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The achievement of the laser regime upon the excitation of weak plasmon modes in structures based
on active graphene has been theoretically investigated. The weak “acoustic” plasmon modes in two-layer
structures and weak “nonradiative” gated modes in noncentrosymmetric grating-gated structures are inves-
tigated. The radiative damping and gain rate of strong and weak plasmon modes in graphene structures
are calculated. The possibilities of changing the radiative damping of plasmon modes by changing the
geometry of the structure are considered. It is proposed to use weak plasmon modes with low radiative
damping for decreasing the threshold for the laser plasmon regime in periodic graphene structures.
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I. INTRODUCTION

Terahertz (THz) plasmons in two-dimensional mate-
rials have been studied for a long time [1]. Since the
onset of the graphene boom [2], studies of THz plasmons
have actively moved to a truly two-dimensional material,
graphene [3–5]. Basically, the advantage of graphene plas-
mons is associated with the high mobility of electrons
in high-quality graphene structures [6,7], which leads to
the possibility of achieving a high Q factor of plasmon
resonances in the THz frequency range [8]. An interest-
ing feature is the electrically tunable doping of graphene
[9,10], which leads not only to easy electrical tuning of the
plasmon frequency, but also to the possibility of switching
the type of carriers from electrons to holes. The nonlinear
properties of plasma oscillations in graphene are used to
create devices that rectify THz radiation [11,12].

A promising direction in the study of plasmons in
graphene is the creation of amplifiers and generators of
THz radiation at the plasma resonance [13–15]. A number
of works are devoted to the active properties of graphene,
in which the possibility of creating the carrier popula-
tion inversion in graphene is investigated [16–18]. The
possibility of amplifying THz radiation in a photonic cav-
ity based on active graphene has been experimentally
demonstrated [19]. Despite significant results in the field
of obtaining the population inversion in graphene, many
works are still devoted to solving the problems associ-
ated with the difficulties of creating a population inversion
in graphene [20,21]. Studies on increasing the lifetime of
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inverted carriers are mainly aimed at suppressing nonra-
diative Auger recombination and decreasing the recombi-
nation with the emission of optical phonons in graphene.
For this purpose, it is proposed to pump graphene with
injection cold [16] or cooled charges [22]. For transverse
injection pumping, it is proposed to use material with
a small band gap from which diffusion of electron-hole
pairs occurs [23]. Longitudinal injection pumping from n-
and p-doped graphene regions also looks promising [24].
Amplifying THz plasmons in hydrodynamic graphene is
possible with a dc drift of charge carriers [25]. Based on
the experimental data [26,27], the hydrodynamic regime in
graphene can be achieved in the low part of the THz range,
below the frequency of carrier-carrier collisions [28].

The most promising for plasmon excitation is using
short-period coupling structures, since in this case the
energy exchange between the THz electromagnetic wave
and the plasmon occurs most effectively [29]. In such
structures, the most useful factor that describes the effi-
ciency of interaction between a plasmon and a THz wave
is the radiative damping, which accounts for the decay
of plasmon due to the emission of THz electromagnetic
waves from the structure [30]. The most effective excita-
tion of plasmons in periodic structures occurs under the
condition of equality of the dissipative and radiation damp-
ings of the plasmon [30]. For active plasmonic structures,
it was found that the plasmonic laser regime occurs in a sit-
uation when the gain from the active medium compensates
the dissipative and radiative dampings [31] together.

It was found that in spatially symmetric structures, plas-
mon modes with a large radiative damping are mainly
excited. In noncentrosymmetric periodic structures, the
excitation of weak “nonradiative” plasmon modes is also
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possible [32]. The weak plasmon modes can be utilized
for excitation of propagating plasmon in periodic graphene
structures [33,34].

In this work, we investigate the appearance of a las-
ing regime of THz radiation with weak plasmon modes.
Weak “nonradiative” plasmon modes in noncentrosym-
metric grating-gate structure and weak “acoustic” plasmon
modes in two-layer graphene structure are investigated.
The influence of radiative damping on the amplification
of THz radiation by weak plasmon modes is considered.
The advantages of using weak modes for THz lasing are
discussed.

II. OSCILLATOR MODEL FOR PLASMONS

Let us estimate the energy absorption of the incident
electromagnetic wave using a planar periodic graphene
plasmonic oscillator model. Since, for plasmon excita-
tion in THz frequency range, the unit cell of a periodic
structure is much smaller than the THz wavelength, this
periodic structure can be considered as a spatially homo-
geneous two-dimensional plasmonic system described by
effective parameters. The plasmon oscillations in such a
linear oscillator model can be described by the equation

d2x
dt2

+ (γd + γg)
dx
dt

+ ω2
pnx = − e

md
Ex, (1)

where x is the space coordinate of the deviation of the carri-
ers from equilibrium, ωpn is the frequency of the nth plas-
mon mode, with n = 1, 2, 3 . . ., md is the dynamic mass
of charge carriers in graphene [35], for small temperatures
md = EF/v2

F , e is the elementary charge, γd is the dissipa-
tive damping rate, γg is the gain rate for active graphene
(plasmon oscillations are amplified for γd + γg < 0), and
Ex is the acting electric field.

Calculating the total dipole moment of the plasmon
mode using Eq. (1) in the vicinity of the resonance of the
nth plasmon mode, the effective admittance of a thin plas-
monic active layer in the model of a resonant surface layer
can be written simillarly to Ref. [30]

Yeff(ω) ≈ Yn(ω) ≈ −e2Ns

md

β2
n

γd + γg + i
(
ω − ωpn

) ,

where Yn(ω) is the admittance of the structure for the
nth plasmon mode, Ns is the surface charge density in
graphene, and β2

n is the coupling strength of the THz wave
and the nth plasmon mode (β2

n can be considered as a
fraction of charges participating in the nth mode of the
plasmon oscillation).

This model can be used to estimate the transmission and
reflection coefficients for the structure as

Tn(ω) = T0

(
ω − ωpn

)2 + (
γd + γg

)2

(
ω − ωpn

)2 + (
γd + γg + γrn

)2 ,

Rn(ω) = R0

(
ω − ωpn

)2 + (
γd + γg + γrn/

√
R0

)2

(
ω − ωpn

)2 + (
γd + γg + γrn

)2 ,

respectively, where

T0 = 4
√

εtεb
(√

εt + √
εb

)2 ; R0 =
(√

εt − √
εb

)2

(√
εt + √

εb
)2 ,

with εt and εb being the dielectric constants of surrounding
top and bottom media above and below the resonant layer,
respectively. The value

γrn = e2Ns

md

Z0β
2
n√

εt + √
εb

(2)

describes the radiative damping of the nth plasmon mode
in the resonant layer [30].

The sum of the reflection and transmission coefficients
at the plasma resonance frequency can be written as

Rn(ωpn) + Tn(ωpn) = 1 − An(ωpn),

where

An(ωpn) � 2
(
γd + γg

)
γrn

(
γd + γg + γrn

)2

(
1 −

√
R0

)
. (3)

is the absorption coefficient (A < 0 for the amplification
regime). For active structures the sum of the reflection
and transmission coefficients Rn + Tn can be viewed as the
amplification coefficient.

The THz radiation amplification regime is achieved
when the sum of the reflection and transmission coeffi-
cients exceeds the unity. The lasing regime is reached
under the condition when the denominator of Eq. (3) is
equal to zero, γd + γrn = −γg , i.e., the laser generation of
plasmons occurs when the dissipative and radiative losses
are compensated by the gain (Fig. 1).Such a simple model
of plasmon oscillator, Eq. (3), gives the following basic
implications:

1. At zero plasmon radiative damping, there is no
interaction between the wave and the structure, as a result
of which plasmon modes with zero radiative damping are
not excited.

2. For the emergence of an amplified plasmon mode,
compensation of the dissipative losses by the gain is
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FIG. 1. Dependence of the amplification coefficient on the
gain rate in the resonant layer model for a given dissipative
damping γd = 1012s−1. For the black curve γrn = 0, for the red
curve γrn = 1010s−1, for the blue curve γrn = 1011s−1, and for
the green curve γrn = 1012s−1.

required. The lasing is reached when the gain also coun-
terbalances the radiative damping of the plasmon mode.

3. To reach the laser regime, the plasmon modes with
stronger radiative damping require a larger gain.

4. The plasmon resonance HWHM �f (in Hz) is
determined by the equation 2π�f = γd + γrn + γg . The
maximum of absorbance is reached when the equality γd +
γg = γrn is fulfilled, and the resonance HWHM �fmax A
in this case is determined by the expression 2π�fmax A =
2(γd + γg) = 2γrn. At frequencies where the gain coun-
terbalances the dissipative losses γd = −γg the resonance
HWHM �f is fully determined by the radiative damp-
ing as 2π�f = γrn. The structure with γd = −γg is
totally reflective (An = Tn = 0, Rn = 1) at the plasmon
resonance.

These implications allow us to conclude that, for achiev-
ing the plasmon lasing, it is efficient to use weak plasmon
modes, i.e., modes with small radiative damping.

Radiative damping can be associated with the net dipole
moment of the plasmon mode, since it is the dipole
moment that accounts for coupling the plasmon mode with
the incident THz wave.

In this work we investigate weak plasmon modes in a
periodical two-layer graphene structure and in a spatially
asymmetric grating-gate graphene structures.

III. GAIN IN A PUMPED GRAPHENE

The electromagnetic response of graphene to an acting
electric field is described by the conductivity function with

inverted charge-carrier distribution [36]

σ(ω) = e22kBTτ

π�2 (1 − iωτ)
ln

[
1 + exp

( EF

kBT

)]

+ e2

4�
tanh

(
�ω − 2EF

4kBT

)

+ i
e2ω

π

∫ ∞

0

G (E) − G (�ω/2)

(�ω)
2 − 4E2

dE ,

G (ξ) = sinh (ξ/kBT)

cosh (ξ/kBT) + cosh (EF/kBT)
,

where EF is the quasi-Fermi energy in graphene (EF > 0
for electrons and −EF for holes), kBT is the thermal energy
of charge carriers in graphene, and τ is the momentum
relaxation time of charge carriers in graphene. Energy
exchange between the incident wave and charge carriers
in active graphene is described by the relation

Q = 1
2

∫ L/2

−L/2
Re

[
j ∗
ω Ex,ω

]
dx

= 1
2

∫ L/2

−L/2
Re [σ(ω)]

∣∣Ex,ω
∣∣2dx,

where jω is the current density in graphene, Ex,ω is the
in-plane component of electric field in graphene, L is the
length of a period of the graphene structure. Here, the real
part of conductivity Re [σ(ω)] > 0 corresponds to absorp-
tion of electromagnetic energy and Re [σ(ω)] < 0 corre-
sponds to amplification. The real part of the conductivity
can be written as

Re [σ(ω)] = e2

�2

2kBT ln [1 + exp (EF/kBT)]
π

(
ω2 + γ̃ 2

d

)
(
γ̃d + γ̃g

)
,

where value

γ̃g =
(
ω2 + γ̃ 2

d

)
π�

8kBT ln [1 + exp (EF/kBT)]
tanh

(
�ω − 2EF

4kBT

)
(4)

describes the gain in graphene, and γ̃d = 1/τ is the
graphene dissipative damping. Plasmon damping rate is
equal to a half of the graphene damping rate γd = γ̃d/2
[30], and, by analogy, plasmon gain rate in active graphene
is equal to a half of the graphene gain rate γg = γ̃g/2. In
contrast to the conductivity, which describes the collec-
tive response of all charged particles in graphene, the value
of gain rate γg as well as the dissipative damping rate γd
are attributed to the dynamics of an average particle. As
a result, with an increase of the density of charged par-
ticles (and quasi-Fermi energy), the value of the gain γg ,
Eq. (4), decreases (Fig. 2), since the energy released during
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FIG. 2. Dependence of the plasmon gain rate γg for active
graphene on frequency and quasi-Fermi energy at T = 300 K and
τ = 1 ps. The black line corresponds to the switch between lossy
and gain regimes.

radiative recombination is distributed among all oscillat-
ing charged particles. An increase in gain with frequency
occurs due to an increase in the portion of the energy radi-
ated during radiative recombination process, distributed
among the charge carriers participating in the oscillations
(Fig. 2).And the gain increases with the dissipative damp-
ing rate γd because rapid relaxation of excited carriers to
the equilibrium inverted distribution, which increases the
number of possible radiative transitions in graphene.

IV. THE PLASMON AMPLIFICATION SPECTRA

In this work, we investigate the achievement of the plas-
mon lasing regime at weak plasmon modes. The term
“weak” is used for describing the efficiency of the exci-
tation of plasmon modes and can be numerically related
to their small radiative damping. The main feature of the
weak plasmon modes is their small net dipole moment, and
this property depends on the geometric symmetry of the
structure. The weak plasmon modes can be of two differ-
ent types: antiphase oscillations in multilayered structures
and modes with even spatial distribution of the oscillating
charge with respect to the center of the stripe. In this work,
two types of weak plasmon modes are considered for two
periodic plasmonic structures based on graphene.

In periodic structure no. 1, the unit cell consists of two
graphene stripes located one above the other and sepa-
rated by a barrier dielectric layer (Fig. 3). The stripes
can be of different widths, with the center of the upper
stripe located above the center of the lower strip. An
electromagnetic wave incident normally onto the structure
with electric field polarization across the graphene stripes
can excite plasmons in the structure. The strong plasmon
modes in such a structure are the “optical” plasmons [37]
with conventional square-root dispersion relation, which

Strong Weak Strong Weak
Graphene

Graphene Metal

Optic Acoustic Gated
Plasmonic modes

Graphene

Graphene

Metal
no. 1 no. 2

w1

w2 w3

d1 d2

l1 l2 l3 l4

FIG. 3. Schematic view of the unit cells of periodic graphene
structures no. 1 and no. 2. The basic geometrical parameters are
shown at the top of the picture, schematic instant charge distribu-
tion for strong and weak plasmon modes are shown in the bottom
of the picture.

are characterized by in-phase oscillation of charges in
graphene layers located one above the other. The weak
modes here are the two-layer “acoustic” plasmon modes
[38,39]. In such “acoustic” plasmon modes, the antiphase
oscillations of charges in parallel graphene layers occur. If
the widths of the upper and lower stripes are equal, then
there is almost complete screening of oscillating charges
in different parallel stripes by each other in weak plas-
mon mode. Only a small phase incursion of the incident
THz wave passing through the structure slightly deterio-
rates the antiphase oscillations in parallel graphene stripes
and allows for weak excitation of “acoustic” plasmons.

A periodic graphene structure with a dual metal grat-
ing gate and an asymmetric unit cell (structure no. 2)
(Fig. 3) is also considered. In such a structure, two metal
subgrating gates are situated in the same plane and have
electrodes of different widths. The strong plasmon modes
in this structure are the typical gated plasmons [33], which
have antisymmetric spatial charge distribution in graphene
with respect to the center of the gate electrode. The weak
gated “nonradiative” plasmon mode here has an even spa-
tial distribution of the oscillating charge in graphene under
the gate electrode with respect to the center of the gate
electrode [33]. Such a mode cannot be excited in a struc-
ture no. 2 with a symmetric unit cell, since the total dipole
moment of such a plasmon mode is zero in that case.

Investigations of plasmon modes in structures no. 1
and no. 2 are carried out using electromagnetic algorithms
developed by the authors based on the forming and solv-
ing an integral equations for the oscillating currents in
conducting elements of the periodic structures (similar
algorithms are published in Refs. [33,34]). The response
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by the black dots. The points of maximum absorbance are shown
by white dots. The black curve shows the total reflectance line for
γd = −γg . Parameters are w1 = w2 = 0.5 μm, w3 = 0.25 μm,
d = 30 nm.

of graphene to a THz field in the electromagnetic approach
is described by conductivity (4).

For structure no. 1, the plasmon amplification spectra
are investigated (Fig. 4) for two plasmon modes (“acous-
tic” and “optical”). In a structure with equal widths of the
upper and lower graphene stripes, the “acoustic” mode
has a small total dipole moment since, for a small dis-
tance between the graphene stripes compared to the THz
wavelength, the antiphase charges in the upper and lower
graphene stripes almost completely screen each other
(Fig. 3). Due to this property, the “acoustic” plasmon mode
is weakly excited, which corresponds to its small radiative
damping. Figure 4 shows the evolution of plasmon modes
as a function of the quasi-Fermi energy, which is deter-
mined by graphene pumping. The weak “acoustic” mode
is excited in structure no. 1 near the total reflectance line
(Re [σ(ω)] = 0). In such a structure with equal graphene
stripe widths (w1 = w2), the radiative damping reaches
minimum values for the “acoustic” mode, but does not
vanish, since the charges in different stripes planes do not
oscillate exactly in antiphase.

We calculate the radiative damping of the “optical”
[Fig. 5(a)] and “acoustic” [Fig. 5(b)] plasmon modes in
structure no. 1 as the difference between the HWHM
and the gain rate and dissipative damping values, γrn =
2π�f − γd − γg , where γg is calculated using Eq. (4).
This is confirmed by the fact that the gain calculated from
the width of the plasmon resonance at the particular points
of the maximum absorption of the structure and the total
reflectance of the structure completely coincides with the
gain calculated using Eq. (4).
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FIG. 5. Evolution of radiative damping of “optical” (a) and
“acoustic” (b) plasmon modes with increasing quasi-Fermi
energy in graphene for structure no. 1. Figures (a) and (b) are
calculated along the plasmon resonance lobes from Fig. 4.

Each plasmon mode passes through several particular
points with increasing pumping (Fig. 4). At the first point,
the absorption coefficient reaches its maximum positive
value when equality γd + γg = γrn is satisfied (Fig. 5).
Since under these conditions the radiative damping occu-
pies exactly half of the HWHM, the gain achieved in
this resonance can be easily calculated using the relation
γg = π�fmax A − γd.

The second particular point is passed when the real
part of the graphene conductivity is zero; in this case,
the absorbance of the structure is zero, and the reflection
coefficient of the structure reaches unity. Moreover, the
HWHM is equal to the radiative damping, and the gain
is exactly equal to the dissipative damping γd + γg = 0
(Fig. 5).

Lasing regime is reached at the third particular point
(A → −∞, R + T → ∞, �f → 0) when the condition
γd + γrn = −γg is fulfilled (Fig. 5), when the gain fully
counterbalances the dissipative and radiative dampings.

We find out that the radiative damping of the “acoustic”
mode is an order of magnitude smaller than the radiative
damping of the “optical” mode (Fig. 5). This means that
in a weak “acoustic” plasmon mode, the threshold for the
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lasing can be significantly reduced, which can be seen in
Figs. 4 and 5. It can also be seen that the radiative-damping
curve changes the slope at the quasi-Fermi energies greater
than necessary for the appearance of the laser regime. Such
behavior of the radiative damping can be explained by a
change in the fraction of charge carriers participating in
the plasma oscillation Nsβ

2
n .

For structure no. 1, the plasmon amplification spectra
are calculated (Fig. 6) for two plasmon modes (“acoustic”
and “optical”) depending on the difference of graphene-
stripe widths w2 − w1 with increasing width of the lower
graphene stripe. The unscreened regions of the lower
graphene layer lead to incomplete screening of the charges
in the graphene stripes and, hence, lead to an increase
in the radiative damping of the weak plasmon mode.
When the balance γd + γrn = −γg is achieved by adjust-
ing the radiative damping of the “acoustic” plasmon
mode, a laser regime appears (Fig. 6). Figure 6 is calcu-
lated in such a way that the laser regimes are achieved
at both weak “acoustic” and strong “optical” plasmon
modes.

Weak modes in a graphene structure no. 2 with a dual-
grating gate are excited in spatially asymmetric structures
(Fig. 7). For structures with different widths of the subgrat-
ing fingers in the unit cell, the asymmetry can be described
by the value of the asymmetry coefficient Kno.2 = 1 −
l2/l4, where Kno.2 = 0 corresponds to a symmetric struc-
ture. With a dual grating gate located close to isotropic
graphene in structure no. 2, the gated plasmon modes can
be excited with wave vectors in the inverse multiples of the
widths of the gate subgrating fingers qp = πp/l1,3, with p
being a positive integer. The plasmon modes with wave
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FIG. 7. Dependence of amplification for structure no. 2 on
frequency and asymmetry coefficient K#2. “Radiative” and “non-
radiative” plasmon modes are shown. Parameters are l1 =
0.22 μm, l3 = 0.15 μm, l2 + l4 = 0.190 μm, d2 = 15 nm, εF =
20.5 meV.

vectors qp for p being an even number are weak “non-
radiative” modes, which cannot be exited in the case of
Kno.2 = 0 (Fig. 7).

By choosing a suitable asymmetry coefficient of struc-
ture no. 2, the radiation damping of the weak plasmon
mode can be changed so as to satisfy the condition of lasing
at the weak mode (Fig. 7, Kno.2 = 0.4).

We investigate the change in radiative damping upon
reaching the laser regime for a weak “nonradiative” plas-
mon mode depending on the width of the gate electrode
(i.e., the width of the plasmon resonator in which the weak
plasmon mode is excited) (Fig. 8). The separation of the
resonance of the weak plasmon mode from the strong
mode (excited under the gate l3) made it possible to further
reduce the radiative damping of the weak mode by an order
of magnitude (Fig. 8) to values of 0.5 GHz (the damping
rates, expressed in Hz, are obtained by their dividing by
2π ).

The difference by 2 orders of magnitude in the radia-
tive damping of strong and weak plasmon modes makes it
possible to lower the pumping strength of graphene practi-
cally to the level of compensation of the dissipative losses
for reaching the laser regime for the weak plasmon mode.

The radiative damping of the weak plasmon modes are
γrn ∼ 5 GHz for structure no. 1 and γrn ∼ 0.5 GHz for
structure no. 2. Whereas, for a strong “radiative” plas-
mon mode the gain should overcome for a rather greater
radiative damping (about 0.08 THz), which is comparable
with plasmon dissipative damping 0.079 THz for τ = 1 ps
being used for the calculations.

Since the wave vector of plasmons is determined by
the geometric parameters of the resonator as πp/w1,2 and
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FIG. 8. (a) The radiative damping versus the gate width l1
corresponding to the laser regimes of the weak “nonradiative”
mode for structure no. 2. (b)–(d) Dependence of absorbance for
structure no. 2 on frequency and quasi-Fermi energy for differ-
ent widths l1: (b) l1 = 0.22 μm, (c) l1 = 0.24 μm, and (d) l1 =
0.26 μm. “Radiative” and “nonradiative” gated plasmon modes
are shown. Black curves in (b)–(d) show the total reflectance line
for γd = −γg . Parameters of (b)–(d) are l3 = 0.15 μm, l2 = 70
nm, l4 = 120 nm, d2 = 15 nm.

πp/l1,3, it is possible to tune the frequencies of weak plas-
mon modes in structures no. 1 and no. 2 to a required lasing
frequency.

Structures no. 1 and no. 2 are open structures for elec-
tromagnetic wave, as a result of which the excited or
amplified plasmons in them are radiated into outgoing
electromagnetic waves. The value of radiative damping of
the plasmon mode controls the level of outgoing electro-
magnetic waves and Q factor of the plasmon resonance.
The narrow width of amplification region on frequency
scale for weak plasmon modes allows for single-mode
operation.

V. CONCLUSIONS

The gain rates of strong and weak plasmon modes in
graphene structures are calculated using conductivity func-
tion. The radiative damping of plasmon modes in graphene
structures are calculated utilizing a strict electromagnetic
approach and using the linear oscillator model for plas-
mons, and calculated gain rate. It is found that in asymmet-
ric structures, the lasing regime for weak plasmon modes
is possible: for the “acoustic” two-layer plasmon and for
“nonradiative” gated plasmon. The advantage of using the
weak modes for lasing is that they have weak radiative
losses, which significantly lowers the lasing threshold. The

possibility of changing the frequency and radiative damp-
ing of weak modes by the structure geometry can be used
to tune the regime of laser generation of plasmons.
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