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Imaging the (sub)micron scale over large areas with high temporal resolution becomes increasingly
necessary for the development and investigation of novel materials under realistic operation conditions.
Small angle x-ray scattering imaging methods provide micro- and nanoscale structural information of
materials. A fundamental shortcoming of such methods is the long acquisition time required to investigate
macroscopic objects. In this work, we propose a single shot imaging method that allows reciprocal space
sensitivity at a local level while maintaining spatial resolution for imaging macroscopic objects. We use
an instrument that is sensitive to the ultrasmall angle x-ray scattering range and utilize it to image unstable
polydisperse particle systems. This allows us to observe in real time the evolution of the local average
particle diameter due to the stratification of the microparticles.
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I. INTRODUCTION

Understanding and manipulating the structure of soft
and condensed matter at (sub)micrometer scales has led to
the development of novel materials with highly optimized
properties. Eminent examples include ultralight metallic
microlattices [1], catalyst supports [2], and battery elec-
trodes [3]. The development and improvement of such
materials requires appropriate methods for sensing or visu-
alizing the (sub)micron scale. For example, in the field
of colloids and microparticle suspensions state-of-the-art
methods include x-ray diffraction and scattering studies
[4,5] or microscopic techniques resolving directly individ-
ual particles [6,7]. Both approaches cannot fulfill simul-
taneously the requirements for realistic operando investi-
gations, i.e., high temporal resolution, large imaging area,
and (sub)micrometer-scale sensitivity.

Modulator-based x-ray imaging methods, such as grat-
ing interferometry [8], coded apertures [9], and speckle-
based [10] imaging, can provide subpixel information
over large areas by retrieving scattering-based images
[11–15]. Furthermore, the utilization of x rays allows one
to investigate thick, turbid, and opaque samples, and also
enables access to three-dimensional information. A major
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shortcoming of the current approaches is that, for quan-
tification of the microstructure (i.e., characteristic length,
orientation, etc.), multiple measurements are needed
[16–20]. Hence, in the case of time-evolving, spatially
modulated systems the state-of-the-art methodology is
limited.

In this work, we propose a method that can deliver quan-
titative subpixel information of macroscopic objects in a
single shot. The method utilizes a diffractive x-ray opti-
cal element that is subdivided into identical unit cells,
with each unit cell designed such that it provides locally
reciprocal space information [sensing the (sub)micrometer
scale] and acts as a macropixel in the final image, thus
maintaining spatial resolution. This approach can be oper-
ated in a single shot mode, enabling a high temporal
resolution. Additionally, the scalability of the method is
straightforward since the sample size is only limited by
the available x-ray beam. As unit cells, we choose π

phase shifting Fresnel zone plates that act as a far-field
transformation [21].

II. SIMULTANEOUS REAL AND RECIPROCAL
SPACE IMAGING

In Fig. 1(a) an implementation of the proposed method
is shown. The sample is placed right before the optical
element that is composed of an array of zone plates with
radius RN , spacing �X , focal length f , and most outer
zone width �r. An x-ray detector with a physical pixel size

2331-7019/21/15(4)/044038(8) 044038-1 © 2021 American Physical Society

https://orcid.org/0000-0003-0435-6672
https://orcid.org/0000-0002-1646-1405
https://orcid.org/0000-0002-0833-4043
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.15.044038&domain=pdf&date_stamp=2021-04-23
http://dx.doi.org/10.1103/PhysRevApplied.15.044038


MATIAS KAGIAS et al. PHYS. REV. APPLIED 15, 044038 (2021)

(a)

(c)

X-ray plane-wave illumination
Sample

Optical element

X-ray detector
(b)

0 20 40 60 80
0.0

0.5

1.0 Vertical
Horizontal

In
te

ns
ity

 (
ar

b.
 u

ni
ts

)

Distance (µm)

FIG. 1. Experimental setup for simultaneous real and reciprocal space imaging. (a) The sample t(r) is placed right before the
Fresnel zone plate Z(r). The x-ray detector is placed at the focal plane of the zone plates. The focusing of the zone plates is equiv-
alent to recording the far-field image I(q) of the probed area of the sample, meaning that reciprocal space information is recorded
in each unit cell (m, n). (b) Horizontal and vertical line profiles at the central part of the recorded intensity pattern. (c) Scanning
electron microscopic image of a single unit cell. The outer zone width is 1.2 μm and the diameter is 84.5 μm. The scale bar
is 10 μm.

�x is placed at the focal plane of the Fresnel zone plate
array. The number of physical detector pixels per unit cell
is N ; without loss of generality, we assume that N is odd.
In the Appendix we establish the connection between the
physical parameters of the zone plates and the scattering
range that is sensed. The norms of the maximum and mini-
mum scattering vectors are given by qmax = 2π(1/�r) and
qmin = 2π(1/�r)(2/N − 1) respectively. This range can
also be interpreted in real space by the correlation lengths
ξ ; the maximum and minimum are ξmax = (N − 1/2)�r
and ξmin = �r, respectively. The diameter of the zone
plates is limited by their spacing 2RN ≤ �X and therefore
we end up with a fundamental trade-off between real space
resolution �X and the resolution of characteristic length
scales:

�X �ξ ≥ λf . (1)

The recorded scattering patterns are convolved by the
source distribution and the point spread function of the
detector; this hinders an analysis directly in the reciprocal
space. To overcome this, we retrieve the real space corre-
lation function [22,23] instead as conventionally done in
grating-based imaging [16,24]. For each unit cell (m, n),
we record a sample and flat diffraction pattern, denoted
by I (m,n)

s [qx
k, qy

l ] and I (m,n)

f [qx
k, qy

l ], respectively, where qx
k

and qy
l are the discrete coordinates with i, k = −(N −

1)/2, . . . , (N − 1)/2. The flat measurement is performed
in order to correct for the blurring effects. The local sample
transmission can be retrieved from the zeroth compo-
nents of the discrete Fourier transforms for each recorded
pattern:

T[m, n] = Î (m,n)
s [ξ x

0 , ξ y
0 ]

Î (m,n)

f [ξ x
0 , ξ y

0 ]
. (2)

TABLE I. Experimental parameters for the two demonstrated experiments.

�r, �ξ , ξmin RN �X �x E (keV) ξmax f t
(μm) (μm) (μm) (μm) (keV) (μm) (m) (ms)

Validation experiment 1.2 42.25 84.5 6.5 17 7.2 1.3 10
Dynamic experiment 0.82 42.25 84.5 6.5 25 4.9 1.3 10
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FIG. 2. Raw images for the validation experiment. (a) Flat and
sample (b) images for the 7.7 μm particles (scale bar 2.5 mm).
(c),(d),(e) Enlargements of the marked areas. The scale bar is
170 μm.

The real space correlation function �(m,n)[ξ x
k , ξ y

l ] is given
by

�(m,n)[ξ x
k , ξ y

l ] = Î (m,n)
s [ξ x

0 , ξ y
0 ]

Î (m,n)

f [ξ x
0 , ξ y

0 ]

Î (m,n)
s [ξ x

k , ξ y
l ]

Î (m,n)

f [ξ x
k , ξ y

l ]
. (3)

Since we image isotropically scattering structures, we
report on the radially integrated real space correlation
function

�(m,n)[ξρ

k ] = 2
N − 1

(N−1)/2∑

l=1

�(m,n)[ξρ

k , θl], (4)

where ξ
ρ

k and θl are discrete polar coordinates.

III. EXPERIMENTAL VALIDATION

To demonstrate the working principle of the proposed
method, we fabricated a zone plate array with a total num-
ber of 8418 individual zone plates arranged in a 183 ×
46 (h × v) grid covering a total area of 1.57 × 0.38 cm2.
The design parameters of this validation experiment are
summarized in Table I. A scanning electron micrograph of
one of the zone plates is shown in Fig. 1(c). For the fab-
rication, we utilized electron beam lithography and deep
reactive ion etching of Si. The details of the fabrication
and characterization are given in the Supplemental Mate-
rial [25]. The utilized detector is the pco.edge 5.5 camera
with a pixel size of 6.5 μm. The x rays are converted to
visible light by a 300 μm thick LuAG:Ce scintillator. This
configuration resulted in a scattering vector range between
0.872 and 5.23 μm−1.

(a)

(b)

Scattering & transmission

FIG. 3. Validation of the real space autocorrelation function
retrieval. (a) Retrieved scattering and transmission images of the
7.7 μm particles (scale bar 2.5 mm). (b) Retrieved real space cor-
relation functions of the two investigated cases within the marked
area in the transmission image. The error bars correspond to the
standard deviation of the retrieved scattering signals.

For validation, we image SiO2 microparticles [26] sus-
pended in glycerine. The glycerin is used in order to keep
the particles suspended and avoid gravitational sedimen-
tation. Two scenarios are investigated: one with a low
concentration (volume fraction 	 = 5%) of d = 3.6 μm
diameter particles, and one with a high concentration
(	 = 25%) of d = 7.7 μm diameter particles. The parti-
cle suspensions are placed in a PMMA container with a
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FIG. 4. Sensitivity curve for particle size estimation. The gray
areas correspond to particles smaller or larger than ξmin and ξmax,
respectively.
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FIG. 5. Dynamic imaging of the polydisperse particle solution. (a) Transmission image of the particle solution at the end of the
measurement. The red area denotes the observation window (scale bar 1.5 mm). (b) Ensemble of transmission and scattering frames
recorded at 0.2 sec intervals. (c) Retrieved scattering intensities at the light blue are marked in transmission image (a). At each time
point the scattering intensities are used to fit the effective particle diameter. (d) Fitted curves at time points t = 0 min and t = 6 min.
The arrows indicate time evolution.

thickness of 4 mm. In Fig. 2 we show the raw images
for the case of particles with a diameter of 7.7 μm. In
Fig 3(a) we show the retrieved transmission and scatter-
ing images for the 7.7 μm suspension. The autocorrelation
map at ξ = 1.2 μm shows a periodic pattern that can be
attributed to stitching errors in the fabrication of the zone
plates. As expected, the suspension is strongly scattering
while the PMMA container is only visible in the trans-
mission images. In Fig. 3(b) we compare the retrieved real
space correlation functions to theoretical ones that are cal-
culated in SasView [27], assuming a hard sphere model
for the structure factor. In particular, we simulated small-
angle scattering patterns in a q range between 10−2 and
102 μm−1 of monodisperse spheres with diameters of 3.6
and 7.7 μm. The scattering patterns are transformed into
real space correlation functions by the Hankel transform.
Good agreement is observed for both scenarios. For the
low concentration case, the signal saturates when ξ ≥ d;
for the higher concentration, an oscillation can be observed
due to interparticle correlations. Both observations are in
good agreement with previous work [18,28]. Furthermore,
at the lower correlation range a higher deviation from the
theoretical values is observed. This could be an effect of
the parasitic zeroth order of the zone plates. The etching
depth of each zone is highly dependent on the width of
the zone [29], meaning that different etch depths will occur

for different zones. The nonuniform etching depth could
be mitigated by utilizing the recently developed method of
metal assisted chemical etching [30].

IV. DYNAMIC IMAGING

To highlight the time-resolved capabilities of the
method, we image the flotation process in an unstable poly-
disperse particle solution. As particles, we utilize 110P8
hollow microspheres with diameters ranging from 1 to
25 μm of fused Borosilicate glass [31]. The solution is
prepared by mixing 0.4 g of hollow spheres with 3 ml of
deionised water in a 5 ml test vial. The vial is vortexed for
5 min prior to imaging. A volume of 1 ml of the mixed
solution is pipetted into a PMMA container. The imaging
started approximately 30 sec after the pipetting. The solu-
tion is imaged for a total of 1716 frames acquired with a
frequency of 5 Hz, resulting in a total measurement time
of about 6 min. The experimental parameters are summa-
rized in Table I. In Fig. 5(b) an ensemble of collage images
highlights the evolution of the process, where the right half
corresponds to transmission and the left half to scattering
at correlation length ξmax.

Assuming that particles with different sizes contribute
incoherently to the scattering signal, we can estimate an
effective particle size by fitting the monodispersed model

044038-4



SIMULTANEOUS RECIPROCAL AND REAL SPACE. . . PHYS. REV. APPLIED 15, 044038 (2021)

(c)(b) (d)

t = 0 min

2.5 µm

4.5 µm 

t = 3 min                           t = 6 min

(a)

D
iam

eter

D
epth

0.2 mm

1.8 mm

FIG. 6. Evolution of the depth-dependent effective particle
diameter. (a) Effective particle diameter averaged along the
observation window highlighted in Fig. 5(a). (b),(c),(d) Repre-
sentative illustrations of the effective particle diameter at different
time points.

[32] on our data. To corroborate the claim that the parti-
cle size can be estimated from the retrieved autocorrelation
function containing a few sample points, we perform a set
of wave optics simulations. We compare the retrieved par-
ticle size for a large number of particle distributions with
diameters ranging from 0.45 to 9 μm with a step size of
40 nm. In Fig. 4 the resulting sensitivity curve for our
experimental setup is shown. We can see that, for parti-
cles within the sensitivity range, a reliable estimation is
expected. Details regarding the simulation are given in the
Supplemental Material [25].

In order to fulfill the condition of uncorrelated particles
of our model, we analyse the central area of the container,
as annotated in Fig. 5(a), where no close packing between
the particles takes place. In Fig. 5(c) the scattering signal at
the unit cell corresponding to the light blue location is plot-
ted over time for the five correlation lengths. At each time
point an effective diameter is fitted, as shown in Fig. 5(d).

In Fig. 6(a) the average depth-dependent effective diam-
eter over the marked area is shown for the duration of
the experiment. Initially, a homogeneous effective diame-
ter is observed; a representation of the effective diameter
is shown in Fig. 6(b). The color encodes the effective
particle diameter according to the colorbar in Fig. 6(a),
the diameter is proportional to the effective diameter, and
the density is proportional to the estimated normalized
scattering cross section that is proportional to the vol-
ume fraction 	. After the first few minutes a gradient in
the effective diameter starts to develop, as shown in Fig.
6(c), which gets increasingly steeper until the end of the
observation period [Fig. 6(d)]. A movie with the evolution
of the effective diameter is provided in the Supplemen-
tal Material [25]. The basis for explaining this gradient
is the dependence of the flotation speed with the parti-
cle size that is a derivative of Stokes’ law. In general, the
flotation velocity v is proportional to the square of the par-
ticle radius v ∝ r2. The observed behavior is supported by

published numerical and mathematical studies describing
such processes [33–36].

V. CONCLUSION

We have proposed an x-ray imaging method that allows
simultaneous reciprocal and real space imaging in a single
shot. The method is applied for imaging unstable poly-
disperse microparticle solutions. Because of the ability to
achieve simultaneously high temporal resolution, spatial
resolution, and large imaging area, we are able to observe
the evolution of the local average particle size. Limita-
tions of current characterization methods such as small
angle x-ray scattering, dynamic light scattering and ultra-
microscopy have not allowed direct measurements at this
scale before.

The smallest structure that can be quantified by our
method is defined by the minimum correlation length ξmin,
which is equal to the outermost zone width of the zone
plates �r. With state-of-the-art fabrication methods, outer
most zone widths between 7 [37] and 40 nm [38] for 9
and 20 keV, respectively, have been reported, opening up
the potential for nanoscale sensitivity over a wide range of
x-ray energies.

The main limitation of the proposed method is the
number of sampling points within each macropixel. This
inevitably limits the details in the recorded scattering pat-
terns. Therefore, we do not make the claim that this method
is a replacement of the conventional (scanning) small angle
x-ray scattering methodology. But, it shall rather be viewed
as a tool that extends the capabilities of full-field imag-
ing beamlines, providing quantitative subpixel information
for macroscopic samples in a single shot. Finally, we
would like to point out that the approach is not beamline
dependent and could easily be translated to other imaging
beamlines or even highly coherent laboratory sources such
as liquid metal jet sources.
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APPENDIX: IMAGE FORMATION

The purpose of this derivation is to demonstrate that
each Fresnel zone plate acts as a local Fourier transform of
the complex transmission of the sample. For the derivation,
we assume fully coherent and monochromatic plane wave
illumination. For the theoretical description, we define
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the following local two-dimensional coordinate systems
corresponding to each unit cell (m, n) of our optics; for
simplicity, the m, n indexing is omitted. The experimen-
tal setup together with all definitions of local coordinates
are shown in Fig. 1(a). For a concise description, we utilize
vector notation for each plane, assuming that the center of
each unit cell corresponds to the local origin. The defined
coordinate systems are the spatial coordinate at the sample
plane and optical element plane r; and the spatial coordi-
nate at the detector plane s. We assume that our local zone
plates are π phase shifting in order to eliminate the zeroth
diffraction order. The complex transmission function Z(r)
of a zone plate can be decomposed into a Fourier series
as [39]

Z(r) = sign
[

cos
(

2π

2λf
|r|2

)]

=
±∞∑

n=±1,±3,...

2
|n|π (−1)(|n|−1)/2ei2π |r|2n/r2

0 , (A1)

where f is the focal distance of the Fresnel zone plate,
λ is the design wavelength, and r2

0 = 2λf . This expan-
sion is achieved by exploiting the circular symmetry of the
transmission function and performing the Fourier decom-
position as if the function is a one-dimensional signal of
period r2

0, with r2 = |r|2 being the independent variable.
Assuming fully coherent monochromatic plane wave illu-
mination of wavelength λ, the propagated image of the
complex transmission function t(r) of the sample (placed
immediately before the optical element) at distance z from
the optical element can be calculated by utilizing the
Fresnel propagator:

T(s, z) =
∫

dr t(r)Z(r)eiπ |r−s|2/λz

=
∫

dr t(r)
±∞∑

n=±1,±3,...

2
|n|π (−1)(|n|−1)/2ei2π |r|2n/r2

0

× eiπ |r−s|2/λz. (A2)

By expanding the term |r − s|2 and setting z = f since we
are interested in the image formed at the focal plane of the
zone plates, Eq. (A2) becomes

T(s, f ) = eiπ |s|2/λz

×
∫

dr ei2πrs/λf
±∞∑

n=±1,±3,...

t(r)
2

|n|π (−1)(|n|−1)/2

× eiπ |r|2(n+1)/λf . (A3)

We define the family of functions

tn(r) = t(r)
2

|n|π (−1)(|n|−1)/2eiπ |r|2(n+1)/λf ,

n ∈ {±1, ±3, . . .}.
(A4)

Hence, Eq. (A3) can be rewritten as

T(s, f ) = eiπ |s|2/λz
∫

drei2πrs/λf
±∞∑

n=±1,±3,...

tn(r). (A5)

The integral part of Eq. (A5) represents the Fourier trans-
form of the infinite sum of the functions tn(r). Given the
linearity of the Fourier transform and under the assump-
tion that the tn(r) are square integrable (existence of the
Fourier transform), the order of summation and integration
can be exchanged in Eq. (A5). The assumption of square
integrability,

∫
dr|tn(r)|2 =

∫
dr|t(r)|2 4

|n|2π2 < ∞, (A6)

holds for realistic samples with a finite support. Equation
(A5) can now be rewritten as

T(s, f ) = eiπ |s|2/λz
±∞∑

n=±1,±3,...

t̂n

(
s

k
f

)
, (A7)

where t̂n(sk/f ) represents the Fourier transform of tn(r)
and k = 2π/λ. Each of these terms corresponds to a
diffraction order of the zone plate. From Eqs. (A4) and
(A5), it follows that t̂−1(sk/f ) is the Fourier transform of
the sample t(r). For the higher orders |n| ≥ 3, we assume
that

∣∣∣∣t̂−1

(
s

k
f

)∣∣∣∣
2

�
∣∣∣∣t̂n

(
s

k
f

)∣∣∣∣
2

, (A8)

since the intensity drops with 1/|n|2. Additionally, under
the assumption that our sample is locally varying slower
than 2|r|2, the +1 term can also be neglected since it con-
verges to 0. Finally, this leads to the recorded intensity by
the x-ray detector being

I(s) ∝
∣∣∣∣t̂
(

s
k
f

)∣∣∣∣
2

. (A9)

Therefore, we have demonstrated that reciprocal informa-
tion can be obtained on a local level, while maintaining
spatial resolution on a large scale. Up to this point in our
derivation fully coherent illumination and ideal response
from the x-ray detector have been assumed. Nonfully
coherent illumination can be incorporated through the Van
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Cittert–Zernike theorem [40], stating that the recorded
intensity should be convolved with the projected source
distribution S(s). To incorporate the response of the imag-
ing system, a second convolution needs to be performed
with the point spread function PSF(s) of the detector.
Therefore, the final recorded signal is

I(s) ∝
∣∣∣∣t̂
(

s
k
f

)∣∣∣∣
2

∗ PSF(s) ∗ S(s). (A10)

By having sufficient knowledge of the imaging system
and the x-ray source, deconvolution algorithms could be
applied in order to retrieve the scattering distribution.
However, taking into account the limited number of sam-
ple points within each unit cell, a more beneficial approach
would be to study the Fourier transform of the scatter-
ing intensity, which is known as the real space correlation
function

G(ξ) =
∣∣∣∣
f
k

∣∣∣∣
2

t
(

ξ
f
k

)
∗ t


(
ξ

f
k

)
, (A11)

where ξ is the reciprocal variable of s and t
 the conjugate
of t. By performing a reference measurement with only the
optical element in the beam, the effect of the finite source
size and PSF of the detector can be compensated in the real
space correlation function.

So far, we demonstrated that reciprocal space informa-
tion can be obtained on a local scale while maintaining
spatial resolution on a large scale; here we derive the
relation between the two for an arbitrary optical element
design. Let RN be the radius of each zone plate with focal
length f , and let �x be the sampling rate of our imaging
detector. The maximum value of the scattering vector q
depends on the size of the unit cell and is given by

qmax = |q|max = 4
π

λ

|s|max

f
= 4

π

λ

RN

f
. (A12)

By knowing the sampling rate �x we can obtain the
maximum autocorrelation length

ξmax = λf /(2�x), (A13)

and the sampling rate of the autocorrelation function,
which is equal to the minimum autocorrelation length ξmin
of the system

�ξ = ξmin = λf /(2RN ), (A14)

which is also equal to the width �r of the outermost
zone of the zone plate. From the above equations, we can
formulate an uncertainty principle between the spatial res-
olution �X of the obtained image and the resolution �ξ

with which the real space correlation function is sampled.

The spatial resolution �X has a minimum equal to the
diameter of the zone plate

�X ≥ 2RN . (A15)

From Eqs. (A14) and (A15) we conclude that

�X �ξ ≥ λf , (A16)

meaning that, for a given focal length and wavelength,
higher sampling of the real space correlation function can
only be achieved by reducing the real space resolution.
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