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Asymmetric Metal-Dielectric Metacylinders and Their Potential Applications
From Engineering Scattering Patterns to Spatial Optical Signal Processing
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We propose a bianisotropic hybrid metal-dielectric structure comprising dielectric and metallic cylin-
drical wedges wherein the composite metacylinder enables advanced control of electric, magnetic, and
magnetoelectric resonances. We establish a theoretical framework in which the electromagnetic response
of this meta-atom is described through the electric and magnetic multipole moments. The complete
dynamic polarizability tensor, expressed in a compact form, is derived as a function of the Mie-scattering
coefficients. Further, the constitutive parameters—determined analytically—illustrate the tunability of the
structure’s frequency and strength of resonances in light of its high degree of geometric freedom. Flex-
ibility in the design makes the proposed metacylinder a viable candidate for various applications in the
microscopic (single meta-atom) and macroscopic (metasurface) levels. We show that the highly versatile
bianisotropic meta-atom is amenable to being designed for the desired electromagnetic response, such as
electric dipole-free and zero or near-zero (backward and forward) scattering at the microscopic level. In
addition, we show that the azimuthal asymmetry gives rise to normal polarizability components, which
are vital elements in synthesizing asymmetric optical transfer function at the macroscopic level. We con-
duct a precise inspection, from the microscopic to the macroscopic level, of the metasurface synthesis
for emphasizing on the role of normal polarizability components for spatial optical signal processing.
It is shown that this simple two-dimensional asymmetric meta-atom can perform first-order differentia-
tion and edge detection at normal illumination. The results reported herein contribute toward improving
the physical understanding of wave interaction with artificial materials composed of asymmetric elon-
gated metal-dielectric inclusions and open the potential of its application in spatial signal and image
processing.
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I. INTRODUCTION

Modeling of two-dimensional structures illuminated by
electromagnetic waves has been of leading research inter-
est for a long time. The problem of deriving the polariza-
tion of elongated structures has been of central interest in
the study of antenna theory over the last century [1]. Due to
their simplicity and practicality, long metallic and dielec-
tric cylinders and wire media structures have received
much attention among all the various canonical 2D struc-
tures. These include structures realizing artificial plasmas
[2], hyperbolic media [3–6], creating exotic material prop-
erties [7–12], including those for antenna applications
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[13,14], tailoring the phase of reflection waves in
metasurface applications [15–23], imaging and endoscopy
[24–26], manipulating Casimir forces [27], enhancing the
coupling to quantum sources [28–30] and enabling single-
molecule biosensors [31].

The first fundamental step to describing the electromag-
netic (EM) response of a metamaterial is to model the
response of an individual particle. In this method each
inclusion serves as a polarizable particle, which is mod-
eled with a pair of electromagnetic polarizable dipoles,
which in turn becomes a new source of electromagnetic
fields that lead to corresponding local fields. Ultimately,
these effects form the macroscopic constitutive param-
eters. Unusual properties of this material are observed
near resonance and its dependence on the geometry and
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EM properties of the individual inclusions are self-evident
[32]. A number of recent studies retrieve the EM response
for elongated cylinders under specific conditions of inci-
dence, such as normal incidence [32]. For example, static
expressions for the transverse polarizability components
of circular cylinders are well established, and recently
have been extended to the dynamic case based on far-
field scattering considerations [33]. However, because of
symmetry restrictions of the infinitely long cylinder, this
particle does not possess any magnetoelectric coupling
response at normal incidences. In general, no magnetoelec-
tric coupling may exist in the microscopic polarizability
of a scatterer with both temporal and inversion symmetry
[34,35]. Most structures proposed so far in this area act
only as a symmetric system, which gives almost no flex-
ibility for controlling the scattering patterns. Considering
the inability of these symmetric meta-atoms, exploring an
asymmetric meta-atom with different geometrical param-
eters is of high relevance. In addition, it should be noted
that various nanoparticles with a large number of degrees
of freedom are reported in the literature [36–40]. However,
all these meta-atoms are designed using heavy compu-
tational tools, which is a time-consuming approach that
brings much less physical insight than the type of analyti-
cal modeling proposed here. We believe that an analytical
path to the full dynamic polarizability tensor is useful as it
enables advanced control of electric, magnetic, and magne-
toelectric resonances directly, and readily provides phys-
ical insight prior to the design procedure. Therefore, the
extraction of full polarizability tensors for such a complex
meta-atom [41,42] is of high interest and has application
ranging from computational metasurfaces to transparency
and invisibility.

More recently, wave-based analog computing with
metamaterial has attracted tremendous attention, in which
material-based computing elements have been explored to
efficiently manipulate the optical wave front in the wave-
vector domain [43]. The advantage of material-based ana-
log computing over the conventional electronic systems
for analog computing and signal processing are as fol-
lows; lower energy consumption, and lower computational
time [44,45]. Over the past few years, several metama-
terial and metasurface-based computational devices have
been reported in the optical analog computing realm
[46–56]. Metasurface-based processors are proposed to
mitigate the drawbacks associated with the Fourier trans-
form sub-blocks, such as topological analog signal pro-
cessing [57], photonic crystals [58], and all-dielectric
metasurfaces [51,59,60].

Here, we introduce the metal-dielectric “metacylin-
der” as an asymmetric meta-atom with a tunable wedge
angle presenting high degrees of design freedom. We
firstly analyze the metal-dielectric metacylinder with
large degrees of freedom, and thereafter we derive
the full dynamic polarizability tensors describing the

electromagnetic response of the proposed meta-atom.
Breaking azimuthal symmetry can result in an unconven-
tional scattering pattern and unbalanced radiation power,
which also can be useful for tailoring the transverse optical
forces. The fact that asymmetrical structures arise exci-
tation of normal polarizability tensor components (i.e.,
towards the direction of illumination), opens up possi-
bilities for pursuing different applications such as beam
deflection and advanced analog computing [49,50,61],
where designing and realizing a metasurface processor
with an asymmetrical optical transfer function (OTF) capa-
ble of distinguishing and separating the kt and −kt at
normal incident is one of the main challenges of this field
[47,49,50,53,62]. To demonstrate the ability of the asym-
metrical metal-dielectric metacylinder as an adjustable 2D
meta-atom, we utilize the proposed meta-atom to address
the recent challenges of the field of wave engineering and
signal processing. The optical performance of the proposed
meta-atom at both single meta-atom and metasurface lev-
els is explored, in which near-zero scattering achieved
from a single meta-atom showing its viability for invisi-
ble sensors and transparent metamaterial applications and
a metasurface comprising an array of metacylinder is pro-
posed for signal and image processing. A metasurface
processor consisting of the proposed meta-atom is realized,
which is well capable of performing mathematical oper-
ations such as first-order differentiation operation, edge
detection of an arbitrary input signal.

II. SCATTERING ANALYSIS OF A
METAL-DIELECTRIC METACYLINDER

The configuration of the structure and illumination is
shown in Fig. 1. The presented meta-atom consists of
two finite wedges, which together form a complete cylin-
der. The material properties for these wedges are differ-
ent, one is a metal and the other is a dielectric where
εc and μc are its permittivity and permeability, respec-
tively.

r0 is the radii of the structure and β is the metal wedge
angle. In order to solve the 2D problem in the most gen-
eral manner, we consider the incident wave to impinge
upon the structure at different azimuthal angles. This is
achieved by fixing the incident wave while rotating the
structure to the desired angle (α) (see Fig. 1). It is note-
worthy that in this study we assume the time dependence
to be e−jωt.

Considering that the structure is of infinite extent along
the longitudinal axis it is clear that ∂F/∂z = 0, where F
represent all the EM parameters. Given that the problem
of EM scattering from a finite perfect electric conductor
(PEC) wedge has been solved previously for TE and TM
polarizations [63], here we extend the structure by filling in
the remaining part of the cylinder with a dielectric and thus
enabling the analysis to simply avail the same scattering
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(a) (b)

(c)

FIG. 1. (a) Schematic sketch of the proposed bianisotropic meta-atom and its microscopic and macroscopic-level applications.
(b) two-dimensional (2D) view, and (c) three-dimensional (3D) view of meta-atom orientation.

wave forms.

ETM
z,sc =

∞∑

n=0

{
aTM

n cos[n(ϕ + α)] + bTM
n sin[n(ϕ + α)]

}

H (1)
n (k0r), (1)

H TE
z,sc =

∞∑

n=0

{
aTE

n cos[n(ϕ + α)] + bTE
n sin[n(ϕ + α)]

}

H (1)
n (k0r), (2)

where ETM
z,sc and H TE

z,sc are the electric and magnetic field
components along the z axis describing the TM and
TE polarizations, respectively. k0 = ω

√
ε0μ0 denotes the

wave number in free space and α is the orientation angle
of the metacylinder. It is worth noting that the preceding
equations are derived using the EM boundary conditions,
in which the an and bn are the Mie-scattering coefficients.
A detailed derivation of the aforementioned equations
is outlined in Appendices A and B. Assuming that the
radius of the meta-atom is smaller than the wavelength, the
higher-order modes can be neglected leaving the dominant
first-order terms. Hence, replacing the Hankel functions
with its far-field approximation simplifies the scattering
wave expression as shown below.

ETM,far
z

=
√

2
πk0r

{
aTM

0 +
[

aTM
1 cos(α)+ bTM

1 sin(α)
]

cos(ϕ)

+
[

bTM
1 cos(α)− aTM

1 sin(α)
]

sin(ϕ)
}

exp
[

j (k0r − π/4)
]

, (3)

H TE,far
z

=
√

2
πk0r

{
aTE

0 +
[

aTE
1 cos(α)+ bTE

1 sin(α)
]

cos(ϕ)

+
[

bTE
1 cos(α)− aTE

1 sin(α)
]

sin(ϕ)
}

× exp
[

j (k0r − π/4)
]

. (4)

For the thin metal-dielectric metacylinder, which are of
interest here, scattering is dominated by the n = 0 and 1
in TM and TE harmonics, that obviously depend on the
incident polarization, the geometric (α and β angles and
r0) and constitutive parameters (εc = εrε0 and μc = μrμ0
of dielectric wedge).

III. DYNAMIC POLARIZABILITY TENSOR
EXTRACTION

Modeling of the electromagnetic fields using multi-
pole moments has several advantages. The electromagnetic
fields are linearly dependent on the moments and as a result
do not involve complicated integrals [32]. The resulting
multiple moments are vital elements in the description of
homogeneous effective medium theories such as Maxwell-
Garnet and other nonlocal methods [26,64]. In the follow-
ing sections, we first derive the analytical expression for
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the induced electric and magnetic dipoles based on the
multiple moments’ theory. Next, we extract the polariz-
ability tensors using the standing-wave approach, which
describe the EM interaction of the proposed structure.

A. Extraction of multipole moments

The radiated fields due to a set of electric and magnetic
dipoles can be approximately expressed as presented by
[65]

�E � Z0

{
[k2

0 �pc0G + (�pc0.∇)∇G] + j k0[∇G × �m]
}

, (5)

�H � −j k0[∇G × �pc0] + [k2
0 �mG + (�m.∇)∇G], (6)

where k0, c0 are the wave vector and the speed of light,
respectively. ∇ = r̂(∂/∂r) (r̂ is a cylindrical unit vector
along the radial direction). Here, we are going to derive
the induced electric and magnetic dipole moments in a
2D structure. Consequently, we can use the 2D cylindri-
cal Green function G = (j /4)H (1)

0 (k0r) as an alternative.
As a result, we utilize the analytical expression for the
electromagnetic radiation of electric and magnetic dipole
moments wherein the radiated fields are expressed as TE
and TM modes [32] using far-field approximation.

�Efar
TM = ẑ

j Z0k2
0

4

√
2

πk0r
(
pzc0 − 2mϕ

)
exp

[
j (k0r − π/4)

]
,

(7)

�H far
TM = − jk2

0

4
ϕ̂

(
pzc0 − 2mϕ

)
exp

[
j (k0r − π/4)

]
, (8)

�Efar
TE = ϕ̂

j Z0k2
0

4

√
2

πk0r
(
pϕc0 + mz

)
exp

[
j (k0r − π/4)

]
,

(9)

�H far
TE = jk2

0

4
ẑ
(
pϕc0 + mz

)
exp

[
j (k0r − π/4)

]
. (10)

It is noteworthy that pφ and mφ describe projections of the
moments along the azimuthal direction (pφ = py cosφ −
px sinφ, mφ = my cosφ − mx sinφ) and should not be con-
fused with the azimuthal components since the dipoles
P and M are located at the origin of the axes. Observ-
ing the above equations, it is clear that the radiating
fields correspond to typical cylindrical TEM waves, satis-
fying �H = n̂ × E/Z0. The dipole moments excited in the
metal-dielectric metacylinder can now be derived using

the approach presented in Ref. [32]. First, we analytically
extract the far-field scattering TE and TM fields for the
metal-dielectric metacylinder (see Sec. II), and then we
derive the far-field radiation due to the set of electric and
magnetic dipoles [Eqs. (12) to (15)]. Thereafter, we extract
the induced dipole moments by comparing Eqs. (3) and
(4) and Eqs. (12) to (15).The relation between the Mie
coefficients and the induced dipole moments is derived:

P = −x̂
4
[

bTE
1 cos(α)− aTE

1 sin(α)
]

jk2
0c0

+ ŷ
4
[

aTE
1 cos(α)+ bTE

1 sin(α)
]

jk2
0c0

+ ẑ
4aTM

0

jk2
0Z0c0

, (11)

M = x̂
2
[

bTM
1 cos(α)− aTM

1 sin(α)
]

jk2
0Z0

− ŷ
2
[

aTM
1 cos(α)+ bTM

1 sin(α)
]

jk2
0Z0

+ ẑ
4aTE

0

jk2
0

. (12)

Upon observation of the equations, it is clear that the
extracted dipole moments can be easily tuned by varying
the angular rotation α and the scattering Mie coefficients
by changing the wedge angle β. In order to verify the valid-
ity of our approach, we derive using full-wave simulations
(i.e., CST Microwave Studio) the far-field scattering pattern
of a metal-dielectric metacylinder comprising a dielectric
with a relative permittivity of εr = 18 and gold as the metal
component with conductivity σ = 4.561.107 S/m and a
wedge angle of π . We also extract the radiation of the
induced dipole moments, and also the closed-form Mie
scattering of the metal-dielectric metacylinder (Sec. II).
The incident wave is assumed to be a TM plane wave with
the operating wave length of λ0 = 6 μm. Figure 2 presents
the mentioned results for three metal-dielectric cylinders
with different radii’s 600 nm, 800 nm, and 1 μm, respec-
tively. It is worth noting that in the mm and THz ranges, the
behavior of metals (e.g., Au, Ag, Cu) is close to the one of
a PEC. From the fabrication point of view, with the devel-
opment of 3D printing technology specially with mm and
m resolutions, such structures can be easily realized in the
THz and GHz ranges. The growing number of materials
that are compatible with additive manufacturing provides
many degrees of freedom for the fabrication [68]. More-
over, in the nm and μm length scales, e-beam lithography
[69], with the assistance of ion milling, dry and wet etch-
ing, and deposition techniques, can be used [70,71]. Laser
writing [72] is also an alternative.
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(a) (b)

(c) (d)

FIG. 2. (a) Schematic showing a metal-dielectric metacylin-
der (εr = 18) with a wedge angle of π , which is excited by
TM-polarized waves propagating on the -x direction. Far-field
scattering pattern from a mentioned meta-atom with different
radius (b) 600 nm, (c) 800 nm, and (d) 1μm using Mie scattering,
full-wave simulation, and excited multipole moments.

It is clear from Fig. 2 that the radiation of the derived
polarization is in good agreement with the full-wave simu-
lation. It is noteworthy that the small difference between
the scattering patterns is due to the truncation of the
scattering series and the dipole approximation.

B. Extraction of polarizability tensor

Due to the asymmetry of the proposed meta-atom, in
contrast to the symmetric cases of the sphere and the
cylinder meta-atoms, extraction of the polarizability ten-
sor is complicated. There are several methods to extract the
polarizability tensor for a desired bianisotropic meta-atom
[66,67,73,74]. In this paper, we use the standing-wave
approach to derive the polarizability tensor as presented
in recent studies [66,67]. We can simply write a standing
wave as a superposition of two plane waves traveling in
opposite directions (see Fig. 3). Using the extracted EM
multiple moments from the previous section, the polar-
izability tensors excited by the standing wave can be
derived using the superposition theorem. As is clear from
Fig. 3, the magnetic fields are out of phase in the cen-
ter of coordinates, therefore by adding or subtracting the
two plane waves we can derive the pure electric and
magnetic components of the polarizability tensors, respec-
tively. As an example 12 polarizability tensor components
can be derived using Ex = E0e±jky and Hz = ±H0e±jky

plane waves.

αee
qx = P3π/2

q + Pπ/2q

2E0
, αme

qx = M 3π/2
q + Mπ/2

q

2E0
(13)

(a) (b)

(c) (d)

FIG. 3. Polarizability tensor extraction setup based on the
standing-wave method introduced in Refs. [66,67]. In each setup,
we can calculate the (a) αee

zz , αme
yz , αem

zy , αmm
yy , αmm

xy ; (b) αee
yy , αee

xy ,
αme

zy , αem
yz , αem

xz , αmm
zz ; (c) αee

xx , αee
yx , αme

zx ; and (d) αme
xz , αem

zx , αmm
xx , αmm

yx
individual polarizability components.

αem
qz = P3π/2

q − Pπ/2q

2E0
Z0, αmm

qz = M 3π/2
q − Mπ/2

q

2E0
Z0,

(14)

where q = {x, y, z}, and moments superscripts (i.e., π/2
and 3π/2) indicate the wave-vector angle with respect to
the direction x. All the other components can be derived by
simply using different configurations for the standing wave
(see Fig. 3) similar to Refs. [66,67]. After complete consid-
eration of all the derived polarizability tensor components,
the complete polarizability tensor can be presented as
follows:

[
P
M

]
=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

αee
xx αee

xy 0 0 0 αem
xz

αee
yx αee

yy 0 0 0 αem
yz

0 0 αee
zz αem

zx αem
zy 0

0 0 αme
xz αmm

xx αmm
xy 0

0 0 αme
yz αmm

yx αmm
yy 0

αme
zx αme

zy 0 0 0 αmm
zz

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
Eloc
Hloc

]
.

(15)

One should note that an analytical and compact form of
the polarizability tensor components is extracted and pre-
sented in Appendix C. We normalize all the presented
polarizabilities to provide fair comparison: αee, αem,αme,
and αmm are normalized, respectively, to ε0, (ε0Z0)

−1, Z0,
and 1.

It is self-evident from the above relations that the
induced polarizability tensor components depend on the
Mie coefficients (wedge angle and dielectric constitutive
parameters) and the meta-atom orientation, which make
this meta-atom an excellent candidate for engineering
and tuning of its EM response. The present analysis has
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allowed us to define a fully dynamic expression for the
entire polarizability tensor of the metal-dielectric meta-
cylinder in closed form. In the following section, we dis-
cuss the properties of this tensor and present some practical
examples.

IV. PROPERTIES OF THE POLARIZABILITY
TENSOR

The polarizability tensor extracted in the previous
section provides a fully dynamic, compact description of
the EM response of a metal-dielectric metacylinder excited
by an arbitrary electromagnetic wave. As noted, the valid-
ity of the tensor is limited to the case where the meta-
atom is smaller than the wavelength. Also, its scattering
response can be approximated by using only the electric
and magnetic dipole terms. Although our derivation con-
sidered an infinitely long metal-dielectric metacylinder, the
Mie-scattering results are well known to characterize a
finite meta-atom with a length to diameter ratio of greater
than 5 [32].

We verify our results by simply comparing the polar-
izability components for the special case of an infinitely
long dielectric cylinder (β = 0) in both static [32] and
dynamic regimes [33]. The static polarizability compo-
nents for dielectric cylinder are αee

zz = πr2
0 (εr − 1) and

αmm
xx = αmm

yy = 0; we normalize the polarizability compo-
nents to the cross section for an easier comparison with
the static polarizability components for an electrically long
cylinder. Figure 4 shows that the normalized transverse
magnetic [αmm

xx,yy/(πr0
2)] and longitudinal electric polariz-

abilities [αee
zz /(πr0

2)] are in good agreement with results of
Refs. [32,33].

The overarching objective of developing a tunable meta-
atom is to enable the design of any desired EM response,
that is, to engineer a meta-atom for any given polarizability
tensor. To date, there are only a handful of meta-atoms rep-
resented by a closed-form EM response [33,75]. Further, it
is noteworthy that the EM response of these meta-atoms

FIG. 4. Static and dynamic transverse magnetic polarizability,
and longitudinal electric polarizability of a dielectric cylinder
(εr = 18) excited by a TM-polarized incident wave. We vary here
the electrical size k0r0. The star-shaped markets represent a val-
idation based on Refs. [32,33]. The plot shows the real parts of
the polarizability components.

is limited owing to the simplicity and symmetry of their
structures. However, the metal-dielectric metacylinder pre-
sented here is capable of realizing complex EM responses
through the tunability of its polarizability tensor. The
geometry of the presented meta-atom clearly shows that
we have several degrees of freedom. We can simply tune
the EM response and polarizability tensor by changing
the constitutive and geometric parameters such as dielec-
tric properties, wedge angle, and angle of rotation. These
parameters affect the resonant frequency and the strength
of the induced magnetic, electric, and magnetoelectric
responses.

Since the tunability of the dielectric permittivity is lim-
ited to existing materials, the wedge angle plays an impor-
tant role in the design of the meta-atom. Figures 5 and
6 illustrate the effect of wedge angle on the strength and
position of the resonance with respect to the metacylinder
radius. Here, we choose to illustrate a set of selected polar-
izability components for conciseness. Examining Figs. 5
and 6, we see that the resonant frequency of the polariz-
ability components excited by the TM wave can be tuned
by adjusting the β angle. However, adjusting the wedge
angle affects only the strength of the resonance in the TE
excitation. This result is due to the use of a nonmagnetic
dielectric in the meta-atom. Nevertheless, it is possible to
simultaneously adjust both the strength and position of res-
onance with wedge angle when using a magnetic dielectric
in the meta-atom. The presence of magnetoelectric effects
in such a simple structure might be surprising at first sight.
In fact, the geometrical asymmetry and inhomogeneity of
this meta-atom breaks the symmetry in EM response and
allows for the magnetoelectric effects to arise. One can also
deduce this result from the standing-wave approach. The
EM response of an asymmetric structure is dissimilar for
incident waves with opposite propagation directions, that
is, the superposition of induced magnetic dipoles [see Eqs.
(11) and (12)] give rise to magnetoelectric polarizability
components.

V. ILLUSTRATIVE APPLICATIONS

By controlling the proposed nanostructure’s Mie reso-
nance modes, we can attain a large number of nontrivial
effects. Design of asymmetrical meta-atoms avail numer-
ous applications in photonics. Breaking the geometrical
symmetry leads to a high degree of freedom for engineer-
ing unconventional EM responses. In the following, we
prove that the proposed meta-atom breaks azimuthal sym-
metry by reducing the coefficient associated with sin(nφ)
modes to zero [61]. Based on our notation this condition
leads to the following equation for electric dipole modes
under TE illumination:

∣∣∣∣

(
aTE

1 − jbTE
1

)
cos(α)+

(
bTE

1 + jaTE
1

)
sin(α)

∣∣∣∣ �= (16)
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(a) (b)

(c) (d)

FIG. 5. Real (solid lines) and
imaginary parts (dashed lines) of
(a) electric, (b),(c) magnetoelec-
tric, and (d) magnetic normalized
dipole polarizability of the asym-
metric metal-dielectric metacylin-
der (εr = 18), which is excited by
the TM-polarized incident wave
for variant values of β with
respect to radius.

∣∣∣∣

(
aTE

1 + jbTE
1

)
cos(α)+

(
bTE

1 − jaTE
1

)
sin(α)

∣∣∣∣.

The inequality in the above equation, which can be tuned
by changing α, is clearly the result of breaking the
azimuthal symmetry in the system. This condition can lead
to an unbalanced power radiation. Therefore, the proposed
meta-atom can be designed (by adjusting α) to achieve a
desired unbalanced scattering pattern for beam deflection
applications.

In fact, breaking the azimuthal symmetry and attaining
normal polarizability components are essential for design
of meta-atomic structures used for various applications
[49,50,61].

Hereunder, we divide the applications of the proposed
metacylinder to two different categories.

(1) The microscopic level applications: engineering the
EM wave scattering of a single meta-atom, in which a
dipole free response is desired.

(2) The macroscopic level application: design of a met-
surface processor consisting of densely packed metacylin-
ders for optical signal processing and image processing
(i.e., edge detection).

A. Meta-atom: near-zero scattering

First, we look for a condition where the electric polar-
ization P in the meta-atom can be made negligible (electric
dipole-free meta-atom). We assume that the meta-atom is
illuminated by a TM-polarized plane wave propagating in
the x direction. According to Eq. (11) the electric polar-
ization Pz directly depends on the first harmonic of Mie
scattering (a0) of the metal-dielectric metacylinder. Tar-
geting a0 = 0 as a goal of the optimization, we obtain

(a) (b)

(c) (d)

FIG. 6. Real (solid lines) and
imaginary parts (dashed lines)
of (a) electric, (b),(c) magneto-
electric, and (d) magnetic nor-
malized dipole polarizability of
the asymmetric metal-dielectric
metacylinder (εr = 18), which is
excited by the TE-polarized inci-
dent wave for variant values of β
with respect to radius.
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the conditions under which the induced electric dipole
is nearly zero (εr = 11.16, r0 = 0.09λ0,α = 62.96◦,β =
125.27◦). Figure 7(a) shows the magnitude of electric
polarization Pz and transverse magnetic polarization Mt.
Under this condition electric quadrupoles and magnetic
dipoles entirely determine the wave-matter interaction,
which is illustrated through the 3D scattering pattern of the
optimized meta-atom. It is worth noting that it is not possi-
ble to achieve a precisely zero value for the electric dipole
in a passive structure. However, a recent study shows that
this condition can be achieved when using a meta-atom
structure, which on the whole is lossless, that is, a structure
comprising a loss-compensated dimer [76].

Another appealing application is to determine the con-
dition under which forward and backward scattering of the
meta-atom vanishes. Based on the optical theorem [77]
the total extinction cross section of an object σext (sum
of absorption and total scattering cross sections) is related
to the normalized scattering amplitude in the forward
direction σϕ(0) in the following way:

σext = λ2
0

π
Im[σϕ(0)], (17)

where λ0 is the operating wavelength. Optical theorem
applies to the EM response of any object illuminated by a
linearly polarized plane wave. Equation (17) implies that
a near-zero forward scattering amplitude results in zero
total scattering, which means that a meta-atom with near-
zero forward scattering will be transparent. Recent studies
have demonstrated that in order for forward scattering to
be zero, part of the meta-atom must be active. Therefore,
in the passive case it is not possible to achieve exactly zero
forward scattering [76,77]. Assuming that the meta-atom
does not consist of absorptive material, the extinction cross
section and scattering cross section would be equal. Hence,
the total cross section can be calculated using the scattering

fields in the following way:

σT = 1
2π

∫ 2π

0
σ(ϕ)dϕ (18)

σT

4r0
= 1

2k0r0

{ ∞∑

n=0

|asca
n |2εn +

∞∑

n=1

|bsca
n |2

}
. (19)

Now that we have the analytical expression for EM scat-
tering from the proposed meta-atom, we can easily find the
condition under which the forward and backward scatter-
ing are near-zero and zero, respectively. Figures 7(b) and
7(c) present the near-zero or zero forward and backward
scattering pattern under these specific conditions.

Here, the specific properties of the structure, which
possess near-zero or zero forward and backward scat-
tering are presented. The electrical permittivity of the
dielectric, radius of the cylinder, rotation angle, and
wedge angle of a meta-atom with near-zero forward
scattering are as follows: (εr = 17.5, r0 = 0.0507λ0,α =
90.01◦,β = 0.1◦). In this case one can approximate the
metal part of the wedge with a simple thin metallic sheet,
which possesses the same response. While the fabrica-
tion of sharp edges in the telecommunication range (i.e.,
r > 1 μm) is feasible with the help of e-beam lithogra-
phy [78], and additive manufacturing can be employed at
lower frequencies [79], some geometrical imperfections
are expected, which may result in frequency shifts that
may slightly alter the overall polarization properties of
the meta-atom. Figure 7(b) illustrates the 2D scattering of
the meta-atom with the aforementioned properties and the
total scattering with respect to wavelength. A similar con-
dition for zero backscattering is found (εr = 14.807, r0 =
0.0721λ0,α = 279.87◦,β = 51.36◦) and the correspond-
ing scattering pattern is shown in Fig. 7(b). Figure 7(b)
shows that the forward scattering and the total cross section
are highly correlated and that the minimum total scattering
and the forward scattering occur at the same wavelength.

(a) (b) (c)

FIG. 7. (a) Magnitude of electric polarization Pz and transverse magnetic polarization Mt with respect to radius and 3D scattering
pattern for optimized electric dipole-free meta-atom. (b) Total extinction cross section (σext) and forward scattering [σϕ(0)] with respect
to radius and polar scattering pattern of the optimized meta-atom for near-zero forward scattering and (c) backward scattering.
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B. Metasurface processor: advanced spatial optical
signal processing

With the existing digital processing and integrated cir-
cuit technologies reaching physical limitation of Moore’s
law (number of transistors per area unit), recently, the
interest in analog computing was revived with the intro-
duction of wave-based spatial metasurface processors, due
to various advantages such as compact single-block archi-
tecture, high-speed response, and low-energy consumption
compared to the conventional electronic-based devices
[47,54,55]. As a result, to overcome some of the speed
restrictions and power-consumption drawbacks of existing
digital signal processors, the proposed material-based opti-
cal computing devices could potentially replace all or some
of the digital processing building blocks, exploiting pho-
tons instead of electron-hole pairs to carry out the desired
processing operations. However, the problem of imple-
menting optical analog memories to capture and store the
results remains an open challenge to date. For example,
the remaining detection blocks in the proposed comput-
ing designs still must consist of digital components. One
of the main challenges of optical signal processing today,
is to design an optical spatial filter with an asymmetrical
(i.e., odd) OTF response capable of distinguishing between
−kt and kt propagation at normal incidence. The asym-
metrical OTF response is required for first-order differen-
tiation using metasurface processors [47,49–51,53,55,80].
Herein, we discuss the ability of the proposed meta-atom
to engineer asymmetrical OTF responses by virtue of tun-
ing the wedge angle and the dielectric constant making
this structure amenable to processing applications such as
first-order differentiation. Consider a homogeneous pas-
sive reciprocal metasurface layer comprising the proposed
metacylinders located at the y = 0 plane, where ψinc(x)
andψref/tran(x) are the input and output signals of this linear
optical system [see Fig. 8(a)]. The angular EM response

of the metasurface processor determines its corresponding
OTF response in the spatial Fourier domain [i.e., H̃(kx)].
The output signal ψinc(x) can be calculated given the
input signal ψref/tran(x) using ψref/tran (x) = F−1

{
H̃ (kx)×

F [ψinc (x)]
}
, where kx denotes the spatial frequency vari-

able in the Fourier space, F and F−1 represent the Fourier
and inverse Fourier transforms, respectively. Here, we
first analyze a metasurface processor, that is an array of
electric and magnetic dipoles comprising both tangential
(t subscript) and normal (n subscript) components.

The spatial transfer function associated with the meta-
surface processor can be modeled using the vectorial form
of the generalized sheet boundary conditions [82].

E+
t ×n̂ − E−

t × n̂ = −jω
(

Mt − n̂ × kt

ωε
Pn

)
, (20)

n̂ × H+
t −n̂ × H−

t = −jω
(

Pt + n̂ × kt

ωμ
Mn

)
, (21)

where ε and μ are the permittivity and permeability of
the surrounding medium, respectively. n̂ is the unity vec-
tor normal to the metasurface plane (i.e., ŷ). The + and
− superscripts refer to the field values at y = 0+ and
0−, respectively. Moreover, t and n subscripts represent
the tangential and normal components. In order to sim-
plify Eqs. (20) and (21) we can introduce the equivalent
magnetic and electric surface polarization densities in the
following way:

Mt,eq = Mt − n̂× kt

ωε
Pn,

Pt,eq = Pt + n̂× kt

ωμ
Mn.

(22)

(a) (b)

FIG. 8. (a) Array of metal-dielectric metacylinders (include silicon and gold [81] materials ) as the metasurface processor. SWT and
SWR are spatial wave transmitter and receiver, respectively. (b) Solid line: the amplitude and phase of synthesized OTF. Dashed line:
the ideal OTF for the first-order differentiation operation. Simulation parameters: λ0 = 4.16 μm, r0 = 0.9 μm, β = 60◦ α = 150◦, and
dx = 2.5 μm.
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Furthermore, the tangential components of the reflected Er
t

and transmitted Et
t electric fields at the boundary of the

metasurface are obtained

Er
t = jω

2
Q ·

[
Pt,eq ∓ Q−1 · n̂ × Mt,eq

]
, (23)

Et
t = Ei

t + jω
2

Q ·
[

Pt,eq ± Q−1 · n̂ × Mt,eq

]
. (24)

The derivation of Q, Pt, and Pn is outlined in Appendix D.
To further simplify the equations Mt = Mn = 0 can be
considered for nonmagnetic materials. Thereafter, reflec-
tion and transmission coefficients are derived

R = jωZ0

2S

[
α̂ee

xx | cos θ | − α̂ee
yysin2θ

| cos θ |
]

, (25)

T = jωZ0

2S

[
α̂ee

xx | cos θ | ± 2α̂ee
xy sin θ + α̂ee

yysin2θ

| cos θ |
]

, (26)

where α̂ee is the effective polarizability. Upon closer
observation of Eq. (27), it is clear that an odd spatial
OTF response [i.e., sin(θ) angular variation] can only be
achieved by exciting the α̂

xy
ee component on the meta-

surface processor. As we mention earlier in this section,
achieving an odd OTF response is required for first-order
differentiation, which highlights the ability of the proposed
meta-atom to introduce normal polarizability components
to the metasurface processor. Although the analytical for-
mula describing the individual polarizability of the meta-
cylinder is presented here, for the sake of brevity we
avoid the mathematical derivation of effective polarizabil-
ity tensor from individual polarizability components. The
explicit analytical formula for the effective polarizabil-
ity tensor from the individual polarizability tensor for a

dielectric cylinder is derived in Ref. [10,83]. For an array
of cylinders and generally 2D meta-atoms, an analyti-
cal formula for effective polarizability components can be
directly obtained from Ref. [10] by considering the cou-
pling between the meta-atoms. Once again, our goal in this
section is elaborating the necessary condition to achieve
odd OTF response [i.e., sin(θ ) angular variation] based
on the relation of transmission and reflection coefficients
regarding the effective polarizability components.

Given the fact that the excitation of xy component of
the effective polarizability necessitates the excitation of
the respective component of the individual polarizability
tensor, excitation of xy component in the individual polar-
izability is required for breaking the angular symmetry of
transmission response (i.e., distinguishing between kx and
−kx). In Sec. III, we explicitly show that the proposed
meta-atom is well capable of engineering xy polarizability
component:

αee
xy = −

2
[
�

TE,+
b,1 cos(α)−�

TE,+
a,1 sin(α)

]

jk2
0

, (27)

where the value of αee
xy can be engineered by virtue of tun-

ing the geometrical properties of the meta-atom (i.e., β
and α).

Now that the xy polarizability can be achieved using the
proposed metacylinder, we optimize the optical response
of the metasurface processor comprising an array of meta-
cylinders to achieve the metasurface differentiator’s OTF
response, that is H(kx) = cjkx = cjk sin θ , where c is a
constant. This first-order differentiation operator is highly
relevant for various applications in signal and image pro-
cessing such as edge detection. Comparing the mentioned
OTF response with Eq. (26) the optimization goal for the

(a) (b)

(c) (d) (e)

FIG. 9. (a),(c) Gaussian-shape
incident-field profile with (b),(e)
the transmitted derivative-field
profile. (d) The exact derivative
signals are also presented for the
sake of comparison.
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desired metasurface processor is derived: αee
xx = αee

yy = 0
and for −30◦ < θ < 30◦.

Here, the geometry of the proposed meta-atom gives us
the ability us to achieve this goal and synthesize the desired
OTF response, which enables real-time first-order deriva-
tion (see Fig. 8). The proposed meta-atom can elaborately
mimic the required kx-dependency first-order differentia-
tor [see Fig. 8(b)]. An excellent agreement between the
transmission coefficient of the designed metasurface and
the desired OTF response for both phase and amplitude
is achieved for input signals with the normalized spectral
beam width |W/k0| < 0.3.

To verify the validity of the proposed metasurface dif-
ferentiator performance of the employed metasurface pro-
cessor, a Gaussian signal is considered as the input signals
[see Figs. 9(a) and 9(b)]. The transmitted signal and the
corresponding results are illustrated in Figs. 9(c)–9(e). To
evaluate the performance of our metasurface differentiator,
the numerically obtained result is compared with the first
derivative of the input signal [see Fig. 9(d)]. An excellent
agreement between output and first derivative is achieved.

As mentioned earlier, optical metasurface operators are
highly advantageous in image processing. Here, in par-
ticular, the designed differentiator can be used for edge
detection, which plays a momentous role in the image seg-
mentation and the other image preprocessing steps [49,50].
To elaborate even further, object recognition with the
help of spatial differentiation enables us to extract the

(a)

(b) (c)

FIG. 10. Spatial signal processing by exploiting the proposed
metasurface processor. (a) Complex input signal and normalized
output and ideal case. (b) Input images and (c) edge-detected
images when metasurface differentiator differentiates the input
image along x direction. For the 2D image, differentiation is
performed line by line along the x axis.

boundaries between two regions of different intensities.
The proposed structure is capable of detecting edges and
performing line-by-line differentiation with respect to the
x axis for 2D images similar to Ref. [51]. To show the
superior ability of the designed metasurface processor, a
complex signal including Gaussian and sinusoidal func-
tions is used for spatial signal processing [see Figs. 10(a)
and 10(b)]. The transmitted signals are numerically sim-
ulated and the corresponding transverse-field profiles are
displayed on Figs. 10(a) and 10(c). As expected, the 1D
edge-detector metasurface successfully exposes all out-
lines of the normally incident image along the vertical
orientations, exhibiting its higher sensibility to fine details
as a first-order derivative operator.

VI. CONCLUSION

An ideal meta-atom is one which contains all possible
bianisotropic electromagnetic responses wherein the struc-
ture of the meta-atom permits independent tunability of
all the elements comprising the constitutive parameters.
Nevertheless, there will be some physical constraints to
the design of any meta-atom. In this paper, we propose
a metal-dielectric metacylinder as a tunable meta-atom,
which consists of metallic and dielectric finite wedges.
Numerous design parameters provide a good degree of
freedom, which enable the proposed meta-atom to be an
excellent candidate for engineering the EM response. We
first derive the analytical expression for the EM scatter-
ing due to the structure. Next, we extract the polarizability
tensor and explain the response of such a meta-atom in
the dipole region. Finally, we show the flexibility of the
proposed inclusion through practical applications in both
microscopic and macroscopic levels. The examples ver-
ify the validity of the analytical formulation and illustrate
the capability of the proposed meta-atom to independently
tune the electromagnetic polarizability components.

APPENDIX A: BOUNDARY CONDITIONS

In this appendix, we detail the analytical steps for deriv-
ing EM scattering from an asymmetric metal-dielectric
metacylinder of infinite extent along its axis.

In the dielectric region, we construct an expansion for
the total electric field Ed = Ed

z ẑ of the TM case, which
follows from the solution of Maxwell’s equations in cylin-
drical coordinates

Ed
z (r,φ) =

∞∑

i=0

{
ζ I
νiJνi(kcr) cos[νi(ϕ + α)]

}

+
∞∑

i=1

{
ζ II
τ iJτ i(kcr) sin[τ i(ϕ + α)]

}
, (A1)

where kc = ω
√
εcμc denotes the wave number. The ζ I and

the ζ II are the (unknown) coefficients. Also, the incident
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plane wave has the following form:

Einc
z (r,φ) =

∞∑

n=0

{
UI

nJn(k0r) cos[n(ϕ + α)]
}

,

+
∞∑

i=1

{
UII

n Jτ i(k0r) sin[n(ϕ + α)]
}

, (A2)

where

UI
n = 2E0j n

εn
cos[n(γ + α)], (A3)

UII
n = 2E0j n sin[n(γ + α)], (A4)

and also Esc
z is presented in Eq. (1). On the metal part

of the dielectric-metal metacylinder (r = r0) the tangen-
tial part of the total electric field must vanish, and at
the dielectric-air interface (r = r0), the tangential parts
of the total electric and total magnetic field have to be
continuous.

Esc
z |r=r0 + Einc

z |r=r0 =
{

Ed
z |r=r0 S1 < φ < S2

0 otherwise, (A5)

H sc
φ |r=r0 + H inc

φ |r=r0 = H d
φ |r=r0 S1 < φ < S2, (A6)

where S1 and S2 are −π + (β/2 + α) and π − (β/2 + α).
Using the orthogonality relations of the trigonomet-

ric functions, we can compute the unknown scattering

coefficient (an and bn) in Eqs. (1) and (2), which are
presented in Eqs. (5) and (6).

Also, τ i ,νi, εn, and δnm are defined in the following way:

τ i = iπ
π − β/2

i = 1, 2, 3, . . . , (A7)

νi = π(2i + 1)
2(π − β/2)

i = 0, 1, 2, . . . , (A8)

εn =
{

2 n = 0
1 n �= 0 , (A9)

δnm =
{

1 n = m
0 n �= m . (A10)

APPENDIX B: SCATTERING COEFFICIENTS

The scattering coefficients of metal-dielectric meta-atom
an and bn are derived using the EM boundary conditions.
Further, these can be written in the following way where
“e” and “o” superscripts allude to the even and odd modes
in the Mie-scattering coefficient.

[
aTM/TE

n

]
n×1 = [

τn
]

1×n

[
χnm

(e),TM/TE]−1
n×m

[
ϒ(e),TM/TE

m

]
m×1,

(B1)
[
bTM/TE

n

]
n×1 = [

τn
]

1×n

[
χ(o),TM/TE

nm

]−1
n×m

[
ϒ(o),TM/TE

m

]
m×1,

(B2)

where the χ(e),TM
nm ,τn, and ϒ(e),TM

m are given by

τn = 1
dH1

n (k0r)
dk0r

∣∣∣
r=r0

, (B3)

χ(e)nm = H 1
n (k0r0)

dHn(k0r)
dk0r

∣∣∣
r=r0

πεnδnm −
∞∑

i=0

Zc(π − β/2)
Z0

Jνi(kcr0)

dJνi(kcr)
dkcr

∣∣∣
r=r0

×
{

sinc
[
(π − β/2)(νi − n)

π

]
+ sinc

[
(π − β/2)(νi + n)

π

]}

×
{

sinc
[
(π − β/2)(νi − m)

π

]
+ sinc

[
(π − β/2)(νi + m)

π

]}
, (B4)

ϒ(e)
m = −ainc

m Jm(k0r0)πεm +
∞∑

i=0

Zc(π − β/2)
Z0

Jνi(kcr0)

dJνi(kcr)
dkcr

∣∣∣
r=r0

×
{

sinc
[
(π − β/2)(νi − m)

π

]
+ sinc

[
(π − β/2)(νi + m)

π

]}

×
∞∑

n=0

ainc
n

dJn(k0r)
dk0r

∣∣∣∣
r=r0

{
sinc

[
(π − β/2)(νi − n)

π

]
+ sinc

[
(π − β/2)(νi + n)

π

]}
. (B5)
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Polarizability tensor components

αee
zz = 2�TM,+

a,0
jk2

0
αme

yz = −�
TM, +
a,1 cos(α)+�TM, +

b,1 sin(α)

jk2
0

αem
zy = 2�TM,−

a,0
jk2

0

αmm
yy = −

[
�

TM,−
a,1 cos(α)+�TM,−

b,1 sin(α)
]

jk2
0

αmm
xy =

[
�

TM,−
b,1 cos(α)−�TM,−

a,1 sin(α)
]

jk2
0

αee
yy = 2

[
�TE

a,1 ,+ cos(α)+�TE,−
b,1 sin(α)

]

jk2
0

αee
xy = − 2

[
�

TE, +
b,1 cos(α)−�TE, +

a,1 sin(α)
]

jk2
0

αme
zy = 2�TE, +

a,0
jk2

0
αem

yz = 2
[
�

TE,−
a,1 cos(α)+�TE,−

b,1 sin(α)
]

jk2
0

αem
xz = − 2

[
�

TE,−
b,1 cos(α)−�TE,−

a,1 sin(α)
]

jk2
0

αmm
zz = 2�TE,−

a,0
jk2

0
αee

xx = − 2
[

†�TE, +
b,1 cos(α)−†�TE, +

a,1 sin(α)
]

jk2
0

αee
yx = 2

[
†�TE, +

a,1 cos(α)+†�TE, +
b,1 sin(α)

]

jk2
0

αme
zx = 2†�TE, +

a,0
jk2

0
αme

xz =
[

†�TM, +
b,1 cos(α)−†�TM, +

a,1 sin(α)
]

jk2
0

αem
zx = 2†�TM,−

a,0
jk2

0
αmm

xx =
†�TM,−

b,1 cos(α)−†�TM,−
a,1 sin(α)

jk2
0

αmm
yx = −

[
†�TM,−

a,1 cos(α)+†�TM,−
b,1 sin(α)

]

jk2
0

The relations for χ(o),TM
nm and ϒ(o),TM

m can be writ-
ten similar to χ(e),TM

nm and ϒ(e),TM
m using the following

substitutions: νi → τ i, εn → 1, ainc
m → binc

m , sinc(θ1)+
sinc(θ2) → sinc(θ1)− sinc(θ2), and (i = n = 0) → (i =
n = 1) (indexes of the summation). Also the dual rela-
tions for χ(o),TE

nm and ϒ(o),TE
m can be written with the

following substitutions in χ(o),TM
nm and ϒ(o),TM

m : νi →
τ i, τ i → νi, Jn(χ), Hn(χ) � dJn(χ)/dχ , dHn(χ)/dχ and
Zc(π − β/2)/Z0 → Zc(π − β/2)/εiZ0, where Z0 and Zc
are wave impedance of background medium and dielectric
cylinder, respectively.

APPENDIX C: POLARIZABILITY TENSOR
COMPONENTS

In order to present a compact expression for the
extracted polarizability tensor components, we define the
following arbitrary parameters, which depend on the Mie
coefficients:

ψ
R,±
N ,M = N R,2π

M ± N R,π
M , (C1)

†ψ
R,±
N ,M = N R,3π/2

M ± N R,π/2
M , (C2)

where R = TM or TE, N = a or b and M = 0 or 1.
Using the above expressions, the nonzero polarizability

components are obtained as follows:

APPENDIX D: EFFECTIVE ELECTRIC
POLARIZATION (P) AND 2 × 2 DYADIC

FUNCTION (Q)

Q = η

(
| cos θ |ktkt

k2
t

+ 1
| cos θ |

n̂×ktn̂×kt

k2
t

)
, (D1)

Pt =
[
α̂ee

xx cos θ + α̂ee
xy sin θ

]
Ei

S
x̂, (D2)

Pn =
[
α̂ee

yx cos θ + α̂ee
yy sin θ

]
Ei

S
. (D3)
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