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Adiabatic operations are powerful tools for robust quantum control in numerous fields of physics,
chemistry, and quantum information science. The inherent robustness due to adiabaticity can, however,
be impaired in applications requiring short evolution times. We present a single versatile gradient-based
optimization protocol that combines adiabatic control with effective Hamiltonian engineering in order to
design adiabatic operations tailored to the specific imperfections and resources of an experimental setup.
The practicality of the protocol is demonstrated by engineering a fast, 2.3 Rabi cycle-long adiabatic inver-
sion pulse for magnetic resonance with built-in robustness to Rabi field inhomogeneities and resonance
offsets. The performance and robustness of the pulse is validated in a nanoscale force-detected magnetic
resonance experiment on a solid-state sample, indicating an ensemble-averaged inversion accuracy of
99.997%. We further showcase the utility of our protocol by providing examples of adiabatic pulses robust
to spin-spin interactions, parameter-selective operations, and operations connecting arbitrary states, each

motivated by experiments.

DOI: 10.1103/PhysRevApplied.15.044043

I. INTRODUCTION

Since its inception by Born and Fock [1], the concept of
adiabatic evolution has had a profound impact on quantum
science and technology. The adiabatic theorem establishes
that, under any sufficiently slow excitation, energy eigen-
states of a quantum system remain eigenstates at all times
[2]. The theorem has lent itself as an indispensable design
principle for engineering quantum control sequences [3—
15] that, especially in the case of state-to-state transfers,
exhibit remarkable robustness to a variety of experimental
imperfections such as unitary control errors and decoher-
ence [16—18]. Control sequences based on the principle
of adiabaticity are widely used for quantum computation
[19,20] as well as in quantum sensing, spectroscopy, and
imaging [21-23] with applications ranging from the early
population transfers in magnetic resonance (MR) [3,24,25]
to recent implementations of quantum gates [26,27].

True adiabaticity only occurs in the infinite duration
limit, typically for closed quantum systems [28]. In real-
world applications that demand fast operations, the robust-
ness of the control sequence often degrades, because the
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evolution necessarily deviates from true adiabatic evo-
lution. Robustness may be further compromised due to
unaccounted perturbation Hamiltonians and decoherence
introduced by the coupling of the quantum system to
external degrees of freedom. Furthermore, shorter dura-
tion control sequences occupy a wider bandwidth, and
are therefore more susceptible to distortions arising from
bandwidth limitations of the control electronics.

The loss of robustness due to imperfect adiabaticity
has evoked a need for better control engineering meth-
ods, which has led to various optimization schemes for
adiabatic control [4,14,29-31], as well as shortcuts to adi-
abaticity [32] such as superadiabatic operations [5,11] and
counterdiabatic driving [33—35]. In parallel to the develop-
ment of more robust adiabatic controls, recent advances
in Hamiltonian engineering techniques [36—40] provide
a highly versatile means of designing high-fidelity quan-
tum control sequences, tailored to specific applications.
Some of these approaches are based on numerical opti-
mization methods that provide a systematic means of
incorporating robustness to a variety of imperfections such
as dominant decoherence sources [38,41—43]. Numerical
control engineering [44] may also be adapted to include
ensemble effects such as inhomogeneities and param-
eter uncertainties [45-49], as well as control resource
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limitations and distortions [50—53] in a particular experi-
mental setup.

While several numerical schemes exist for either opti-
mizing various adiabaticity metrics [4,14,29-31], or for
minimizing the effect of perturbation Hamiltonians [38,41—
43], a single versatile numerical optimization protocol
that combines adiabatic control with effective Hamilto-
nian engineering would be highly valuable across quantum
information science. With this work, we present a uni-
fied protocol for engineering adiabatic operations that are
robust to various perturbations, including certain decoher-
ence pathways that may arise in cases where the system
evolution deviates from perfect adiabaticity, in particu-
lar applications that require short control times. Our work
relies on extending the Van Loan formalism [43] to allow
for efficient optimization of adiabaticity and various per-
turbation terms on an equal footing. The Van Loan formal-
ism utilizes auxiliary block matrices [54—59] for efficiently
evaluating a broad family of integrals involving the time
evolution operator, while also allowing for gradient-based
optimization for quickly convergent control searches.

In this paper, we focus on adiabatic control engineer-
ing for two-level quantum systems, i.e., qubits, which
we refer to as “spins” in the context of our MR experi-
ments. Our protocol can, however, be easily extended to
multilevel systems in which the energy eigenstates are
analytically known as a function of the controls. An exam-
ple of this is given in the Supplemental Material [60] for
s > 1/2 nuclear spins in MR. In the following, we first
outline the adiabatic control problem and the details of
the optimization scheme. We then demonstrate the util-
ity and practicality of the protocol by designing adiabatic
passages for MR and conducting an experimental study
of a fast, 2.3 Rabi cycle-long adiabatic inversion pulse
engineered to be robust to both large Rabi field varia-
tions and resonance offsets. The measurements are carried
out on an interacting solid-state nanoensemble of nuclear
spins using a force-detected MR setup with an intrinsi-
cally high degree of Rabi field variations. The ensemble
of spins experiences a continuous range of Rabi fields that
varies in amplitude by 2 x. We find that the z magnetization
decays to e~! of its initial value after about 34 000 succes-
sive applications of the inversion pulse, corresponding to
an ensemble-averaged single-pulse inversion accuracy of
99.997%. We further characterize the pulse performance as
a function of Rabi field and resonance offset, and compare
these measurements with the ideal calculated performance
for this pulse.

The potential utility of our protocol is further demon-
strated with three self-contained examples in the appen-
dices. We describe an adiabatic inversion pulse designed
to be robust against strong dipole-dipole interactions in
a dense network of electron spins. We provide numer-
ical results that demonstrate that, by including effective
Hamiltonian terms that minimize dipolar interactions into

the optimization protocol, the pulse fidelity can be signif-
icantly improved. We further show that our protocol can
be used to design adiabatic pulses that are selective to
a particular set of Hamiltonian parameters—an important
feature for sensing and spectroscopy applications [61,62].
We conclude by discussing the application of our protocol
to connect arbitrary states.

I1. ADIABATIC CONTROL PROBLEM

Consider the dynamics of a spin over an interval [0, 7]
governed by a Hamiltonian H that depends on a set
of control parameters X = (x1,...,xy) € R¥. The con-
trol parameters indicate the experimenter’s ability to con-
trol the spin, and here, we regard them as a particular
parametrization of an electromagnetic waveform that cou-
ples to the spin. The x vector could, for example, be a set
of the waveform’s piecewise constant amplitudes (e.g., to
be implemented on an arbitrary waveform generator). Any
such Hamiltonian can be expanded as

H(b(x,7)) = —b(x,9) - /2, (1

where 0 = (0y,0,,0:) denotes a vector of Pauli matrices
and the function b: RY x [0, 7] — R? is assumed to be
differentiable, as required for gradient-based optimization.
The exact form of b(x, #) varies for different experimental
settings; here, we assume that this functional relation-
ship is known. In Sec. IV we provide a concrete example
of a b(x,7) when discussing adiabatic MR pulses. The
dynamics of the spin is thus completely determined by the
trajectory of b(x, #), which borrowing from MR terminol-
ogy, we refer to as the effective field throughout this paper.
The eigenvalues of Eq. (1) are given by £|b(x, 1| / 2, with
the corresponding eigenstates pointing along the £b(x, 7)
direction on the Bloch sphere.

The basic form of the adiabatic control problem is to find
a set of control parameters X such that, given some initial
state |y) and target state |y7),

(A) |¥o) evolves to |y7) at t = T, up to a phase;
(B) the state follows a specific instantaneous eigenstate
of H(b(x, 1)), as closely as possible, for all ¢ € [0, T1.

Condition (B) implies that b(x,0) and b(x,7) are con-
strained such that they point along the [y) and |¥7)
directions on the Bloch sphere, respectively.

In addition to the above criteria for adiabatic evolution,
we generally require the operation to be robust to various
experimental imperfections and uncertainties. For exam-
ple, protection against a single-body perturbation Hamil-
tonian §H (f) amounts to minimizing the variation of the
final state |§v (x)) due to the perturbation, which can be
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computed using the Dyson series [63,64]:

8y () =Y Du@H,....sH;: D). ()
n=1

n times

Here we have used the shorthand notation

t
Dydy,..., Ayt = (—i)”Ll(z)/ dt - --
0
In—1 n
x / dty [ [IU™" () AU (82)] 3)
0 k=1

for the various Dyson terms, along with U(x,?) =
Texp[—i fot dt' H(b(x,))] for the unperturbed propagator,
with Texp denoting the time-ordered exponential. In prac-
tice, one truncates the infinite series in Eq. (2) at some
finite order and minimizes the final state correction up to
that order.

In this paper, we restrict our attention to single-body
perturbations at first order in the Dyson series, which is
commonly referred to as the zeroth-order average Hamil-
tonian in MR literature [36]. Nevertheless, the Van Loan
formalism [43] employed here allows for the inclusion of
many-body perturbations up to arbitrary order.

When assessing the suitability of a particular set of
control parameters X, we use three metrics that quantify
the final state fidelity, adiabaticity of the control tra-
jectory, and its sensitivity to perturbations. We quantify
the final state fidelity by calculating the overlap func-
tion @o(x) = [(Y7|UX, T)|¥0o)|*. We evaluate adiabaticity
using the time-averaged overlap between U(x, ?)|v,) and
the instantaneous energy eigenstate |E (b)),

1 T
a0 = - /0 At (E+ (b(x, )| U, Do)

1 . .
= ?<¢0|U' (x, Dy(iP; ) [¥o), “4)

where P(b) = (1 £b-0o/|b|)/2 is the projection opera-
tor onto the =£|b| eigenspace of H(b). The + sign here
is chosen such that |1) coincides with the corresponding
eigenstate at t = 0. Here, we have assumed that |b| £ 0
for all ¢. In general, 0 < @p(x) <1 and 0 < @q(x) <1,
whereas ¢y(x) = @,q(x) = 1 if and only if conditions (A)
and (B) are perfectly satisfied. Lastly, we quantify robust-
ness to perturbation Hamiltonians using Eq. (2) by defining
@per(X) = 1 — [[8Y (x) [/ N2, or to first order in §H:
Pper(X) =1 — j\%(l//dDU(aHa 'DyBH, )Yo)  (5)

with N = fOTdt||8H ()llop being a normalization ensur-
ing that 0 < @p(x) <1, given [8H(D)lop = SUP|yy-20
LISH @)/ NvI]-

Another important consideration for practical control
design are ensemble effects that manifest themselves as
variations in the parameters of the system, e.g., nonuni-
form static or control fields, parameter uncertainties, and
ensembles in time, i.e., different conditions in distinct
experimental realizations. These can be dealt with by
considering a collection of quantum systems A, with
each member A € A evolving under a different value for
the parameters in question. Robustness to such ensemble
effects translates to finding the optimum control parame-
ters that result in an evolution satisfying conditions (A) and
(B) forall & € A.

III. CONTROL ENGINEERING

For simplicity, we first discuss our adiabatic control
protocol for a single spin, without accounting for inhomo-
geneities or uncertainties in the system. The full protocol is
then discussed accordingly. A solution X to the single-spin
adiabatic control problem can be found by setting up and
numerically maximizing a combined target function:

@ = Po@o + PadPad + PperPper- (6)

Here the relative weights pg, pad, Pper are non-negative and
add up to 1. To efficiently compute the integral terms
arising in @g, @aq4, and @, as well as the gradients of
the integral terms with respect to X, we utilize the Van
Loan relations for the time-ordered exponential of upper-
triangular block matrices [43,54-56]. We use a Van Loan
generator

H®b) iP(b) 0
Lb,h=—i| 0 Hd) SH® (7)
0 0 H(b)

to construct the Van Loan propagator

Vib] = Texp|:/ df' L(b(x, t’),t’)}
0

Ux,t) Dy(iP;ty Duy(iP,8H;1)
=/ o Ux,)  Dy(SH:1) 8)
0 0 U(x, 1)

[43]. It is clear from Eq. (8) that the Van Loan formal-
ism allows for the simultaneous evaluation of all quantities
needed for the computation of Eq. (6), which are contained
in the different blocks of V7[b].

A schematic of our full adiabatic control engineering
protocol is depicted in Fig. 1. We consider a finite col-
lection of spins I' € A, called the optimization set, with
size |I'|, that serves as a representative subset of spins
in the experiment, which experience the ensemble effects
we wish to address. The protocol starts with a seed xg
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FIG. 1. General overview of the adiabatic control protocol. In
each iteration of the optimization algorithm, the control param-
eters x are used to calculate the effective field trajectory, and
subsequently the Hamiltonian, for each member of the optimiza-
tion set. We then utilize the Van Loan auxiliary matrix formalism
to evaluate the various control performance metrics, along with
their gradients, and provide them to the gradient ascent optimizer.

for the control parameters that is chosen from a pseu-
dorandom distribution, and is then used to calculate the
Van Loan generator L(b™ (xo, ¢)) for each member A € T.
A numerical differential equation (DE) solver, such as a
Runge-Kutta algorithm [65], is then used to calculate the
Van Loan propagators {V;[b*]}, which are then used to
evaluate the single-member target functions ¢ (x), given
by Eq. (6), for every A € I'. The set of target functions
{p?(x)} are combined to form a total target function
e =), rwHe®, to be maximized by an optimization
algorithm. The relative weights w* prioritize different
members of the optimization set, and satisfy 0 < w® < 1,
with 3", W = 1.

For efficient control engineering, we also need to eval-
uate the target function gradient V& (x), which, together
with ®(x), is supplied to a gradient ascent optimizer
to search the control landscape for the optimum adia-
batic operation. Since the {¢»} are simple functions of
{Vr[b™1]}, their partial derivatives with respect to the con-
trol parameters can be evaluated through the chain rule by
noting that

T
aVr[b] :/ dl(SVT[b] y 8b(x,t)’ ©)
ox o Sb(x, 0 0xX
where 6/8b = (8/8b,,8/8b,,8/8b.),
§Vrlb] 1, 0L(b,?)
o Vrlb]V,; " [b] o, Vi[b], (10)

and db(x, £)/0x is the 3 x N Jacobian matrix of the effec-
tive field. The matrix inverses appearing in the expres-
sion for the functional derivatives 8 V7[b]/8b,(X,1), o €
{x,y,z}, can be evaluated analytically [66]. Equations (9)
and (10), along with the assumption that the functional
form of b(x, ¢) is known, imply that V& (x) can be com-
puted using the values of V;[b], which are already avail-
able from the output of the DE solver. In practice, we
approximate the integral in Eq. (9) by a finite sum for
computational speedup.

IV. ADIABATIC PULSE DESIGN FOR MAGNETIC
RESONANCE

We now discuss the application of the proposed con-
trol protocol to the design of adiabatic passages for MR.
Consider a spin-1/2 particle with gyromagnetic ratio y
in a static magnetic field By = BgZ, and an orthogo-
nal radio-frequency (rf) field Bs(¥) = 2B;;(f) cos ¢ (t) +
2Byp(?) sin ¢ (t), where By;(f) and Byp(?) are the in-phase
and quadrature envelope functions, and the instantaneous
angular frequency is ¢(f). Measuring energy in units of
angular frequency, the Hamiltonian of the spin in a ref-
erence frame rotating around z at the instantaneous rf
frequency is known to be [4]

H) = —0u®F — 0100 — 0%, (1)
where wq;(¥) = y By (%), (,e)lQ(Z) = )/BlQ(t), and Aw(?) =
¥ By — ¢(#) is the instantaneous resonance offset. Compar-
ing Eqgs. (1) and (11) reveals that b(?) = (w1;(?), w10(?),
Aw(1)) is the effective field in this problem. The adiabatic
control problem here amounts to finding the optimal enve-
lope and resonance offset waveforms that maximize the
target function discussed in Sec. I1I. We now focus on engi-
neering adiabatic full passages (AFPs) that adiabatically
evolve spins between the states |1) and ||).

In order to formulate the protocol in terms of a finite
set of optimization parameters x € RY, we need to param-
eterize the three waveforms that represent b(¢) using an
ansatz suitable for the desired operation. An appropriate
choice of parametrization should accommodate the ini-
tial and target states, and be flexible enough to handle
the imperfections in question, while involving a minimal
number of unknowns in the optimization, and hence more
efficient pulse searches. Accordingly, we parameterize the
waveforms as b, (X, ) = wimax tanh[a, (X, )], b, (x,1) =0,
and b, (X, ) = Awmax tanh[a, (X, £)], where

N/2

2n
t
(X, 1) = 21— 1—-2= ,
wen=ya1-(1-27) |
N ¢ 2(n—N/2)—1
z 7t = n 1-2-
a,(x, 1) Z x( T)

n=N/2+1
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are even and odd polynomials around ¢ = T/2, respec-
tively. The parameters wimax and Awpax are the maximum
Rabi strength and resonance offset realizable in the exper-
imental setup. The hyperbolic tangent functions act as soft
clipping functions that restrict the waveforms according
to the chosen maximum values, while Awmax Serves as
a handle on the bandwidth of the frequency-modulated
pulse, which is roughly of the order of 2 Awp,,x. We briefly
discuss a more general ansatz for operations connecting
arbitrary states in Appendix C.

We now provide an example AFP engineered for a
spin ensemble experiencing a broad range of maximum
Rabi strengths wimax € [€21,2€2;] for some 2. Analyti-
cally derived AFPs with similar properties [4] have been
used as part of a detection protocol in recent force-
detected nanoscale magnetic resonance experiments [67].
We normalize frequency and time variables in units of the
smallest Rabi frequency 2; and its associated Rabi cycle
2/ 2, respectively. The normalized duration of the pulse
is set to 72, /(2w) = 2.3. Optimization is done on a five-
element optimization set, with the maximum resonance
offset Awnax/ 21 = 5, as an approximate bandwidth con-
straint, and an additional perturbation metric [§H (f) = o.]
for robustness against Larmor inhomogeneities. The size
|I'| = 5 is chosen empirically by monitoring the Rabi fre-
quency dependence of the various pulse metrics in trial
optimizations, adding more elements if the pulse perfor-
mance is not satisfactory over the whole [€2;,2€,] Rabi
range. The waveforms are parameterized with N = 50
coefficients, using the polynomial ansatz (12). The rela-
tive weights in Eq. (6) are set to pék) =0.2, pég) = 0.0,
and p]gg\r) = 0.2 for all A € I". The values of pg, pag, and
Dper are also chosen empirically to ensure the simultane-
ous convergence of each individual metric ¢g, ¢ad, and @per
when optimizing ¢ [43], while slightly emphasizing péé‘)
to increase the control robustness arising from adiabatic-
ity. The weights for optimization-set members are chosen
as w® = 1/|T"| = 1/5. For the gradient ascent optimizer
and DE solver, we use the FindMaximum function and the
explicit Runge-Kutta algorithm of the ParametricNDSolve
function in Mathematica [68], respectively. Initialization
of the optimizer is done by drawing a seed from a uniform
pseudorandom distribution on [—1, 1]%°, resetting the opti-
mizer with a new seed if the target function value does not
exceed 0.99 after 50 steps. The computations for different
optimization-set members are parallelized on a multicore
processor for additional speedup.

To benchmark the performance of the pulse, we use
the same target function and five-element optimization set,
with identical amplitude and resonance offset constraints to
optimize two reference AFPs of the same duration, using
two standardized waveforms in the literature: the WURST
[69,70] pulse, used for fast, broadband spin inversions,
and the sech/tanh [71,72] pulse, which is known for its
insensitivity to rf field variations above its cutoff Rabi

frequency [4] (see the Supplemental Material [60] for
the optimization details). The optimized polynomial AFP,
along with the two reference pulses are depicted in
Figs. 2(a) and 2(b). In the same figure, we also exam-
ine the Rabi dependence of various control metrics. The
(logarithmic) infidelities associated with the target state
and o, perturbation metrics are plotted as a function of
maximum Rabi strength in Figs. 2(c) and 2(d), indicating
that the polynomial AFP infidelities are approximately two
orders of magnitude lower than those for the two refer-
ence pulses, over the relevant Rabi range. The polynomial
AFP also exhibits a significantly higher degree of adia-
baticity than the WURST and sech/tanh pulses, as can be
seen in Fig. 2(e). Figure 2(f) shows another, more intuitive

(a) Rabi strength (b) Resonance offset
1.0
4
_ 08 s
< o6 =
= = 0
= 04 . 3
3 / q -2
02f 4 a

0.0
00 05 1.0 15

2023 00 05 1.0 15 2023
£ O/ (2n) £ O/ (2m)
(c) Target state (d) 0. metric
0 0

g -2 \\ JEn——

3 \_ e -~

RN (/

< -6

50

2 g

1.0 1.5 2.0
wlmax/Ql

Adiabaticity

1.0 1.5 2.0 1.0 1.5 2.0

w]max/Ql wlmux/Ql

—— Polynomial ansatz — - WURST ---- Sech/tanh
FIG. 2. (a) Amplitude and (b) resonance offset waveforms of
the numerically optimized fast AFP using the polynomial ansatz,
along with the WURST and sech/tanh reference pulses. (c) Target
state, (d) o, perturbation, and (e) adiabaticity metrics for the var-
ious AFPs as a function of maximum Rabi frequency, measured
as their (logarithmic) deviation from unity. (f) The maximum
angle between the effective field and the magnetization vectors
throughout the evolution, along with Bloch sphere trajectories at
the start, middle, and end of the design Rabi range. The filled cir-
cles in (c)f) indicate the five Rabi frequency values and control
metrics for the optimization-set elements {A}.
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measure of adiabaticity—the maximum angle between the
magnetization and effective field vectors

! (M) (13)

Omax = Max co - -
Ib(x, H)|[m(x, 1)]

1e[0,T]

where X is the set of optimal control parameters and
m(x,7) = (1| U'(X, Do UX, 1) |1) /2 is the magnetization.
In the design wim,x range, the plot indicates an oy < 11°
for the polynomial AFP, whereas the WURST and
sech/tanh pulses reach oy = 22° and o = 30°, respec-
tively. Note that, even though the polynomial AFP shows
far better adiabaticity than the reference pulses, it still
clearly deviates from perfect adiabatic evolution due to its
very short duration. Nevertheless, as will be shown exper-
imentally in Sec. V, the pulse still possesses the desired
robustness in a practical setting.

Motivated by quantum sensing experiments on nitrogen-
vacancy centers [73], we provide another example that
demonstrates the utility of our perturbative treatment in
Appendix A, where we engineer AFPs for densely packed
electrons, and specifically minimize the perturbations due
to spin-spin dipolar interactions. Numerically comparing
the results with an AFP optimized without the perturba-
tion metric shows an order of magnitude improvement in
the target state infidelity for a system of seven interacting
electron spins.

The applicability of our adiabatic control protocol is not
only limited to finding fast robust adiabatic operations, but
can also be used to engineer control sequences that are
selective in a particular Hamiltonian parameter; a common
demand in sensing, imaging, and spectroscopy applica-
tions [61,62]. For instance, adiabatic inversions that are
selective to Larmor frequency are used for the spatially
localized excitation of spins in some implementations
of nanometer-scale magnetic resonance imaging (MRI)
measurements [74—76]. Engineering adiabatic pulses that
exhibit well-defined, narrow inversion bands in Larmor
frequency, with sharp band edges is an essential ingredi-
ent for achieving the highest resolution imaging in these
nano-MRI approaches. In Appendix B we demonstrate the
application of our protocol to engineer adiabatic inversions
that act over some chosen Larmor frequency range, with a
specifically tailored inversion profile.

V. EXPERIMENTAL VERIFICATION

In this section, we present an experimental study of
the 2.3 Rabi cycle AFP discussed in Sec. IV, using the
force-detected nano-MRI setup discussed in Ref. [67].
The measurements are made on *'P nuclear spins in an
indium phosphide (InP) nanowire sample [77], grown with
a wurtzite structure, inside a static field By = 3 T applied
along the growth axis (z direction) at 6 K. At this field, the
Larmor frequency of 'P spins, with gyromagnetic ratio

y/Q2m) = 17.235 MHz/T, equals wy/(27) = 51.8 MHz.
The sample is a solid-state spin system with both homonu-
clear (P <> P) and heteronuclear (P <> In) dipolar and J
couplings [24]. We calculate the nearest-neighbor dipolar
coefficients to be 132 Hz for P <> P couplings and 619 Hz
for P < In couplings. Based on previous measurements
of InP with the zinc-blende crystal structure [78,79], we
expect the P <> In and P < P J coupling coefficients to
be less than, or of the order of, 1 kHz and 20 Hz, respec-
tively. Consistent with these expectations, Ramsey and
Hahn echo experiments on our sample indicate relaxation
times of 7, = 70 us and 7> = 364 us, respectively.

Here, we omit the details of the experimental setup
and spin detection protocol, which are given in Ref. [67].
The 3'P spins are controlled by rf magnetic fields near wy
using a current-driven nanometer-scale field source, which
generates a highly nonuniform field profile. The spins
within our roughly (100 nm)? detection volume experience
a continuous range of Rabi frequencies from 172 to 862
kHz. Our measurements are done using the MAGGIC spin
detection protocol [67], which measures the integrated z
magnetization of the spin ensemble

MZOC/ dw; p (1) Tr[p(w1)o:] :/ dwi p(w1)¢(wr),
0 0
(14)

where p(w;) is the effective density operator of the spin
at w; and p(w)) is an effective Rabi-frequency-dependent
density of spins, which is determined by the device and
sample geometry, as well as the parameters of the detec-
tion protocol [80]. Here ¢ (w;) is the response function that
characterizes the Rabi-frequency-dependent performance
of the sequence of AFPs under study. The Rabi range in
which p(w;) is nonzero can be tuned by adjusting the
detection protocol, which allows us to measure only those
spins that experience a specific range of Rabi frequencies.
To determine the Rabi frequency distribution of M., we
use the Fourier encoding method described in Ref. [67].
The distributions p;(w;) and p,(w;) [Figs. 3(c) and 3(d)]
used in the characterization of the 2.3 Rabi cycle AFP are
measured separately.

We characterize a numerically engineered 2.3 Rabi
cycle AFP that is 4.8 s long with a lower cutoff Rabi fre-
quency set to ;/(27) = 479 kHz and the maximum res-
onance offset set to Awmax = 5Q21/(2m) = 2.4 MHz. By
Fourier transforming the pulse waveform, we determine
the bandwidth of the pulse to be 5.4 MHz—roughly equal
to 2 Awmax. We test the AFP in three different aspects: over-
all fidelity, as well as robustness to resonance offsets and
Rabi frequency inhomogeneities. The o, metric used in the
optimization assists the pulse performance in the presence
of small static-field inhomogeneities, chemical shifts, and
heteronuclear couplings. Because of the relatively weak
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FIG. 3.

Experimental study of the 2.3 Rabi cycle-long polynomial AFP. (a) Spin signal after n AFP applications, an exponential fit

to the data, and simulations of the optimized polynomial, WURST, and sech/tanh pulses. (b) Spin signal after 5000 AFPs, measured as
a function of resonance offset. The frequency resolution in the measurement is 20 kHz. (c) Measured effective spin density p; (w;) used
in the fidelity and resonance offset measurements. (d) Distributions p; (@1) &, (@1), p2(@1), and py(w1)E.(wy) (left axis), where . (w1)
is the calculated response function for a train of 5000 AFPs (right axis). The frequency resolution of the Rabi frequency spectra shown
in (c),(d) is 50 kHz, with the shaded areas indicating Rabi frequencies outside the AFP design range. All error bars correspond to one

standard deviation.

dipole-dipole interactions in InP, we did not include a per-
turbation metric for homonuclear dipolar interactions into
the pulse optimization. Multispin simulations confirmed
that dipolar interactions produced minimal degradation in
the pulse fidelity. While dipolar interactions are not a sig-
nificant perturbation for the InP system, there are instances
where dipolar interactions can significantly affect the pulse
performance. As an example, in Appendix A we consider
numerically adiabatic inversions for a dense network of
electron spins.

To examine the fidelity, we confine the measured Rabi
range [€2],2€2;] to match the design Rabi range of the
2.3 Rabi cycle AFP. The corresponding measured distribu-
tion p;(wy) is shown in Fig. 3(c). We apply n consecutive
AFPs and measure the decay in M, as a function of n,
where n € [1,30016]. When performing the experiment,
we insert ¢, = 52 us delays between the applied AFPs,
which act as effective dephasing maps [81] that minimize
the propagation of compounding pulse errors [82]. Note
that because ensemble spin inversions commute with the
dipolar Hamiltonian, a sequence of AFPs cannot refocus
the dephasing caused by homonuclear dipolar interac-
tions. Therefore, the single-spin transverse magnetization

in between AFP applications decays with the correspond-
ing time constant 7. For a discussion of how the measured
signal depends on the delay time (#,,) along with supporting
experimental data, see the Supplemental Material [60]. We
also add an additional free evolution time (30016 — n)z,,
after each n-pulse train, to make sure that M,(n) for all
pulse numbers experience identical 7 decays. Although T
is longer than we can determine with our measurements,
we did confirm that it is longer than 5 s. In Fig. 3(a) we
show the resulting normalized M, (n) signal. From these
data, we wish to extract the ensemble-averaged single-AFP
inversion accuracy

A= ‘/ dwi p1(w1)&i1(w1)|, (15)
0

where ¢ is the single-AFP response function. We show
in the Supplemental Material [60] that, under certain rea-
sonable assumptions, the signal from our measurement
sequence is expected to satisfy |M,(n)| < A". Conse-
quently, from the exponential fit to M. (n), we expect that a
single AFP inverts spins with an ensemble-averaged accu-
racy of at least 99.997(3)% over our Rabi distribution. To
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compare the measured fidelity with that of the WURST and
sech/tanh reference pulses of Sec. IV, we conducted simu-
lations based on the Lindblad equation [83] that accounts
for the T, dephasing during the wait times (see the Sup-
plemental Material [60] for details). The inhomogeneous
broadening that gives rise to the observed T is accounted
for by averaging over a set of Lorentzian-distributed res-
onance offsets. We do not model any nonunitary decay
process during the AFP itself. Additionally, our model
approximates the effect of all coherent many-body inter-
actions during the wait times with single-spin Lindblad
equations. Hence, the simulations only provide an upper
bound on the pulse performance. A comparison with the
calculated ideal fidelity for the optimized reference pulses
[inset of Fig. 3(a)] indicates a significant enhancement in
performance for the optimized polynomial AFP.

We investigate the robustness of the pulse to resonance
offsets using a train of 5000 AFPs, each separated by ¢, =
52 us, and measuring M, (6w) as we offset the carrier fre-
quency by §w/(2m) € [—200 kHz, 200 kHz] from the cen-
ter frequency wy. In the detection protocol, we target the
same Rabi frequency range [p;(w;)]. The data, presented
in Fig. 3(b), indicate that after S000 AFPs, the integrated
spin signal within the design range w; € [2,22;] decays
to half its peak value in a +120 kHz band around the cen-
ter frequency. As shown in Fig. 3(b), our measurements
closely track the expectation from simulations.

To characterize the pulse performance as a function
of Rabi frequency, we use the same 5000 AFP pulse
train, and adjust the Rabi range of the detection proto-
col [pa(w;) in Fig. 3(d)] to be wider than the design
range of the AFP. As before, we add enough free evolu-
tion time in the p;(w;) measurement to compensate for
the extra 7} decay in the approximate 280-ms-long 5000
AFP measurement sequence. The resulting p,(w;) and
P2(w1) & (1) are shown in Fig. 3(d). We note that &, (w)
and ¢.(w1) correspond to the measured and calculated AFP
response functions, respectively. The calculated response
Cc(w1) = Tr[p(wy)o,] is plotted as the dashed curve in
Fig. 3(d). The figure clearly indicates that the AFP has
the expected performance in the [2;,2€2,] design range,
and that the overall Rabi dependence is in excellent agree-
ment with the simulation. The measured magnetization
in this range experiences an average drop of about 15%
over the 5000 AFPs, which is consistent with the estimate
of 1 — 3000734111 — 13 6% calculated from the ensemble
magnetization decay experiment. Nevertheless, the calcu-
lated ¢.(w;) shows an average reduction of about 7% over
the same [2],2€2;] Rabi frequency range. While we do
not know the source of the discrepancy, it could arise from
small unaccounted perturbations not included in the simu-
lation, such as pulse waveform distortions, coming from
the rf electronics, phase noise from the arbitrary wave-
form generator, or residual spin couplings. We note that in
our case, addressing the transfer function of the electronics

in the control searches is not necessary for satisfactory
pulse performance. The Van Loan formalism does, how-
ever, allow for the efficient inclusion of transfer function
distortions in the optimizations [43].

We conclude the section by comparing our work to some
existing experimental results. The performance and robust-
ness of adiabatic control sequences and control sequences
derived using shortcuts to adiabaticity techniques have
been explored experimentally in the context of nuclear
magnetic resonance [84], Bose-Einstein condensates [85],
and nitrogen-vacancy centres in diamond [86]. Hwang
et al. [84] studied the performance of two analytically
derived “tanh/tan” AFPs, optimized to yield fast broad-
band inversions, as a function of resonance offset (§w)
and Rabi strength (w;). The AFPs, when scaled to our
target w; values, are 3.7 and 5.5 us long, with maxi-
mum resonance offsets of 7.3 and 10 MHz, respectively.
Single-spin simulations, identical in protocol to those dis-
played in Fig. 3(a), show that the “tanh/tan” AFPs with
durations 3.7 and 5.5 us would yield M,(n = 5000) =
0.11 and M (n = 5000) = 0.23, respectively. Thus, even
though these pulses have maximum resonance offsets that
are considerably higher than the 2.3 Rabi cycle pulse
[Awmax/(2m) = 2.5 MHz], their performance is signifi-
cantly worse. Bason et al. [85] characterized the robustness
of a high-fidelity superadiabatic tangent sequence, whose
duration, when scaled to our target w; values, is about 7 us.
The authors quote the simulated fidelity of the sequence
over the range of [21,2€2;] as > 0.999, while the exper-
imental fidelity is confirmed to be = 0.99 over the same
range.

VI. CONCLUSION AND OUTLOOK

We have developed a numerical control engineering
protocol that combines gradient-based optimization with
the Van Loan auxiliary matrix formalism [43] to provide
an efficient and systematic means of designing adiabatic
pulses that are robust to a variety of parameter variations
and perturbation Hamiltonians. Using the protocol, we
engineer a rapid, 2.3 Rabi cycle-long AFP that addresses
the broad Rabi field distribution in our experiments. The
pulse exhibits an infidelity improvement of roughly two
orders of magnitude over analytically derived WURST
and sech/tanh waveforms of the same duration, by opti-
mizing the Bloch sphere trajectory, and taking advantage
of the flexibility of the polynomial ansatz [Eq. (12)] for
waveform parametrization.

Although the spin evolution clearly diverges from per-
fect adiabaticity for this short pulse duration, the AFP
yields an experimental inversion accuracy of 99.997% for
the spin ensemble using our broadband rf control elec-
tronics. The engineered AFP exemplifies how the protocol
provides a means of addressing the precise demands of
a quantum control application, while complying with the
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constraints and fully utilizing the resources of a particular
experimental setup to engineer high-fidelity operations.

With the appendices we provide three additional exam-
ples, each motivated by particular experiments, further
illustrating the flexibility and utility of the protocol for a
range of applications. We believe that the selective adia-
batic control engineering, which we demonstrate with the
example in Appendix B, is a particularly powerful capabil-
ity as it provides a way of designing robust state-to-state
transfers that are conditional on a specific Hamiltonian
parameter. Such operations provide both a way for selec-
tively addressing specific members of an ensemble that
is controlled globally—a common challenge for sensing
and spectroscopy—as well as a means for characteriz-
ing Hamiltonian parameters in the presence of challenging
experimental conditions.

Because our protocol builds directly on existing Van
Loan auxiliary matrix methods, it inherits all of the demon-
strated capabilities of the former. This includes the ability
to engineer robustness with respect to stochastic opera-
tors characterized by their power spectral density func-
tions, as well as the use of different basis functions for
waveform parametrization, e.g., piecewise constant func-
tions [43]. While our protocol enables the optimization
of perturbation expressions using waveform parametriza-
tions that have previously been considered by analytical
schemes [87], it is not limited to a specific Hilbert space
dimension, nor to particular Hamiltonian generators [11].
Furthermore, the protocol enables direct implementation
of arbitrary control waveform amplitude and bandwidth
constraints; such schemes have been developed for engi-
neering unitary pulses using Van Loan methods in Ref.
[43], and experimentally demonstrated in Ref. [67]. The
ability to directly include the effect of stochastic opera-
tors into adiabatic control optimizations could also prove
valuable, as analytical techniques for assessing the effect
of particular stochastic operators on various shortcuts to
adiabaticity control schemes have been developed in Ref.
[88]. Moreover, unlike analytical methods, our protocol
enables the use of noise power spectral densities specific
to the experimental setup and quantum system at hand.

Because adiabaticity is a frame-dependent measure, the
success of our control engineering protocol for the exam-
ples shown relies on choosing a favorable reference frame
for expressing the spin Hamiltonian in Eq. (11). The ref-
erence frame and the waveform parametrization that we
use are inspired by analytical work on adiabatic control
[4]. We find that, for the control problems considered here,
the polynomial ansatz yields much better convergence
to solutions than waveform parametrizations involving
smooth time-localized basis functions, such as Gaussians.
We expect that similar reasoning can guide the use of
our protocol for quantum systems with different Hilbert
space dimensions and system and control Hamiltonians
in a variety of quantum control applications requiring

high-fidelity state preparations, including quantum com-
puting, simulation, sensing, and spectroscopy.
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APPENDIX A: AFP PULSES ROBUST AGAINST
DIPOLAR COUPLINGS

We now discuss the design of AFPs for densely packed
electrons that are engineered for robustness against spin-
spin dipolar interactions. Such considerations can become
relevant for quantum sensing applications; for example
with nitrogen-vacancy centers, where phase shifts for adi-
abatic pulses have been used to reduce the effect of
nonadiabatic couplings [73]. We optimize two AFPs, one
that utilizes an additional perturbation metric to provide
built-in robustness against dipolar couplings, and a sec-
ond AFP that does not include this robustness condition.
The performance of the two pulses are compared in a
multispin simulation to investigate the effectiveness of the
perturbative treatment.

Following the approach of Sec. 1V, the two-body secular
dipolar Hamiltonian 6H = 20. ® 0. — 0, ® 0x — 0, ® 0,
[3] is used to minimize the leading-order correction to
the final state Dygu(8H; T)(|¥o) ® |¥o)), which is done
by defining a perturbation metric similar to Eq. (5), to be
evaluated using a suitable Van Loan generator (see the
Supplemental Material [60] for details). The pulse searches
are done on an optimization set of seven electron spins
[ve/(2m) = 28.024 GHz/T], with their maximum Rabi fre-
quency ranging between 7.57 and 12.05 MHz. The maxi-
mum resonance offset of the pulses is set to Awmax/(27) =
50 MHz, and the duration is chosen to be T =1 us. Both
pulses are parameterized using Eq. (12) with N = 40. For
one of the pulses, which we call the reference pulse, we
only use final state and adiabaticity metrics with pé’\) =02

and pég) = 0.8. For the dipolar pulse, the metric coeffi-

cients are chosen as p” = 0.2, py’ = 0.5, and p%) = 0.3.
The weights between different set members are w* = 1/7
for both pulses, and the rest of the optimization is per-
formed in the same way as before. The resulting pulses
and their associated control metrics are shown in Fig. 4.
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FIG. 4. (a) Amplitude and (b) resonance offset waveforms of

the dipolar and reference AFPs. (c) Target state infidelity of
the dipolar and reference pulses (curves) calculated for a sin-
gle noninteracting spin, along with the mean infidelities from the
seven-spin simulation with nonzero dipolar couplings (filled cir-
cles). (d) Dipolar perturbation metrics for the two pulses. The
dipolar metric of the reference pulse is plotted for reference only
and is not included in the optimization. (e) Adiabaticity metrics
for the two pulses. (f) The maximum angle between the effec-
tive field and magnetization vectors throughout the evolution as
a function of Rabi frequency.

To examine the effect of dipolar couplings, we simulate
a system of seven interacting electrons experiencing a par-
ticular Rabi frequency for nine different Rabi frequency
values. The spatial coordinates of the seven electrons are
chosen by taking a 4-nm-sided cube, arranging spins on its
center and the centers of its faces, and then displacing each
spin by a random vector drawn from a uniform distribution
on [—0.5 nm, 0.5 nm]®. For reference, the largest dipolar
coefficient for the spatial arrangement is 6.5 MHz. Start-
ing from the state |1) for each spin, we compute the mean
fidelity ¢ = Z;:] Tr[p; (1) [{) ({1]/7 for the nine different
Rabi frequencies, where p; (7) is the final reduced density
matrix of the jth spin. The results for both the dipolar and

reference pulses, along with the fidelity metric ¢y, which
is calculated for a single noninteracting spin, are shown in
Fig. 4(c). The plots show that, despite the reference AFP
exhibiting slightly better target state and adiabaticity met-
rics for a single spin, the mean infidelity of the dipolar AFP
computed for the coupled seven-spin system is approxi-
mately an order of magnitude smaller, in the AFP design
range.

Finally, the performance of the reference pulse improves
as the Rabi frequency is increased to about 14 MHz, which
is consistent with the Rabi frequency dependence of its
dipolar metric [Fig. 4(d)]. This implies that the main con-
tributor to its inferior performance is the absence of the
dipolar metric in the pulse search. We therefore expect
the ability to minimize arbitrary perturbation terms to be
a powerful tool for engineering fast adiabatic pulses robust
to interactions.

APPENDIX B: LARMOR-SELECTIVE AFP
PULSES

Quantum control operations conditional on some Hamil-
tonian parameter for a globally controlled ensemble of
quantum systems underpin all spectroscopy and most
imaging applications [75], and are often a key ingredient
for quantum sensing [61,62]. Here, we demonstrate the use
of our control protocol for engineering adiabatic operations
that are conditional on a single Hamiltonian parameter.
Motivated by the nano-MRI experiments in Ref. [75], we
demonstrate optimizing controls that adiabatically invert
spins experiencing a certain adjustable range of Larmor
frequencies, called the inversion band, while not inverting
spins outside of that range. We use the same experimental
parameters as in Ref. [75].

Using the polynomial ansatz (12) with N = 10, we
design a 300-us-long AFP for proton spins with gyromag-
netic ratio y/(2w) = 42.577 MHz/T, under a maximum
Rabi frequency of wimax/(27) = 225.7 kHz, and a max-
imum resonance offset of Awn./(27) =75 kHz. We
search for Larmor-selective pulses by considering an opti-
mization set of spins (I") at different resonance offsets, and
assigning different single-member target functions depend-
ing on whether the optimization set member (A € I') is
inside or outside the inversion band. Taking the initial
state to be |1), for A inside the inversion band, we assign
the metric coefficients péx) = 0.2 and piﬁ) = 0.8, with the
target state being set to ||); whereas the A outside the
inversion band have pé)‘) =1 and pég) = 0, with a target
state equal to the initial state. Within the inversion band
range of [—47 kHz, 47 kHz], we use 11 distinct A € ', with
an additional two members of the optimization set outside
the band at +72.5 kHz. We reinforce the sharpness of the
band edges in the optimization by choosing w*) =2/17
for the 447 and £72.5 kHz members, and w® = 1/17 for
the others.
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and target state fidelity of the pulse ¢}/ after M = 140 spin
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arrows indicate the width and edges of the inversion band. The
markers in subfigure (b) represent the members of the optimiza-
tion set A € I', with the filled circles (diamonds) being inside
(outside) the inversion band.

The optimized pulse shape is given in Fig. 5(a). As in
Ref. [75], we look at the fidelity metric (¢) as a function
of detuning dw/(2m), where M = 140 is the number of
adiabatic inversions applied in the experiment. In Fig. 5(b)
we show the profile of ¢} for which the total bandwidth,
defined by the region in which ¢} > 0.1, equals 107.8
kHz. For a static field gradient of G = 2 x 10° T/m utilized
in Ref. [75], this translates to a near-nanometer spatial
bandwidth of 6z = dw/(yG) = 1.25 nm. The band edge
width is determined to be about 13 kHz or 0.15 nm. The
pulse also generates the expected adiabatic behavior, as the
maximum angle between the effective field and magnetiza-
tion vectors in the [—47 kHz, 47 kHz] range is 4°, while the
angle at the edges (47 kHz) reaches about 15°.

We have thus demonstrated an example for systemat-
ically engineering adiabatic operations conditional on a
Hamiltonian parameter suitable for nanometer-scale MRI
experiments. We note that, if required, robustness to
Rabi field variations can also be directly addressed in
the optimization by considering a perturbation Hamilto-
nian §H (X, t) = b, (X, f)ox, and minimizing the associated
metric.

APPENDIX C: ADIABATIC OPERATION
CONNECTING ARBITRARY STATES

Equation (12) restricts the initial and final effective fields
to the z axis. For arbitrary adiabatic spin-1/2 state-to-state
transfers—a useful capability for experiments [89,90]—a
more general parametrization is needed [4,90,91]. To this
end, we first look for a polynomial function that connects
the arbitrary points (0, &) and (T, £’). One solution is to use
the line connecting these two points, and add it to the most
general polynomial with roots at ¢ € {0, ). We thus define

the function

m n—m—1
55/ . t t t
xn=—(1-—) 3 x(1-2-

n=m+1

t !
t7E -8 +E, (ChH

where £ = fm‘i;f// (x,0)and &’ = frf,, (x, 7). One can now use
polynomials of this form to parameterize the three effec-
tive field components. To also incorporate amplitude and
bandwidth limitations, we utilize tangent hyperbolic soft

clipping functions, which leads to the ansatz

Wimax /
b (x,1) = tanh[£,%,~ (X, 1], C2a
\/z %,N/?, ] ( )

@]max BB’
b,(x,f) = —— tanh (x, 0], C2b
o4 ﬁ [fN/3,2N/3 ] ( )
bo(X, 1) = Awmax tanh[£,}5 (%, D)1, (C2c)

where N is the number of optimization parameters. The
(o, B,y) and (¢/, B, ') indices in Egs. (C2) are chosen as

o« =tanh~'n,, o =tanh™'n,

p =tanh 'n,, B =tanh™’ n,

W1max

-1 ’ —1 Wmax ’
y = tanh (—n ),y = tanh (—nz),
\/EAC()maX : \/EAwmax

such that, for the design Rabi frequency, b(x, 0) o i and
b(x,T) o« i, where i = (ny,n,,n.) and 0’ = (n;,n;,n;)
are unit vectors along the initial and final states on the
Bloch sphere, respectively.

We now give a brief example of an operation that trans-
fers an arbitrary state on the Bloch sphere to another
arbitrary state. For this, we design a 7= 13 us pulse for
spins with N = 30 control parameters. We enforce the
bandwidth and amplitude constraints Awy./(2r) = 7.4
MHz and wimax/(27) = 448 kHz on a single-member opti-
mization set, with target function coefficients py = 0.2 and
Pad = 0.8, and no perturbation metric in mind. The initial
and final states for the pulse design are set to (¥, ¥;) =
(/3,0) and (97, ¥r) = (2n/3,7/2), respectively, where
¥ and ¢ denote the polar and azimuthal angles of the states
on the Bloch sphere, respectively. The resulting pulse,
along with its associated performance metrics and calcu-
lated Bloch sphere trajectory, are presented in Fig. 6. The
results show that the spin follows the effective field with an
angle o (f) < 5°, and reaches the target state with a fidelity
higher than 0.999 99. The target state infidelity [Fig. 6(b)]
exhibits a single minimum near wym,y/(27) = 448 kHz, as
deviations from the design Rabi frequency will necessarily
cause misalignment between the initial state and effective
field. The small shift between the minimum and the design
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FIG. 6. (a) Adiabatic pulse designed for evolving the
(9i, %) = (/3,0) point to (9,¥r) = (2w/3,7/2) on the
Bloch sphere. The field values correspond to the spin in the
optimization set. (b) The target state and adiabaticity metric
infidelities as a function of Rabi strength. The filled circle indi-
cates the spin used in the optimization. (¢) The maximum angle
between the effective field and magnetization vectors for the opti-
mized wimax/(27r) = 448 kHz spin as a function of time, and (d)
the corresponding Bloch sphere trajectory of the magnetization
and effective field.

Rabi frequency is due to coherent effects arising from the
slight nonadiabaticity of the evolution.
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