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Fracture Wake Patterns in Brittle Solids
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The interactions of a moving crack with self-emitted acoustic waves are studied in ion-implanted cir-
cular plates of crystalline silicon, where complex reproducible surface patterns made of local roughness
variations are observed. A simple geometrical model, considering the sole propagation of A0 Lamb waves
inside the assembly, allows full prediction of all of these pattern shapes and their dependence on system
parameters (crack velocity, elastic properties). Acoustic waves propagating along and behind the crack
front are shown to play a central role in fracture-pattern formation. When the crack front is curved, sur-
face patterns originate independently of any edge reflection or frequency preselection from acoustic waves
propagating along and behind the crack. As in case of Kelvin wake patterns, fracture patterns emerge from
geometrically induced coherence.
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I. INTRODUCTION

The fracture of brittle materials has been extensively
studied to understand structural failures. Interactions of a
propagating crack with elastic waves provides key infor-
mation about crack dynamics through the marks left on the
postfracture surfaces. Acoustic waves can be intentionally
introduced into the system to study the fracture dynamics
[1–4] or be a consequence of loading, plastic deformation,
or crack propagation [5,6] like for Wallner lines [7–10].
They can affect the dynamic of cracks through deflections,
oscillations, branching, or local velocity changes [11–14].
Even in a stable propagation regime, stress waves are the
means by which the crack-front exchanges energy, which
limits the crack-velocity increase in finite-thickness sam-
ple geometries [15,16]. In most studies, interacting signals
propagate in front of or along the crack, like for recently
reported “crack-front waves” [17–21]. The crack front is a
source of elastic waves, since part of the loading energy is
dissipated in the form of acoustic emission [22], spreads
throughout the material, and reaches surfaces where it
can be detected using piezoelectric sensors [23–25]. Such
signals can be very complex due to the multiple trajec-
tories the waves travel in solid structures with effects of
dispersion and sample boundaries [26,27].

Fracture is often perceived as an accidental phenomenon
that is to be avoided. However, it can also be harnessed in
fabrication processes. The implantation of a high dose of

*didier.landru@soitec.com

light ions in a crystalline silicon substrate creates a highly
damaged layer a few tenths of a micron below the surface.
If this substrate is bonded face to face to another wafer, the
plane of defects is then buried near the middle of a 1.5-mm-
thick silicon plate [28]. Under annealing, the implanted
species evolve into a thin layer of pressurized microcracks,
covering a significant fraction of the total surface (Fig. 1)
[29]. The gas pressure in microcracks can reach several
hundreds of MPa, storing enough mechanical energy to
allow the rupture of material between cavities. Then, with-
out any external loading, a crack front may spontaneously
propagate inside the damaged layer across the entire struc-
ture. Because separation occurs in the implanted plane and
not at the bonding interface, a large area of the submicron-
thin crystalline silicon layer is transferred from one wafer
to the other [30,31]. This so-called Smart-CutTM process
is industrially used to fabricate silicon-on-insulator (SOI)
substrates for microelectronics applications.

This system is an excellent test vehicle for fracture stud-
ies and especially to investigate the interaction between a
crack front and its acoustic emission. In highly ordered
materials, like crystalline silicon, cracks preferentially
move along low-energy cleavage planes. Here, the frac-
ture is confined in a few-nanometer-thick plane defined by
the population of microcracks. The implanted gas ensures
a constant load at the crack position, avoiding relaxations
associated with remote boundary loading, making the
crack-front propagate into a damaged material that has lost
most of its mechanical strength, including anisotropy [32].
The fracture happens over distances of tens of centimeters
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(a)

(b)

30 µm

FIG. 1. Schematic of crack propagation in thin silicon-bonded
wafers. (a) Side view with a TEM view of microcracks in the
ion-implanted wafer. (b) Top view with an infrared microscope
transmission of a population of pressurized microcracks in the
ion-implanted wafer.

with a remarkably stable crack velocity of several km/s
that can be controlled by temperature (i.e., the pressure
inside the microcracks) in the moment of the fracture [33].
A crack front with a constant curvature radius is obtained
when fracture initiation occurs from a single localized
point because its local velocity depends only on tempera-
ture and microcrack population, which are constant across
the substrate [29]. The assumption that the crack front
keeps a smooth circular arc shape centered on its initiation
point is confirmed through different experiments (Fig. 2).
All direct velocity measurements always give consistent
values once the asymptotic crack velocity is reached.

A recent study using ion-implanted silicon highlighted
the interaction of a crack front with its own acoustic emis-
sion [34]. It demonstrated, in one-dimensional (1D) bar
geometry, the possibility to sample the forward-emitted
and back-reflected waves. The fracture occurs in a thin
plate, thus a part of the crack acoustic emission is con-
verted into Lamb waves [35]. While Lamb waves are
extensively used for nondestructive testing of damage in
solids [36], their production by a moving crack is less
reported [37]. Here, zero-order symmetrical, S0, and asym-
metrical, A0, Lamb modes are detected ahead of the crack
front using piezoelectric sensors [34]. The crack front is

(a)

(b)

FIG. 2. Circular propagating crack front in ion-implanted crys-
talline silicon. (a) View with a high-speed camera. Silicon wafer
(white dotted line) is bonded to a transparent thick oxide layer
to allow live monitoring of the fracture. Exposure time is 0.5 µs.
White spot at the wafer center is the fractured area. Arrow indi-
cates the location where the crack is initiated. (b) Synchrotron
diffractive x-ray imaging on the Si 220 Bragg reflection in Laue
geometry (ESRF-ID19). Illuminating x-ray pulse width is 55 ps
and camera exposure time is 0.5 µs. Brightest arc is the crack
front; other trailing ones are due to previous x-ray pulses and
afterglow of the scintillator used.

a constant-velocity moving Dirac delta emitter of acous-
tic waves, which travel over long distances with very low
attenuation and experience normal reflection at substrate
edges. A0 and S0 modes in silicon have group velocities
up to 8 km/s and can thus propagate ahead of the crack.
The A0 mode is highly dispersive, allowing emergence by
phase coherence of a single dominant acoustic frequency,
the value of which is directly related to the crack velocity.
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This fast-traveling signal interacts with the crack front
after reflection from sample edges. By varying the local
shear stress, the A0 flexural Lamb mode modulates the
crack-front trajectory between microcracks, causing peri-
odic variations of the postfracture roughness. This modu-
lation is detected under the form of regular fringe patterns
with few-millimeter wavelengths on the surface. Since the
crack is confined in a few-nanometer-thick plane and typ-
ical acoustic paths lengths (from mm to m) are large,
relative to the plate thickness (∼1.5 mm), both crack
and wave propagations can be described as being two
dimensional.

Here, we push these experiments one step further using
large-sized full-wafer samples to delay and better sepa-
rate direct and boundary-reflected wave effects on crack
propagation. We show that, due to the self-interaction of
different parts of the extended curved crack front through
the fractured solid, regular complex patterns are formed.
The proposed model assumes only flexural Lamb waves
and yet can reproduce rather complex details, with no
adjustable parameters.

The geometry used herein refers to the so-called strip
geometry, where, as opposed to crack propagation in
an infinitely thick sample, the crack velocity reaches an
asymptotic value rapidly and remains constant. The large
size and round geometry of defect-free wafers allow easier
sampling and description of the produced acoustic waves,
but are not expected to be system-specific.

II. FRACTURE PATTERNS ON LARGE
ION-IMPLANTED SILICON SUBSTRATES

Experiments are performed with pairs of bonded
300 mm {100} crystalline silicon substrates. One substrate
is thermally oxidized and implanted with light ions before
hydrophilic bonding to the other. Following Smart-Cut
technology flow, the assembly is then annealed. The frac-
ture occurs along the implanted zone, achieving the trans-
fer of a thin layer of monocrystalline silicon onto the han-
dle substrate and creates a silicon-on-insulator structure.
The crack velocity is measured in situ with lasers using
the protocol described in Ref. [34]. Fractured surfaces are
scanned to build roughness maps through the “haze” signal
using light-scattering metrology (KLA-TENCOR Surfs-
can). This method records the intensity of light scattered
by 5–80° from a focused (∼50 µm spot) 355 nm laser,
thus so-called haze maps are constructed. The haze sig-
nal linearly depends on the square of the root-mean-square
surface roughness in the 0.1–10 µm−1 spatial frequency
range.

Figure 3 presents typical postfracture haze maps of SOI
wafers. Regular sets of fringes, named “fracture patterns,”
are visible. Experimentally, three factors have a significant
influence on their shape: the fracture initiation location,
the crack velocity, and the wafer thickness. In the stud-
ied configuration, the fracture starts either from the wafer
edge (“edge-initiated fracture”) or at a position inside

(a) (b)

FIG. 3. Typical haze maps of SOI substrates after fracture. (a) Fracture pattern with fracture initiation at wafer edge (vf = 2500 m/s).
(b) Fracture pattern with fracture initiation in the wafer inner area (vf = 2400 m/s). Letters give descriptions of fracture patterns: IP,
initiation point; IA, initiation area; LP, lateral pattern; TP, terminal pattern; TrP, transverse patterns. Wafer diameter is 300 mm. Points
at wafer center are light-scattering measurement artifacts.
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(b)

vf = 2950 m/s
d = 12 mm

vf = 2400 m/s
d = 23 mm

vf = 2940 m/s
d = 26 mm

vf = 2600 m/s
d = 43 mm

(a)

vf = 2340 m/s vf = 2500 m/s vf = 3600 m/s

FIG. 4. (a) Edge-initiated fracture-pattern dependence on
crack velocity vf . (b) Inner wafer-initiated fracture pattern
dependence on crack velocity and fracture-initiation distance
to wafer edge, d. Fracture-initiation positions are marked with
crosses. Silicon wafer diameter is 300 mm. Point and cross pat-
terns at wafer center are light-scattering measurement artifacts.
Regular curved lines are traces of implantation beam scanning,
which is unrelated to the fracture pattern.

the bonded pair (“inner wafer-initiated fracture”). Frac-
ture patterns are always aligned with respect to the average
crack-propagation direction defined by the vector between
the initiation point and the wafer center.

For edge-initiated fracture, the pattern is made of two
lateral curved bands crossing the wafer with centimeter-
wavelength (lateral pattern) and semicircular millimeter-
sized fringes parallel to the wafer edge and located at
the end of the fracture propagation (terminal pattern)
[Fig. 3(a)]. Inner wafer-initiated patterns are more complex
with additional fringes, the wavelength of which is simi-
lar to that of the lateral pattern (transverse pattern) and a
zone without haze variation around the fracture initiation
position (initiation area) [Fig. 3(b)].

The dimension δ of the initiation area is found to be
proportional to the distance d between the initiation point
and the sample edge. Typical pattern lengths (fringe wave-
lengths and initiation area size) decrease when the wafer
thickness is reduced or if the crack velocity is increased
(Fig. 4). Beyond these three factors, fracture-pattern repro-
ducibility between wafers is remarkable, indicating very
low dependence on other parameters.

III. INTERACTION MODEL BETWEEN CRACK
FRONT AND LAMB WAVES

To investigate the shape of fracture patterns in circular
geometry, we assume that their origin lies in the interac-
tions of the crack front with self-emitted A0 Lamb modes,
as reported earlier [34]. In this case, local haze modulations
at the wafer surface happen when the crack front “prints”
on the fractured surface the local amplitude of shear stress

as it passes. The postfracture haze signal is assumed, for a
given position M, to be directly related to the amplitude of
the A0 Lamb mode at M when the crack reaches this point.

For low frequencies, antisymmetric A0 Lamb waves are
flexural modes of thin plates. Considering the silicon sub-
strates as isotropic plates, with thickness h, density ρ,
Young’s modulus E, and Poisson’s ratio ν, the local ver-
tical displacement ζ at time t and distance r from a point
excitation force f must follow the propagation equation
[38]:
(

D∇4 + ρh
∂2

∂t2

)
ζ(r, t) = f (r, t) with D = E h3

12 (1 − ν2)

(1)

A solution of Eq. (1) can be built from the Green
function for an infinite plate G∞(r,t) in terms of Bessel
functions and harmonic waves of angular frequency ω

[39]. The wave number k is then given by

k =
(
ω2ρh

D

)1/4

. (2)

For kr>>1, the solution can be simply written using
Bessel’s function asymptotic expansions

ζ(r, t) = G∞(r, t) ≈
√

2
π

e−iπ/4

8Dk2

ei(kr−ωt)

√
kr

. (3)

Phase and group velocities vφ and vg are related by a fac-
tor of two. CP is thus a fraction of the longitudinal wave
velocity:

vφ = ω

k
= CPkh vg = ∂ω

∂k
= 2CPkh with

CP =
√

E
12ρ(1 − ν2)

. (4)

Throughout propagation across the wafers, every part of
the crack front is considered as a Lamb wave point “white”
emitter (a Dirac in time space) and interference occurs
everywhere. Visible patterns are obtained when construc-
tive interference happens and produces large roughness
amplitudes on surfaces.

Considering the self-interaction of a crack with its own
acoustic emission, a constant crack velocity, vf , and a cir-
cular front shape, a signal emitted from position S at time
ts will contribute to the Lamb amplitude when the crack
passes through M at time tM only if its group velocity
satisfies the following equation:

l = vg(ω, k)(tM − tS) (5)

where l is the length of the acoustic path between S and
M, tM = R/vf , and tS = r/vf (Fig. 5). According to the A0
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FIG. 5. Acoustic paths between source S and point M. Direct
path (S→M ) and reflected path (S→R2→M ) in separated
wafers, and reflected path in bonded wafers (S→R1→M ).
Acoustic signals under consideration are emitted when the crack
passes through S and influence the crack when they reach M.
Crack front starts at position O and retains constant velocity and
circular shape.

dispersion relation in silicon, there is no solution if vg
exceeds the maximum velocity of A0 Lamb modes (vmax

g =
4637 m/s for silicon <100>; see Appendix). Except for
high values, where two solutions exist (vg > 4375 m/s
in silicon <100>), a unique frequency satisfies Eq. (5).
Because the Lamb dispersion relation depends on the plate
thickness, this frequency will not be the same in the sep-
arated wafers (waves propagating behind the crack) and
the bonded substrates (waves propagating in front of the
crack).

Unlike in the pseudo-1D case [34], the size and shape of
the system make several acoustic paths possible between
a given pair of points (S,M ) [Fig. 5]. As the crack front
is curved, a signal can go from S to M without reflection
on wafer edges by propagating in the separated wafers just
behind the crack front (direct path). Their radial velocity is
then close to the crack velocity, so that, in a frame linked
to the crack, they move essentially along the crack.

Reflected paths also exist because Lamb modes can
travel long distances with very low losses [40,41]. For the
low frequencies, their reflection on edges can be consid-
ered as normal without mode conversion [42–44]. Two or
four paths with a single normal reflection between S and M
are geometrically possible and can contribute to the acous-
tic signal at the crack front. When the reflection point is in

front of (behind) the crack, propagation usually happens in
bonded (separated) wafers. Some reflective paths tangen-
tial to the crack front can cross it during their propagation,
but their contribution is negligible and will not be taken
into account. If multiple reflection paths are geometrically
possible, they would mainly require very fast propagating
waves, not available as A0 modes. Because they are highly
unlikely, they will also not be considered in this work.

Figure 5 illustrates the three types of acoustic paths
possible between a source S and a point M on the crack
front: direct path in separated wafers (S→M ), reflected
paths in bonded wafers (S→R1→M ), and reflected paths
in separated wafers (S→R2→M ).

Combining Eqs. (4) and (5) and considering all waves Lj
satisfying Eq. (5) and all acoustic paths Pi, the contribution
ζ (S,M ) of a source S to the signal at position M can be
written as

ζ(S, M ) =
∑

Pi

∑
Lj

a
k2

i,j
√

ki,j li,j
e−i.φi,j (S,M ) with

φ(S, M ) = kl
(

1 − vφ

vg

)
. (6)

The radiated acoustic power is assumed to be constant over
time. The amplitude Z(M ) of the A0 Lamb mode at position
M is the sum of all contributions from all sources located
on the crack front at any time before it reaches M. Consid-
ering that all points of the crack front radiate in the same
way, everywhere and anytime,

Z(M ) =
∫ ∫

S(ts<tM )

ζ(S, M )dS. (7)

Using this model, fracture patterns are calculated by
numerically computing the sum of Eq. (7) for each position
M of the wafer. Silicon A0 dispersion models for propaga-
tion in directions<100> and<110> are used to cover the
whole range of possible frequencies [45] (see Appendix).
For each combination (S,M ), direct and reflective acoustic
paths are geometrically built, and Eq. (5) is solved.

IV. MODEL VALIDATION

To evaluate the ability of the model to predict fracture
patterns, a set of wafers with different crack velocities and
initiation locations are selected. For each substrate, the
experimental haze map is compared to the pattern calcu-
lated using the model previously described, and the crack
velocity is experimentally measured. For edge-initiated
fracture [Fig. 6(a)] and for inner wafer-initiated fracture
[Fig. 6(b)], there are excellent agreements between exper-
imental and calculated patterns, both regarding the overall
pattern shape and their dependence on crack velocity and
initiation location. The variation of the fringe period with
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(b)

(a)

FIG. 6. Comparison of experimental fracture pattern (left)
with model calculation (right). (a) Edge-initiated fracture
(vf = 2500 m/s). (b) Detail around the initiation area for inner
wafer-initiated fracture (vf = 2400 m/s).

crack velocity is also well predicted, with experimental
wavelengths between the calculated values for<100> and
<110> directions [Fig. 7(a)].

The model allows the determination of which acoustic
path makes a dominant contribution to the different parts of
patterns. The lateral fringes are made by the direct acous-
tic paths traveling behind the crack in the separated wafers.
For low-frequency waves, where vg ≈ 2vφ , the phase shift
between S and M, ϕ(S,M ), can be written by combin-
ing Eqs. (5) and (6), so that it depends only on elastic

(a)

〈110〉

〈110〉

〈100〉

〈100〉

(b)
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FIG. 7. (a) Experimental and calculated evolution of fracture-
pattern fringe periods with crack velocity. (b) Comparison of
experimental and predicted extension of initiation area (δ).

parameters and geometry:

φ(S, M ) = kl
2

= k0
l2

(R − r)
with k0 = vf

4CPh
. (8)

For direct paths and low θ angle, l is very close to R−r
[Fig. 5]. This makes it possible to approximate Eq. (7)
by Z(M ) = A + Bexp(−ik0R), with A and B constant. The
lateral-pattern wavelength is then close to 2π /k0, which is
in excellent agreement with experimental data, when low-
frequency waves are dominant in pattern creation, i.e., for
low crack velocities [Fig. 6(a)].

The reflected path in separated wafers causes the trans-
verse pattern and initiation area. Using Eq. (8), the
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transverse-pattern typical wavelength is found to be iden-
tical to those of lateral patterns, in good agreement with
experiments.

For inner wafer-initiated fractures, no reflective path in
separated wafers exists until the crack front reaches the
substrate edge. The pattern-free initiation area corresponds
to the time interval during which the crack progresses in
the absence of any reflected A0 mode. The extension δ of
the initiation area can then be written simply as

δ = 2vmax
g

vmax
g − vf

d. (9)

For a given crack velocity, δ is proportional to d, which is
the distance between the fracture-initiation point and the
edge of the substrate [Fig. 6(b)], in good agreement with
experiments [Fig. 7(b)].

Finally, reflected paths in bonded wafers create the ter-
minal pattern in the same way as that for linear samples
[34]. Because propagation occurs in a plate of thick-
ness 2h, the associated fringes have a wave number of
kterminal = vf /(Cph) = 4k0, in line with experimental values
[Fig. 7(a)].

V. DISCUSSION

The geometrical calculation of the crack-front inter-
action with its self-emitted acoustic waves predicts well
the geometries observed on circular plates. The model
highlights that each family of acoustic paths creates
specific features of the overall pattern. The crack front
interacts simultaneously with three different kinds of
acoustic signals: a single-frequency mode reflected into
the bonded wafers; a wave train propagating just behind
the crack front; and a signal reflected into the fractured
area, propagating over long distances. The complexity of
the experimental patterns stems from the overlap of all of
these contributions.

Considering the model assumptions, patterns finally
depend only on a few macroscopic parameters: crack char-
acteristics (velocity, initiation position, and front shape),
silicon elastic parameters (through the dispersion curves
of the A0 Lamb mode), and the system’s geometry (sub-
strate shape and thickness). As silicon wafers for electronic
applications have extremely tight specifications, in terms
of material and dimensions, fracture patterns are very
repeatable from wafer to wafer.

While the signal emitted in front of the fracture is acting
only for terminal patterns, lateral and transverse patterns
imply waves propagating behind the crack front, in sepa-
rated wafers. The acoustic signal first has to move away
and then catch up with the crack. With the reflected path,
it is obviously possible when the signal is returned toward
the crack after reflection on system edges. For transverse
patterns, the fastest Lamb waves move away from the

crack over distances of up to about the substrate radius
before coming back. In contrast, the acoustic signal of
lateral patterns follows the direct path and spreads at an
average distance of five wavelengths strictly behind and
independently from the crack front, the shape of which
is not modified. As an example, at point P in Fig. 6(a),
the model indicates that 50% of the A0 waves involved
in direct interactions never deviate more than 2.5 mm
from the crack during their propagation, even if the over-
all average path length is 136 mm. Thus, in the crack-front
reference frame, this acoustic emission is like a wave train
slowly propagating just behind the crack front before inter-
acting again. This situation is, however, different from the
crack-front waves that are essentially nondispersive, prop-
agate on the crack front at the Rayleigh wave velocity,
and originate in asperities that change the material frac-
ture toughness locally, and hence, the crack-front velocity.
Their typical period relates to the size of the perturba-
tion and can be very different from the wavelength of the
acoustic patterns.

A wide range of A0 Lamb waves, with wavelengths
from tenths of a millimeter to centimeters, equally con-
tribute to the formation of the different fracture patterns.
In front of the crack, a dominant monofrequency A0 mode
(vφ = vf ) emerges because of the stationary-phase princi-
ple and defines the terminal pattern geometry [34]. The
waves involved in the lateral pattern (related to direct
paths) have only their radial velocities in common, close
to vf , and are responsible for the observed fringe period
(2π /k0). This typical length emerges when the crack makes
a localized nondisturbing sampling of the Lamb’s ampli-
tude and is not related to any preselected frequency of the
acoustic spectrum traveling in the fractured parts [34].

The intensity of lateral patterns is difficult to fully pre-
dict analytically. The position of the two symmetrical
bands of fringes corresponds to locations where isophase
lines [ϕ(S,M ) = constant] are parallel to the substrate
edges, meaning that a small shift in position causes a
large variation of the total amplitude Z(M ) and leads to
well-contrasted fringes. Since these patterns do not involve
reflected paths, system edges determine only the band posi-
tions because they impose a limited size to the crack front.
With a half-plane plate shape (i.e., a wafer with infinite
radius), the crack front is a semicircle of increasing radius
and edge-initiated lateral patterns turn to simple V shapes
with invariant angle ψ close to 80° [Fig. 3(a)]. In an infi-
nite plane with no boundaries, which is the case at the
early times of inner wafer-initiated fracture, the crack front
is a full circle, and therefore, does not produce bands of
fringes.

Fracture patterns are experimentally observed with other
materials, where guided fracture can be made by ion
implantation. This includes a wide range of brittle materi-
als, in which the diffusion of light-implanted species is low,
like semiconductors (Ge, AsGa, InP, GaN, SiC) or oxides
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(a) (b)

FIG. 8. Examples of geometrical patterns created by the move-
ment of a finite-size moving source into a dispersive medium.
(a) Calculated fracture pattern in silicon (direct acoustic paths
only, edge-initiated fracture, vf = 2500 m/s, enhanced contrast,
fracture start at top). (b) Calculated Kelvin wake pattern (Froude
number Fr = 2.25, moving source at top).

(sapphire, LiTaO3, LiNbO3) [46]. However, the observa-
tion of regular and well-defined fracture patterns, such as
those of silicon, is not common. A favorable ratio between
fracture and acoustic wave velocities is needed, so that the
fringe dimensions are small enough, in relation to the sam-
ple size, and are observable. A sufficient coupling between
crack and acoustic waves is also mandatory to produce
detectable roughness variations on postfracture surfaces.

Such emergence of localized constructive interference
created by the impulse response of a moving source with
finite size into a dispersive medium evokes Kelvin wake
patterns, where a point source travels on a liquid surface
exciting gravity waves [47]. Even if there is not a com-
plete analogy, with extended versus point sources, a certain
similarity exists between the two types of shapes (Fig. 8)
that share common characteristics, such as the main wake
angle, which is independent of the object’s velocity.

VI. CONCLUSION

The study of postfracture surface patterns in ion-
implanted silicon plates shows that, fundamentally, a crack
front can interact with its own acoustic emission via elastic
waves propagating behind it with no frequency preselec-
tion or modification of crack dynamics. Furthermore, the
interaction is possible without reflection at system edges if
the crack front is curved. As with ship wakes, this research
highlights the rise of complex regular structures from the
displacement of a finite object (a crack front) in a dis-
persive medium (thin silicon plates) through self-produced
elastic waves (Lamb waves).
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FIG. 9. A0 Lamb mode dispersion diagram of silicon in the
<100> direction, as used in the fracture-pattern model. Group
velocity vg , and phase velocity vφ , are plotted versus wave
number, k, and plate thickness, h.

APPENDIX: A0 LAMB MODE DISPERSION
DIAGRAM OF SILICON

Theoretical solutions for the Lamb dispersion curves are
computed using the Waveform revealer software [45] and
the mechanical elastic properties of silicon wafer mate-
rial. Figure 9 shows the calculated dispersion diagram
for silicon <100> used in the model for fracture pattern
calculations.
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