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Frequency-comb-based optical two-way time and frequency transfer (O-TWTFT) can support future
ultra-precise clock networks over free-space links. However, demonstrations have thus far only operated
at one corner of a complex parameter space, which balances received optical power, timing performance,
and update rate. Here, we analyze the performance of O-TWTFT across this parameter space, with a
specific focus on extending the link distance at constant launch power and telescope aperture. We perform
experiments across a three-node network spanning 28 km of turbulent air, and successfully demonstrate
a more than 2000x reduction in the required received optical power corresponding to a potential 45x
increase in distance. This distance increase does come with an associated reduction in timing precision,
with the uncertainty increasing from 60 as to 20 fs at 10 s averaging times. However, this level of precision
is still more than adequate for most applications. In addition, it comes with a reduction in sampling rate,
which potentially limits this approach to static links. Interestingly, because this system optimization does
not require any hardware modifications, O-TWTFT links could be dynamically tuned to support future

long-distance optical clock networks over a range of conditions and applications.
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I. INTRODUCTION

Frequency-comb-based optical two-way time and fre-
quency transfer (O-TWTFT) transfers time and frequency
information across open air paths to enable future net-
works of optical clocks [1]. To date, O-TWTFT has
achieved femtosecond-level time transfer and 10~'% fre-
quency transfer over city-scale free-space links [2-5].
However, one outstanding challenge for O-TWTEFT is to
increase its distance well beyond the current record of
14 km [5]. This increased distance could enable excit-
ing applications of optical clock networks, including tests
of general relativity [6], geodesy [7], very long baseline
interferometry [8], dark matter searches [9,10], and the
redefinition of the second [11,12].

O-TWTFT works through the exchange of frequency
comb pulses between clock locations across a free-space
link. In principle, the maximum operational distance can
be extended by increasing either the launched optical
power or the free-space telescope aperture to maintain
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enough signal-to-noise ratio (SNR) at the receiver. How-
ever, either approach is costly in power and system size. In
addition, because O-TWTFT requires single-mode coher-
ent detection, atmospheric turbulence limits the maxi-
mum useable aperture without invoking adaptive optics
[13]. Instead, we show one can dramatically increase
O-TWTFT’s distance, at a fixed optical power and tele-
scope aperture, by effectively slowing down the linear
optical sampling upon which O-TWTFT relies to precisely
measure the comb pulse arrival time to within femtosec-
onds. To do this, we increase the magnification factor,
M, defined in the following, that characterizes the linear
optical sampling. Here, we increase M by over 33 dB
compared with previous work, leading to a correspond-
ing 33 dB increase in SNR and a corresponding potential
45-fold increase in distance. This increase in link distance
does come with tradeoffs in terms of a lower sampling
rate and higher residual noise. We analyze these tradeoffs
here through both theoretical analysis and experimen-
tal tests conducted over a 28-km free-space three-node
network [5].

In O-TWTFT, as with other optical two-way
time-frequency approaches [14—16], the reciprocity of
bidirectional free-space links enables the removal of time-
of-flight fluctuations to measure the time-frequency offset

© 2021 American Physical Society
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FIG. 1. (a) In comb-based O-TWTFT, the two end sites

exchange frequency comb pulse trains with their repetition rates,
1, offset by Af,.. The comb pulses have femtosecond-level timing
jitter and an intensity FWHM, 7, of a few hundred femtosec-
onds. (b) At each site, the heterodyne overlap between the two
pulse trains leads to a series of interferograms that reflect the
incoming comb pulses but magnified in time by a factor M =
£/ Af,. As indicated in the comparison between the upper and
lower panels, a higher M means a greater number of pulses sam-
ple the interferogram (circles), yielding a correspondingly higher
SNR after a matched filter.

between clocks [2—5,17,18]. Here, the clocks each consist
of a frequency comb referenced to a cavity-stabilized
laser. As indicated in Fig. 1, the relative clock timing is
exchanged via the frequency-comb pulses across the link.
O-TWTFT then uses linear optical sampling to determine
the pulse arrival times with femtosecond precision [19,20],
wherein the incoming frequency comb is set to a repeti-
tion frequency, f,, that differs by a small known amount,
Af,, from the local frequency comb. In this case, hetero-
dyne detection of the incoming comb pulses with the local
comb pulses yields a series of interferograms that repeat at
arate of Af,. These interferograms can be viewed as a sam-
pled copy of the incoming pulse but with a time axis that
is effectively magnified by a factor M =f,/Af,. Therefore,
the interferogram arrival times, or timestamps, are exactly
the incoming comb pulse arrival times but magnified by M.
A linear combination of the timestamps from each end of
the link yields the relative time offset between the two end
clocks A and B,At,p, independent of the time-of-flight and
at a sampling rate of Af, =f,/M.

This whole process can only be accomplished if the
interferogram SNR is high enough for detection. To
optimize the SNR, we use matched-filter processing, a
common signal processing technique of correlating the
incoming signal with a template of the expected signal [21]
(e.g., one previously measured with a shorted link), which
removes chirp and coherently integrates the signal over the
interferograms shown in Fig. 1(b). In the shot-noise limit,
the resulting power SNR is the number of detected photons
per interferogram, or

SNR ~ 39MtpPrec/hv (1)

where 7 is the quantum efficiency of the detector, Av is the
photon energy, 7, is the intensity full-width half-maximum
(FWHM) of the (unchirped) frequency comb pulses, and
P 1s the received optical power (see Appendix A). Given
a minimum detectable SNR, inversion of Eq. (1) gives the
corresponding minimum threshold received power, Py,
below which O-TWTFT fails. With strong turbulence, P
is not fixed but follows a gamma-gamma probability dis-
tribution function [22]. (See Appendix A.) In that case, we
define the link availability, «, as the fraction of time the
received power exceeds P, and the mean sampling rate
for the clock comparison becomes o Af,.

From Eq. (1) and Fig. 1(b), the SNR increases with M
simply because a greater number of comb pulses contribute
to each interferogram. We can trade this increase in SNR
for increased distance. Assuming the SNR falls quadrati-
cally with distance solely due to the increased diffraction
of the transmitted comb light, every 100-fold increase in
M results in a 10-fold increase in distance. (Note that
this quadratic drop-off in SNR with distance represents
the best-case scenario as increased atmospheric turbulence
can further reduce the SNR with distance.) We are free
to increase M until the interferogram centerburst duration
reaches the turbulence-limited optical coherence time, #.op,
at which point decoherence limits the SNR. This argument
yields Max ~ teon/(27,). For our system with the strong
turbulence encountered here, we find M . ~ 2 x 10% cor-
responding to Af, ~ 1 Hz at f, ~ 200 MHz, which is 2000 x
larger than in Refs. [2-5].

This increase in M, and therefore system distance, is not
without tradeoffs. As already mentioned, the sampling rate,
aAf,, is reduced (with consequences for moving platforms
discussed below). In addition, the timing jitter will also
increase. As derived in the Appendix B or following [2—
5,17,18], the timing variance o7, in the O-TWTFT timing
measurement on Afag, for a fixed averaging time #,y, is

2
0,2 ~ 1 P
" aAfitaye | SNR

+ 88 + (2nMA528ﬁ)2] )

where §¢. is the residual timing noise on the frequency
combs and Jf; is their residual optical carrier frequency
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noise. The prefactor is simply the inverse of the num-
ber of samples, reflecting the reduced sampling rate. Of
the terms in brackets: the first term is the impact of shot
noise on the uncertainty of timestamps, the second term
is the residual timing noise from the combs, and the
third term is the Gordon-Haus-like contribution [23]. This
effect results from the presence of differential dispersion
between the combs, ApB,, which leads to dispersion on
the measured interferogram. The matched filter removes
this dispersion, outputting a pulse with a well-defined
arrival time. However, if there is also relative optical car-
rier frequency noise, the matched-filter processing leads to
an apparent timing shift that is proportional to the prod-
uct of the differential dispersion and carrier frequency
shift. Unfortunately, this Gordon-Haus-like contribution is
amplified by the magnification factor because of the lin-
ear optical sampling [17,18,23]. Additional contribution
to Eq. (2) from asynchronous sampling of atmospheric
link delay variations [4,5] is eliminated here by tuning the
relative transceivers delays so that the interferograms at
opposite ends of the link are roughly simultaneous (see
Appendix C). For our system, typical parameter values are
T, =282 fs, f, =200 MHz, §7. =5 fs, AB, =0.12 ps?, and
8f. = 0.4-30 kHz (see Appendix B). Equation (2) is for a
single two-way link. Here, the system used the two links of
an existing three-node network so this variance is doubled.
For the case of white timing noise assumed here, this stan-
dard deviation, o,, is the same as the time deviation, and
can be converted to the modified Allan deviation using the
standard scaling laws [24,25].

II. EXPERIMENTAL DEMONSTRATION OF
SCALING OF SNR AND TIMING WITH
MAGNIFICATION FACTOR

To experimentally explore the tradeoffs inherent in (2),
we use an existing three-node network spanning 28 km
of turbulent air [5]. [A simple point-to-point network as
in Fig. 1(a) would suffice but the three-node network
was available.] We reference the two end clocks A and
B to the same optical oscillator so that the expected
clock offset,Azap, is zero, making characterization of the
O-TWTFT timing noise straightforward. To acquire timing
data presented here, for values of M > 10°, the centerburst
of the interferogram is digitized at the full 200 MS/s sam-
pling rate and the matched-filter processing occurs in real
time within a field programmable gate array. For values
of M <10, data are continuously recorded at a reduced
sampling rate of 2 MS/s with the matched-filter processing
occurring as a postprocessing step. In both cases, com-
putation of the clock offset and atmospheric link delay
variations occur in postprocessing. We measure the per-
formance as both links are attenuated by up to 50 dB while
tuning Af, and thus M, over three orders of magnitude.
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FIG. 2. (a) The measured interferogram SNR (circles) and cal-
culated SNR (dashed line) versus magnification factor M (lower
axis) or Af, (top axis) at a received power of ~12 nW (460 pho-
tons per comb pulse). The right axis gives the projected distance
increase, assuming no other system modifications. (b) Measured
time deviation at 10-second averaging time vs the magnification
factor (lower axis) and Af, (upper axis) (filled circles) with the
prediction from the residual comb timing noise (red dashed line),
Gordon-Haus-like jitter (dashed) and total from Eq (2) (black
line).

Figure 2(a) shows the measured interferogram SNR as
a function of the magnification M. The excellent agree-
ment with Eq. (1) over three orders of magnitude veri-
fies the atmospheric optical coherence time exceeds the
interferogram centerburst duration of 2Mt, =120 us for
M =2 x 10%. A further five-fold increase in M (not shown)
gives only a limited increase in SNR because the interfero-
gram centerburst duration finally approaches f..,. The right
axis of Fig. 2(a) gives the corresponding projected distance
increase, assuming a quadratic decrease in P with dis-
tance, which is valid for smaller apertures or low enough
turbulence.

We also characterize the corresponding measured tim-
ing noise, evaluated from the time deviation at #,y,=10 s
[Fig. 2(b)]. For these data, Py ~ 12n1W so a~1 and
the SNR is high enough that the statistical contribu-
tion to Eq. (2) is negligible. The contribution from the
comb timing jitter [second term in Eq. (2)] dominates
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FIG. 3. Modified Allan deviation for M =200 x 10°
(Af,=1Hz) and M =10° (Af, =2.2 kHz). To calculate these
curves, we apply the corrections to the three-node data for
asynchronous sampling at the node X site, as per Ref. [5].

for M <10° (Af.> 1 kHz) [Fig. 2(b), red dashed line],
but the Gordon-Haus-like jitter dominates at higher M
(Af, <100 Hz) [Fig. 2(b), gray line]. This contribution is
not fundamental and could be reduced by minimization

of both optical frequency noise and differential group-
velocity dispersion AfS,. Note that Eq. (2) assumes the
timing variance decreases linearly with averaging time,
which is only true for uncorrelated timing noise. For longer
tavg ~ 1001000 s, O-TWTFT does reach a flicker noise
floor. However, Fig. 3 verifies that the Allan deviations at
longer times do reach a level of 10~!® even at the most
extreme values of M.

III. OPERATION WITH INCREASED LINK LOSS
AND MAGNIFICATION FACTOR

Next, we attenuate both bidirectional paths to increase
the link loss, mimicking operation at longer dis-
tance. In Fig. 4, we consider the two extreme val-
ues of M =200x10° (Af,=1 Hz) and M =9 x 10*
(Af, =2.2 kHz). When the full 4-mW power is launched,
the median received power of 70 nW is well above Py
for both cases, and operation at M =9 x 10* gives both
improved timing precision and a higher update rate of
2.2 kHz. However, if the link attenuation is increased by
50 dB, the median received power drops to only 700 fW,
and operation at M =9 x 10* is prohibited whereas oper-
ation M =200 x 10% endures [Figs. 4(e) and 4(f)]. This
series illustrates that modifying the system parameters can

M = 9x104 M = 200%10°
70 nW median received power; 0 dB additional attenuation
s 200/(@) Ao 200 D)
= . .
o — P .o . .-ol. . % o .. .0: . % .: o .:.
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g 200(€) 200}-(d) :
= ’ oo . ° °
% g O o o 0- e l’.'i "0.‘. Po‘ 8- * ’. ,?i"' 0 _.'.. “.. O.f o, ::,’f.,:..:,,o,.:,:;':.'.o. ..‘.',‘,'!?in:.;'..,.',.,:;..'\
O Qe 00 b
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(2] ° o® oo % K
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FIG. 4. The measured clock offset, Atsp, over the 28-km span of a three-node network at M =9 x 10* (left column) and

M =200 x 10° (right column) at different median received powers.
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FIG. 5. Measured timing precision (time deviation), o;, vs the
median received power at different M values (solid circles) and
predicted performance from Eq. (2) (dashed lines). For a given M
(Af;), the timing precision is roughly constant at high received
power as it is dominated by comb timing noise and Gordon-
Haus-like jitter. When the median received power drops close to
Pnin, the timing precision degrades significantly because of a dra-
matic increase in signal fades (@« — 0) and increased statistical
noise.

indeed enable time-frequency transfer when photons are
scarce, albeit with reduced timing precision and update
rate.

As a final illustration of these tradeoffs in O-TWTFT,
we measure the timing precision (time deviation) at 10-s
averaging as a function of received power for different val-
ues of M (Fig. 5). The agreement with Eq. (2) (dashed
line) is very good considering the approximate parameter
values and the three- to five-order-of-magnitude varia-
tion in both P, and M. In general, the performance is
optimized by operating at the lowest possible M (high-
est Af,) for which the link availability, «, is at least 50%.
Of course, this optimum depends on the integrated tur-
bulence, which is a strong function of link length and of
turbulence strength that will vary by orders of magnitude
depending on the time-of-day or weather. To maintain opti-
mum performance under such variable conditions, future
O-TWTFT systems could be dynamically optimized by
tuning the frequency combs to target an optimal M. Indeed,
these data were acquired in just such a fashion by manually
adjusting the locking conditions of the combs to achieve
the desired M without making any other physical changes
to the O-TWTFT system.

Here, the use of variable attenuation in the link serves
as a proxy for an increased link distance. This argument
is based on the fact that the three contributions to the
short-term timing noise of Eq. (2) do not have any explicit
dependence on link distance; the dependence on link dis-
tance is through the reduced SNR and link availability, «.
As noted earlier, in the limit of diffractive loss, the

SNR should decrease quadratically with link distance. An
increase in link distance from 14 to 500 km, for exam-
ple, then corresponds to 31 dB additional link loss, giving
500 pW received power in our case. From Fig. 5, at
500 pW, the timing precision at 10 s averaging should
remain below 10 fs for M > 4 x 10°. If the path-integrated
turbulence at such long link distances is high enough, the
received power and SNR could drop by more than 31 dB,
but this additional attenuation could be compensated for by
further increasing M, subject to the previously discussed
constraint of M. ~ tcon/(27,). Equation (2) ignores two
additional timing noise effects. First, Fig. 3 shows a flicker
floor that is not included in Eq. (2). However, all evidence
in this experiment and previous O-TWTFT has indicated
this flicker floor is a result of transceiver noise and is inde-
pendent of link distance. (This claim is based on the fact
that the flicker floor is identical for a “shorted” link com-
pared with the 14-km air path.) Second, as discussed in
Appendix C, asynchronicity in the two-way sampling can
lead to additional timing noise that is link-length depen-
dent. Here, this effect is set close to zero by forcing
synchronous sampling by adjusting the transceiver delays.
However, for the 14-km link, the worst-case estimate of the
excess timing noise due to asynchronous sampling is 6.5 fs
for a 10-s averaging time, which occurs only at the largest
value of M =200 x 10°. Assuming the power spectral den-
sity (PSD) for the turbulence-induced time-of-flight noise
scales linearly with link length, for a 500-km link we arrive
at a worst-case estimate of 40 fs for the excess timing
noise from asynchronous sampling. Of course, the ultimate
test of O-TWTFT operation at such long distances will
require experimental verification, but the scaling here sug-
gests that long-distance terrestrial links should be feasible
at the current 5-mW level launched comb powers.

Although O-TWTEFT at high M is a promising approach
to extend link distances for static links, there are further
difficulties associated with moving platforms and future
space-based links [26,27]. Previously, O-TWTFT has been
demonstrated with motion up to 25 m/s at M =9 x 10*
(Af, =2.2 kHz) [17,18], but maintaining this performance
at higher M (lower Af;) is problematic. First, the lower
update rate limits the ability to track and remove the
effects of platform motion. Second, there is an increased
Gordon-Haus-like jitter associated with variable Doppler
shifts. Third, Eq. (2) ignored the potential additional tim-
ing noise due to the apparent breakdown in reciprocity
from asynchronous sampling (see Appendix C). Continu-
ous suppression of this contribution for moving platforms
at low sampling rates would require dynamic, adapt-
able transceiver delays. Taken together, these concerns
may limit O-TWTFT with moving platforms to rela-
tively high M =9 x 10%, where the corresponding sam-
pling rate of Af, =2.2 kHz is sufficient to track changes
in platform motion and limit the effects of asynchronous
sampling.
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IV. CONCLUSION

We have explored the balance between interfero-
gram magnification factor and timing performance in
O-TWTFT. We have demonstrated a significant increase
in the SNR of over 33 dB and a corresponding potential
45x increase in distance is possible with no changes in
hardware or system design, simply by adjusting the comb
locking parameters. With such adjustments and based on
the SNR-scaling demonstrated here, the current 14-km dis-
tance could be optimistically scaled up to as much as ~500
km, which is well beyond any reasonably achievable ter-
restrial link distance. Alternatively, this improved SNR
could be leveraged to enable the use of much smaller tele-
scope apertures or lower launch powers for significantly
reduced system size, weight, and power (SWaP). This
improved SNR does come with a reduction in the timing
precision from 60 as to up to 20 fs at 10-s averaging
time. However, even at a degraded 20-fs precision and a
1-s update rate, the O-TWTFT performance is more than
sufficient for linking high-performance optical clocks, and
operation of O-TWTFT at high M (or very low Af,) should
be able to support long-distance, low-power free-space
time-frequency transfer.
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APPENDIX A: DERIVATION OF THE SNR [Eq. (1)]

We assume a Gaussian pulse, although a different pulse
shape would result in only small changes in the numerical
factors. We use the same notation as in the main text. The
derivation of SNR in Eq. (1) of the main text closely fol-
lows Chapter 2 in Ref. [28] as well as previous discussions
of O-TWTFT [2,18].

We consider a “signal” and “local oscillator” (LO) fre-
quency comb at repetition rates f, = 7! and f, + Af, =
(T',)~!. Their power, averaged over a few optical cycles,
is

_ 1 —(t—1g—kTy)? /202
Py(t) = nshu§(@ =)e G

—(f— V29,2
Pro(t) =nrohv ) (#27) o~ t=mT'n" 20}

m

(AT)

where n; is the number of signal photons per pulse, nio
is the number of LO photons per pulse, the Gaussian
width, o, is related to the intensity FWHM as 7, =
24/2In(2)o,, to is the slowly varying relative time off-
set of the signal comb compared with the LO comb,
and the integer k& or m label the pulse number. In

the limit of no chirp, the electric field of each pulse
is just the square root of each term in (Al) with
an additional carrier frequency. As in Refs. [2,18],
the interferogram is the correlation of these electric fields,
after a low pass filter, which is

S(f) — 2’/’ /nSnLOe*(thto)z/SMznlg COS(2TL’_ﬁ + 9) (AZ)

where M = f,/Af, is the magnification, f is the offset in
carrier frequency between the two pulse trains, 6 is their
phase offset, and 7 is the detection quantum efficiency.
Note that this interferogram has a FWHM of 2M7,,, where

one factor of +/2 arises from the electric field pulse width
compared with the intensity pulse width, one factor of /2
arises from the cross-correlation. The magnification of the
linear optical sampling approach is evident in the exponent
of the Gaussian; a small change in the signal pulse arrival
time, fy, results in an M times larger change in the inter-
ferogram arrival time. Finally, note that Eq. (A2) reduces
to the usual expression for coherent heterodyne detection
between continuous-wave lasers [28] at the center of the
interferogram, ¢t = My, or in the limit o, — oo.
The measured interferogram is the previous expression
plus additional shot noise, written as
r@) =s(+w (A3)
where w is a zero-mean, white random process with vari-
ance (w2> = nnLo, and a corresponding single-sided noise
power Ny = 2fr‘1 nnLo. In general, there can be differential
spectral chirp between the pulses, which is not included in
Eq. (A2). To remove this chirp and to maximize the SNR,
we apply a matched filter to this signal of Cs(—t), where
the normalization C is chosen to preserve the peak signal.
The result is the matched-filtered interferogram

rve(f) = 21y ”snLoe_(t_MTO)z/MMzafg cos(2mft) + wmr
(A4)

which has a +/2-broader FWHM of 2+/2M 7, than the
unfiltered interferogram envelope and a filtered white
noise, wyr, with reduced variance. Rather than calculate
the variance of this filtered white noise, we can directly
find the power SNR by way of the matched-filter theorem,
which states that the SNR is given by

SNR — [ s2(dt

No/2
SNR = 4/nf,nn;Mo, (A5)
SNR & 377M]Z)7Prec

where the received signal power is P = nhvf,, we
assume f > ap‘l (corresponding to heterodyne rather than
homodyne detection), and we rewrote the equation in
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FIG. 6. Example probability distribution function of the
received power after 10dB additional attenuation. Above the
minimum received power, Ppy, [red line, shown for M =4 x 10°
(Af, =50Hz)], there is sufficient SNR to measure a timestamp,
but below P, the SNR of the interferograms is too low. Inset:
Measured interferograms (gray line) and their envelope (black
line) at different received powers and SNRs.

terms of the intensity FWHM of the comb pulse, 7, =
24{/2In(2)o,. This is exactly Eq. (1) in the main text.
Again, this derivation assumed zero differential chirp
between the comb pulses, which is not the case. However,
because the matched-filter removes any chirp, both Egs.
(A4) and (A5) are unchanged in the presence of differential
chirp.

Finally, a shorter heuristic derivation yields the same
result. In the shot-noise limit, the power SNR for the
interferogram should simply be the number of detected sig-

nal photons. This number is given by n; X (2\/§M T, f,),

where the term in parenthesis is the number of signal pho-
ton pulses that occur during the FWHM duration of the
centerburst of the matched-filter interferogram from Eq.
(A4). In so much as 2+/2 ~ 3, we again arrive at Eq. (A5).

As noted in the main text, the received power varies
because of turbulence. Figure 6 gives an example mea-
sured histogram of received power and shows the corre-
sponding interferograms at different SNR for one value
of M.

APPENDIX B: DERIVATION OF THE TIMING
VARIANCE [Eq. (2)]

Consider a link between two end sites, labeled A
and B. At each site, we find the peak of the matched-
filtered interferograms, Eq. (A4), to extract their center
location, Mt, . To generate timestamps at each site, we
then divide this quantity by the known magnification fac-
tor, M, and relabel ¢ty — tga at site A and fy — fxp at
site B. These two timestamps, fag and fgs, will vary
both because of time offsets between the A and B clocks,
denoted Atap, and because of time-of-flight variations.

As per two-way time transfer, we remove the common
time-of-flight variations by taking a linear combination of
timestamps to find Atag = (faB — a)/2.

Any uncertainty in the extracted values of the times-
tamps will lead to residual noise on the measurement of
Atap. Let us assume the two combs are identical, for sim-
plicity. If the variance in the measured timestamp for either
end site is 873, the resulting variance in the measured clock
offset, Afag, 1S

of = 258 (B1)
2

If we assume that the noise in the measured #, is uncor-
related between interferograms, i.e., the uncertainty is
dominated by white phase/timing noise (which is a reason-
able assumption at short times), then this variance averages
down linearly with the number of measurements, and we
can write

1
6= [(St? + S istcal T BtZGHjitter] (B2)

r aAfitavg

where (aAf tayg) is the number of interferograms within
the averaging time, f,,o, including the link availability, o,
and we have rewritten the variance in the timestamps as
8ty = 2[82 + 883 piigicas + HGnjiner) to delineate the con-
tribution from comb timing noise, statistics, and carrier
frequency noise, respectively. Next, we evaluate each of
these distinct contributions.

First, there will be residual timing noise on each fre-
quency comb pulse train with variance 87 because of
imperfect phase locks to the local optical oscillator, for
example. The corresponding contribution to the variance
of the timestamps is double, because two combs con-
tribute, but this is then halved by Eq. (B1), leading to the
term in Eq. (B2). Based on the measured timing noise of
the phase-locks for the fiber frequency combs with addi-
tional contribution from the short out-of-loop fiber paths,
we measure 82 ~ (5 fs)? (see Refs. [2-5,14,15]).

Second, there will be a statistical contribution to the
extracted interferogram timing owing to its limited SNR.
The resulting variance is 873 ~ 27:p2 /SNRfor a Gaussian,
where the numerical prefactor is most easily derived
numerically. From Eq. (B1), this leads to a contribution

2

57

statistical — Sﬁ{ (B3 )

For our system, the FWHM of the unchirped comb pulse
is 7, ~ 280 fs, as measured either by Fourier transform-
ing the pulse intensity spectrum or, equivalently, from the
measured FWHM of the matched-filter interferogram.
Third, there is a contribution from Gordon-Haus-like
timing jitter on the measured matched-filter interfero-
grams. This effect arises only if there is residual differential
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spectral chirp between the two comb pulses, caused for
example by the fact the two comb pulses might have trav-
elled down different lengths of fiber optic before being
interfered for heterodyne detection. With dispersion, any
differential carrier frequency noise is converted to differen-
tial timing noise. In this case, the situation is exacerbated
because this timing noise is amplified by the magnification
factor, as was derived in Refs. [17,18]. Following Eq. (AS)
of Ref. [18] (after correcting for a factor of two error) and
using Eq. (B1), we have the contribution

8tEmjuer = 47> ABIMSS? (B4)
where A B, is the differential dispersion between the signal
and LO comb pulses, and 8f,? is the carrier frequency noise
on a single comb. For our system, we measure the differ-
ential dispersion directly from the spectral phase of the
Fourier-transformed interferogram to be A, & 0.12 ps?,
which arises from the relative quadratic phase between the
two combs.

Optical frequency noise, 8f,2, within the three-node net-
work comes from two sources. First, there are residuals
on the phase lock of the frequency combs to their ref-
erence oscillators (i.e., cavity-stabilized lasers). Second,
there is relative frequency drift between the reference
oscillator of the intermediate Node X compared with the
common reference oscillator for Nodes A and B. (This
second noise source is specific to the three-node configu-
ration used here.) Figure 7 shows the frequency noise PSD

—_—
o
(&)

—_—
o
w

—_—
O_\

10

Frequency noise PSD (Hz%/Hz)

10° 10" 10° 10° 10" 10° 10

Fourier frequency (Hz)

6

FIG. 7. PSD of optical frequency noise. There are two sources
of optical frequency noise for this the three-node network. First,
the residuals of the frequency comb’s optical locks (red). Second,
the relative cavity drift between the reference oscillator for sites
A and B vs the reference oscillator for site X (light orange). The
total frequency noise PSD is the sum of these two PSDs. For
the purpose of calculating the total frequency noise variance, this
measured PSD is extended to higher Fourier frequency assuming
white frequency noise beyond 1 MHz.

from these two contributions. We estimate 8f,%> by inte-
grating the total PSD in Fig. 7 up to Fourier frequencies
of (2\/§M rp> 1, or the inverse of the effective matched-
filter interferogram centerburst duration. Fluctuations on
faster timescales are averaged across the interferogram.
The value is insensitive to the lower limit, chosen here
to be 1 Hz for simplicity. The carrier frequency distances
from §f.2 ~ (0.37 kHz)? at M =200 x 10° (Af, =1 Hz)
to 8f,> ~ (32 kHz)? at M =9 x 10* (Af,=2.2 kHz). As
shown in Fig. 2 of the main text, this Gordon-Haus-like
jitter dominated the residual timing noise. However, it is
not a fundamental limitation and future systems could min-
imize this effect by decreasing both the optical frequency
noise and the differential dispersion.
Insertion of Egs. (B3) and (B4) into Eq. (B2) yields

2
ol ~ 1 P
© 7 & Afitag | SNR

+ 82 + (ZnMA,BZSfC)z:| (B5)

or Eq. (2) in the main text. As noted earlier, this equation
assumes uncorrelated timing noise between interferograms
and is only valid then for shorter averaging times where
uncorrelated “fast” noise dominates. It ignores the flicker
floor. As shown in Fig. 3, this is a valid assumption for
averaging times up to many tens of seconds. In addition,
we have ignored the fact that both the prefactor and statis-
tical contribution are power dependent so that, technically,
they should both be averaged over the received power
distribution.

APPENDIX C: TIMING JITTER FROM
ASYNCHRONOUS SAMPLING

The derivation given previously ignores the addi-
tional timing noise associated with asynchronous sampling
across the two-way link [4,5]. If the interferograms at each
end of the link are not measured simultaneously, the opti-
cal pulses contributing to the two interferograms measured
on either side of the link traverse the free-space link at
different times. As a result, the sampled atmospheric path
length variations will no longer perfectly cancel in the two-
way sum and this will contribute to timing uncertainty.
This asynchronous sampling time offset, §¢,, at the two
ends of the link can vary from 0 s to (2Af)~!. A related
timing noise is caused by fluctuations in the clock off-
set itself, where asynchronous sampling again produces
timing errors, but this contribution will be ignored as the
treatment is the same and is expected to be smaller than
the atmospheric contribution.

This effect manifests in different ways depending on the
timescales associated with path length variations compared
with the sampling rate (Af,). When these fluctuations are
slow compared with the sampling rate, they can be cor-
rected for if we have calibrated the system to determine
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FIG. 8. Measured PSD for the time-of-flight, S, across the 14-
km link (blue curve). (This quantity is measured by taking the
opposite linear combination of timestamps to that used for the
clock comparison). For comparison, we also show the PSD of the
relative clock noise (green curve) between the two sites, which is
lower in this case.

8t, [5]. However, if either the clock offset or time-of-flight
vary rapidly compared with the sampling rate, aliasing
results and correction is not possible so that there is an
increased timing noise on the clock offset measurement.
As an estimate of this effect, the additional timing noise
from aliased time-of-flight fluctuations will be

o
Slagynen ~ /5 _ Sr(v)dv (C1)

a

where S7(v) is the PSD for time-of-flight variations as
a function of Fourier frequency v (see Fig. 8). A simi-
lar expression applies for the contribution from the clock
variations. This effect depends on Af, because, as noted
previously, 8¢, must fall between 0 s and 1/2Af, s. As we
increase M, Af, decreases and §¢, can take on very large
values. At our minimum Af; = 1 Hz, the lower limit to the
integration can approach 0.5 Hz, leading to significant tim-
ing noise on the order of 87, ., ~ (20 fs)? for our 14-km
turbulent link (from the PSD in Fig. 8) for a single mea-
surement. As these are uncorrelated from measurement
to measurement, the corresponding timing noise at 10-s
averaging would be 8fsynch(10 s) ~ 6.5 fs. To avoid this
effect here, we have adjusted the delays in the transceiver
to make sure the sampling is synchronous, i.e., 8¢, to
~1 ms even at Af, = 1 Hz. However, in many implemen-
tations this nulling of the asynchronous time offset may
not be practical or even possible, for example if there is
significant platform motion. Consequently, asynchronous
sampling may provide limitations for future links between
moving platforms operating at low magnification or Af,.
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