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Intangible Hydrodynamic Cloaks for Convective Flows
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Although studies of hydrodynamic cloaking have attracted considerable attention, most pioneering
studies have so far focused on creeping flows, in which nonlinear convective terms are neglected and
cloaks are fabricated with inhomogeneous or anisotropic metamaterials. Here we discover that intangible
uniform-viscosity hydrodynamic cloaks, which are capable of hiding obstacles immersed in narrow-gap
Navier-Stokes flows with non-negligible convection, can be possibly designed. Via the convection-
diffusion-balance method and the realizable thermally controlled tactic, the diffusion effect exerted by
the obstacle surface can be balanced by the convection counterpart exerted by the manipulation of
temperature-dependent viscosity inside the intangible cloak. This analysis has been validated by finite-
element computational simulations that tackle cloaked-cylinder flows for Reynolds numbers in the laminar
regime. The proposed study may lay the foundation for attempts to further explore hydrodynamic cloaks
and possibly other metamaterial-related devices.
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I. INTRODUCTION

Objects moving in viscous fluids will inevitably inter-
fere with flow fields, rendering the manipulation of atten-
uating interferences challenging. With inspiring devel-
opments of extensive metamaterials, substantial interests
arose in fabricating cloaking devices to hide objects that
were immersed in external physical fields, such as light
[1–4], electromagnetism [5–9], acoustics [7,10,11], dc
electrics [12], solid mechanics [13,14], conductive heat
transfer [15–18], liquid waves [19–21], and quantum-
mechanical matter waves [22,23], among others. Urzhu-
mov et al. [24] began to pay attention to porous-media
hydrodynamic cloaks, which were first designed on the
basis of coordinate transformations of Darcy’s pressure
equation and the Brinkman-Stokes equation for creeping
flows. Hereafter, numerous investigators [25–29] devoted
their efforts on hydrodynamic metamaterials in porous
media.

Recently, Park et al. [30] proposed a hydrodynamic
metamaterial cloak by utilizing the transformation theory
for Stokes flows in the non-porous-media hydrodynamic
space, creating a concept that treated the viscosity as
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a tensor. However, these hydrodynamic metamaterials
were designed by microstructures with inhomogeneous
and anisotropic properties, leading to somewhat sophis-
ticated fabrications of these metamaterials. Furthermore,
a metamaterial-free hydrodynamic cloak was designed by
Tay et al. [31], who optimized the height of the cylinder
shell to cloak objects. Also notably, because nonlinear con-
vective terms are omitted [30,31], these creeping flows are
governed by Stokes equations.

Facing these challenges mentioned above, we man-
age to investigate intangible uniform-viscosity hydrody-
namic cloaks by using the convection-diffusion-balance
method and by varying the dynamic viscosity of the
fluid, enabling us to manipulate viscous non-negligible-
convection Navier-Stokes flows around obstacles. To val-
idate the cloaking analysis, we conduct computational
simulations by using the commercial package COMSOL.

II. PHYSICAL MODELS AND ANALYTICAL
RESULTS

Consider a horizontally situated cylindrical obstacle
[Figs. 1(a) and 1(b)] with radius R1 impermeable to the
fluid (regime III). It is surrounded by a concentric cloak
shell (regime II) of exterior radius R2, steadily immersed
in a freestream (regime I), with an incoming velocity vin
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FIG. 1. Schematic models of a hydrodynamic cloaks. Geome-
try with height (H ) × width (W) × depth (D) = 1 cm × 1 cm ×
50 μm, R1 = 2 mm, and R2 = 4 mm. The radius of the obstacle
and the outside radius of the cloak are R1 and R2, respectively.
Water with the dynamic viscosity μ = 1 mPa s and the density
ρ = 997.1 kg/m3 at room temperature are chosen as the working
fluid. (a) Three-dimensional (3D) model with parabolic velocity
profiles on the y-z plane. (b) Two-dimensional (2D) model.

in the y direction predetermined by a pressure gradient
of �p (p2 > p1). Nonslip boundary conditions are applied
to surfaces of all solid walls in the domain within x =
±0.5W, z = ±0.5D, and r = R1. If the cloaking process is
accomplished, the fluid will move as if no obstacle exists.

The continuity equation and Navier-Stokes equations
for incompressible flows at steady state without the influ-
ence of body forces can be written as

∇ · u = 0, (1)

ρu · ∇u + ∇p = ∇ · (μ∇u), (2)

where ρ, μ, u, and p denote density, dynamic viscosity,
velocity vector, and pressure, respectively.

According to derivations in Appendix A (Part 1), under
irrotational-flow idealization, Eqs. (1) and (2) can be trans-
formed into Laplace equations as

∇ · ∇ϕ = 0, (3)

∇ · (
μ−1∇Q

) = 0, (4)

where ϕ satisfies ∇ϕ = u, known as the velocity poten-
tial, and Q = 1

2ρ|u|2 + p . Here the term 1
2ρ|u|2 in Q =

1
2ρ|u|2 + p originates from the nonlinear convective term
u · ∇u and bears the unit of mechanical energy density
(J/m3). Equations (3) and (4) contain two field variables, ϕ
and Q, instead of four primitive counterparts contained in
Eqs. (1) and (2), namely u (three directions in x, y, z) and p ,
facilitating the analysis and the computation. Furthermore,
Eqs. (3) and (4) can be unified into

∇ · (ξ∇�) = 0, (5)

where ξ = (
1, μ−1

)
and � = (ϕ, Q).

Herein, since Eq. (5) bears the Laplace-equation form,
an analytical solution can be obtained by using separation
of variables [8,32–35].

In the proposed study, as long as the globally effective
dynamic viscosity of both the obstacle and the cloak equals
that for the freestream (μI), the purpose of the cloak-
ing has been attained. This treatment takes advantage of
the concept, in which the diffusion effect exerted by the
obstacle surface can be balanced by the convection effect
exerted within the cloak. Hence, it is tentatively named the
“convection-diffusion-balance method”.

Treating the viscosity at the solid obstacle surface as
μIII = ∞, we can obtain the uniform dynamic viscosity of
the cloak as

μII = R2
2 − R2

1

R2
2 + R2

1
μI R1 < r ≤ R2, (6)

where μI denotes the dynamic viscosity of the freestream.
The derivation of Eq. (6) is shown in Part 2 of Appendix
A. From Eq. (6), we can observe that μII can be purely
determined in terms of values of R1, R2, and μI, but not in
terms of spatial coordinates.

III. NUMERICAL SIMULATIONS

According to Refs. [36,37], a viscous flow in a nar-
row gap between two parallel plates in z direction (D �
H and W) behaves similarly as an inviscid fluid does
in the x-y plane. Therefore, vorticities produced by the
nonslip condition in the x-y plane exist only inside the
boundary layer and will not diffuse into the flow from all
obstacle walls on the z = 0 plane in a certain range of
Reynolds numbers [Fig. 7(a)]. Additionally, since nonslip
conditions are prescribed on z = ±0.5D planes, the flow
exhibits parabolic-flow characteristics in y-z planes [inset
of Fig. 1(a)]. For z �= 0 planes, although vorticities do not
equal zero at the entire plane, these parabolic velocities are
mirror symmetrical with respect to the z = 0 plane. Subse-
quently, vorticities on, for example, the z = 0.2D plane (or
0.4D plane) and those on z = −0.2D plane (or the −0.4D
plane) bear the same values but different signs [Figs. 7(b)
and 7(c)], and thus will balance each other. Therefore,
these flows can be treated as nearly globally irrotational
ones (i.e., viscous potential flows), and applications of our
cloak can be considered valid.

Based on Eqs. (1) and (2) and Eq. (6), computational
simulations are conducted to validate our analysis for
the fabrication of hydrodynamic cloaks using COMSOL
Multiphysics, a commercial finite-element package.

At first we consider flows with a small Re, Re =
ρvinD/μ = 1.03 (Fig. 2). For the obstacle-absent case,
streamlines and isobars of the velocity field intersect
orthogonally, and the velocity field behaves almost as uni-
formly as the quasi-inviscid flow does because of D � H
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(a) (b) (c)

FIG. 2. Velocity distributions superimposed with streamlines
(black color) and isobars (white color) on the z = 0 plane at Re =
1.03. (a) Obstacle absent, (b) obstacle existent, (c) cloaking.

and W. It should be noted that, realistically, boundary
layers do exist near vertical walls on both sides, and that
the flow remains viscous [inset of Fig. 2(a)].

For the obstacle-existent case, the solid obstacle can
be equivalently treated as an effective infinitely-viscous
fluid that retards flows, leading to the phenomenon in
which streamlines and isobars are conspicuously distorted
[Fig. 2(b)].

To cancel these effects of obstruction, we bring the
proposed hydrodynamic cloak to cover the bare obstacle.
Because of μII < μI according to Eq. (6), the boundary-
layer flow, which would have existed in the presence of
the obstacle, has now diminished. Under these circum-
stances, the cloak does function to artificially enhance the
convection that surrounds the obstacle [Fig. 2(c)]. In this
sense, the cloak is capable of behaving as if the overall
viscosity around it takes the value of the freestream vis-
cosity. In other words, streamlines and isobars outside the
cloak shown in Fig. 2(a) and those in Fig. 2(c) equal each
other. On the z �= 0 plane, distributions of streamlines
and isobars resemble those on the z = 0 plane except for
magnitudes [shown in Figs. 5(d)–5(f) for different Re’s].

As Re increases, the effect of nonlinear convective term
ρu · ∇u in the equation gradually emerges. To investi-
gate this effect on the cloaking, we need only to examine
the orthogonality between streamlines and isobars out-
side the cloak because these two families of lines for the
obstacle-absent case at different Re’s look similar to one
another.

Next, velocity distributions superimposed with stream-
lines (black lines) and isobars (white lines) at various
laminar Re’s are presented in Figs. 3(a)–3(d). The orthog-
onality between straight streamlines and isobars can be
observed outside the cloak at higher Re’s.

To further quantitatively check the validity of cloaking
schemes, we compare y-component velocity at three points
(va, vb, vc) near the cloak surface with the inlet velocity
(vin) in Fig. 4. As Re increases, values of va, vb, and vc
continue to equal that of vin. It is worthwhile to note that, at
higher Re’s, e.g., 25 ≤ Re ≤ 43, va and vb basically coin-
cide with vin, whereas vc slightly deviates from vin within
the error tolerance. To clearly understand mechanisms of
these deviations, we first show pressure distributions on the
cylinder surface [Figs. 8(a) and 8(b)]. For 1 < Re ≤ 43,
as Re increases, the effect of the nonlinear convective
term ρu · ∇u (which constitutes two parts 1

2ρ∇|u|2 and
ρu × ∇ × u) gradually emerges and pressure distributions
on the cylinder surface gradually become asymmetric.
However, the symmetry of the velocity field [Fig. 8(c)]
nearly remains, and the vorticity on the z = 0 plane con-
tinues to be primarily bounded in the cylindrical boundary
layer [Fig. 8(d)]. These phenomena suggest that the effect
of the kinetic term ( 1

2ρ∇|u|2) starts emerging but the
effect of the rotational term (ρu × ∇ × u) can be omitted
outside the boundary layer. Therefore, within the error
tolerance, the flow irrotationality can continue to be
acknowledged. Consequently, our cloak can be con-
sidered valid under Re ≤ 43. As Re continues to
increase, the fore-aft symmetry of the pressure [Fig. 8(b)]
and that of the velocity [Fig. 8(e)] gradually breaks
down. (We choose a relatively large Re = 159.38 as
a stark comparison.) Under this circumstance, the vor-
ticity escapes from the constraint of the boundary
layer [Fig. 8(f)]. Hence, our cloak gradually becomes
invalid.

Characteristics exhibited in both Figs. 2–4 imply that the
cloaked obstacle has hardly distorted the velocity field or
reduced the magnitude of the velocity outside the cloak,
thereby indicating that the hydrodynamic cloak is valid in
a certain range of Re’s.

Re = 4.51 Re = 10.34 Re = 27.97 Re = 41.28

(a) (b) (c) (d)

FIG. 3. Velocity distributions superimposed with streamlines (black lines) and isobars (white lines) of the hydrodynamic cloak on
the z = 0 plane at various laminar large Re’s.
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FIG. 4. Comparing y-component velocities near the outside
cloak at a(1.1R2, 0), b(0, 1.1R2), and c(0, −1.1R2) with inlet
velocity (vin) on the z = 0 plane versus Re. Geometry with H ×
L × D = 1 cm × 1 cm × 50 μm, R1 = 2 mm, and R2 = 4 mm.

IV. EXPERIMENTAL SUGGESTIONS

To fabricate our cloak realistically in labs, researchers
can thermally control the cloak, based on the fact that the
dynamic viscosity depends on the temperature, to obtain
the prescribed μII by using the formula of the water [38],

μ = μ0 exp
[

E
R (T − T0)

]
, (7)

where μ0 = 2.4055 × 10−5 Pa s, E = 4.753 kJ/mol, T0 =
139.7 K, and gas constant R = 8.314 J/(mol K). These
viscosity values of the water calculated by Eq. (7) over
a temperature interval of 273–463 K agree satisfactorily
with experimental data [39–41]. Besides, we also con-
sider the dependence of other fluid thermal properties, e.g.,
thermal conductivity, heat capacity, and density, on tem-
perature. However, after laborious simulation exercises,
we find that results in case A and those in case B appear
almost identical, where case A denotes “only the viscos-
ity depends on temperature, but the thermal conductivity,
the heat capacity, and the density do not” and case B
denotes “all thermal properties depend on temperature”.
This finding suggests that temperature effects on other
thermal properties in our model can be neglected. There-
fore, these characteristics allow users to readily manipulate
flows simultaneously in experiments and computational
simulations. According to Eq. (7), for water at room tem-
perature TI = 293.15 K, we can obtain μI = 1 × 10−3 Pa s.
According to Eq. (6), for R2 = 3.3 mm and R1 = 2 mm,
we can obtain μII = 4.63 × 10−4 Pa s. Finally, based on
Eq. (7), we can obtain TII = 333.14 K.Because of the shal-
lowness of the flow field in z direction, the temperature
distribution appears as a function of x and y only (nearly
independent of z) if we prescribe the thermal boundary

(a) (b) (c)

(d) (e) (f)

(g)

(h)

FIG. 5. Cloaking at Re = 4.51. Geometry with H × L × D =
1 cm × 1 cm × 50 μm, R1 = 2 mm, R2 = 3.3 mm, and R3 =
4 mm. (a)–(c) Viscosity distributions of water on (a) z = ±0.4D
plane, (b) z = ±0.2D plane, and (c) z = 0 plane. (d)–(f) Velocity
distributions of water on (d) z = ±0.4D plane, (e) z = ±0.2D
plane, and (f) z = 0 plane. (g) Velocity distributions at five
different y positions on the z = 0 plane. Five red lines in the
inset-figure model correspond to five legend-caption positions,
respectively. (h) Thermally manipulating the viscosity of the
cloak prescribed at z = ±0.5D.

condition merely on the z = ±0.5D plane. For the pre-
scription within r ∈ [R1, R2], we set TII = 333.14 K, and
can rightfully obtain μII [Fig. 5(h)]. Because of the influ-
ence under the heat transfer, TII will inevitably affect the
viscosity of the freestream. For the purpose of eliminating
this inevitable influence, we can manipulate TI = 293.15 K
within r ∈ (R2, R3] on the z = ±0.5D plane as the temper-
ature of freestream does. Based on previously prescribed
boundary conditions [Fig. 1(a) and 1(b)], the thermal
boundary of the inlet is prescribed as T = TI, and with
the insulated condition elsewhere [Fig. 5(h)]. (Detailed
boundary-condition settings are shown in Appendix A.) As
a result, we are capable of constructing an intangible and
nonintrusive cloak. Therefore, combining Eqs. (1) and (2)
with the energy-transport equation,

ρcpu · ∇T = ∇ · (k∇T), (8)

where cp , k, and T denote heat capacity, thermal conductiv-
ity, and temperature, respectively. We can obtain viscosity
and velocity distributions of water at Re = 4.51 on various
planes [Figs. 5(a)–5(f)].
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(a) (b) (c)

(d) (e) (f)

FIG. 6. Cloaking at Re = 27.97. Geometry with H × L ×
D = 5 cm × 3 cm × 50 μm, R1 = 2 mm, R2 = 3.3 mm, and
R3 = 9.6 mm. (a)–(c) Temperature distributions of water on (a)
z = ±0.4D plane, (b) z = ±0.2D plane, and (c) z = 0 plane.
(d)–(f) Velocity distributions of water on (d) z = ±0.4D plane,
(e) z = ±0.2D plane, and (f) z = 0 plane.

In terms of viscosity or temperature values, which
are one-to-one related, a gradual transition zone [Figs.
5(a)–5(c)], as opposed to an abrupt division between TI and
TII, has been found to exist under the influence of the con-
vection between the freestream and the cloak. In general,
however, the viscosity computed by simulations agrees
satisfactorily with that obtained by Eq. (6) from the anal-
ysis. In Figs. 5(d)–5(f), the orthogonality between isobars
and streamlines is conspicuously observed, suggesting the
physical realizability and validity of our analysis. Quanti-
tatively, the velocity distribution outside the cloak appears
uniform, confirming that it is unaffected by the presence of
the obstacle [Fig. 5(g)].

(a) (b) (c)

FIG. 7. Vorticity distributions (� = |∇ × u|) at Re = 4.51 on
various planes for the obstacle-existent case.

(a)

(c)

(e) (f)

(d)

(b)

f (deg) f (deg)

FIG. 8. (a),(b) Pressure distributions on the cylinder surface
parameterized in several Reynolds numbers on the z = 0 plane
for the obstacle-existent case. (c),(d) Velocity and vorticity dis-
tributions on the z = 0 plane at Re = 41.28. (e),(f) Velocity and
vorticity distributions on the z = 0 plane at Re = 159.38. Geom-
etry with H × L × D = 1 cm × 1 cm × 50 μm, R1 = 2 mm.

To check the validity of our thermally controlled cloak
at higher Re’s, we choose the case Re = 27.97 as an exam-
ple. Due to the existence of the convective heat transfer, the
transition of the heat transfer between zone (R1, R2] and
zone (R2, R3] strengthens as Re increases. To eliminate the
influence of temperature TII, we should increase the width
of zone (R2, R3] as Re increases. In Figs. 6(a)–6(c), even
though a diffusive layer will be generated between two
constant temperature regions in the fluid, the adverse low-
temperature effect of the intrusively diffusive layer near
the leading edge at r = R2 is cancelled by the construc-
tive high-temperature effect of the extrinsically diffusive
layer near the trailing edge at r = R2. After the obstacle-
detoured effect of flows is cancelled, the high-temperature
thermal energy of the extensionally diffusive layer near
the trailing edge continues to be transported, but it merely
strengthens the velocity of the flow by decreasing the vis-
cosity. Therefore, if this zone is sufficiently widened to
cool down the flow as the freestream of the obstacle-absent
case is, the velocity outside this zone (r > R3) will equal
the freestream velocity of the obstacle-absent case, namely
the orthogonality between isobars and streamlines is con-
spicuously observed [Figs. 6(d)–6(f)]. This trend implies
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that, even if thermal diffusive layers proceed to exist in
zone (R1, R2] and zone (R2, R3], our cloak remains valid.

Although we design the intangible hydrodynamic cloak
for convective flows, the validity of our cloaks continues
to be limited in the moderate range of Re’s due to the rota-
tional effect outside the boundary layer. To tackle much
higher Reynolds-number problems in future studies, we
are required to provide an external manipulating force, an
external manipulating field, or other manipulating methods
to exert on flows such that the rotational effect outside the
boundary layer is cancelled.

V. CONCLUSIONS

Utilizing the convection-diffusion-balance method, we
obtain uniform viscosities within the intangible hydrody-
namic cloak. Our strategy, derived directly from Navier-
Stokes equations, does not rely on the transformation
theory, and thus evades troubles encountered in the past
[30], exemplified by strict parameters (inhomogeneous and
anisotropic) and intricate fabrication. Using these viscosi-
ties, we numerically demonstrate that Navier-Stokes flows
can be manipulated by using the proposed cloak. Finally,
our approach provides a guide for experiments, in which
hydrodynamic cloaks are designed and fabricated.
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APPENDIX

1. Transforming Navier-Stokes equations into
Laplace-equation form

Treating the viscosity as a constant value, Eqs. (1) and
(2) can be written as

∇ · u = 0, (A1)

ρu · ∇u + ∇p = μ∇2u. (A2)

For potential flows, we can introduce a velocity potential
ϕ, such that ∇ϕ = u. According to Eq. (A1), we obtain

∇ · ∇ϕ = 0, (A3)

which is recognized as the Laplace equation.

According to the vector identity

∇ × (∇ × u) = ∇(∇ · u) − ∇2u

and Eq. (A1), we can obtain

∇2u = −∇ × (∇ × u).

We take divergence (∇·) on both sides of the equation
above and obtain

∇ · ∇2u = −∇ · [∇ × (∇ × u)] = 0.

According to Eq. (A2), we obtain

∇ · μ−1(ρu · ∇u + ∇p) = 0.

Utilizing another vector identity,

u · ∇u = 1
2
∇|u|2 − u × ∇ × u,

we can obtain

∇ · μ−1∇
(

1
2
ρ|u|2 + p

)
= 0,

∇ · (
μ−1∇Q

) = 0 (A4)

for irrotational flows, where Q = 1
2ρ|u|2 + p is known as

the mechanical-energy density with unit J/m3.
Therefore, Eqs. (A3) and (A4) can be written into

∇ · (ξ∇�) = 0, (A5)

which serves as a Laplace equation, where ξ = (1, μ−1)

and � = (ϕ, Q).

2. The uniform viscosity of hydrodynamic cloaks
deduced by convection-diffusion-balance method

The analytic solution of the Laplace equation ∇ ·
(ξ∇�) = 0 can be generally expressed as

�i = Ai
0 + Bi

0 ln r +
∞∑

m=0

[
Ai

m sin(mθ) + Bi
m cos(mθ)

]
rm

+
∞∑

m=0

[
Ci

m sin(mθ) + Di
m cos(mθ)

]
r−m, (A6)

where Ai
0, Bi

0, Ai
m, Bi

m, Ci
m, and Di

m (i = I, II, III) denote
coefficients that will be determined by given boundary
conditions.
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Under physical boundary-condition constraints and
finiteness of the computational domain, m = 1 and Ai

1 =
Ci

1 = Bi
0 = 0 should hold. As a result, �i can be simplified

as

�i = Ai
0 + Bi

1r cos θ + Di
1r−1 cos θ . (A7)

Here �i denotes solutions in different regions: i = I
denotes the freestream regime (r > R2); i = II the cloak
layer (R1 < r ≤ R2); and finally i = III the cloaked regime
(r ≤ R1). Mathematically, at an interface, continuity con-
ditions of

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

�III|r=R1
= �II|r=R1

�II|r=R2
= �I|r=R2

ξIII
∂�III

∂r

∣∣∣
r=R1

= ξII
∂�II
∂r

∣∣∣
r=R1

ξII
∂�II
∂r

∣∣∣
r=R2

= ξI
∂�I
∂r

∣∣∣
r=R2

(A8)

should prevail.
Because the solid obstacle can be equivalently treated

as an effectively infinitely viscous fluid that stops flows,
we deduce ξIII = 0, i.e., μIII = ∞.

By substituting Eq. (A7) into Eq. (A8) and setting DI
1 =

0, we can obtain the analytic expressions for ξ in regime II
as

ξII = R2
2 + R2

1

R2
2 − R2

1
ξI. (A9)

According to Eq. (A4), we can obtain

μII = R2
2 − R2

1

R2
2 + R2

1
μI. (A10)

Boundary-condition setting:
At x = ±W/2 wall, u = v = 0, nonslip wall.
At z = ±D/2 wall, u = v = 0, nonslip wall.
At r = R1 wall, u = v = 0, nonslip wall.
At y = −H/2, p = p2, inlet.
At y = H/2, p = p1, outlet.
At z = ±D/2 and r ≤ R1 wall, ∂T/∂z = 0.
At z = ±D/2 and R1 < r ≤ R2 wall, T = TII.
At z = ±D/2 and R2 < r ≤ R3 wall, T = TI.
At z = ±D/2 and r > R3 wall, ∂T/∂z = 0.
At x = ±W/2 wall, ∂T/∂x = 0.
At y = −H/2, T = TI, inlet (temperature boundary).
At y = H/2, ∂T/∂y = 0, outlet (open boundary).
In Fig. 6, because the system is enlarged, coordinates

of the inlet and the outlet y = ±H/2 are replaced by y =
−H/6 and 5H/6, respectively.
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