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Enhancing light-matter interactions is necessary in a wide range of applications, such as sensing,
nanophotonics, nonlinear and quantum optics. Nanoscale interactions are typically enhanced through
localized resonances, resulting in a stringent trade-off between bandwidth, footprint, and overall enhance-
ment factor. Here, we discuss how nonreciprocal electromagnetic hotspots, arising at the truncation of
nonreciprocal and topological interfaces, can decouple these quantities, supporting extremely large and
broadband field enhancements, leading to efficient nonlinear phenomena at the nanoscale and extreme
broadband enhancement of local density of states. We discuss the impact of material nonlocality and
surface roughness on these effects, providing closed-form expressions for the field enhancement in the
presence of nonlocality and material loss, and demonstrating that many of these effects can be observed
in several realistic scenarios. Finally, we outline how topological photonics can play a role in establish-
ing these nonreciprocal hotspots. Our findings open opportunities to implement broadband nanophotonic
platforms and metamaterials that exploit topological concepts to enable exotic light-matter interactions.
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I. INTRODUCTION

Light interacts weakly with common materials, imply-
ing that meaningful light-matter interactions can typically
be achieved only over large footprints. For nonlinear
phenomena, large volumes of interactions require care-
ful phase-matching considerations to make sure that con-
tributions from different regions interfere constructively.
By localizing and confining electromagnetic fields at the
nanoscale through resonances, linear and nonlinear light-
matter interactions can be dramatically enhanced. Plas-
monics, in particular, has been proposed as a powerful
platform to enable extreme light confinement, accompa-
nied by dramatic enhancements of the electromagnetic
fields [1] enabling a plethora of applications, from sens-
ing [2], to manipulating light emission [3], and the quan-
tum yield of emitters [4], achieving strong coupling with
single molecules [5], and enhancing light absorption and
nonlinear phenomena.

Approaches to field enhancements usually rely on res-
onant effects, which are associated with a sharp trade-off
with the bandwidth of operation, drastically hindering
the overall impact of these efforts for many applica-
tions. Recent approaches to overcome these challenges
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have involved the use of adiabatic transitions into ultra-
confined plasmonic slow light modes and singular plas-
monic geometries. These solutions enhance the fields over
broader bandwidths, but typically involve other trade-
offs, including large footprints and sensitivity to geo-
metrical features and disorder. In this paper, we discuss
a different mechanism to achieve field localization and
enhanced light-matter interactions, which relies on non-
reciprocal, unidirectional waveguides supporting a single
forward mode of propagation. There has been signifi-
cant recent interest in unidirectional waveguides, as they
enable, e.g., propagation robust against arbitrarily strong
disorder [6–10] and broadband matching in small foot-
prints [11–13]. These unidirectional waveguides can arise
at the interface between materials with different band-
structure topologies (characterized by their Chern number)
[7,8,14], analogous to the quantum Hall effect in solid-state
physics [15].

Some unidirectional waveguide geometries can be ter-
minated without creating a radiative outgoing channel,
due to the absence of a backward mode in the waveg-
uide or surface modes along the termination [16–19].
Interestingly, the absence of a backward channel in these
waveguides implies the necessary emergence of a nonre-
ciprocal hotspot at the termination [16,18–22], at which the
electromagnetic fields are largely enhanced over the entire
unidirectional bandwidth. Here, we discuss the phenomena
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arising at these unusual field singularities in detail and
show how they can provide exciting opportunities for
enhanced, broadband nonlinear interactions and local den-
sity of state (LDOS) enhancements that overcome the men-
tioned trade-offs with bandwidth, footprint, and sensitivity
to disorder. We provide an accurate analytical approxima-
tion for the enhancement that enables straightforward com-
parison between different material systems. Subsequently,
we discuss the resilience of these field enhancements to
nonlocality and surface roughness. Finally, we discuss the
role that topological protection can play in supporting
these phenomena.

II. PLASMONIC FIELD ENHANCEMENTS

Large field enhancements in plasmonic systems rely on
localized resonant oscillations of electrons at a metallic
interface [4,5]. While these resonances are typically asso-
ciated with a rather low quality factor due to unavoidable
material loss, the overall light-matter interactions are dra-
matically boosted by their extremely small mode volume.
For example, the resonant enhancement of the decay rate
of a quantum emitter is described by the Purcell factor,
F = 3Qλ3/(4π2V) [23], where Q is the resonance qual-
ity factor, λ is the wavelength in the host medium, and
V is the mode volume [24,25]. A lower quality factor
reduces the enhancement factor, but for plasmonic sys-
tems this reduction can be more than offset by their very
small mode volume compared to dielectric resonators [26],
e.g., in nanopatch antennas [4].

Figure 1(a) shows the schematic of a plasmonic bowtie
antenna, which supports a bonding mode between the
two metal arms yielding extreme field localization [27,
28]. The high fields at this electromagnetic hotspot
have been used for nonlinear harmonic generation [29]
and enhanced single-emitter fluorescence [3,30]. Field
enhancements of over 3 orders of magnitude can be realis-
tically achieved [27,28], but the bandwidth over which this
enhancement occurs is naturally limited by the resonance
linewidth, and a trade-off between these two quantities is
expected.

Simultaneously enhancing bandwidth and field enhance-
ment is challenging, but also highly desirable, as it would
enable efficient and compact, yet broadband, nanophotonic
devices, nonlinear nanostructures, and sensors. A promis-
ing approach to achieve broadband field enhancement
is through adiabatic plasmonic nanofocusing [31–35]: if
the width of a plasmonic metal-insulator-metal (M -I -M )
waveguide is slowly tapered down [36,37], as shown in
Fig. 1(b), the supported mode slows down and the field
intensity correspondingly increases. Provided that the taper
is sufficiently long and smooth, no reflections occur all
the way to the apex, where the group velocity vanishes
independent of frequency across the entire bandwidth in

(a)

(c) (d)

(b)

FIG. 1. (a) A bowtie plasmonic nanoantenna supports an elec-
tromagnetic hotspot (red). As a resonant phenomenon, the frac-
tional bandwidth of field enhancement is inherently small, and
inversely proportional to the field enhancement. (b) A plasmonic
adiabatic transition into a hotspot supports a much larger band-
width, at the expenses of a large footprint to achieve adiabaticity.
(c) Touching plasmonic cylinders combine a small footprint with
an adiabatic transition to a hotspot, but at the cost of enhanced
sensitivity to disorder. (d) The hotspot at the termination of a
unidirectional waveguide totally decouples bandwidth and field
enhancement.

which the plasmonic mode is supported. As a result, broad-
band field enhancements can be achieved. Here, however,
footprint is traded with bandwidth: in order to ensure that
the incident waveguide mode is not reflected, the transi-
tion needs to be gradual, and the larger the bandwidth, the
longer the adiabatic taper that is required.

The merits of the two approaches in Figs. 1(a) and 1(b)
may be combined considering the geometric singularities
arising at the sharp plasmonic tips of cones or wedges
[38–40]. Quasistatic diverging fields arise at these singular
points for a wide range of angles and material parame-
ters [39], with inherently broadband properties. Structures
containing such singularities can also be designed through
transformation optics [41,42], mapping, for instance, a
parallel M -I -M waveguide into touching cylinders with
much reduced footprint [41,43,44] [Fig. 1(c)]. Similar
to the adiabatically tapered scenario, as plasmons travel
towards the apex of the touching cylinders, they become
slower and increasingly confined. Large field strengths
hence emerge over a wide bandwidth, but also in a com-
pact footprint. These benefits, however, are traded with
enhanced sensitivity to disorder, as tiny imperfections
on the surface of the cylinders near the apex drastically
change the response and introduce large reflections and
losses.

Nonreciprocal and topological singularities arising in
terminated unidirectional waveguides, as schematically
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shown in Fig. 1(d), offer the opportunity to overcome these
trade-offs. These geometries provide giant field enhance-
ment over the entire bandwidth for which the waveguide
is unidirectional, in a compact footprint that avoids taper-
ing requirements and with inherently strong robustness to
disorder and imperfections associated to their topologi-
cal features. These field singularities were studied in the
1960s [16,21] in the context of a perceived thermody-
namic paradox arising in unidirectional waveguides that
carry power only one way. Because no backward flow of
power is allowed in these waveguides, it was shown that
they must support electromagnetic hotspots at their termi-
nation in which the incoming energy gets fully dissipated
over the entire unidirectional bandwidth, independent of
the actual level of material loss. The recent interest in inte-
grated nonreciprocal and topological devices has caused
a renewed interest in these nonreciprocal hotspots due to
their large field strengths, wide bandwidths, and small
footprint [10,18,19,21,22,45]. These hotspots are some-
what analogous to the adiabatically tapered waveguide in
Fig. 1(b), with the exception that there is no need for
a carefully tapered adiabatic transition, since the lack of
a backward mode ensures the absence of reflection and
impedance matching [21].

In this paper, we discuss the field enhancement that can
occur in these nonreciprocal hotspots in detail, placing
them into context with the field enhancements obtained
with known reciprocal plasmonic structures. We present
two relevant applications of these hotspots, broadband
enhancement of nonlinear effects and of local density of
states. We then discuss the implications that nonlocality
and absorption losses enforce in these systems, deriving
an accurate analytical expression for the expected field
enhancement. We show that, even in the case of real-
istic materials, these nonreciprocal waveguides provide
major benefits over their reciprocal counterparts when it
comes to backscattering losses from surface roughness,
and finally, we discuss the potential impact and limita-
tions of nonreciprocal topological systems for such field
enhancements.

III. UNIDIRECTIONAL PROPAGATION AT
NONRECIPROCAL INTERFACES

For completeness we start by reviewing the fundamen-
tals of unidirectional plasmonic waveguides, and the role
that nonlocality and material loss impose on their response.
Consider the propagation of a surface plasmon polariton
at the interface between a dielectric and a magnetically
biased metal with gyrotropic permittivity [46]

ε(ω) = ε0

⎛
⎝

ε1 iε2 0
−iε2 ε1 0

0 0 ε3

⎞
⎠ , (1)

where ε0 is the vacuum permittivity, and

ε1 = ε∞ −
(ω − iγ )ω2

p

ω[(ω − iγ )2 − ω2
c ]

,

ε2 =
ωcω

2
p

ω[(ω − iγ )2 − ω2
c ]

,

ε3 = ε∞ −
ω2

p

ω(ω − iγ )
.

(2)

Here ωp is the plasma frequency, γ is the damping rate,
ε∞ is the relative permittivity due to bound electrons, and
ωc = eB/me is the cyclotron frequency, with e the ele-
mentary charge, B = B · ẑ the magnetic induction, and me
the effective electron mass. A similar permittivity tensor
can be found in axionic materials, which have recently
garnered attention and may provide similar opportunities
[47,48].

The permittivity tensor in Eq. (1) is asymmetric, and
therefore nonreciprocal. A strong nonreciprocal response
is achieved maximizing the skew-symmetric part of Eq. (1)
with respect to the diagonal elements. Practically, this
can be achieved by selecting a material with a low effec-
tive electron mass, so that ωc is large even for limited
magnetic bias strengths. For this reason, InSb has been
the material of choice in many recent theoretical studies
of unidirectional plasmon propagation [10,19,21,49]: its
effective mass at room temperature is only me ≈ 0.012m0,
where m0 is the electron mass, considerably lower than
most metals or semiconductors, enabling a strong non-
reciprocal response at low magnetic bias strengths. In
the following, we focus on undoped InSb, with intrinsic
carrier density ni = 1.8× 1016 cm−3, resulting in plasma
frequency ωp =

√
nie2/ε0me = 6.85× 1013 rad s−1 and

damping rate γ = e/(meμe) ≈ 0.027ωp , where μe is the
electron mobility [50].

In Fig. 2 we study the propagation of surface plas-
mon polaritons in the x direction at an interface of this
material with silicon, with relative permittivity εd = 11.68,
under a static magnetic field bias along z, consistent with
recent theoretical papers [6,13,19,21,45]. A sketch of the
waveguide is shown in Fig. 2(a), consisting of a metal-
dielectric interface encapsulated by two perfect electric
conductor (PEC) planes. A top PEC in close proximity
to the metal-dielectric interface is necessary to make the
waveguide truly unidirectional, by ensuring that higher-
order modes are at cutoff, and that it is not possible to
scatter into free space. The bottom PEC facilitates collec-
tion of second-harmonic generation, which is above the
plasma frequency of the metal, as discussed in Sec. VI.
Figure 2(b) shows the modal dispersion of the waveg-
uide without (blue) and with (red) magnetic field bias,
for B= 0.31 T. In the presence of a magnetic field bias
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(a)

(b)

FIG. 2. (a) Schematic of the unidirectional plasmon polariton
waveguide under consideration. (b) Dispersion of the waveguide
without (blue) and with (orange) magnetic bias. In the biased
scenario (B= 0.31 T), the waveguide has a unidirectional win-
dow, shown in gray. We show dispersion curves until Im(kx) >

Re(kx).

polarized in the negative z direction, the forward plas-
mon asymptote moves to higher frequencies, while the
backward asymptote moves to lower frequencies [6,10,13,
18,19]. This opens a frequency window of unidirectional
propagation, as highlighted in gray.

IV. NONRECIPROCAL HOTSPOTS

We terminate the nonreciprocal polaritonic waveguide
with a PEC wall, producing an accumulation of electro-
magnetic energy at the nonreciprocal hotspot formed at
the corner [18,19,21], as shown schematically in Fig. 3(a).
Unless otherwise mentioned, results in the remainder of
the paper are calculated with COMSOL Multiphysics (see
Appendix). The electric field norm at 2.2 THz (in the mid-
dle of the unidirectional frequency window) is shown in
Fig. 3(b), with a color scale limited to a field enhance-
ment factor of 300 to enhance visibility of the hotspot.
Here the enhancement is measured relative to the field
strength of the incoming wave exciting the structure. The
field enhancement becomes very large as we approach the
corner: Fig. 3(c) shows the enhancement along the inter-
face, reaching a peak of over 104. Near the termination,
the field strength grows with an inverse power law (|E| ∝
r−ν , where ν is a constant larger than 1), characteris-
tic of this class of quasistatic wedge modes [38,39]. The
maximum enhancement is inversely proportional to the
loss rate of the material, ensuring that Poynting’s theorem
is satisfied at the termination, and all incident power is

Unidirectional waveguide Hotspot(a) (b)

(c)

(d)

FIG. 3. (a) Sketch of the nonreciprocal hotspot geometry.
(b) Magnitude of the electric field at 2.2 THz near the hotspot,
where the color scale is capped at an enhancement factor of 300
to enhance visibility. (c) Magnitude of the electric field at the
Si/InSb interface versus distance to the termination. (d) Field
at the PEC/Si/InSb corner as a function of frequency over the
unidirectional window.

absorbed [16]. The fields are significantly enhanced over
the entire unidirectional bandwidth, as shown in Fig. 3(d).

This broadband, large enhancement does not follow the
typical trade-offs of a conventional resonant system (recip-
rocal or nonreciprocal [21]), offering exceptional benefits
for nanophotonic applications. We demonstrate this claim
by comparing the field enhancement at the nonreciprocal
hotspot to those obtained in the bowtie antenna and the
touching cylinders configurations in Figs. 1(a) and 1(c).
To be able to make a fair comparison, these geometries
are also embedded in silicon and placed in a terminated
parallel plate waveguide, akin to the nonreciprocal hotspot
geometry. The arms of the bowtie antenna have a 1 μm
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(a)

(c)

(b)

E E

E

FIG. 4. Electric field intensity in (a) the bowtie antenna at
1.08 THz, and (b) the touching cylinders at 1.1 THz. In these
electric colormaps the scale is clipped to enhance visibility of
the hotspot. (c) Spectral comparison of the electric field enhance-
ment between the bowtie antenna, touching cylinders and non-
reciprocal hotspot in Fig. 3. In all subfigures, the electric field
amplitude is normalized to the electric field amplitude E0 in the
input plane wave.

height, while the cylinders forming the touching cylin-
ders have a 1 μm radius. The electric field distribution
is shown for both geometries in Figs. 4(a) and 4(b),
respectively, and may be compared with the nonreciprocal
hotspot in Fig. 3(b). The field enhancement versus fre-
quency for optimal location in each geometry is shown
in Fig. 4(c). For the bowtie antenna, the field maximum
is observed exactly at the center of the bowtie, and we
find about five resonant peaks in the electric field ampli-
tude, corresponding to different plasmonic resonances. The
lowest-order resonance has the highest field enhancement,
with a factor of 103, and the largest bandwidth over which
the enhancement takes place. If we consider the unitless
figure of merit |E|�ω/(E0ω0), which is the product of the
peak field enhancement multiplied by the fractional band-
width over which the amplitude is above 1/

√
(2) of the

peak amplitude, we find a bandwidth-enhancement product
of 169.

The touching cylinders offer a comparable field
enhancement to the bowtie, but over a larger bandwidth,
consistent with recent papers [43,44] and as shown in
Fig. 4(c) (red curve). While the structure is small in foot-
print, it makes use of the extremely large plasmon wave
numbers near the apex to support a very large number
of resonances, which form a continuous band of field
enhancement for sufficiently large material loss. The peak
field enhancement is over 420 with a fractional bandwidth
of 0.53, resulting in a bandwidth-enhancement product of
223—larger than the bowtie antenna. For lower loss rates,
the bandwidth-enhancement product can be significantly
enhanced: both bandwidth and field enhancement increase,
while for the bowtie antenna the enhancement factor
increases, but the bandwidth reduces (as the enhancement
stems from a single resonance).

We now turn our attention to the bandwidth-
enhancement factor of the nonreciprocal hotspot, shown
again in Fig. 4(c) in blue. While the fractional bandwidth
of 0.14 is smaller than in both previous geometries, the
peak field enhancement of 1.4× 104 is almost 2 orders
of magnitude larger. This results in a figure of merit of
2.1× 103, significantly exceeding the bowtie and touch-
ing cylinders antennas. We stress also that the bandwidth
of operation here is simply controlled by the frequency
range over which unidirectional propagation is supported
by the waveguide, and a larger magnetic bias, or dif-
ferent material dispersion, directly translates in a larger
bandwidth, independent of the termination geometry [10].
Such decoupling between bandwidth and field concentra-
tion, and the enhanced bandwidth-enhancement product
combined with large field confinement at the nanoscale,
are ideal features in a number of nanophotonic applica-
tions, such as emission control through the local density
of optical states and strong nonlinear phenomena without
the need for phase matching. Very remarkable as well is the
resilience of this response on the specific geometry of the
termination, or of the possible presence of imperfections
and disorder, which would dramatically alter the resonant
response of the touching cylinders and bowtie antenna. In
the following sections, we discuss the implication of these
findings for practical nanophotonic applications, as well as
the implications of nonlocality and disorder.

V. BROADBAND LDOS ENHANCEMENT IN
NONRECIPROCAL HOTSPOTS

The amount of power radiated by an electromagnetic
emitter for a fixed current depends on its environment. In
the field of antennas, for instance, the effect of the dis-
tance to a ground plane on the radiation resistance and
the overall radiated power has been discussed by van
der Pol over a century ago [51]. In photonics, Purcell
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considered spontaneous emission from localized quan-
tum sources, showing that coupling to a resonant cav-
ity may dramatically enhance their decay rate [23]. The
effect of the environment on the spontaneous emission
rate of fluorophores was later experimentally demonstrated
by Drexhage, who showed that the emitter decay rate
is affected by its distance to an interface, similar to the
antenna and ground-plane problem [52]. More recently,
there have been numerous demonstrations highlighting the
role of the local environment for localized emitters in
optics and other wave phenomena [4,53,54].

A relevant quantity to describe the modification of the
decay rate is the local density of optical states [55]. The
electric field at ro due to a point source located at rs is
generally given by

E(ro) = ω2μ0
←→
G (ro, rs) · ps, (3)

where ps is the point-source dipole moment,
←→
G is the

dyadic Green function, and μ0 is the free-space perme-
ability. Given the Green function, the LDOS can be cal-
culated by evaluating it at the source position through
6ω{d† · Im[

←→
G (rs, rs) · d]/(πc2)}, where d = p/|p| is a

unit vector in the direction of the dipole moment. Achiev-
ing a large LDOS is desirable, for example, in the pursuit
of fast, bright, single-photon sources [26,56], which are
considered a useful resource for quantum communications.
Harvesting single photons at will with 100% efficiency
requires a dramatic reduction of the emitter lifetime (usu-
ally on the order of nanoseconds) and emission into a
single mode [57].

A nanophotonic structure with a large LDOS, directing
radiation from an emitter into a certain direction, will also
have large electric field strengths at the emitter location
when excited from that direction. This is a consequence of
the following identity for reciprocal, linear, time-invariant
media:

←→
G (rA, rB) =←→G T(rB, rA), (4)

where A and B indicate two arbitrary locations. A corollary
of Eq. (4) is the Lorentz reciprocity theorem (for single-
point sources):

EA · pB = EB · pA. (5)

In other words, this equality implies that if a point source
at point A induces a field at point B, then a point source at
point B necessarily induces an equally strong field at A.

Intuitively, it is much more straightforward to estimate
an antenna’s performance as a decay rate enhancer from
Lorentz reciprocity, than it is based on the Green function
at the source location, 6ω{d† · Im[

←→
G (rs, rs) · d]/(πc2)}.

However, it is well known that in nonreciprocal media,

Eqs. (4) and (5) do not hold. In fact, this is what makes
nonreciprocity necessary for applications such as isola-
tors. The role nonreciprocity may play in enhancing the
LDOS, however, has not been investigated yet, and is also
not immediately apparent because the intuitive argument
based on Lorentz reciprocity cannot be applied.

Here, we show that nonreciprocity in fact can result
in extremely large and broadband LDOS enhancements.
This is most easily understood from more general forms of
Eqs. (4) and (5), which can be derived [58,59] by using
the time-reversal properties of the constitutive relations
[60,61] and Casimir-Onsager reciprocity [62]:

G(rA, rB, H0) = GT(rB, rA,−H0), (6)

EA(H0) · pB = EB(−H0) · pA. (7)

Equation (7) implies that the large, broadband field
enhancement obtained in the nonreciprocal hotspot
[Fig. 3(d)] when excited by a point source far away in
the waveguide necessarily results in a large, broadband
LDOS when the orientation of the static magnetic field
is reversed. This is schematically shown in Figs. 5(a)
and 5(b).

(a)

(c)

(b)

FIG. 5. (a) A localized emitter excites the unidirectional
polariton mode, which accumulates energy in the nonreciprocal
hotspot and it results in large, broadband field intensities. (b) As
a consequence of Eq. (7), when the magnetic bias is reversed and
the unidirectionality changes direction, an emitter at the location
of the hotspot experiences a large, broadband LDOS enhance-
ment. (c) LDOS enhancement for a source located at the hotspot,
as in (b). The enhancement is calculated as the radiated power
normalized to the radiated power by a source with the same
orientation in an infinite waveguide unidirectional waveguide.
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To confirm that the LDOS is indeed very large, we
place a localized emitter in the hotspot at the termination
and reversed the magnetic bias direction. The resulting
radiative LDOS enhancements are shown in Fig. 5(c),
where we normalize the radiated power to the power radi-
ated by a source with the same orientation in an infinite
unidirectional waveguide. As expected from Eq. (7), the
enhancement is extremely large (reaching an enhancement
factor of over 107) over the entire unidirectional band-
width, similar to the field enhancement observed in Figs. 3
and 4. The enhancement is largest in the x polarization,
as expected given the boundary conditions at the PEC ter-
mination that require that fields parallel to the interface
vanish.

The broadband enhancement observed here provides
interesting opportunities to enhance the decay rate of
localized optical sources, even in scenarios in which
they already decay fast by themselves, or to enhance the
decay rate of multiple, spectrally separated single-photon
sources. Furthermore, the emission happens into a single
localized mode that is robust against disorder, enhanc-
ing collection efficiencies. Finally, the dramatic gradient
of field enhancement at small distances [as observed in
Fig. 3(c)] may provide an effective means to access higher-
order, normally forbidden transitions [63] or to investigate
ultrastrong coupling phenomena in unidirectional systems
[64,65]. All these features make the nonreciprocal hotspot
discussed here promising in the context of classical and
quantum nanophotonic systems and applications.

VI. BROADBAND NONLINEAR OPTICS

Nonlinear optics is another field of optics that relies on
high field intensities. Nonlinear susceptibilities are weak in
naturally occurring materials, requiring large footprints to
achieve, e.g., significant harmonic conversion efficiencies,
with the added complication of phase-matching require-
ments. For this reason, there has been considerable interest
in nanophotonic engineering of materials to enhance non-
linear phenomena to the point that sufficient nonlinear
phenomena can arise in subwavelength volumes. The field
confinement offered by plasmonic resonators has proven
to be successful to enhance nonlinear effects [66,67], even
though with limitations associated with enhanced mate-
rial loss and the limited bandwidth over which large
enhancement can be achieved.

In this context, it has recently been reported that non-
reciprocal hotspots may lead to large enhancements for
third-harmonic generation [68]. Here, we investigate the
benefits of the hotspot for nonlinear optics looking at
second-harmonic generation (SHG), and compare the per-
formance to touching plasmonic cylinders. We assume a
nonlinear susceptibility χ(2) that sustains a current density

J (2ω)
i = 2iωε0χ

(2)

ijk E(ω)
j E(ω)

k . (8)

We place a small (100 by 100 nm) nonlinear particle with
χ

(2)

ijk = 20 pV/m close to the hotspot in Fig. 3, represen-
tative of materials with strong nonlinear responses. For
simplicity, we focus on polarization preserving nonlin-
ear susceptibilities [χ(2)

xxx and χ(2)
yyy], which can be found

in materials such as LiNbO3 and multiquantum wells.

(a)

(b)

(c)

FIG. 6. (a) Dispersion of the nonreciprocal waveguide, show-
ing the one-way polariton mode, as well as a second mode at
the PEC/InSb interface at low frequencies and a high-frequency
dielectric parallel plate mode above the plasma frequency,
responsible for carrying second-harmonic radiation. (b) Second-
harmonic conversion efficiency for the geometry shown in the
inset. The conversion efficiency, calculated for 1-W input power,
roughly follows the same spectral features as the fundamental
field intensity. (c) Comparison between the touching cylinders
(blue, geometry shown above) and the configuration in (b),
shown in red. As the LDOS at the termination is low due to
the boundary conditions, two improved nonreciprocal hotspot
geometries are shown above the plots for more efficient SHG
(yellow and purple curves).
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Because the conversion efficiency is quadratic in the fun-
damental field strength, we design the conversion process
so that the fundamental frequency lies within the unidirec-
tional window supporting the nonreciprocal hotspot. At the
second-harmonic frequency, the waveguide is bidirectional
despite the magnetic bias, consistent with the dispersion
diagram in Fig. 6(a), but the waveguide is still single mode
due to its limited height of 8 µm. This enables feeding
the nonreciprocal hotspot at the fundamental frequency
through the one-way polariton mode, and at the same
time efficiently collecting the second harmonic through the
backward propagation of a single mode at double the fre-
quency. In Fig. 6(a), both the unidirectional window as
well as the window where we expect to collect efficient
second-harmonic generation are shown.

For an input power of 1 W, we find the spectral con-
version efficiencies shown in Fig. 6(b), where the position
of the nonlinear inclusion is schematically shown in the
inset. In the unidirectional frequency range, the conversion
efficiency for χ(2)

xxx is about 2 orders of magnitude larger,
a consequence of the boundary condition at the PEC ter-
mination: the electric fields parallel to the surface must
vanish, and the radiated power for a source parallel to a
ground plane therefore also vanishes. However, at 2ω the
response of InSb is dielectric (2ω > ωp) and hence the
electric field in the corresponding guided mode is largely y
polarized, making the radiation efficiency close to the PEC
termination poor. Additionally, for both orientations the
overall conversion efficiency is quite low due to the small
size of the nonlinear particle and the low input power.

The role of the LDOS at 2ω becomes more apparent
when we compare the obtained conversion efficiency to the
touching cylinders scenario, shown in blue in Fig. 6(c) (the
position of the 104 nm2 nonlinear inclusion is shown in the
schematic). Even though the field strength at the funda-
mental frequency is orders of magnitude lower than at the
nonreciprocal hotspot, as shown in Fig. 4(d), the overall
conversion efficiency is larger due to the enhanced LDOS
at the second harmonic, as well as more confined fields
due to the small opening angle near the apex. The dips
in conversion efficiency are due to interference with the
reflector.

To boost the conversion efficiency of the nonreciprocal
hotspot, we pursue two approaches. The first is to adjust
the location of the PEC/Si/InSb junction: given that the
field at the second harmonic is largely y polarized, mov-
ing the hotspot to the bottom PEC, as shown in the inset
in Fig. 6(b), significantly enhances the LDOS while pre-
serving the hotspot field strength. The result is shown in
Fig. 6(c) in yellow, where the χ(2)

xxx conversion efficiency
of Fig. 6(b) is shown again for reference. The second
approach is to not terminate the waveguide into a per-
fect electric conductor, but instead choose a metal with
plasma frequency between the fundamental and second

harmonic. This results in a metallic response at the funda-
mental frequency, providing the termination, while at the
second harmonic the response is dielectric, resulting in a
different boundary condition and a significantly enhanced
LDOS. The conversion efficiency for a termination com-
prising a 15-µm segment of Drude metal with ε∞ = 3.2
and ωp = 6π × 1012 rad/s, is shown in Fig. 6(c) in black,
again showing promising features for broadband nonlinear
enhancement. Once again, we stress the inherent resilience
of these phenomena to variations in the geometrical param-
eters or disorder, drastically different from conventional
plasmonic resonators.

VII. NONLOCAL PHENOMENA

Extreme plasmonic effects are typically limited by mate-
rial loss. However, in the limit of negligible material loss,
nonlocal effects (also referred to as spatial dispersion) enter
into play to fundamentally limit the available field local-
ization [69]. Nonlocal phenomena, which arise when the
polarization field depends not only on the electric field
at the same location, but also on the electric field in its
proximity, become significant in extreme field localization
phenomena, because the corresponding field variations
arise at very small length scales. In Fourier space, the non-
local electromagnetic response expresses itself as a wave-
vector-dependent permittivity. These issues become rele-
vant also in the unidirectional polariton mode discussed in
the previous sections: recently, it was demonstrated that
the presence of nonlocality introduces a high-k backward
mode within the unidirectional window in Fig. 2 [70],
yielding a radiative pathway for incident power to leave
the termination. This makes sense: it is clear that for suf-
ficiently large k any material response must vanish, as the
polariton wavelength becomes comparable or even smaller
than the atomic scale, hence at some point nonlocality must
kick in and get rid of the unidirectional response. In the
following, we explore the implications of this finding in
the context of nonreciprocal broadband field enhancements
and demonstrate that realistic nonlocal responses preserve
the main conclusions drawn in the previous sections.

The most common approach to describe material non-
locality is provided by the hydrodynamic model, intro-
duced by Bloch in 1933 [71,72]. Using this model, a
number of high-symmetry scenarios can be solved ana-
lytically [50], and alternatively hydrodynamic nonlocality
can be efficiently incorporated in numerical simulations.
The hydrodynamic model is implemented by considering
an additional differential equation for the current density
J(r) = en(r)v(r), where n(r) and v(r) are the spatially
dependent electron density and velocity [70,72]:

β2∇(∇ · J)+ ω(ω − iγ )J = iω
(

ω2
pε0ε∞E− e

me
J× B

)
.

(9)

034064-8



BROADBAND FIELD LOCALIZATION, . . . PHYS. REV. APPLIED 15, 034064 (2021)

Here, β is related to the Fermi velocity vF by β2 = 3v2
F/5

(considering the Thomas-Fermi model for the electron
gas). It is the nonlocal parameter determining the strength
of the pressure term, in analogy with hydrodynamics,
which works to homogenize irregularities in n(r), smear-
ing the material response on a characteristic length scale
ξ ∼ β/ω [73]. In addition to convective currents follow-
ing from the pressure term, it is also possible to incorporate
electron diffusion [72], but we neglect these effects here. To
incorporate the nonlocal response, Eq. (9) is coupled with
Maxwell’s equations through

∇ × ∇ × E = ω2

c2 ε∞E+ iωμ0J (10)

(where μ0 is the vacuum permeability). The resulting set
of equations can be solved numerically, as we do here, or
analytically in high-symmetry scenarios.

For intrinsic semiconductors, β is determined by mate-
rial properties according to β2 = 3kBT/me, yielding β0 =
1.07× 106 m/s for InSb at room temperature [50]. This
value is large compared to other metals and semiconduc-
tors, because the effective electron mass is low—exactly
the reason why the unidirectional window is also large
for moderate magnetic bias, as previously mentioned. To
study the effect of nonlocality on the nonreciprocal hotspot,
we consider the different scenarios β = 0, β = 0.25βInSb,
β = βInSb in Fig. 7(a). The color plots show the electric
field norm near the termination at 2.15 THz, where the
local scenario β = 0 is consistent with the previous sec-
tions. The confinement at the termination decreases with
increasing nonlocality, as expected, with the beating pat-
tern indicating interference between the forward mode and
a more confined backward mode, absent in the local sce-
nario (to enhance the visibility of the beating, we reduce
the loss rate for simulations in this figure by a factor of
4). The point of highest intensity also moves further away
from the termination, and its location is determined by
constructive interference between forward and backward
modes. The backwards mode is highly confined, due to
its large momentum, resulting in large field strengths close
to the interface. As such, the mechanism behind the large
field strengths is similar to the case of narrow plasmonic
slot waveguides, where large momenta and strong confine-
ment lead to large fields and slow group velocities [74].
Here we still observe the advantage of resilience to disor-
der and automatic impedance matching at the termination,
given that the strongly confined backward mode decays
very fast. To gauge more clearly how the field enhance-
ment depends on the material nonlocality, in Fig. 7(b) we
show the enhancement along the interface close to the ter-
mination as a function of β. The nonreciprocal hotspot is
recovered for small β, where the backwards wave number

(a)

(b)

(c) (d)

E

E

Eq, (14)

Eq, (12)

FIG. 7. (a) Electric field magnitude near the termination for
three nonlocality strengths: purely local (left), weak nonlocal-
ity (middle), and representative nonlocality strength for InSb
(right). (b) Electric field norm at the InSb/Si interface as a func-
tion of distance to the termination and nonlocality parameter β.
(c) Dependence of the nonlocal backward-wave wave number in
(b) versus nonlocality parameter β. The orange solid line shows
the wave number as predicted by Eq. (14). (d) The maximum
field enhancement follows the same inverse proportionality as the
wave number. The orange line shows the maximum enhancement
(in the absence of losses), while the purple line shows the results
obtained with Eq. (12). Here, the field enhancement is measured
against the field at the interface in the incoming surface wave.

is much larger than the forward one, implying large con-
finement and dissipation of the backward mode over short
distances.

The peak field enhancement observed at the termina-
tion is a consequence of constructive interference between
the forward and backward modes, as evidenced by the
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beating pattern in Fig. 7(b). The enhancement at the inter-
face is thus given by |Ef + Eb|/|Ef |, where Ef and Eb
are the forward and backward fields. We now estimate
this factor based on a few simplifying factors. First, the
field of a reciprocal plasmon in the electrostatic limit at
an infinitesimal distance above the interface is given by

E = 2eikx
√

(εd + εm)P0/ωε0ε
2
d{−ik, k, 0}, where εd and εm

are the dielectric and metal permittivities and P0 is the
power carried by the plasmon. For a fixed level of car-
ried power, the electric field norm scales linearly with k
(if frequency and permittivities are constant). Using this
expression, we find for the enhancement

|Ef + Eb|
|Ef | ≈ |kf e−ikf x + rkNLeikNLx|

|kf | , (11)

where kf is the forward wave number, kNL is the backward
nonlocal wave number, and r is the phase factor picked up
by reflection at the termination. Assuming that the wave
numbers are real and that the reflection phase is −1 (since
the termination is a PEC), the first peak in enhancement is
at x = π/(kf + kNL). Considering losses, we thus find for
the enhancement factor:

|Ef + Eb|
|Ef | ≈ |kf − kNLe−Im(kNL)x|

|kf | ≈ |kNL|
|kf | e−Im(kNL)x,

(12)

as generally kNL 
 kf and the decay of the forward mode
can safely be ignored. With exact knowledge of the wave
numbers, this expression can be evaluated directly. In the
following, however, we derive an approximate expres-
sion that enables evaluation based only on the material
parameters.

First, we estimate the real part of kNL. The backward
wave number is expected to vary linearly with β, based
on the linear scaling of the characteristic nonlocal length
scale ξ ∼ β/ω. In the electrostatic limit (k 
 ω/c), the
dispersion equation for a reciprocal surface plasmon may
be written as [75,76]

ω(k) = ωp√
ε∞ + εr

[
1+

√
εr(ε∞ + εr)

4ε∞

β

ωp
k

]
+O(k2).

(13)

The correction to the dispersion due to nonlocal effects
indeed scales (to first order) with β/ωp , and this linear
relationship can be verified by calculating the Fourier spec-
trum of the fields and extracting the backwards wave num-
ber, as plotted in Fig. 7(c). We observe that the nonlocal
backward mode kNL indeed scales inversely proportional
to β. By rewriting Eq. (13) we obtain an expression for the
backwards wave number in the reciprocal case. A straight-
forward correction to account for the magnetic bias is to

replace the plasma frequency with the backward asymptote
in the nonreciprocal case, ω(−)

sp = (
√

4ω2
p + ω2

c − ωc)/2
[10]. This yields as an approximation for the nonlocal
backward wave number:

kNL = 2
β

√
ε∞
εr

[ω − ω(−)
sp ]. (14)

This simple approximation is shown in Fig. 7(c), and
agrees well with the results obtained from the Fourier
transform. Even better agreement may likely be obtained
by considering the gyrotropy directly in deriving an elec-
trostatic dispersion relationship.

Next, we consider losses in the backward mode. We use
first-order perturbation theory [77],

k = k(0) + iωIm(εm)

∫
E · E∗dl

2
∫

Re(E×H∗) · dl
, (15)

where k(0)is the unperturbed propagation constant, and in
this particular case we consider the perturbation to be
�ε = Im(εm). We can evaluate this expression analytically
for a reciprocal plasmon, again, in which case we obtain

kNL = k(0)
NL − i

Im(εm)εrκd

2Re(εm)κm

κ2
d + κ2

m

κdεr + κmRe(εm)

≈ k(0)
NL

[
1− i

Im(εm)

Re(εm)

εr

εr + Re(εm)

]
. (16)

Here κ2
i = k2

NL − εik2
0 are the transverse wave numbers

in each material and k(0)
NL is calculated using Eq. (14)

assuming no losses.
Finally, the forward wave number can be accurately

approximated by taking the reciprocal plasmon dispersion
and adjusting the plasma frequency so that the plasmon
asymptote occurs at the same frequency as in the nonre-
ciprocal scenario, ω(+)

sp = (
√

4ω2
p + ω2

c + ωc)/2 [10]. This
yields for the forward dispersion:

kf ≈
√

εdεm(+)

εd + εm(+)

k0, (17)

where εm(+) = 1− ω2
p(+)/ω

2 is the Drude dispersion with
the plasma frequency replaced by an effective plasma
frequency capturing the location of the upper asymptote:

ωp(+) =
√

ω2
p +

ω2
c(εr + ε∞)

ε∞
+

√
εr + ε∞

ε∞
ωc. (18)

While we make a number of approximations, in particular
making simple corrections to account for the gyrotropy, the
resulting expression for the field enhancement is still rather
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accurate. This can be observed in Fig. 7(d), where we show
the maximum field enhancement (relative to the field in the
incoming surface plasmon), compared to the upper limit
of enhancement |kNL|/|kf | and the enhancement as pre-
dicted by Eqs. (12), (14), and (16). The agreement with
the approximation is excellent up to very large nonlocal
parameters, and as expected from Eqs. (12) and (14) we
observe that |E| ∝ |kNL| ∝ β−1.

The dependence of the field enhancement on β [69]
observed in Figs. 7(b)–7(d) indicates that it is of con-
siderable interest to engineer a plasmonic material with
small β/ωp . As noted previously, the plasma frequency
ωp =

√
ne2/ε0me, while β depends on the nature of the

electron gas [50]:

β =

⎧⎪⎪⎨
⎪⎪⎩

3kBT/me (nondegenerate)√
3
5

�2

m2
e
(3π2n)

2/3 (degenerate)
, (19)

which yields

β

ωp
∝

⎧⎪⎪⎨
⎪⎪⎩

1
(men)1/2 (nondegenerate)

1

m1/2
e n1/6

(degenerate)
. (20)

In both cases, the ratio is inversely proportional to the
effective electron mass and the doping density. Using a
material with larger effective mass hence reduces the char-
acteristic nonlocal length. On the other hand, the relative
unidirectional frequency window that can be opened fol-
lows the same scaling: ωc/ωp ∝ 1/(men)1/2. As a result,
for fixed magnetic bias strength, we find that, as the
field enhancement increases due to smaller β/ωp , the
unidirectional bandwidth is simultaneously reduced. Inter-
estingly, the bandwidth-enhancement product, the figure
of merit we introduce in this paper, is thus approxi-
mately conserved for nonreciprocal hotspots for fixed
magnetic fields. For given magnetic field strengths, the
maximum relative unidirectional gap that can be opened is
ωc/ωp = εd/

√
2(ε∞ + εd)(2ε∞ + εd) [10], indicating that

it is always advantageous to reduce nonlocality.
A larger effective mass can generally be found in semi-

conductors with larger band gaps, such as germanium
(me = 0.12m0) and aluminum nitride (me = 0.4m0). For
example, using AlN instead of InSb results in a charac-
teristic length β/ωp approximately 6 times smaller for the
same electron density. Due to the larger effective mass,
however, a 100-fold increase in doping density can likely
be achieved before the electron gas becomes degenerate.
These considerations imply that β/ωp may be roughly
60 times smaller, which, according to Figs. 7(b) and 7(d),
indicates that significant field-enhancement factors are
achievable.

A potential downside of using wider band-gap semicon-
ductors is that their mobility also tends to be significantly
lower. In fact, because of its low effective mass, InSb also
has one of the highest electron mobilities among semi-
conductors, leading to a relatively low scattering rate γ .
The experimentally observed mobility in AlN is roughly
250 times lower, resulting in a scattering rate almost
equal to the plasma frequency for moderate doping levels
(and higher doping levels would further increase impu-
rity scattering). It would therefore be interesting to explore
quantum-engineered materials with large effective masses
yet high intrinsic carrier concentrations, so that impu-
rity scattering can be minimized. Using semiconductor
superlattices [78], for example, it has been have shown
that infinite effective masses are achievable by taking a
metamaterial-inspired design approach [79,80]. Similarly,
it has been demonstrated that the effective mass of elec-
trons in graphene can be modified through periodic poten-
tials [81,82]. These represent promising avenues to pursue
shorter nonlocality lengths, in addition to using, e.g., actual
gas plasmas (where the effective mass is the one of a free
electron and losses are very low) or pursuing “hole plas-
monics,” because holes have large effective masses (but
losses may be significant).

VIII. SURFACE ROUGHNESS

Unidirectional waveguides are particularly interesting
for nanophotonic applications because of their unique fea-
tures in protecting optical transport against disorder. One
type of disorder that cannot be fully eliminated is surface
roughness, which, for example, is the limiting factor in
photonic crystal slow light waveguides [83,84]. In truly
unidirectional waveguides, backscattering losses can sim-
ply not occur due to the absence of the backwards mode.
As we discuss in the previous section, however, in the uni-
directional waveguide discussed so far, a backwards mode
appears due to the nonlocal nature of the permittivity.
Just as some degree of surface roughness can ultimately
not be prevented, all physical systems will ultimately also
be nonlocal. In the next section, we discuss topologically
protected unidirectional waveguides that maintain unidi-
rectionality even in the presence of nonlocality. First, how-
ever, we investigate how surface roughness actually affects
the performance of the nonlocal unidirectional waveguides
discussed in the previous section.

To start, we consider the effect of surface roughness on
transmission for a local reciprocal system and the non-
local unidirectional waveguide. We numerically calculate
transmission past a finite length of exaggerated surface
roughness (rms of 38 nm, see Appendix) on the interface
between InSb and Si, shown in Fig. 8(a). In order to assess
the effect of surface roughness, the forward wave number
in the reciprocal and nonreciprocal systems are identi-
cal, and the loss rate is reduced by a factor of four. For
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(a) (b) (c)

(d)

FIG. 8. (a) Transmission as a function of length of a section of surface roughness (rms= 32 nm). The reciprocal scenario (2.05 THz)
is much more susceptible to roughness than the nonlocal, nonreciprocal scenarios are (2.15 THz). In this panel the loss rate is reduced
by a factor of 4 to make roughness effects more visible. (b) Maximum field enhancement in the touching cylinders and terminated
waveguide when surface roughness is included with (rms= 4 nm, loss rate also reduced by a factor 4). The touching cylinders (red and
blue) are significantly affected by the surface roughness, compared to Fig. 4, while nonreciprocity (purple and yellow) limits the effects
of surface roughness, and the main reduction in field enhancement is caused by nonlocality itself. (c) In the rough touching cylinders,
the maximum enhancement no longer occurs exactly at the apex, but between two rough extrusions where the metal cylinders are in
very close proximity. (d) The field norm near the termination in the rough scenario, which is very similar to the enhancement observed
in Fig. 7.

the reciprocal plasmonic waveguide, we observe a strong
dependence on the exact shape of the roughness: Fig. 8(a)
shows the transmission of many simulations for different
random roughness and roughness lengths (shown by blue
dots), together with the averaged transmission (blue line).
The transmission strongly depends on the roughness due
to the formation of standing waves. In contrast, for the
nonlocal unidirectional scenarios we do not observe vari-
ation with the exact shape of the roughness, and what is
more, the effect of surface roughness is much less signifi-
cant. While in the reciprocal scenario there is considerable
forward and backward scattering, in the unidirectional,
nonlocal scenario the backward waves are largely absorbed
before they can contribute to standing waves. These results
show that, while a backward channel appears when nonlo-
cality is considered [70], there are still significant benefits
to these nonreciprocal waveguides.

Next, to place the resilience of the nonreciprocal waveg-
uide to disorder into context, in Fig. 8(b) we again com-
pare the maximum field enhancement in the terminated
waveguide and touching cylinder geometries. In this case,
however, we also include surface roughness (rms 4 nm)
and nonlocality (β = 0.1βInSb). The field enhancement
and continuous bandwidth of the touching cylinders are
both reduced with respect to the smooth scenario (peak
enhancement of 3× 103). The lower performance is a con-
sequence of the extremely high field strengths near the
apex, which make the structure very susceptible to even
small perturbations. On the other hand, the local unidirec-
tional waveguide barely sacrifices performance relative to
the smooth surface (peak enhancement of 3× 105)—since

backscattering is not possible. Including nonlocality, how-
ever, results in a drop in the field enhancement in line
with what is observed in Fig. 7, and the surface roughness
appears to play a minimal role. This is in agreement with
Fig. 8(a): as surface roughness only results in some addi-
tional attenuation in the nonreciprocal scenario, rather than
the emergence of strong back-and-forth scattering and the
formation of standing waves as in the reciprocal scenario,
the impact of roughness on the field enhancement can also
be expected to be minimal.

The maximum field enhancement in the touching cylin-
ders occurs between two extruding parts of surface rough-
ness, where the two metal spheres approach closely, as can
be observed in Fig. 8(c). This is in contrast to the smooth
cylinders, where the peak enhancement occurs very close
to the apex. For the nonreciprocal terminated waveguide,
however, the behavior is extremely similar to that of the
smooth terminated waveguide: in Fig. 8(d) we observe
again the interference between the forward and backward
waves. This further exemplifies the robustness of the non-
reciprocal waveguides to surface roughness, even in the
presence of nonlocality.

IX. HOTSPOTS IN PHOTONIC TOPOLOGICAL
INSULATORS

In close analogy with the unidirectional polaritonic
waveguides discussed so far, unidirectional edge states can
arise at the interface between media with different band-
structure topologies [8,14]. Photonic topological insulators
have been typically discussed in the context of periodic
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(a)

(b)

(c)

(d) (e)

FIG. 9. (a) The number of topologically protected edge states N12 at an interface between two media with gap Chern numbers C(i)
gap

is given by the difference of their gap Chern numbers. (b) Modal dispersion of the PEC and magnetized plasma interface, supporting
a topologically protected edge state between the two bulk bands. (c) A termination, such as the nonreciprocal hotspot discussed in this
work, occurs at the interface of (at least) three different materials. Equation (17) shows that, independent of the number of materials
comprising a junction, the number of edge states crossing a boundary S must add up to 0 (where the sign of Nij determines the direction
into or out of the domain). This means that true topologically protected terminations cannot exist. (d) As a result, a surface wave at
the PEC and magnetized plasma wave terminated by a PMC forms a hotspot, analogous to the hotspot discussed earlier in this work.
(e) When including nonlocality, the outgoing mode traveling along the PMC becomes apparent, validating Eq. (17).

photonic crystals, in which nontrivial band structures are
obtained by breaking time-reversal symmetry. The band-
structure topology is characterized by a topological invari-
ant, the Chern number cn, which is calculated as the
integrated Berry flux over the entire Brillouin zone [85].
This integer is robust against perturbations, and a topo-
logical phase transition is required to modify the Chern
number: hence, at the interface between two media with
different topological invariant the gap between them is
closed by an edge state traversing the entire gap [86]. The
interest in photonic topological insulators arises because
edge states are impervious to obstructions [7,8], enabling
robust transport of information or delay lines protected
against disorder [12,87].

The number of supported edge states at an interface
between two media, and their direction of propagation,
is directly related to the difference of the gap topologi-
cal invariant of the two materials through the so-called
bulk-edge correspondence [88]

N12 = c(1)
gap − c(2)

gap, (21)

as shown in Fig. 9(a). Here, c(1)
gap is the gap Chern number

associated with the band gap of medium 1, defined as the
sum of all band Chern numbers below the frequency of

operation (including negative frequencies):

cgap =
∑

cn. (22)

While photonic topological insulators have been most
commonly implemented in photonic crystals, for which it
is easier to define topological invariants, it is also possi-
ble to ascribe Chern numbers to continuous media, such
as the magnetically biased plasma discussed so far [89],
as shown in the band structure in Fig. 9(b). To be able to
perform the integration over the band structure, nonlocal-
ity must be explicitly included, which introduces a spatial
cutoff and allows the integration. The topological invari-
ants are calculated as c1 = 1 and c2 = −1, i.e., the gap
between the first and second band has a nontrivial topolog-
ical invariant cgap = 1, resulting in a unidirectional edge
state when interfaced with a topologically trivial, opaque
medium, seen in Fig. 9(b) (red line).

The unidirectional waveguide considered in the pre-
vious sections is operated below the first bulk band,
where cgap = 0 and no topologically protected edge state
is expected. Indeed, as we discuss, when nonlocality is
explicitly included the unidirectional nature of this waveg-
uide vanishes, limiting the overall field enhancement. On
the other hand, the topologically protected edge state
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shown in Fig. 9(b), emerging at higher frequencies, is
robust against nonlocality [45]. It is therefore natural to
wonder whether these topologically protected edge states
may provide a viable pathway to nonreciprocal hotspots
arising at a termination, without the detrimental effects of
nonlocality.

Here, we provide a basic argument that such nonrecipro-
cal edge modes may be of limited appeal for this applica-
tion. As schematically shown in Fig. 9(c), it is not possible
to terminate the unidirectional waveguide with just two
materials. Creating a nonreciprocal termination requires
at least a third material, but can in principle involve as
many materials as necessary. Figure 9(c) shows an exam-
ple of a termination consisting of three materials, where
the junction is enclosed by the surface S. A nonreciprocal
hotspot fed by a unidirectional mode traveling along the
interface between materials 1 and 2 would require N12 = 1,
N23 = 0, and N31 = 0, so that energy accumulates at the
junction. In this case, the sum of all edge states propagat-
ing into S is

∑
Nij = 1. However, starting from Eq. (21),

with some rearranging we can readily show that

∑
Nij =

∑
[c(i)

gap − c(j )
gap] =

∑
[c(i)

gap − c(i)
gap] = 0. (23)

This result implies that, for topologically protected edge
states, it is impossible to create a junction between multiple
materials that has more edge states propagating into the
surface S surrounding the junction, than propagating out
of that surface. This identity, consistent with the second
Kirchhoff law in electrical circuits, forbids accumulation
of energy driven by topological edge states. Equation (23)
applies to any number of interfaces between materials.

To explore the implications of Eq. (23) we now con-
sider the implementation of a hotspot using the topo-
logically protected edge state in Fig. 9(b), as studied in
Refs. [22,45]. The system consists of a magnetically biased
plasmonic material, as in the previous sections, but inter-
faced directly with a PEC wall. The termination consists of
a perfect magnetic conducting (PMC) wall. This specific
geometry has been studied in the context of nonreciprocal
hotspots by Ishimaru in 1962 [16], who showed that the
hotspot dissipates all incoming power from the unidirec-
tional waveguide even in the limit of zero losses, resolving
the thermodynamic paradox that appears to emerge in loss-
less unidirectional waveguides [21,90]. This configuration
regained interest when it was shown that, with suitable
spatial dispersion, the bulk bands of the plasma have
topologically nontrivial features [89]. As such, the unidi-
rectional edge states that arise in this system also persist in
the presence of nonlocality [45].

The termination with a PMC in the local case is shown
in Fig. 9(d), where a hotspot similar to Fig. 3 is clearly
visible. There is also no edge state along the PMC wall,
in agreement with Ishimaru and others [16,45]. However,
this finding simultaneously contradicts Eq. (23), which

requires, for any topologically protected edge state feeding
a node, an equal number of edge states leaving the same
node. The contradiction between Eq. (23) and Fig. 9(d) is
resolved when we consider nonlocality, which is required
for the same definition of a topological band [89]. Includ-
ing nonlocality indeed results in a clearly visible edge state
along the PMC boundary, propagating away from the junc-
tion, as shown in Fig. 9(e). This edge state is still highly
confined and it dissipates quickly for realistic levels of
loss, as shown here. In the limit of β → 0 the wave num-
ber approaches infinity, resulting in an infinitely confined
mode that cannot be observed [91].

Figure 9(e) clearly demonstrates that, indeed, an equal
number of edge states enter and exit a small surface enclos-
ing the junction between the PEC, PMC and magnetized
plasma. However, this does not imply that topologically
protected edge states cannot lead to large field enhance-
ments. First of all, we simultaneously observe a significant
field enhancement at the termination, which originates
from the high confinement of the outgoing edge state,
similar to the backward mode considered in the previous
section. These results imply that unidirectional topological
and nonreciprocal waveguides appear to always support
outgoing modes driven by nonlocality. For sufficiently
small nonlocality and losses, both these platforms still
ensure large field confinement over large bandwidths.

Finally, an alternative approach to implement electro-
magnetic hotspots may consist in using reciprocal topo-
logical photonic insulators. These systems have zero Chern
number, indicating that they cannot support truly pro-
tected unidirectional edge states. However, there are other
degrees of freedom, such as the photonic spin [92–95]
and valley [96,97], that can be ascribed topological invari-
ants, and allow for quasi-unidirectional properties as long
as the crystal symmetry is maintained. While these sys-
tems will always support a time-reversed backward edge
channel, with opposite spin or valley, suitably designed ter-
minations may poorly couple with these outgoing fields,
so that a significant amount of energy can be stored at
the junction. As an example, hotspots have been recently
shown at the interface between two materials with opposite
valley-Chern number and a PEC termination [98], opening
interesting opportunities for the applications mentioned in
this work, provided that suitable termination geometries
are considered.

X. CONCLUSIONS

In this work, we discuss the properties and poten-
tial applications of electromagnetic hotspots at the termi-
nation of nonreciprocal and topological waveguides for
nanophotonic applications. Nonreciprocal hotspots exhibit
extremely large field strengths in ultraconfined volumes
over very large bandwidths, overcoming the fundamental
trade-offs between bandwidth, field confinement, footprint,
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and robustness to disorder that commonly impact var-
ious classical and quantum photonic applications. We
show how the unusual features of nonreciprocal hotspots
support exhibit extremely large and broadband LDOS
enhancements and harmonic generation efficiencies. We
also discuss the general impact of loss and nonlocal-
ity on these phenomena, which fundamentally limit the
achievable field confinement. In this context, we pro-
pose a path towards optimal material engineering to
maximize these responses. Finally, we outline how, in
topologically trivial nonreciprocal waveguides, nonlocal-
ity induces a backward mode with large wave number
and, in the case of topological interface modes, nonlo-
cality requires trickling of the energy in other outgoing
channels. Interestingly, therefore, nonlocality appears to
generally forbid field singularities in all known classes
of nonreciprocal waveguides, yet for realistic levels of
nonlocality in intrinsic semiconductors and quantum engi-
neered materials we find that significant field confinement
over broad bandwidths can be expected at the hotspots,
and even reciprocal topological systems with properly ter-
minated interfaces may support similar responses. Our
findings open exciting opportunities in classical and quan-
tum nanophotonic systems, spanning from single-photon
generation and confined sources to largely enhanced non-
linear responses over broad bandwidths, beyond the lim-
its of conventional plasmonic approaches. These results
may also be translated into wave physics domains
beyond optics, such as acoustics, particularly consider-
ing topological phenomena for which plasmonics is not
required.
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APPENDIX: METHODS

All numerical results presented here are obtained with
COMSOL Multiphysics v5.5. To achieve convergence, the
mesh sizes employed near the hotspot have to be extremely
small to capture the singularity, on the order of 10−10 m
or under one millionth of the free-space wavelength. The
nonlinearity in Fig. 6 is implemented by first calculating
the fields at the fundamental frequency, and then taking
Eq. (8) as an external current density source in a separate
simulation at the second harmonic. The nonlocal results in
Figs. 7 and 8 are calculated by adding a weak form partial-
differential equation, Eq. (9), for the current densities. The
solution of this PDE is then fed back into the local sim-
ulation as an external current density. To create a random

rough surface, a parametric curve is generated from a sum
of sines with random amplitudes, drawn from a Gaussian
distribution, and uniform random phases.
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