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Axial Spectral Encoding of Space-Time Wave Packets
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Space-time (ST) wave packets are propagation-invariant pulsed optical beams whose group velocity
can be tuned in free space by tailoring their spatiotemporal spectral structure. To date, efforts on syn-
thesizing ST wave packets have striven to maintain their propagation invariance. Here, we demonstrate
that one degree of freedom of a ST wave packet—its on-axis spectrum—can be isolated and purposefully
controlled independently of the others. Judicious spatiotemporal spectral amplitude and phase modula-
tion yields ST wave packets with programmable spectral changes along the propagation axis, including
red-shifting or blue-shifting spectra, or more sophisticated axial spectral encoding including bidirectional
spectral shifts and accelerating spectra. In all cases, the spectral shift can be larger than the initial on-axis
bandwidth, while preserving the propagation-invariance of the other degrees of freedom, including the
wave packet spatiotemporal profile. These results may be useful in range finding in microscopy or remote

sensing via spectral stamping.
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I. INTRODUCTION

The unique opportunities offered by jointly manipulat-
ing the spatial and temporal degrees of freedom of an
optical field—rather than modulating the field separately
in space [1] or time [2]—have started recently to cap-
ture considerable attention [3—10]. One example within
this general enterprise is that of “space-time” (ST) wave
packets, which are a class of pulsed beams endowed with
a spatiotemporal structure in which each spatial frequency
is associated with a single wavelength [11-13], by virtue
of which they exhibit unique characteristics, e.g., prop-
agation invariance [12—18], controllable group velocities
[6,19-21], self-healing [22], and omni-resonant interac-
tion with planar cavities [23-25]. Although the study of
propagation-invariant pulsed beams extends for almost 40
years [26-31], the focus has always been on maintaining
the field invariant rather than controlling the axial vari-
ation of one characteristic while maintaining the others
fixed. We pose here the following question: can a ST wave
packet remain propagation invariant while controlling the
axial evolution of one of its aspects in isolation from all the
other characteristics of the wave packet? For example, can
we control the evolution of the on-axis spectrum of a ST
wave packet without impacting its propagation invariance
or the tunability of its group velocity? This would produce
a continuous, axial spectral encoding that can be useful
in range finding through spectral stamping of reflections
from objects at different distances—whether in the context
of optical microscopy or remote sensing.
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Recently, an alternative approach to tuning the group
velocity of an optical wave packet known as the “flying
focus,” which does not provide diffraction-free behavior,
was proposed theoretically [32] and demonstrated exper-
imentally [33,34]. This approach relies on longitudinal
chromatism in which a temporally chirped pulse is focused
by a lens having prescribed chromatic aberrations. In this
strategy, the on-axis spectrum shifts continuously with
propagation, but this shift is not independent of the group
velocity; in fact, the rate of the spectral shift dictates the
group velocity of the flying focus. In other words, the
group velocity and the axial evolution of the spectrum are
inextricably linked and cannot be manipulated indepen-
dently. This helps sharpen the question posed above: can
we control the spectral evolution and the group velocity
of a wave packet independently through sculpting its spa-
tiotemporal structure? More generally, can we produce an
arbitrary axial spectral encoding for an optical wave packet
while maintaining its other desirable characteristics (e.g.,
propagation invariance) intact?

Here we show that ST wave packets can support con-
trollable and readily adaptable evolution of the on-axis
spectrum along the propagation direction. Such axial spec-
tral encoding includes red-shifting or blue-shifting spectra,
complex bidirectional-shifting spectra in which the direc-
tion of the spectral shift can switch at prescribed axial
locations, and accelerating spectra. This control can be
exercised independently of the wave-packet group veloc-
ity (whether subluminal or superluminal), and without
affecting its propagation invariance. Time-resolved mea-
surements of the ST wave packet confirm that its spa-
tiotemporal profile remains invariant with propagation
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despite the underlying spectral changes. Our approach
is independent, in principle, of the selected wavelength
[35] or bandwidth [36] of the field. These features are
achieved through sculpting the amplitude and phase dis-
tribution imparted to the spectrally resolved wave front,
in contrast to our previous work that made use of purely
phase modulation to synthesize propagation-invariant ST
wave packets [13]. Our results highlight a crucial aspect of
modulating the joint spatiotemporal spectrum rather than
manipulating the spatial (Fourier optics [1]) or the tem-
poral (pulse shaping [2]) degrees of freedom separately.
Indeed, whereas spectral phase modulation is a staple
of ultrafast pulse shaping, spectral amplitude modulation
would result in irrecoverable spectral filtering, and is hence
usually avoided. Uniquely, joint spatiotemporal spectral
amplitude modulation can be utilized without necessarily
filtering or eliminating any portion of the temporal spec-
trum. This strategy opens up a plethora of opportunities for
programmable axial spatial encoding of ST wave packets,
independently of the wave-packet group velocity, extend-
ing from range finding in microscopy and remote sensing,
to nonlinear interactions in plasmas [37,38].

I1. SPACE-TIME WAVE PACKETS

The concept of propagation-invariant ST wave pack-
ets is by now well established [12,13,21], and we provide
here only a brief overview to lay the groundwork for the
subsequent formulation of axial spectral encoding. Such
a wave packet in free space is a pulsed optical beam
whose spatiotemporal spectral support domain lies along
the intersection of the light cone k2 + k? = (w/c)* with
a tilted spectral plane w/c =k, + (k, — k,) tan 6, where
ky and k; are the transverse and longitudinal components
of the wave vector along x and z, respectively, w is
the temporal (angular) frequency, ¢ is the speed of light
in vacuum, w, is a fixed temporal frequency, k, = w,/c
is the corresponding wave number, and 6 is the angle
made by the spectral plane with respect to the k, axis
[Fig. 1(a)]. We refer to 6 as the spectral tilt angle and
to k. as the spatial frequency. Such a field E(x,z;¢) =
e!koz=@ol4(x z; ) can be shown to have a propagation-
invariant envelope ¥ (x,z; f) = ¥ (x,0; ¢ — z/7) that travels
rigidly in free space at a group velocity v = ctan6 inde-
pendently of beam size, pulse width, or central wavelength,
as demonstrated recently [19]. Indeed, the spectral projec-
tion onto the (k;, w/c) plane is a straight line, indicating
absence of group velocity dispersion [Fig. 1(a)]. The pro-
jection onto the (k,w/c) plane is a conic section [39]
that can be approximated by a parabola for narrow tem-
poral bandwidths Aw < w,, indicating that each spatial
frequency is associated with a single temporal frequency

[Fig. 1(a)]:
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FIG. 1. (a) The spatiotemporal spectral support domain of a
ST wave packet at the intersection (blue curve) of the light
cone k2 + k? = (w/c)* with a spectral plane tilted by angle 6
with respect to the &, axis. Also shown are the spectral pro-
jections onto the (k;,w/c) and (k,,w/c) planes, which are a
straight line and a conic section, respectively. (b) Schematic of
the optical setup to synthesize and characterize ST wave pack-
ets endowed with prescribed axial spectral encoding. BE is the
beam expander; BS is the beam splitter; G is the diffraction grat-
ing; SLM is the spatial light modulator; SF is the spatial filter;
OSA is the optical spectrum analyzer; L is the cylindrical lens.
The distance d; = 500 mm is equal to the focal length of L;_,,
and d, = 500 mm is equal to the sum of the focal lengths of L,_,
(100 mm) and L;_, (400 mm). The transverse coordinate at the
SLM plane is x” and at the CCD is x.

Tuning the group velocity requires changing the curva-
ture of this spatiotemporal spectral parabola, which can
be readily achieved via phase-only spectral modulation
[13,19,20].

Such a ST wave packet can be prepared via the two-
dimensional pulse synthesizer depicted in Fig. 1(b) start-
ing with femtosecond pulses from a Ti:sapphire laser
(Tsunami, Spectra Physics) having a central wavelength
Ao =799 nm and a pulse duration of about 120 fs (as
verified via a frequency-resolved optical gating (FROG)
measurement [40] obtained by a GRENOUILLE [41] com-
mercial platform). The spectrum of the plane-wave (30-
mm-diameter) pulses are spread in space by a diffraction
grating (1200 lines/mm; Newport 33009FL01-360R) and
collimated by a cylindrical lens before impinging on a
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SLM (Hamamatsu X10468-02). The SLM imparts a two-
dimensional phase distribution @ to the spatially resolved
spectrum, which is then retroreflected through the lens
and reconstituted by the grating to produce the ST wave
packet [Fig. 1(b)]. The SLM-imparted phase distribution
[Fig. 2(a)] can be designed to implement any spectral tilt
angle 6 by assigning to each wavelength A incident on
the SLM a phase distribution corresponding to a particular
spatial frequency &, (w; 6) according to Eq. (1) [12,13]. In
all cases, a spatial filter (in the form of a low-pass rejection
filter to eliminate the spatial components in the immediate
vicinity of k, = 0) is placed in the Fourier plane between
two cylindrical lenses with their focusing axis parallel to
the x coordinate, to remove any nondiffracted portion of the
field (due to the finite diffraction efficiency of the SLM).

We characterize the synthesized ST wave packets in
three domains [Fig. 1(b)]. (1) A CCD camera (Thelmag-
ingSource DMK 33UX178) is scanned along the z axis in
the path of the ST wave packet to record the time-averaged
intensity /(x,z). (2) A 400-um-diameter multimode fiber
(Thorlabs, M74L01-#400 pm, 0.39 NA), connected to an
OSA (Advantest q8381, 0.1 nm resolution), is scanned
along the z axis to record the axial spectral evolution
of the ST wave packet /(z,1). A multimode fiber is
selected to increase the signal-to-noise ratio and thus con-
firm the predicted effect unambiguously. The diameter is
selected to capture a large portion of the field energy
around the optical axis and thus avoid any spurious spec-
tral effects that can arise if a single-mode fiber is used
instead. The measured spectrum is thus representative of
the axial field evolution. However, the multimode fiber
introduces approximately 30% spectral broadening com-
pared to a single-mode fiber, and the results reported here
are therefore a conservative underestimate of the actual
axial spectral encoding offered by our approach. (3) The
spatiotemporal profile of the ST wave packet is measured
by interfering the wave packet with the original Ti:sapphire
laser pulses / (x, 7) at any selected axial plane z. By placing
the pulse synthesizer in one arm of a Mach-Zehnder inter-
ferometer, and placing an optical delay in the reference arm
traversed by the femtosecond pulses, time-resolved mea-
surements are obtained from the visibility of the spatially
resolved interference fringes that are observed when the ST
wave packet and the reference pulse overlap in space and
time. This arrangement is also used to estimate the group
velocity v of the ST wave packet [19-21].

I1I. SPACE-TIME WAVE PACKETS WITH AXIAL
SPECTRAL ENCODING

An example of the phase distribution & imparted by
the SLM to realize a ST wave packet is shown in
Fig. 2(a), corresponding to a spectral tilt angle 6 = 50°
(superluminal group velocity v &~ 1.19¢) [12]. Implement-
ing such a phase distribution results in a diffraction-free

beam [Fig. 2(b)] whose spectrum is invariant [Figs. 2(c)
and 2(d)] over its propagation length. We proceed to show
that the key to controlling the axial spectral evolution of the
wave packet is modulating the amplitude of its spatiotem-
poral spectrum at the SLM plane—a degree of freedom
that has hitherto gone unexploited.

Note that the amplitude modulation is not introduced by
means of an additional device or component. Rather, the
SLM serves as a phase and amplitude modulator. The con-
tinuous sections of the SLM where the phase is set to zero
produce a field whose spatial spectrum is in the vicinity of
k, = 0, which is then eliminated by the spatial filter along
with the nondiffracted field from the SLM.

Consider the configuration shown in Fig. 2(a) where
we combine the phase distribution ® (corresponding to
a particular spatial tilt angle 6) with a two-dimensional
amplitude masking distribution 4. Consequently, the phase
modulation imparted by the SLM is now restricted to
a particular portion of the spectrally spread wave front
as dictated by the amplitude mask, 4e’®. Experimentally,
this amplitude modulation is achieved by setting the SLM
phase to zero wherever the target amplitude is required to
be zero, and then subsequently inserting a spatial filter in
the Fourier plane between the cylindrical lenses L,_, and
L;_, placed in the path of the ST wave packet [Fig. 1(b)] to
eliminate the unscattered (or zero-phase) field component.

From Fig. 2(a) we can understand why joint spatiotem-
poral spectral amplitude modulation does not necessarily
eliminate a wavelength altogether as it would in a tradi-
tional ultrafast pulse shaper that relies solely on temporal
spectral modulation. Because each column in & as shown
in Fig. 2(a) is associated with a single wavelength, the
full spectral bandwidth remains intact as long as the two-
dimensional spatiotemporal spectral amplitude modulation
does not eliminate any whole column. Instead, amplitude
modulation here leads to a change in the axial distribu-
tion of each wavelength. In contrast, in traditional pulse
shaping [2], the two-dimensional distribution in Fig. 2(a)
is collapsed to one dimension, so that amplitude modu-
lation would inevitably eliminate wavelengths altogether
from the spectrum.

Choosing x’ for the transverse coordinate in the plane of
the SLM and x in the observation plane at axial position
z [Fig. 1(b)], the freely propagating field (the cylindrical
lens L;_, affects the field only along y) is given by the
usual Fresnel integral

E(x,z;0) eil‘z/dx/E(x/;w)eik(xx/)z/zz, 2)

where E(x'; w) is the field at the SLM along a single col-
umn (one temporal frequency w), and is the product of a
linear phase e*™* imparted by the SLM and two constant
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FIG. 2. (a) Axial spectral
encoding through phase and
amplitude spectral modula-
tion. A typical phase distribu-
tion @ (left) for the synthesis
of a propagation-invariant
ST wave packet (6 = 50°
and 7V =ctan50° ~ 1.19¢)
is combined with an ampli-
tude distribution 4 (middle)
A (nm) to produce an amplitude-
masked phase distribution
Ae’® (right), which yields a
ST wave packet with tailored
axial spectral encoding but
the same group velocity.
The phase and amplitude
masks are realized by the
SLM in conjunction with a
spatial filter that rejects the
nondiffracted light. (b) Calcu-
lated time-averaged intensity

I(x,z) for propagation-
invariant (left) and axial
spectral-encoded (right) ST
wave packets. Note the very
different axial and transverse
spatial scales. (c) Calculated
spectral evolution I(z,})

for the ST wave packets in

(b). (d) Spectra at selected
axial planes for the ST wave

)

packets in (b). The spectrum
of the propagation-invariant
ST wave packet (left) does
not change significantly with
propagation, whereas that of
the axially spectral-encoded
ST wave packet (right)
undergoes significant spectral

Intensity (arb. units) &

amplitude windows centered at Fx, of width W,

; (3)

o 't x,
E(X;w) = E(w)et rect(w>

Wo(w)

here both x, and W, change with w, rect[(x — x,)/W,] is
a rectangular (constant) function of width W, centered at
X = X,, and E(w) is the spectral amplitude for the tempo-
ral frequency w; in our experiments £ (w) is approximately
constant independently of w. It is understood throughout
that w = w(k,; 0), which is obtained by inverting Eq. (1).
From this formulation, we can immediately make two con-
clusions. First, the field associated with the frequency w

evolution with propagation.

has its on axis x = 0 peak at

k
z(w) ~ k—xo(a)). 4)

X

Second, the transverse width over which the field is spread
at z(w) is

2
Wiz, w) ~ Wy(w) 1+( z ) (5)
Zo(@)

where z,(w) = nt(a)) /A. From these two observations,
we can reverse engineer the amplitude mask at the SLM
plane by determining x,(w) and W,(w) required to local-
ize the temporal frequency w at the specific location or
locations along z.
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By applying this algorithm to all the frequencies w mod-
ulated by the SLM, thereby sculpting the amplitude mask
A, we can realize an arbitrary axial spectral encoding for
the ST wave packet over any desired bandwidth and along
a specified axial range z. The spatiotemporal profile of
the ST wave packet endowed with the desired axial spec-
tral encoding is thus obtained after integrating over the
temporal bandwidth:

E(x,z;1) = / dwE (x,z; w)e @ ®:01, (6)

After implementing the amplitude mask shown in
Fig. 2(a), the time-averaged intensity /(x,z) = [di|E
(x,z; 9)|> remains diffraction-free for an extended distance,
but additional transverse sidelobes appear [Fig. 2(b)].
These sidelobes are a consequence of the rectangular-
shaped amplitude filter at each temporal frequency; apply-
ing a Gaussian amplitude modulation can smooth out these
sidelobes.

The axial spectral encoding can be ascertained by exam-
ining the evolution of the spectrum along the propaga-
tion axis. The axial spectrum /(x,z; w) = |E(x,z; w)|* is
integrated over the transverse extent shown in Fig. 2(b),
from x = —200 pum to x = 200 um (corresponding to the
diameter of the multimode fiber used in our experiments
to collect the spectrum), to yield /(z,w) = [ dxl (x,z; ),
which we plot in Fig. 2(c). For propagation-invariant ST
wave packets produced via phase-only modulation, the
spectrum remains mostly constant up to z = 50 mm. The
short-wavelength end of the spectrum gradually dimin-
ishes beyond z = 50 mm [Fig. 2(c)], which accompanies
departure from the diffraction-free condition [Fig. 2(b)].
The ST wave packet simulated in Fig. 2 is superluminal
(@ > 45°, U > ¢) [39]. Selecting a subluminal ST wave
packet instead (9 < 45°, ¥ < ¢) would result in a dimin-
ishing of the long-wavelength portion of its spectrum at
the end of the propagation distance.

In contrast, the axial spectral evolution /(z, w) for the
ST wave packet after amplitude masking clearly shows an
axial spectral encoding with propagation [Fig. 2(c)]: the
spectrum at any axial plane is narrow compared to that of
the propagation-invariant ST wave packet, and it under-
goes a significant red shift along z. This behavior is further
highlighted by comparing the spectrum at selected axial
planes for both wave packets in Fig. 2(d). In the case of
the axially spectral-encoded ST wave packet, the spectral
shift along z results in disjoint spectra at the axial start and
end points.

IV. EXPERIMENT

We have carried out a sequence of experiments that
demonstrate multiple axial spectral encodings for ST wave
packets through amplitude-masked phase modulation of

the spatiotemporal spectrum. In each experiment, we mea-
sure the axial intensity profile /(x, z), and the axial spectral
evolution /(z, A) integrated along x over a fixed transverse
width of approximately 400 um (as determined by the
diameter multimode fiber collecting the signal).

A. Synthesizing axially red-shifting spectra

As an initial proof of concept, we implemented the
amplitude-masked phase distributions depicted in Fig. 3(a)
corresponding to two red-shifting spectra (the spectrum
shifts from shorter to longer wavelengths along z). The
spectral tilt angle here is & = 50°, and the two amplitude
masks A, and A4, are designed to yield different axial red-
shifting rates. Whereas the width of the amplitude window
is a constant W, (1) = W, the center of the window moves
along a linear trajectory creating a wedge-shaped mask:
Xo(A) = Xmax(A — A1) /(A2 — A1).

In the first example (4; in Fig. 3, left column), we
set A1 ~ 797.9 nm and A, ~ 800.1 nm, and select W,
to produce a measured average on-axis FWHM spectral
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FIG. 3. (a) Two amplitude-masked phase distributions, A, and

Ay (the underlying phase distribution corresponds to a spectral
tilt angle of & = 50°), designed to produce axially red-shifting
spectra by changing the slope of the “wedge” profile. (b) Mea-
sured axial spectra /(z, 1). (c) Measured spectra in selected axial
planes. Black arrows indicate the direction of the spectral shift.
See Moviel and Movie2 within the Supplemental Material [42].
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bandwidth of AX ~ 0.4 nm. As noted earlier, the mea-
sured spectrum when utilizing a multimode fiber to couple
light into the OSA is broadened by approximately 30%
in all cases in comparison with that obtained by using a
single-mode fiber. The results reported here are thus a con-
servative underestimate of the spectral tuning capability of
this strategy. The overall shift of the center wavelength
of the axial spectral encoding is approximately 1.3 nm
over a distance of approximately 75 mm, resulting in an
axial red-shifting rate of approximately 17 pm/mm. This is
only a first-order estimate because the axial spectral encod-
ing is not linear along z. A linear axial encoding requires
implementing a different amplitude mask (see confirmation
of this point below). The time-averaged intensity /(x,z)
is provided in the Supplemental Material [42], and is in
excellent agreement with the simulation in Fig. 2(b).

In the second example (4, in Fig. 3, right column),
we reduce the axial red-shifting rate to approximately 11
pm/mm by selecting a sharper slope of the amplitude mask
whereupon A; &~ 798.3 nm, A, &~ 799.7 nm, while main-
taining the same value for ,. In this case, the shift in the
center wavelength of the axial spectral encoding is approx-
imately 0.8 nm observed over a distance of approximately
75 mm. The spectra at selected axial planes are plotted for
these two examples in Fig. 3(c). As a point of reference,
we provide a movie within the Supplemental Material
(Moviel0) [42] for the spectral evolution of the ST wave
packet with the amplitude mask removed, which shows a
mostly invariant axial spectrum. Supplemental movies cor-
responding to the amplitude masks 4, and 4, (Moviel and
Movie2, respectively) display the change in the spectral
encoding along z [42]. Together, these two examples pro-
vide a demonstration of the general control strategy over
the rate of axial spectral shift.

B. Synthesizing axially blue-shifting spectra

Next we demonstrate that the same approach is applica-
ble to blue-shifting axial spectral encoding (the spectrum
shifts from longer to shorter wavelengths along z). The
designed amplitude masks for two different axial blue-
shifting rates are shown in Fig. 4(a). The slope of the
wedgelike amplitude mask has the opposite sign of the
red-shifting masks in Fig. 3(a). Here the underlying phase
distribution corresponds to a subluminal spectral tilt angle
of & =40°. In the first example (43 in Fig. 4, left col-
umn) a blue-shifting spectral rate of approximately —18
pm/mm is achieved, corresponding to a total spectral shift
of AA ~ 1.3 nm over about 75 mm; and in the second
example (44 in Fig. 4, right column) approximately —12
pm/mm, corresponding to AX & 0.9 nm over about 75
mm; see Figs. 4(b) and 4(c). These values approximately
mirror the rates observed in the red-shifting scenario in
Fig. 3. The measured time-averaged intensity /(x,z) is
given in the Supplemental Material [42]. Supplemental
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g

o
A
]
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T

798 799 800 798
A (nm)

FIG. 4. (a) Two amplitude-masked phase distributions, 43 and
Ay (the underlying phase distribution corresponds to a spectral
tilt angle of & = 40°), designed to produce axially blue-shifting
spectra by changing the slope of the “wedge” profile. (b) Mea-
sured axial spectra I(z, 1). (¢c) Measured spectra in selected axial
planes. Black arrows indicate the direction of the spectral shift.
See Movie3 and Movie4 within the Supplemental Material [42].

movies corresponding to the amplitude masks 43 and A4
(Movie3 and Movie4, respectively) display the measured
change in the spectral encoding along z [42].

C. Synthesizing axially bidirectional-shifting spectra

The axial spectral encodings in the previous subsections
all feature monotonic (or unidirectional) spectral shifts.
However, our approach is more general and, in principle,
can establish arbitrary evolution of the on-axis spectrum.
In Fig. 5(a), we show the amplitude-masked phase distri-
butions required to produce axial spectral encodings that
feature nonmonotonic (here, bidirectional) spectral shifts.
In one example [45 in Fig. 5(a), left column], the ampli-
tude mask is designed to result initially in a blue shift
(from approximately 799 nm to approximately 798 nm
over about 20 mm) followed by a red shift (from approx-
imately 798 nm to approximately 800 nm over about 50
mm). The measured axial spectral evolution /(z, ) is plot-
ted in Fig. 5(b) along with the spectra at selected axial
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FIG. 5. (a) Two amplitude-masked phase distributions, 45 and

Ag (corresponding to spectral tilt angles of & = 50° and 6 = 40°,
respectively). The masked distribution As on the left produces a
ST wave packet with blue-shifting followed by red-shifting axial
spectral encoding; whereas the masked distribution 4¢ on the
right produces a ST wave packet with red-shifting followed by
blue-shifting axial spectral encoding. (b) Measured axial spec-
tra I(z, A). (c) Measured spectra in selected axial planes. Black
arrows indicate the direction of the spectral shift. See Movie5
and Movie6 within the Supplemental Material [42].

planes. In the second example [4¢ in Fig. 5(a), right col-
umn], the amplitude mask is designed to result initially
in a red shift (from approximately 799 nm to approxi-
mately 800 nm over about 20 mm) followed by a blue
shift (from approximately 800 nm to approximately 798
nm over about 50 mm); see Figs. 5(b) and 5(c) for the mea-
sured /(z,A). Supplemental movies corresponding to the
amplitude masks A5 and A¢ (Movie5 and Movie6, respec-
tively) display the change in the spectral encoding along
z [42].

D. Synthesizing an axially arbitrary-shifting spectrum

In the three classes of axial spectral encoding provided
above (red, blue, and bidirectional shifting), the amplitude-
masked phase distributions implemented by the SLM in
Fig. 1(b) feature wedgelike masks with a linear slope for
X,(A). As seen in Figs. 3—5, such amplitude masks result in
a nonlinear trajectory of the axial spectral evolution.

In order to exercise precise control over the axial spec-
tral encoding, we construct a predictive theory for its
quantitative dependence on the amplitude mask shape. To
enforce a specific axial spectral encoding characterized by
an on-axis spectral profile z(1) over a particular stretch of
the z axis, Egs. (1), (3), and (4) allow us to establish the
following relationships for the amplitude-mask:

A [
zO)VT = cotOA—,/T —1, 6> 45,

A A
z(A)+/cotd — lk_

1— =2, 0 <45°.
Y A

x,(\) = (7

These equations provide a one-to-one correspondence
between the position of the amplitude modulation and the
axially realized wavelength. Making use of these equa-
tions, we realize the sophisticated axial spectral encodings
plotted in Fig. 6. First, we demonstrate the linear axial
spectral encoding plotted in Fig. 6(a), in contrast to those
in Figs. 3-5, using an amplitude mask A7 that follows a
supralinear pattern rather than a linear one. Second, we
accelerate the axial spectral encoding in Fig. 6(b) by rely-
ing on an amplitude mask Ag with a sublinear pattern.
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FIG. 6. (a) An amplitude-masked phase distribution shaped
with a supralinear curvature A7 produces a linear shift in the
central wavelength along z. (b) An amplitude-masked phase dis-
tribution shaped with a sublinear curvature 4g leads to a higher
acceleration rate of the axial spectral encoding along z with
respect to that shown in Fig. 3. (c) A disjointed amplitude masked
phase modulation 49 yields a disjointed axial spectral encod-
ing. See Movie7, Movie8, and Movie9 within the Supplemental
Material [42].
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Finally, we show in Fig. 6(c) an example of an axial spec-
tral encoding featuring a spectral discontinuity comprising
a blue-shifting axial section, followed by a step to a red-
shifting axial section, with a spectral gap separating the
two sections produced by the amplitude mask 49. We pro-
vide in the Supplemental Material the exact equations for
the amplitude masks shown in Fig. 6 [42]. Supplemental
movies corresponding to the amplitude masks A7, Ag, and
Ay (Movie7, Movie8, and Movie9, respectively) display
the change in the spectral encoding along z [42].

We summarize in Fig. 7 the axial spectral encodings
demonstrated in Figs. 3—6: red-shifting spectra in Fig. 7(a),
blue-shifting spectra in Fig. 7(b), bidirectional spectra in
Fig. 7(c), and the precisely controlled spectral encodings
from Fig. 6 in Fig. 7(d). In each case, we plot the data
in the form of the center of a Gaussian distribution fitted
to the spectrum at each axial position z. With each data
set, we plot the axial spectral encoding predicted based
on Eq. (7) (see the Supplemental Material [42]). We find
excellent agreement between the data and the predictions
in all cases. In all cases, we find that the axial encoding
properties are preserved for the entire propagation length
of the underlying ST wave packet. The maximum propa-
gation distance of a ST beam is defined in previous work
[43].
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FIG. 7. Summary of the axial dynamics along z of the center

of the spectrum for axial spectrally encoded ST wave packets. (a)
Red-shifting and (b) blue-shifting ST wave packets from Figs. 3
and 4, respectively. (c) Bidirectional axially spectral-encoded ST
wave packets from Fig. 5. (d) Controllable axial spectral encod-
ings corresponding to Fig. 6. In each case, the data correspond to
the evolution of the central wavelength of a Gaussian distribution
fitted to the spectra in Figs. 3—6. The solid curves are theoretical
predictions based on Eq. (7).

V. TIME-RESOLVED MEASUREMENTS

We have so far presented time-averaged spectral mea-
surements of the evolution of the on-axis spectrum for the
synthesized ST wave packets. In this section, we present
time-resolved measurements of their spatiotemporal pro-
files in comparison with those of propagation-invariant ST
wave packets. We aim from these measurements to show
that the amplitude masking of the phase modulation does
not impact the wave packet group velocity.

We determined the group velocity of a ST wave packet
by measuring its relative group delay with respect to a
reference pulse traveling at c; see Refs. [19-21]. Note
that our measurements yield the temporal profile, but does
not resolve the spectral phase information, which would
require further spatiotemporal measurements. We plot in

Intensity (arb. units)

(@), e
7 z=0 ] 19¢
% 0.5+ “/
0oLy ‘
-10 0 50 100
T(ps)
FIG. 8. (a) The spatiotemporal intensity profile /(x, z; T) mea-

sured at z =0, 10, and 30 mm for a propagation-invariant ST
wave packet produced by a phase-only spatiotemporal spectral
modulation, and (b) for an axially spectral-encoded ST wave
packet produced using the same phase distribution with 6 = 50°
after amplitude masking [Fig 8(a), left column]. (¢) The mea-
sured spectra /(z, A) measured at z = 0, 10, and 30 mm for the
ST wave packets in (a) and (b). The broad spectrum of the
propagation-invariant ST wave packet (continuous curves) does
not change with z, whereas the narrow spectrum of the axially
spectral-encoded ST wave packet undergoes a red shift with z.
(d) Normalized temporal pulse profiles /(x = 0, z; 7) at the cen-
ter of the transverse profiles of the ST wave packets in (a) and
(b) atz =0, 10, and 30 mm. The two wave packets travel at the
same group velocity.
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Fig. 8(a) the spatiotemporal profiles / (x, z; T) at three axial
planes (z = 0,10, and 30 mm) for two ST wave pack-
ets both having 6 = 50° (v = ctan 50° ~ 1.19¢). One ST
wave packet is synthesized via phase-only spectral mod-
ulation and is thus propagation invariant [Fig. 8(a)], and
the other via the amplitude-masked phase modulation from
Fig. 3(a) that produces a red-shifting axial spectral encod-
ing [Fig. 8(b)]. The width of the wave packet at the center
of its spatial profile x = 0 is smaller for the propagation-
invariant ST wave packet in comparison with its axial
spectrally encoded counterpart, as expected because of its
broader spectrum.

We plot in Fig. 8(c) the spectrum /(z,A) at the three
axial planes z = 0, 10, and 30 mm. The 2-nm-bandwidth
spectra for the propagation-invariant ST wave packet are
unchanged with z, whereas the narrower spectra for the
axially spectral-encoded ST wave packet red shifts with z.
The narrower spectrum of the latter results in a broad tem-
poral profile [Fig. 8(b)]; whereas the broad spectrum of the
propagation-invariant ST wave packet results in a narrow
temporal profile [Fig. 8(a)]. In both cases, however, the
spatiotemporal profile is preserved over the propagation
distance.

In Fig. 8(d) we plot the ST wave packet temporal
profiles at the beam center /(0,z; t) measured at z = 0,
10, and 30 mm. The initial measurement at z = 0 is the
reference point for measuring subsequent group delays.
Crucially, the group delays incurred by both wave pack-
ets are equal at the two planes z = 10 and 30 mm, thereby
proving that amplitude masking does rot impact the group
velocity. Atz = 10 mm the group delay is 7 & 28 ps and at
z =30mm is t &~ 84 ps, which are consistent with a group
velocity of 7~ 1.19¢ & 0.018¢ (note that this superlumi-
nal group velocity does not contradict relativistic causality
[21,44-46])).

Finally, besides confirming that amplitude masking does
not impact the group velocity of the ST wave packet, we
have also verified that the same axial spectral encoding
can be implemented using ST wave packets of different
group velocity. We present the data in the Supplemen-
tal Material measurements of the axial spectral evolution
of wave packets with = 50° (v ~ 1.19¢) and 6 = 70°
(V &~ 2.75¢) using the same amplitude mask that induces
a red-shifting axial spectrum [42].

VI. DISCUSSION AND CONCLUSION

The added feature of axial spectral encoding demon-
strated here with ST wave packets can now be combined
with previous achievements made utilizing these unique
pulsed beams, such as long-distance propagation [15,16]
and self-healing [22]. One can now potentially rely on the
wavelength of light reflected from an object as an axial-
ranging stamp; that is, the wavelength of the reflected
or scattered light will correlate with the object’s position

and thus indicate its distance from the source. Because
ST wave packets can be synthesized with narrow trans-
verse widths (about 7 wm in Ref. [12] and about 4 um in
Ref. [24]) and large depths of focus (25 mm for the 7-um-
wide wave packet in Ref. [12]), they can be useful in the
context of optical microscopy. Alternatively, the demon-
stration of propagation lengths approaching 100 m with ST
wave packets [16] suggests the possibility of implementing
such a protocol in remote sensing. Moreover, the exper-
iments reported here for axial spectral encoding all made
use of coherent ultrafast laser pulses. However, such effects
can also be achieved with incoherent light from a light-
emitting diode [47] or superluminescent light-emitting
diode [48].

We are now in a position to compare the two major
strategies for creating optical wave packets of controllable
group velocity in free space: the flying-focus approach
[32—34] and ST wave packets. The flying-focus strategy
produces wave packets that are not diffraction-free but
whose spectrum evolves monotonically along the prop-
agation axis, and this spectral evolution determines the
group velocity of the wave packet. The spectral evolution
and the group velocity are not independently address-
able in this case. On the other hand, ST wave packets
are diffraction-free and have controllable group velocities
that can be tuned by tailoring their spatiotemporal struc-
ture via spectral-phase-only modulation. The spectrum of
such a wave packet is also propagation invariant. However,
we have shown here that, by exploiting an amplitude-
masked spectral-phase modulation, the on-axis spectrum
can be made to evolve with arbitrary axial profiles, whether
monotonic or nonmonotonic, independently of the group
velocity while maintaining the propagation invariance of
the wave packet.

In conclusion, we have presented a comprehensive
scheme for controlling the evolution of the on-axis spec-
trum of a freely propagating ST wave packet: the group
velocity and the axial spectral evolution are arbitrary
and tuned independently, while maintaining propagation
invariance. Using this approach, we have produced axial
spectral encodings in the form of red shifting, blue shift-
ing, bidirectional spectral shifting (blue shifting followed
with red shifting or vice versa over prescribed axial dis-
tances), and controlled rates of spectral shifts (linear or
accelerating). This scheme is equally applicable to coher-
ent ultrafast pulses and to broadband incoherent stationary
fields. Unlike previous efforts on ST wave packets over
about the past 40 years that have been devoted to maintain-
ing their propagation invariance, we have demonstrated
here that one degree of freedom (the on-axis spectrum) can
be isolated and control of its axial propagation exercised
while retaining the propagation invariance of its other
degrees of freedom. These results may be useful in spectral
stamping for axial range finding in microscopy and remote
sensing.
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