified as −k sin θr =
NGN for normal incidence (θi = 0). We can select D =
λ/|sin θr|. Then the desired reflection direction θr corre-
sponds to N = −kx/k sin θr = −1. For oblique incidence
(θi �= 0), we select D = [Di, Dr] with Di = λ/|sin θi| and
Dr = λ/|sin θr| being the periods of incident and reflected
waves, respectively, and [∗, ∗] denoting the operation
of least common multiple. Since the periodicity of the
incident and reflected waves is considered, the reflec-
tion direction can be determined by −k sin θr = NGN .
In particular, D = λ/|sin θr| for θi = −θr. Similarly, N =
−kx/k sin θr = −1 yields the desired reflection direction
θr. Next, we use numerical methods to retrieve the reflected
amplitudes in different directions. In Fig. 4(b), a back-
ground acoustic field at specific incident angle +θi, 0 or
−θi serves as the incident acoustic field and is exerted
above the supercell. A perfectly matched layer (PML)
with thickness 2D and typical wavelength 3λ is added on
the top. Plane wave radiation is imposed on top of the
PML to further eliminate reflections. Floquet periodicity
is applied to the sides of the supercell. Reflected acoustic
pressure along a transverse line is extracted to analyze the
reflected waves in different directions (+θr, 0, −θr, etc.)
with FFT. Figure 4(c) shows the variation of the real and
imaginary parts of three special acoustic waves p1(x) =
exp(ik sin θrx), p2(x) = 1 and p3(x) = exp(−ik sin θrx),
corresponding to the reflected waves at angles of −θr (1st
column), 0 (2nd column), and θr (3rd column), respec-
tively. The corresponding FFT amplitudes are shown in
Fig. 4(d). Peak values of 1 appear at −kx/k sin θr =
1, 0, and − 1, respectively. By this means, the reflec-
tion amplitudes in different directions can be accurately
recognized.

Next, we employ an optimization procedure to reverse
design the WAM. The basic unit cell selected is that
in Fig. 1(b). The geometrical parameters Li and Wi(i =
1, · · · , 5) in each unit cell are simultaneously optimized
to obtain a unitary reflection efficiency. Meanwhile, some
geometrical constraints are introduced to ensure the con-
nectivity and compatibility of the optimized unit cells. For
nonlocal WAM with high-efficiency anomalous reflection,
the optimization with multiple constraints is formulated as

Find: Lm = [Lm,1, · · · , Lm,5],

Wm = [Wm,1, · · · , Wm,5], m = 1, · · · , M ; (5-1)

Minimizing: fitness

=
∑
NUW

|Pr,NUW/Pr,NW |2, NUW, NW ∈ Z, NUW �= NW;

(5-2)

Subject to:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

e ≤ Lm,j ≤ a − 2e, e = a/20, j = 1, 2, 4, 5,
a/2 + e ≤ Lm,j ≤ a − e, j = 3,

5∑
j =1

Wm,j = b − 2e,

e ≤ Wm,j ≤ ε(b − 2e), j = 1, · · · , 5,
(5-3)

where Lm and Wm are the geometrical parameters of
the cavities for the mth unit cell in a supercell with M
unit cells; Pr,NUW and Pr,NW are the reflection amplitudes
in unwanted and wanted directions with NUW and NW
being their corresponding diffraction order. For anomalous
reflection at +θr, NW = −kx/k sin θr = −1 with NUW tak-
ing the integers other than NW. In terms of geometrical
constraints in Eq. (5-3), a is the thickness of the super-
cell; e is the minimal size constraint; b = D/M is the width
of the unit cell; Lj (j = 1, 2, 4, 5) and Lj (j = 3) in each
unit cell are limited to (e, a − 2e) and (a/2 + e, a − e),
respectively, to ensure the connectivity of each unit cell
when their sizes change; the limit for the sum of Wj in
each unit cell is b − 2e to ensure all cavities are compati-
ble; Wj is limited to (e, εb − 2εe) with ε = 4/5 in order
to provide a sufficient variation range; and a ratio limit
of W1 : W2 : W3 : W4 : W5 = 3 : 1 : 4 : 1 : 1 obtained by
optimization tests is added when the sum constraint of
Wj is not satisfied. To solve the inverse design problem
described by Eq. (5), we use COMSOL Livelink with MAT-
LAB to calculate the reflected acoustic pressure field of
the WAM, and a genetic algorithm with continuous vari-
ables is used to perform the optimization procedure for
the WAM with high-efficiency anomalous reflection. The
maximum reflection efficiency is obtained when the mini-
mum fitness is reached. And the nonlocal design can fully
consider the nonlocal interaction between the waterborne
unit cells caused by the FSI effect.

V. HIGH-EFFICIENCY ULTRATHIN WAM

To demonstrate, we begin with the previously men-
tioned three cases for anomalous reflection (θi = 0◦, θr =
36◦, 72◦, and 81◦) to validate the practicability of the
nonlocal design. In the optimization, the thickness of the
supercell and basement are selected as a = λ/10 and d =
λ/20, respectively. For comparison, we take the same
numbers of unit cells in a supercell as in the local WAMs,
i.e., eight for the 36° reflection, and five for 72° and 81°
reflections. NW = −1 with NUW = −2, 0, +1, +2 is con-
sidered in the fitness function. Figures 5(a)–5(c) illustrate
the cross sections of the optimal WAMs in a period based
on the nonlocal design for θr = 36◦, 72◦, and 81◦ under
normal incidence (θi = 0), respectively. It can be observed
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FIG. 5. Nonlocal design of the WAM for anomalous reflection. Panels (a)–(c) illustrate the cross sections of the WAMs based on
the nonlocal design for θi = 0◦ and θr = 36◦, 72◦, and 81◦, respectively, the thickness of which is λ/10. The corresponding real parts
of the reflected acoustic pressure fields are shown in (d) θr = 36◦, (e) θr = 72◦, and (f) θr = 81◦, where the white arrows indicate the
local power intensity vector of the reflected acoustic pressure fields with P0 = 1 Pa and max = √

cos θi/cos θr in the color bar; and
perfectly matched layers with thickness 2D and typical wavelength 3λ are added at the top regions (not shown in figure) to eliminate
the reflection at the boundaries. The corresponding FFT amplitudes of the reflected pressure on the transverse line located at z = 2.5D
as a function of −kx/k sin θr are presented for θr = 36◦(g), θr = 72◦ (h), and θr = 81◦ (i), respectively.

that many irregular and asymmetrical unit cells appear in
the supercell. Detailed geometrical parameters of the unit
cells are listed in the Supplemental Material [32].

Full-wave simulations are then performed to verify
our design. The real parts of the simulated acoustic
pressure fields of the nonlocal WAMs are presented in
Figs. 5(d)–5(f) for the three different angles. It is obvi-
ous that the optimal nonlocal WAMs exhibit uniform
and ordered reflected pressure fields for the three reflec-
tion angles. The white arrows in the reflected fields rep-
resent the local power intensity vector. These arrows
above the WAMs all point in the direction of the reflec-
tion angle, implying that all the incident power flows
in the desired reflection direction. Furthermore, the FFT
amplitudes of the reflected fields along a transverse line
located at z = 2.5D varying with −kx/k sin θr are shown
in Figs. 5(g)–5(i) for θr = 36◦, 72◦, and 81◦, respec-
tively. It is observed that the optimal nonlocal WAMs
can greatly suppress the reflected waves in unwanted
directions and present a peak value only in the target

direction (N = −kx/k sin θr = −1). The FFT amplitudes
at (−kx/k sin θr = −1) with the nonlocal WAMs are
1.1116, 1.7988, and 2.5287, respectively, and these are
extremely close to the theoretical values of 1.1118, 1.7989,
and 2.5283 calculated from

√
cos θi/

√
cos θr. This indi-

cates that almost 100% of the incident energy is reflected
in the desired direction. The reflection efficiencies break
the theoretical upper limits of 98.89%, 72.14%, and
46.79% from the GSL prediction, and they are about
2.06%, 51.21%, and 70.79% higher than those of the
local designs for θr = 36◦, 72◦, and 81◦, respectively [see
Figs. 2(g)–2(i)]. This high-efficiency wave manipulation
results from the nonlocal design. It should be noted that
the peak value may be slightly larger than the theoretical
value due to the error brought by the FFT.

In addition, the thickness of the WAM can be further
decreased to λ/30 or even λ/60. As an example, the high-
efficiency anomalous reflection for the oblique incidence
of θi = −72◦ with θr = 72◦ is implemented with a similar
optimization procedure. The thickness of the supercell a is
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FIG. 6. High-efficiency ultrathin WAM for anomalous reflec-
tion under oblique incidence. Real parts of the reflected acoustic
pressure fields (1st column) and the corresponding FFT ampli-
tudes (2nd column) of the reflected pressure on a transverse line
located at z = 2.5D are presented for two ultrathin WAMs with
thicknesses of λ/30 (a) and λ/60 (c), respectively, where P0 =
1 Pa and max = √

cos θr/cos θi with θi = −72◦ and θr = 72◦ in
the color bar; and perfectly matched layers with thickness 2D and
typical wavelength 3λ are added at the top regions (not shown
in figure) to eliminate the reflection at the boundaries. Panels (b)
and (d) illustrate the cross sections of the WAMs with thicknesses
of λ/30 and λ/60, respectively.

reduced to λ/30 and λ/60, respectively; the thickness of
the basement d remains unchanged at λ/20; and NW = −1
with NUW = −2, 0, +1, +2 is considered in the fitness
function. The reflected acoustic pressure fields and the cor-
responding FFT amplitudes of the two ultrathin WAMs are
presented in Figs. 6(a) and 6(c), respectively. The cross
sections of the optimal WAM with five unit cells in a
period are illustrated in Figs. 6(b) and 6(d). Detailed geo-
metrical parameters are listed in the Supplemental Material
[32]. It can be seen that nearly all the energy is reflected
in the desired direction. The reflection efficiencies reach
over 99.94% (a = λ/30) and 99.96% (a = λ/60), respec-
tively. This implies that the nonlocal interaction between
the waterborne unit cells induced by the FSI is beneficial

to high-efficiency acoustic wave manipulation with an
ultrathin structure.

Actually, the underlying physical mechanism for the
present high-efficiency WAMs is consistent with the
impedance-matched theory [16], although the high-
efficiency reflections are obtained through numerical opti-
mization with diffraction theory rather than analytically.
This suggests that the transverse energy channeling along
the designed WAM can be satisfied by optimizing a nonlo-
cal supercell. Next, we present the detailed analysis.

In terms of the anomalous reflection, the normal compo-
nents of the incident, reflected, and total intensity vectors
along the metasurface can be calculated by [16,18]

Iinc(x, 0) = ez · Ii = −1
2

P2
0 cos θi

Zw
, (6-1)

Ire(x, 0) = ez · Ir = 1
2

A2P2
0 cos θr

Zw
, (6-2)

Itot(x, 0) = ez · It = P2
0

2Zw

[
(A2 cos θr − cos θi)

+ A cos �(x)(cos θr − cos θi)
]

, (6-3)

where Zw = ρwcw and A = Pr/P0. For the unitary reflec-
tion, the energy conservation law (|Iinc| = |Ire|) requires
A = √

cos θi/cos θr. Thus, the theoretical impedance on
the WAM for high-efficiency anomalous reflection can
then be expressed as [16,18]

Zs = pt(x, 0)

−[0, ez] · vt(x, 0)

= Zw

√
cos θr + √

cos θie−i�(x)

cos θi
√

cos θr − √
cos θi cos θre−i�(x)

, (7)

where �(x) = k(sin θi − sin θr)x.
Take anomalous reflection of θr = 72◦ with θi = 0◦ as

an example. Figure 7(a) presents the theoretical impedance
distribution calculated by Eq. (7) at f = 10 kHz. It is
observed that the required impedance is necessarily active
[Re(Zs) < 0] or lossy [Re(Zs) > 0] for the unitary reflec-
tion. However, due to the nonlocal interaction between
the waterborne unit cells, we can hardly obtain the exact
impedance of a single unit cell in an inhomogeneous
UCA. Thus, such a condition is difficult to satisfy directly
by discretizing the impedance profiles with isolated unit
cells. However, it can be implicitly realized by optimiz-
ing a periodic supercell with nonlocal interactions based
on diffraction theory. By setting the reflection efficiency as
the target, the optimal supercell could be found through the
optimization procedure to achieve a high-efficiency reflec-
tion. Then the impedance mismatch between the incident
and reflected waves will be naturally resolved when the
optimal reflections are obtained.
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FIG. 7. Impedance and intensity distribution on the WAM. Panel (a) shows the impedance profiles of the WAM with the uni-
tary reflection efficiency for θr = 72◦ with θi = 0◦. Panel (b) shows the corresponding normal components of the incident, reflected,
and total intensity vectors as functions of coordinate x, where D = λ/|sin θi − sin θr| and I0 = P2

0/(2Zw). The theoretical results are
obtained from Eq. (6), and simulated ones are retrieved from the transverse line located at z = 0.5D within 0.1375D ≤ x ≤ 1.1375D
in Fig. 5(e).

To illustrate, the normal intensity components Iinc, Ire,
and Itot at z = 0 obtained from Eq. (6) are shown in
Fig. 7(b). Since the energy intensity is periodic with coor-
dinate x, the energy distribution in any period has an
identical profile. It is clear that Itot is negative for Re(Zs) >

0 and positive for Re(Zs) < 0, but its average value is zero
within a period. Thus, the required energy distribution can
be realized by a passive lossless nonlocal design [18]. To
verify this, we plot the simulated energy intensity for the
designed WAM in Fig. 7(b) by using scattered symbols. To
avoid the influence of the near-field scattering, the results
are taken from the transverse line at z = 0.5D for the 72°
reflection in Fig. 5(e). The simulated results in a period
(0.1375D ≤ x ≤ 1.1375D) agree very well with the theo-
retical ones. This implies that the energy can be transferred
between the adjacent unit cells and redistributed through
the nonlocal interaction. Therefore, the theoretical energy
distribution is well satisfied through the optimization of a
supercell.

It is noted that the numerical results may be more accu-
rate with a finer mesh, but this will cost more in computing
resources. In our calculation, the size of the narrowest
region is e = a/20. To illustrate the practicability of the
ultrathin design, the maximum element size limitations
are set as a/60 and λ/50 for the supercell layer and the
rest, respectively. It is found that the efficiency of the
optimal WAM has almost no decrease for a WAM with
the thickness of λ/30 when the thermoviscous effect is
considered. With the decrease in the thickness, the thermo-
viscous effect becomes more pronounced. A relatively high
efficiency could be maintained when the thermoviscous
effect is included in the optimization procedure. Detailed
analysis is provided in the Supplemental Material [32].

VI. UNIVERSAL SCALING LAW WITH THE FSI

A scaling law holds for the WAM consisting of a layered
homogeneous medium [34]. In this part, we investigate

the universality of the scaling law for a WAM with the
FSI. Taking the optimal metasurface in Fig. 5(e) as an
example, we change the operating frequency f from 1 to
100 kHz. The geometrical parameters of the WAM are
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FIG. 8. Scaling law between the unit cell size and operat-
ing wavelength. Panel (a) shows the variation of the reflection
efficiency η of the scaled WAM in Fig. 5(e) with operating fre-
quency log10 f and log10 a. Panels (b) and (c) present the real
parts of the reflected acoustic pressure fields within one supercell
(0 ≤ x ≤ D and z ≤ 5D) when f = 1 kHz and f = 100 kHz,
respectively, where D is the corresponding width of a supercell;
P0 = 1 Pa; and max = √

cos θr/cos θi with θi = 0◦ and θr = 72◦
in the color bar.
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simultaneously scaled in proportion to the working wave-
length. The reflection efficiency of the scaled metasurfaces
calculated by Eq. (2) is shown in Fig. 8(a). The scaled
metasurfaces maintain nearly 100% reflection efficiency
in the considered frequency range. The reflected pressure
fields for f = 1 kHz and f = 100 kHz are quite uniform,
as shown in Figs. 8(b)–8(c). Thus, the FSI effect between
the water and structure is universal over a very wide fre-
quency range, and the scaling law is valid between the unit
cell size and the operating wavelength.

VII. CONCLUSIONS

In summary, a nonlocal design strategy combining
diffraction theory and an optimization method is proposed
to design a high-efficiency ultrathin WAM. As a com-
parison, a local design based on the GSL is also imple-
mented. Results show that the FSI between water and solid
enhances the nonlocal interaction between the waterborne
unit cells. The phase shifts provided by inhomogeneous
unit cells assembled together can hardly be predicted by
a single unit cell with the periodic boundary condition.
The local design cannot guarantee the expected acous-
tic function. However, the proposed design strategy can
fully consider the nonlocal interaction between unit cells
induced by the FSI, thus breaking the inherent efficiency
limitation of the GSL. High-efficiency anomalous reflec-
tions are successively performed using ultrathin WAMs to
confirm the practicability of the nonlocal design concept.
The thickness of the WAM with unitary efficiency can be
reduced to one tenth or even one sixtieth of the work-
ing wavelength. The required energy distribution for the
high-efficiency design based on the impedance-matched
theory is naturally satisfied through the optimization of
the nonlocal supercell. In addition, the scaling law for the
WAM with the FSI is proved to be valid over a wide fre-
quency range. Such ultrathin and high-efficiency design is
expected to further promote practical applications of meta-
surfaces in lightweight and high-performance waterborne
acoustic devices.

Finally, we would like to mention that the main goal
of the present research is to examine the influence of the
FSI and propose a nonlocal design strategy for a high-
efficiency WAM based on diffraction theory and an opti-
mization method. The geometrical parameters used in this
paper are just chosen for verification. For actual experi-
ment and production, actual size and accuracy should be
considered in the optimization to make the fabrication
easier and more convenient. This can be done by set-
ting necessary constraint conditions into the optimization
model.
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APPENDIX A: INFLUENCE OF FSI ON THE
PHASE SHIFT OF A UNIT CELL

When the walls of the unit cell are regarded as rigid,
we can adopt the lumped-parameter model to calculate
the acoustic impedance of the unit cell. Figure 9(a) shows
the schematic diagram of the unit cell with rigid walls.
It is composed of a straight channel with two Helmholtz
resonators shunted in parallel. According to the electroa-
coustic analogy method [35,36], the upper part of the
straight channel can be equivalent to an acoustic mass M31,
and the lower part is regarded as a closed tube, which
is treated as an acoustic compliance C32 plus an acous-
tic mass M32. For the two Helmholtz resonators, the neck
and cavity are equivalent to an acoustic mass M2(M4) and
an acoustic compliance C1(C5), respectively. The effective
circuit model of the unit cell is illustrated in Fig. 9(b).
Thus, the total acoustic impedance of the unit cell with the
rigid walls can be expressed as

Zs = ZM31

+ 1
1/(ZM2 + ZC1) + 1/(ZC32 + ZM32) + 1/(ZM4 + ZC5)

(A1)

where the impedances of the acoustic mass and acoustic
compliance can be expressed as [35]

ZM31 = j ωρwL31/W3, ZM2 = j ωρw(W2 + ΔW2)/L2,

ZM32 = j ωρwL32/(3W3), ZM4 = j ωρw(W4 + ΔW4)/L4,

ZC1 = −j ρwc2
w/(ωL1W1), ZC32 = −j ρwc2

w/(ωL32W3),

ZC5 = −j ρwc2
w/(ωL5W5),

with L31 = a/2; L32 = L3 − L31; ΔW2 and ΔW4 being the
corrections of the lengths induced by the added acoustic
masses due to radiation for the Helmholtz resonators [35];
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C32
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M2C1 C5M4
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FIG. 9. Theoretical effective model of the unit cell. Panel (a)
shows the schematic diagram of the unit cell with rigid walls.
Panel (b) illustrates the effective circuit model of the unit cell
with rigid walls to derive the phase shift.
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and ω = 2π f being the angular frequency. Based on the
acoustic impedance of the unit cell, the reflection coef-
ficient r of the unit cell can be approximately expressed
as [36]

r = (Zs − Zw/b)/(Zs + Zw/b), (A2)

The analytical phase shift can then be retrieved and
normalized by

φana = {arctan[Im(r)/Re(r)] + π}/(2π) + φ0. (A3)

where φ0 is the phase correction constant. Here, consider-
ing the symmetry in the unit cell, we select ΔW2 = ΔW4 =
1.7L2 and φ0 = 0.18 as the corrections. Figure 1(c) shows
the analytical and simulated phase shifts of the unit cell
varying with the parameter L1(= L5). The analytical for-
mula can perfectly predict the varying trend of the phase
shift with a slight deviation for relatively small values of
L1(= L5) since the Helmholtz resonator is close to a tube
in such cases. However, this analytical model only works
well for the rigid wall assumption. When FSI is considered
on the boundaries between the water and solid, an apparent
deviation in phase shift can be observed compared to that
for the rigid walls, see Fig. 1(c). Thus, the FSI has a dis-
tinct influence on the phase shift and should be taken into
account in the design of WAMs.

APPENDIX B: INFLUENCE OF FSI ON THE
LOCAL WAM

Based on the GSL, the phase shifts of a single unit cell
varying with geometrical parameters should be first estab-
lished before designing metasurfaces. For airborne acous-
tic metasurfaces, periodic boundaries are generally applied
to a single unit cell to retrieve the phase shift in COMSOL
Multiphysics. Similarly, we perform the same procedure to
design the local WAM. Due to the high impedance con-
trast between water and air, the FSI between water and
solid cannot be neglected. We build the channel-type unit
cell models with rigid and FSI boundaries, illustrated in
Fig. 10(a). The thickness and width of the unit cell on the
basement with thickness d = λ/20 are a and b, respec-
tively. The depth and width of the channel are L and W =
b − 2e with e = λ/50. For the rigid case, the solid struc-
tures are neglected, and the solid boundaries are regarded
as sound hard walls. For the case with FSI, the solid struc-
tures are defined as linear elastic materials, and the acoustic
structure coupling boundaries are fully considered. In addi-
tion, the periodic boundary condition is also applied to
the two cases. Figure 10(a) shows the simulated phase
shifts of the single unit cell with rigid and FSI boundaries
at f = 10 kHz, where a = λ/2 + e and b = λ/(8 sin θr)

with θr = 36◦. It is observed that the phase curves of both
basically coincide. The FSI has a slight influence on the

phase shifts of the single channel-type unit cell with the
periodic boundary condition.

Next, we assemble discrete unit cells together to make
up the WAMs. According to the GSL, the phase distri-
bution of anomalous reflection is k(sin θi − sin θr)x + C,
where k is the wave number in the water; θi and θr represent
the incident and reflected angles; x is the position coordi-
nate; and C is an arbitrary phase constant. We can select
different phase constants C to construct a series of local
WAMs with the same phase gradient but different geo-
metrical structure. This may bring various FSIs between
water and WAMs due to the abundant geometric config-
urations. Three different reflection angles (θr = 36◦, 72◦,
and 81◦) for normal incidence (θi = 0◦) are considered. It
is noted that the width b of the unit cell is recalculated
by b = λ/(M sin θr) from each θr, where M = 8, 5, and
5 for θr = 36◦, 72◦, and 81◦, respectively, and the phase
shifts of the unit cell are also recalculated according to
the corresponding geometrical parameters. The reflection
efficiency η calculated by Eq. (2) is used to quantitatively
analyze the influence of the FSI. Figure 10(b) shows the
variation of the reflection efficiency (η) of the local WAM
with rigid and FSI boundaries as a function of θr. Mean-
while, the theoretical efficiency of the GSL is also plotted
in Fig. 10(b). A total of 12 phase constants C varying from
π/6 to 2π with a step of π/6 are selected to design the
local WAMs. Detailed geometrical parameters are list in
the Supplemental Material [32]. For the rigid cases of dif-
ferent reflected angles, the reflection efficiency η fluctuates
in a small range for different phase constants C, and meets
the GSL theoretical prediction. In contrast, a larger fluctua-
tion in the efficiency η can be observed in the case with FSI
boundaries. The efficiency η changes more dramatically
with C for larger reflected angles and deviates noticeably
from the theoretical expectation of the GSL. It depends
closely on the geometrical shape of the metasurface. For
a clear demonstration, the FFT amplitudes and the acous-
tic pressure fields within a supercell with rigid and FSI
boundaries for C = 2π are shown in Figs. 10(c)–10(d).
When −kx/k sin θr = −1, the acoustic waves are reflected
at the expected angle θr. Other values of −kx/k sin θr rep-
resent other reflection directions. Compared with the rigid
cases, it can be found that the FSI effect can enhance or
suppress the amplitudes of the reflected waves in different
directions, resulting in the variation of the reflection effi-
ciency. Thus, even though identical local design steps are
implemented based on the GSL, the actual performance of
the local WAMs with FSI is hard to predict using the GSL.

APPENDIX C: THEORETICAL ANALYSIS OF
THE FSI

To analyze the difference in FSI between air-solid and
water-solid systems, we simplify and construct a coupled
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FIG. 10. Influence of FSI on the local WAM. Panel (a) shows the variation of the phase shifts of the channel-type unit cell with rigid
and FSI boundaries. The reflection efficiency η of the local WAM as a function of the reflected angle θr is presented in (b), where the
purple solid line represents the GSL theoretical efficiency limitation, and squares and stars denote the efficiencies of the local WAMs
with rigid and FSI boundaries for 12 phase constants C (π/6 − 2π with a step of π/6), respectively. Panels (c) and (d) show the
FFT amplitudes of the reflected pressure on a transverse line located at z = 1.5D as a function of −kx/k sin θr, which are presented
to calculate the reflection efficiency of the local WAMs with rigid (c) and FSI (d) boundaries for θr = 36◦ (1st column), θr = 72◦
(2nd column) and θr = 81◦ (3rd column) at C = 2π , respectively. The solid and dashed lines represent the cases with rigid and FSI
boundaries, respectively. The insets show the real parts of the reflected acoustic pressure fields within one supercell (0 ≤ x ≤ D and
z ≤ 3D), where D is the width of a supercell.

plate-fluid system, as shown in Fig. 11. The coupled sys-
tem consists of the repetitive plate-fluid-plate sandwich
model. The distance between two plates is 2δ and the thick-
ness of a single plate is e.The interior structure between
two plates is ignored, and the coupling between fluid and
plate is mainly discussed. When there exists a propaga-
tion wave of angular frequency ω on one side, the acoustic
pressure difference will induce the flexural vibration of
the plates. Let us assume the wave numbers along the z

direction in the areas II and III are kz2 and kz3 , respectively.
Neglecting reflections on the upper and lower boundaries,
the two-dimensional simple harmonic acoustic pressure
fields in the areas II and III are assumed to be [37]

p2(x, z) = p̄2(x)exp(j kz2z), (C1-1)

p3(x, z) = p̄3(x)exp(j kz3z), (C1-2)
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FIG. 11. Theoretical analysis on the FSI. Coupled plate-fluid
layer system consists of the plate-fluid-plate sandwich model.
There exists a propagation wave on one side, such as areas II
and IV.

where p̄2(x) and p̄3(x) satisfy the acoustic wave equation

∂2p̄2(x)
∂x2 + k2

x2
p̄2(x) = 0, (C2-1)

∂2p̄3(x)
∂x2 + k2

x3
p̄3(x) = 0. (C2-2)

The solutions for p̄2(x) and p̄3(x) can be expressed as

p̄2(x) = A exp[−j kx2(x + δ + e)]

+ B exp[j kx2(x + δ + e)], (C3-1)

p̄3(x) = C exp[−j kx3(x − δ − e)]

+ D exp[j kx3(x − δ − e)]; (C3-2)

where kx2 =
√

k2 − k2
z2

; kx3 =
√

k2 − k2
z3

with k = ω/cf

and cf is the velocity in the fluid. According to the peri-
odicity, acoustic pressure fields in the areas I and IV can
be obtained by p1(x, z) = p3(x, z) and p2(x, z) = p4(x, z).
Then the equations of acoustic-induced flexural vibration
of the plates give [37]

− mρω
2w1(z) + D∇4w1(z)

= p1(x, z)|x=−2δ−3e − p2(x, z)|x=−2δ−e, (C4-1)

− mρω
2w2(z) + D∇4w2(z)

= p2(x, z)|x=−e − p3(x, z)|x=+e, (C4-2)

− mρω
2w3(z) + D∇4w3(z)

= p3(x, z)|x=2δ+e − p4(x, z)|x=2δ+3e, (C4-3)

where wi(z) = w̄i exp(j Kziz),i = 1, 2, 3 and Kzi are the
flexural vibration displacements and wave numbers

of the three plates, respectively; mρ = 2eρs and D =
(2e)3E/12(1 − σ 2) denote the areal density and the bend-
ing stiffness of the plates with ρs, E, and σ being den-
sity, elastic modulus, and Poisson’s ratio of the plates,
respectively. Substituting Eq. (C1) into Eq. (C4), we get

Kz1 = Kz2 = Kz3 = kz2 = kz3 = kz, (C5)

where kz is the assumed propagation wave number in the
negative z axis direction. Furthermore, the normal particle
velocity boundary conditions on the surfaces of the plates
give [37]

−j ωw1(z) = 1
j ωρf

∂p1(x, y)

∂x

∣∣∣∣
x=−2δ−3e

= 1
j ωρf

∂p2(x, y)

∂x

∣∣∣∣
x=−2δ−e

, (C6-1)

−j ωw2(z) = 1
j ωρf

∂p2(x, y)

∂x

∣∣∣∣
x=−e

= 1
j ωρf

∂p3(x, y)

∂x

∣∣∣∣
x=+e

, (C6-2)

−j ωw3(z) = 1
j ωρf

∂p3(x, y)

∂x

∣∣∣∣
x=2δ + e

= 1
j ωρf

∂p4(x, y)

∂x

∣∣∣∣
x=2δ + 3e

, (C6-3)

where ρf is the density of the fluid. Combining with
Eqs. (C4)–(C6) and w1(z) = w3(z), we can obtain

w̄1 = w̄3 = −w̄2, (C7-1)

A = B = −C = −D. (C7-1)

Finally, we can establish the dispersion relationship as

(1 − k4
z /K4

b )kxδ tan(kxδ) − 2ρf δ/mρ = 0, (C8)

where Kb = (ω2mρ/D)1/4 is the natural flexural wave
number of the plate.

To illustrate, we consider two kinds of fluids with differ-
ent acoustic impedances: air and water. The material of the
plates is steel. The related material parameters are listed
in Table I. The wavelength λf is fixed at 0.15 m. Using
Eq. (C8), we can solve the propagation wave number kz
of the plate-fluid-plate system. Several cases are calcu-
lated, and the normalized wave numbers (kz/Kb) are listed

TABLE I. The corresponding material parameters.

E(GPa) σ

ρs
(kgm−3)

ρw
(kgm−3)

cw
(ms−1)

ρa
(kgm−3)

ca
(ms−1)

210.6 0.3 7780 1000 1500 1.21 343

044046-14



HIGH-EFFICIENCY ULTRATHIN . . . PHYS. REV. APPLIED 15, 044046 (2021)

TABLE II. The corresponding geometrical parameters and ana-
lytic solutions.

e δ kz/Kb
Air Water

λf /20 λf /8 0.9998 0.5645
λf /30 λf /8 0.9996 0.3739
λf /40 λf /8 0.9990 0.2193
λf /40 λf /7 0.9992 0.2978
λf /40 λf /6 0.9993 0.3590

in Table II. It can be noticed that all solutions of kz for
air are very close to Kb. This indicates that the motion of
the plates is mainly in the form of free vibration. The FSI
between the air and steel is extremely weak and has no
influence on the plates. By contrast, the value of kz/Kb for
water is less than 1 and depends highly on the geometrical
parameters of the plate-fluid system. This proves that when
acoustic waves are propagating in water, the FSI effect can
indeed induce the flexural vibration of the plates. Mean-
while, the induced vibration also interferes with acoustic
pressure fields in adjacent areas in turn.

APPENDIX D: LOCALITY BETWEEN THE
AIRBORNE UNIT CELLS

As a comparison, we also perform the same simulations
for the airborne unit cells as for the waterborne unit cells
in Figs. 3(a)–3(c). The acoustic velocity and density of
the air are 343 ms−1 and 1.21 kgm−3, respectively. The
frequency is set at f = 2.2867 kHz to ensure the same
working wavelength. All the parameters of the airborne
unit cells and boundary conditions are identical to those in
Figs. 3(a)–3(c). The corresponding reflected acoustic pres-
sure fields are shown in Figs. 12(a)–12(c). The identical
reflected acoustic pressure fields appear in single unit cell
no. 3 in Fig. 12(a), in the homogeneous UCA of unit cell
no. 3 in Fig. 12(b) and in unit cell no. 3 in the inhomoge-
neous UCA in Fig. 12(c). Meanwhile, the amplitudes of the

reflected acoustic pressure for each unit cell in the inhomo-
geneous UCA in Fig. 12(c) are uniform, and are the same
as those of single unit cells no. 1–5 in Fig. 12(a). This indi-
cates that the locality between the airborne unit cells allows
the single unit cell to be analyzed separately, which distin-
guishes this case from nonlocal interactions between the
waterborne unit cells.

APPENDIX E: INFLUENCE OF MATERIAL
PARAMETERS ON NONLOCAL INTERACTION

The influence of material parameters on nonlocal
interaction can be characterized through the acoustic
impedance of a homogenous material. In general, the
characteristic acoustic impedance of a solid material for
longitudinal waves can be expressed as

Zp = ρcp =
√

ρE(1 − υ)/[(1 + υ)(1 − 2υ)] ∝
√

ρE
(E1)

where cp denotes the velocity of the longitudinal wave; and
ρ, E and υ represent density, Young’s modulus, and Pois-
son’s ratio, respectively. If the acoustic impedance is large
enough, the nonlocal interaction between waterborne unit
cells may be neglected. To illustrate, we first consider a
hypothetical material with ρ = ζρs, E = ζEs and υ = υs,
where ζ is the scaling factor of material parameter; and
ρs, Es and υs are density, Young’s modulus and Poisson’s
ratio of the steel. As in Fig. 3(c), we consider an inho-
mogeneous UAC to examine the effect. In the calculation,
the material of the basement is the same as before (steel).
Figure 13(a) presents the phase shifts and reflection coef-
ficients as functions of the scaling factor ζ for L1(= L5) =
12 mm. The results are approximately the same as those
for the unit cell with the rigid walls for ζ > 103, where
nonlocal interactions induced by the FSI can be almost
neglected. However, a material with an impendence 1000
times larger than the steel can rarely be found in nature.

In addition, the variation of reflection coefficient and
phase shift with Poisson’s ratio (0.01 ≤ υ ≤ 0.49) are

(c)(b)(a)

FIG. 12. Locality between the airborne unit cells. Panels (a)–(c) show the real parts of the reflected acoustic pressure fields of single
unit cells no. 1–5, a homogeneous UCA of unit cell no. 3 and an inhomogeneous UCA of unit cells no. 1–5 at f = 2.2867 kHz,
respectively, where unit cells no. 1–5 in panels (a)–(c) are selected from five unit cells in Fig. 2(b) and P0 = 1 Pa.
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FIG. 13. Panels (a) and (b) present the phase shifts (thick dashed line) and reflection coefficients (thick solid line) of unit cell no. 3
in an inhomogeneous UCA in Fig. 3(c) as functions of scaling factor ζ and Poisson’s ratio υ for L1(= L5) = 12 mm, respectively. For
comparison, the phase shifts and reflection coefficients for the rigid walls are also presented by thin dashed lines and thin solid lines,
respectively.

given in Fig. 13(b) for ρ = ρs and E = Es. It is observed
that the results deviate from those for the rigid walls.
Therefore, the nonlocal effect exists for solid materials
with general values of Poisson’s ratio of 0–0.5. More pre-
cisely, another three solid materials, rubber, epoxy, and
aluminum, are selected to investigate the influence of the
material parameters on the nonlocal effect. As we have
checked, the nonlocal interaction is universal for WAMs
with softer (rubber or epoxy), harder (steel) or moderate
(aluminum) materials.
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