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Electromagnetic scattering on subwavelength structures is attracting much attention owing to the broad
range of possible applications where this phenomenon can be used. Fundamental limits of the scattering
cross section, which are well understood in spherical geometries, are overlooked in cases of low-symmetry
resonators. Here we revise the notion of superscattering and link this property with symmetry groups of
scattering potentials. We demonstrate pathways to spectrally overlap several eigenmodes of a resonator
in a way such that they interfere constructively and increase the scattering cross section. As a particular
example, we demonstrate spectral overlapping of several electric and magnetic modes in a subwavelength
ceramic resonator. The optimized structures have a dipolar scattering cross-section limit exceeding that for
a sphere by up to a factor of 4. The revealed rules, which link symmetry groups with fundamental scattering
limits, allow assessment of the designs and performance of subwavelength superscatterers, which can be
used in label-free imaging, compact antennas, long-range radio-frequency identification, and many other
fields.
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I. INTRODUCTION

Interaction of the electromagnetic waves with matter
has been a subject of intensive fundamental and applied
studies over the years. Since Maxwell’s equations were
proven to describe classical phenomena in a closed form,
research efforts shifted toward more applied directions.
Scattering is a phenomenon with a far-reaching practical
applications, ranging from molecular spectroscopy to wire-
less power transfer and wireless communications [1–7].
Thus, efficient manipulation of electromagnetic scattering
underlies antenna devices, radars, and radio-frequency-
identification technologies. A long-standing challenge in
the field remains the miniaturization of resonating ele-
ments without significant degradation of their perfor-
mance. Typically, the scattering cross section (SCS) of a
massive object is directly linked to its geometrical size,
unless resonant phenomena are involved [8]. It might
be quite counterintuitive that the SCS of subwavelength
lossless structures does not depend on their sizes if the res-
onance condition is maintained. The latter can be achieved
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by using a plasmonic resonance, increasing the refrac-
tive index of particles while reducing their sizes, or
loading the antennas with additional impedances [9–14].
These approaches are applied in the field of all-dielectric
nanophotonics or gigahertz-range metamaterials. What is
affected by the resonator size is the scattering peak band-
width, which drops significantly with the form factor—this
is the Chu-Harrington limit [15,16]. Since the introduc-
tion of the concept, quite a few additional fundamental
bounds (e.g., Geyi’s limit) have been derived [17]. It is
clear that a significant SCS enhancement in subwavelength
geometries can be achieved only with spectral colocation
of several resonances. This approach is directly linked to
the topic of superdirective antennas, the pros and cons of
which are comprehensively covered in a seminal book by
Hansen [18].

Analysis of fundamental scattering bounds is well
understood in application to spherically symmetric scat-
ters [8]. In this case, the far-field signatures are directly
mapped on eigenmodes of a structure. The scattered field
can be expanded into a series of vector spherical har-
monics, forming an orthogonal basis for the vector field
in three-dimensional space. Each harmonic has a charac-
teristic far-field radiation pattern associated with the far

2331-7019/21/15(2)/024052(11) 024052-1 © 2021 American Physical Society

https://orcid.org/0000-0003-3773-2988
https://orcid.org/0000-0002-5394-8677
https://orcid.org/0000-0002-8215-0445
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.15.024052&domain=pdf&date_stamp=2021-02-22
http://dx.doi.org/10.1103/PhysRevApplied.15.024052


S. KRASIKOV et al. PHYS. REV. APPLIED 15, 024052 (2021)

field of a point multipole (dipole, quadrupole, octupole,
etc.) [19]. Thus, vector spherical harmonics are often
called “multipoles.” Because of orthogonality, each multi-
pole represents an independent scattering channel, and thus
the total SCS (CSCT) can be written as the sum of partial
cross sections: CSCT = ∑

�,m,σ Cσ
�m, where � is the orbital

angular momentum and m is its projection on an arbitrar-
ily chosen z axis and it is subject to −� ≤ m ≤ �, and σ

labels polarization. For spherically symmetric resonators,
each partial cross section has an upper bound C�

max (single-
channel limit), which depends only on the wavelength λ

and angular momentum � [20,21]:

C�
max = 2� + 1

2π
λ2. (1)

The scattering cross section reaches this limit at the cor-
responding Mie-resonance. To surpass this single-channel
limit, several Mie resonances should be spectrally over-
lapped. If this condition is met, a subwavelength structure
is considered as a superscatterer [22,23]. Superscattering
is usually studied in application to high-symmetry objects,
limited to spheres and two-dimensional cylinders [22–28].
The reason is twofold. First, those structures have closed-
form analytical solutions, which allows optimal (yet quite
complex) conditions for scattering enhancement to be
found. Second, each resonance of a sphere corresponds
to a single scattering channel as it contributes to a sin-
gle spherical harmonic. Strictly speaking, the notation of
superscattering applies only to the cases when scattering
channels [Eq. (1)] can be identified and the overall cross
section can be assessed versus the limit [typically the dipo-
lar one (� = 1) is the most frequently used measure]. If the
symmetry of a scatterer is broken, the mapping between
multipole expansion and eigenmodes becomes more com-
plicated. In this case, the whole concept of superscattering
should be revised since the single-channel limit defined for
spherical objects is not valid for nonspherical ones. Differ-
ent multipoles of the incident field can be scattered into one
channel, contrary to the case of high-symmetry resonators,
where there is no rescattering between the channels (see
Sec. V). Hence, assessing the scattering performances
of nonsymmetric structures requires development of the
classification tools, paving a way to increase the SCS.

In this work, we investigate the effects of spectral over-
lapping of Mie resonances, attributed to finite-size sym-
metric structures, and analyze their impact on scattering
enhancement. We generalize the concept of superscattering
for finite-size nonspherical objects and derive a fundamen-
tal value of a single-channel limit for them. The results are
supported by full-wave numerical simulations and experi-
mental measurements in the gigahertz range. In particular,
we show that the SCS of a subwavelength finite-height
cylindrical resonator can be substantially increased by the
colocation of several resonances of different symmetry.

II. GENERALIZATION OF SUPERSCATTERING
FOR NONSPHERICAL OBJECTS

The T-matrix method is a semianalytical approach for
electromagnetic scattering calculations [29]. The essence
of the method is the expansion of both incident and scat-
tered fields into a series of weighted mutually orthogo-
nal vector spherical harmonics. The T matrix links the
complex amplitudes within the expansions:

b = T̂a, (2)

where a and b are the vectors of complex amplitudes,
corresponding to the incident and scattered fields, respec-
tively. Each matrix element Tss′ = 〈s|T̂|s′〉 is the transition
amplitude between different multipole channels (from state
s to state s′). The indices s and s′ encode the polariza-
tion (electric or magnetic in respect to a chosen direction),
angular momenta � and �′, and their projections m and m′.
T̂ is diagonal in the case of a spherically symmetric scatter-
ing potential. This means that each multipole of a spherical
resonator is uniquely linked to a single spherical harmonic
(multipole). Thus, there is no coupling between different
multipoles and, for example, a dipole harmonic of the inci-
dent field can be scattered only into the dipole channel. It
is worth highlighting that true eigenmodes of a structure
cannot be one-to-one mapped to the scattering channels
even for a spherical resonator. The reason is that different
modes can have the same radiation pattern and thus cannot
be orthogonal in the far field. Therefore, a natural set of
scattering channels is formed by vector spherical functions
but not by eigenmodes of the resonator.

However, for nonspherical resonators, the multipoles
contributing to the scattered field are partially mixed, but
still form independent (nonintersecting) sets. Those sets
can be linked via the eigenmodes of a scatterer, which can
be classified with different symmetry groups. By rearrange-
ment of multipole indices, the T matrix of a nonspherical
resonator can be presented in a block-diagonal form [30]:

T̂ = diag{T̂1, T̂2, . . .}, (3)

where the blocks T̂s correspond to the modes of different
symmetry. The T matrix of a nonspherical scatterer made
of homogeneous isotropic material can be calculated rig-
orously by the extended-boundary-condition method pro-
posed by Waterman [31]. Two eigenmodes are affiliated
with two different blocks if they are transformed differently
under the operations of the resonator’s symmetry group.
The mixing rules and therefore the multipoles entering
a certain block are defined by their transformation prop-
erties. Depending on the symmetry of the resonator, the
number of blocks can be either infinite or finite [32]. If
the resonator’s group symmetry contains a rotation axis of
infinite order (a body of revolution, e.g., sphere, cylinder,
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cone, or two-sphere dimer), then the number of the blocks
is infinite. In all other cases, the number is finite. The T
matrix, reduced to the block diagonal form, can be easily
inverted. This property is extremely important for perform-
ing efficient numerical routines aimed at solving scattering
problems [33].

Applying group-theory approaches, one may say that the
multipoles contributing to the same block of T̂ form an
orthogonal basis of the irreducible representation (irrep)
of the resonator’s symmetry group [30]. The number of
blocks is equal to the number of classes of the symme-
try group or, in other words, the number of its irreducible
representations [34]. Indeed, it is known in group the-
ory that there is a one-to-one correspondence between the
different mode types and irreducible representations (the
Wigner theorem) [35]. Therefore, the independent scatter-
ing channels of low-symmetry structures are associated
with irreducible representations but not with particular
multipoles as in the case of spherical resonators. Thus,
the total SCS can be represented as a sum of partial SCSs
corresponding to the different irreducible representations:

CSCT =
∑

s=irreps

∑

�,m,σ

Cσ s
�m. (4)

Of course, this equation is also valid for spherical res-
onators, where the polarization σ and angular momentum �

identify the irreducible representations of O(3)—the group
of rotations in three dimensions [36]. The number of irre-
ducible representations is finite for most point-symmetry
groups, and thus we have a finite number of indepen-
dent scattering channels. An exception as we mentioned
above is resonators with a rotation axis of infinite order.
Therefore, we can conclude that to achieve superscattering
for a nonspherical resonator, we need to provide coin-
cidence of resonant frequencies for several modes from
different irreducible representations (different blocks of
the T matrix). This is possible by tuning the geometry
of the resonator and preserving its symmetry. Figure 1
illustrates the relation between scattering channels corre-
sponding to multipoles, irreducible representations of the
resonator’s symmetry group, and blocks of the T matrix
by the example of a cylindrical resonator. Here ai and bi
are the complex amplitudes of the incident and scattered
fields. The insets show the characteristic mode profiles
of the cylindrical resonator. E1u and A2g are the standard
notation of irreducible representations. Therefore, to have
superscattering for nonspherical resonator, two or more
resonances corresponding to the eigenmodes from differ-
ent blocks of the T matrix should be tuned to the same
frequency.

Modes of E1u symmetry (m = 1) 

Modes of A2g symmetry (m = 0)

Eigenmodes
Harmonics of
incident field

Harmonics of
scattered field

(scattering channels)

E1u

E1u

A2g

A2g

x

z

FIG. 1. Relation between scattering channels corresponding to
multipoles, irreducible representations of the resonator’s sym-
metry group, and blocks of the T matrix by the example of
cylindrical resonators. Here ai and bi are the complex ampli-
tudes of the incident and scattered fields. The colormaps show
the characteristic mode profiles of the cylindrical resonator.

III. MAXIMIZATION OF THE SCATTERING
CROSS SECTION FOR A CYLINDRICAL

RESONATOR

A. Numerical optimization

To show that the SCS can be increased by the spectral
overlapping of the modes from different irreducible repre-
sentations, we consider a finite-size cylindrical resonator
made of homogeneous dielectric material with permittiv-
ity εcyl. The resonator is illuminated by a TE-polarized
incident wave, as shown in Fig. 2(a). The further results
are general and applicable for a wide range of permittivi-
ties εcyl and wavelengths λ but to be specific and have an
illustrative example we assume that the cylinder is made
of high-refractive-index ceramics with εcyl = 44.8 and loss
tangent tan δ = 10−4. Such materials demonstrate pro-
nounced Mie resonances [8,37,38] and they are quite use-
ful for compact filters, antennas, wireless power-transfer
systems, and radio-frequency-identification technologies
[6,39–43].

The calculations of the SCS spectra for different val-
ues of the aspect ratio are done with the T-matrix method
and then verified by full-wave numerical simulation using
CST Microwave Studio and COMSOL Multiphysics [29,44].
The numerical results are shown in Fig. 3(a), where the val-
ues of CSCT are normalized to the dipolar single channel
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(a)

(b)

FIG. 2. (a) Geometry of the system under consideration—a
TE-polarized plane wave scattered by a dielectric cylinder of
height h and radius r. (b) Experimental sample consisting of sev-
eral ceramic cylinders with different heights and the same radius
of 15.7 mm. The dielectric permittivity of the sample εcyl = 44.8
and the loss tangent tan δ = 10−4.

[Eq. (1), � = 1] to highlight the relative increase. The
incident wave is TE polarized [the electric field is perpen-
dicular to the cylinder’s axis, see Fig. 2(a)].

The color map in Fig. 3(a) demonstrates the impact of
resonant modes on the SCS. The bright branches indi-
cate the evolution of modes as a function of the system’s
parameters. For example, increasing the aspect ratio of the
cylinder leads to reduction of the resonant frequencies of
its basic electric and magnetic modes. The most interesting
points on the color map are those where several modes of
the cylinder are overlapped. Four typical points, marked in
the plot, are chosen for a detailed analysis, and the system’s
parameters for those cases are summarized in Table I. It
can be seen that the SCS exceeds the single-channel dipo-
lar limit for spherical objects by a factor of 3-4 if the
parameters are properly adjusted.

It is important to highlight that the proposed design
is very simple and practical as the scattering enhance-
ment is achieved by tuning of only one geometri-
cal parameter without a need to use coating layers or
additional structuring of the resonator’s surface as in
Refs. [24–28].

(a)

(b)

SCT

SCT

FIG. 3. Color maps of the total scattering cross section as a
function of the normalized frequency ωr/c and the cylinder’s
aspect ratio r/h. Cross sections are normalized to the corre-
sponding dipole single-channel limit [Eq. (1)]. The cylinder’s
permittivity εcyl = 44.8 and the loss tangent tan δ = 10−4. The
incident wave is TE polarized [see Fig. 2(a)]. (a) Numerical
calculations. Blue dots (1–4) indicate the highest values of the
normalized scattering cross section. The dashed white rectan-
gle indicates the area around the most-pronounced maximum.
(b) The experimental scattering-cross-section spectra.

B. Sample and experimental measurements

We now provide an experimental verification of the
scattering enhancement in the gigahertz frequency range.
To vary the height of the cylindrical resonator, we slice a
long ceramic rod into several sections and obtain a collec-
tion of ceramic disks with different heights and an identical
radius (15.7 mm). The rod is manufactured by the sinter-
ing of ceramic powder of LaAlO3-CaTiO3 into a solid.
The permittivity of the fabricated disks εcyl = 44.8 and
the loss tangent tan δ = 10−4 for low gigahertz frequen-
cies [45]. The fabricated set of the polished disks allows us

TABLE I. Maximal values of the scattering cross section.

Point CSCT/C�=1
max r/h ωr/c

1 4.01 0.369 1.187
2 3.93 0.312 1.044
3 3.36 0.480 1.062
4 2.75 0.582 1.073
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to change the heights in the range from 0.25 to 15 mm with
a step of 0.2 mm. Figure 2(b) shows several representative
examples. A dielectric foam holder is fabricated by drilling
Penoplex—a foam material transparent to gigahertz waves.

The SCSs of the structures are measured in an anechoic
chamber. Wideband horn antennas (operational range
1–18 GHz) are connected to ports of Agilent E8362C
vector network analyzer. Transmitting antenna excite a
quasiplane wave impinging the resonator placed in the
far-field zone. The incident field is TE polarized. The scat-
tered field in the forward direction is collected with an
additional horn antenna, which is connected to the sec-
ond port of the vector network analyzer. The background
signal, obtained from the measurements without a sample
present, is subtracted [46]. Additionally, the time-gating
technique is applied to reduce residual reflections from the
horn antennas and setup elements [47]. The measured com-
plex transmission coefficient is used to calculate the total
SCS via the optical theorem [48,49]. Figure 3(b) shows the
measured map of the SCS. The high quality of the sam-
ples and accurate experimental acquisition provide a very
good agreement between the numerical and experimental
data, clearly demonstrating the mode intersection at points
where the SCS is maximal.

IV. MODAL AND MULTIPOLE DESCRIPTION OF
SCATTERING ENHANCEMENT

To show that the scattering enhancement [points 1, 2,
3, and 4 in Fig. 3(a)] is directly related to the overlapping
of the eigenmodes transforming under different irreducible
representations, we calculate the eigenmode spectrum as
a function of the aspect ratio [see Fig. 4(a)]. These cal-
culations are performed with COMSOL Multiphysics. To
get only the modes that can be excited by a plane TE-
polarized wave [see Fig. 2(a)], we perform the simulation
in a quarter of space applying a perfect-electric-boundary
condition to the x-z plane and a perfect-magnetic-boundary
condition to the x-y plane. To classify the modes, we ana-
lyze their transformation rules using the character tables
for point symmetry group D∞h—the symmetry group of a
finite cylinder [50,51]. The modes of a finite cylinder can
be characterized by the azimuthal number m = 0, 1, 2, . . .
and parity (odd or even) of the electric field distribution
with respect to the mirror reflection z → −z. For m = 0
we can introduce the polarization of the mode (TE or TM).
It is worth mentioning that an orbital number � is not a
good quantum number of the mode as it is in the case of
spherical resonators. The classification of the modes in a
finite cylinder and their connection to the irreducible rep-
resentations of D∞h are shown in Table II. The first column
shows the notation of irreducible representations; the sec-
ond column shows the azimuthal numbers—projections of
angular momentum on the z axis; the third column shows
the polarization of the mode (in the cases when it can be

defined); the fourth column shows the parity of the mode
(odd or even) under its reflection in the x-y plane; the
last column indicates whether it is possible to excite the
mode by the TE-polarized wave propagating perpendicular
to the cylinder axis. A characteristic electric field distri-
bution and the multipole content for several modes from
different irreducible representations are shown in Fig. 4(d).
The detailed mode classification and multipole analysis in
the resonators of different symmetry groups is provided in
Ref. [52].

The modes from different irreducible representations are
shown in Fig. 4(a) with different colors. We use the stan-
dard notation of the irreducible representations [53]. One
can see that only the modes from different irreducible
representations can intersect, producing a crossing in the
parametric space. The modes from the same irreducible
representation repel each other, forming an avoid cross-
ing [see modes A2g in Fig. 4(a)]. In quantum mechanics,
this fact is well known as the von Neumann–Wigner
theorem [35]. This repulsion is a common feature of open
systems [54] and it is explained by the interaction of the
modes through the continuum of propagating waves in the
surrounding space. In particular, high-Q quasi-bound states
in the continuum can appear as a result of this interaction
[44,55–57].

As an example, we investigate the scattering enhance-
ment near point 3 in Fig. 3(a) in more detail. By compar-
ing the spectral position of the maximum of the SCS in
Figs. 3(a) and 4(b) with the map of eigenmodes in Fig. 4(a)
one can see that the maximum of the SCS appears at
r/h = 0.48 as a result of the colocation of two modes from
different irreducible representations—namely, A2g and E1u.
The maximal value of the SCS in this case exceeds the
dipolar single-channel limit (� = 1) for a spherical object
by more than 3 times.

Then we can consider the multipole decomposition at
the point of the maximal SCS, which can be done with the
use of the well-known analytical expression [58]

CSCT = k4

6πε2
0|E0|2

[
∑

α

(|pα|2 + |mα/c|2)

+ 1
120

∑

αβ

(

|kQe
αβ |2 +

∣
∣
∣
∣
kQm

αβ

c

∣
∣
∣
∣

2
)

+ 1
315

∑

αβγ

⎛

⎝|k2Oe
αβγ |2 +

∣
∣
∣
∣
∣

k2Om
αβγ

c

∣
∣
∣
∣
∣

2
⎞

⎠+ . . .

⎤

⎦ ,

(5)

where E0 is the amplitude of the incident plane wave,
k is the wave number, c is the speed of light in free
space, ε0 is the vacuum permittivity, pα and mα are elec-
tric and magnetic dipole moments, Qe

αβ and Qm
αβ are the

electric and magnetic quadrupole moments, and Oe
αβγ and
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(a)

(b)

(c)

(d)

MQ

EQ

MD

ED

full

full
sum

SC
T

SC
T

FIG. 4. (a) Spectrum of the eigenmodes calculated in the vicinity of the SCS maxima and their irreducible representations.
(b) Spectrum of the SCSs, corresponding to the slices in the diagram in Fig. 3(a). (c) Multipole decomposition of the total SCS at
r/h = 0.48. The dashed black line corresponds to full-wave numerical simulation and the solid black line is the summation of the par-
tial SCSs [electric dipole (ED), magnetic dipole (MD), electric quadrupole (EQ), and magnetic quadrupole (MQ)] shown by colored
lines. (d) Examples of field distributions of eigenmodes corresponding to the irreducible representations considered and their multipole
far-field decompositions.

Om
αβγ are the electric and magnetic octupole moments.

The summation indices α, β, and γ run over the Carte-
sian coordinates x, y, z. These multipole moments can be
calculated analytically as volume integrals [59]. The total
SCS for subwavelength objects is accurately defined by the
lower multipoles. Indeed, it can be seen from Fig. 4(c) that
the dominant contribution to SCSs for the modes E1u and
A2g is given by the electric and magnetic dipole moments,
respectively.

As one can see from Fig. 4(c), the partial SCSs cor-
responding to the electric and magnetic dipole moments
exceed the single-channel limit for a sphere [Eq. (1)].
The reason for this is the mixing of multipoles (see
Fig. 1) making possible rescattering between the channels
corresponding to different multipoles. Therefore, the

single-channel limit should be specified for the case of
nonspherical resonators. We discuss it in Sec. V.

According to the optical theorem, when the losses are
negligible, the maximization of the SCS should result in
an increase of scattering in the forward direction and for-
ward directivity. The directivity in the direction given by
the polar and azimuthal angles θ and ϕ is defined as [8]

D(θ , ϕ) = 4π I(θ , ϕ)
∫ 2π

0

∫ π

0 I(θ , ϕ) sin θdθdϕ
, (6)

where I(θ , ϕ) is the intensity of the scattered wave in a
direction given by θ and ϕ. Figure 5 shows the directivity
patterns in the x-y plane (θ = π/2) at points 1, 2, 3, and
4 [see Fig. 3(a)], where the maximal total cross-section is
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TABLE II. Irreducible representations of the symmetry group
D∞h and eigenmode classification. m is the azimuthal number.
For TM-polarized modes, E = (Eρ , 0, Ez) and H = (0, Hϕ , 0).
For TE-polarized modes, E = (0, Eϕ , 0) and H = (Hρ , 0, Hz).
For even modes, E(x, y, −z) = E(x, y, z). For odd modes,
E(x, y, −z) = −E(x, y, z).

Irrep m
Polarization

of mode
Parity:

z → −z
Excitation

by TE wave

A1u 0 TM Odd No
A1g 0 TM Even No
A2u 0 TE Odd No
A2g 0 TE Even Yes
E1g 1 Hybrid Odd No
E1u 1 Hybrid Even Yes
E2u 2 Hybrid Odd No
E2g 2 Hybrid Even Yes
E3g 3 Hybrid Odd No
E3u 3 Hybrid Even yes
...

...
...

...
...

achieved. One can see that for all points the forward direc-
tivity exceeds the value of 3 and that for point 3 the forward
directivity is almost 5. This fact is quite interesting as it
highlights the contribution of relative phases between mul-
tipolar contributions, which can constructively interfere
and create directive patterns [60,61].

V. DISCUSSION ON THE SINGLE-CHANNEL
LIMIT

The single-channel limit, derived for spherical objects
[Eq. (1)], is not valid for particles with symmetry of a
lower order, as we demonstrated numerically in the pre-
vious section. The underlying reason for this inconsistency
can be illustrated with the T matrix, which is a relation
between the vectors of the complex amplitudes of the inci-
dent and scattered waves usually written in the basis of
vector spherical harmonics [see Eq. (2)].

In the general case, the T matrix can be written in a
block-diagonal form [see Eq. (2)] such that each block Ts
corresponds to the modes of certain symmetry, (i.e., from a
certain irreducible representation) and the elements of the
block are the transition amplitudes between different scat-
tering channels. For example, a quadrupole harmonic from
the incident plane wave can be scattered into the dipole
channel. This is in a sharp contrast to the case of spherical
resonators, where the T matrix is diagonal and therefore
there is no rescattering between different channels. This
multipole mixing inspired by nonspherical potentials is the
reason why the scattering into a single channel can surpass
the limit of the same channel for a spherical object.

To generalize the single-channel limit for nonspheri-
cal objects we rely on singular-value decomposition [62]

(a) (b)

(c) (d)

FIG. 5. Directivity patterns obtained for the points correspond-
ing to maximal values of the scattering cross section indicated in
Fig. 3(a) and listed in Table I. The forward direction correspond
to azimuthal angle ϕ = 0◦. The scale is linear.

and the fact that the SCS cannot exceed the extinc-
tion cross section. Following the derivation procedure
presented in the Appendix, the upper limit of the par-
tial SCS corresponding to angular momentum � can be
determined as

C�
max = 2� + 1

π
λ2, (7)

which is only twice as large as the single-channel limit
for spherical particles. We emphasize that the question
of whether this upper bound can be reached, and, if it
can, then under what conditions, remains open and will be
the subject of further research. Another important point is
that the blocks of the T matrix have an infinite size and
therefore the modes contribute to the infinite number of
scattering channels. Nevertheless, the SCS remains finite
because the contribution of high-order multipoles is neg-
ligible for the finite-size objects. Indeed, in practice, the
field expansions and the T matrix are terminated at some
angular momentum �max. If a scatterer is contained within
a radius a, then the �max ≈ ωa/c [63,64].

The T-matrix approach formulated in terms of vector
spherical harmonics is not a unique method for solving the
scattering problem. At first sight, it may seem that a more-
natural way is to take a complete set of the eigenfunctions
of a resonator as a basis. However, it is well known that for
open systems their eigenfunctions (resonant states) diverge
at infinity [65,66]. They are not normalized in a regular
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way, which makes them less convenient in practice. Never-
theless, having a spectrum of the system and the complete
set of resonant states, one can rigorously derive the expres-
sion for the scattering matrix of the system or for the total
scattering cross section [67–69].

Resonant states cannot be associated with the scatter-
ing channels because, for example, two different modes
can have the same far-field angular distributions. There-
fore, their far fields are not orthogonal and interfere, and
the total power scattered by these modes cannot be divided
into two independent terms. In contrast, with use of a basis
of vector spherical harmonics, the total scattering cross
section can be represented as a sum of partial cross sections
corresponding to different polarization, orbital momentum,
and its projection. Thus, such an approach is more practi-
cal and it gives a deeper physical insight into the scattering
problem without direct appeal to the eigenmodes.

VI. CONCLUSION

We generalize the concept of superscattering for non-
spherical resonators. The main strategy for scattering
enhancement is spectral overlapping between eigenmodes
of different symmetry. This can be achieved by tuning the
geometrical parameters of an object while still preserving
its symmetry. The scattering enhancement due to spectral
overlap of eigenmodes is demonstrated by the example of
a high-index dielectric resonator of finite height, and it
is shown to exceed the dipolar single-channel limit for a
spherical scatterer by up to a factor of 4. The tuning param-
eter is the cylinder’s aspect ratio, and no coating layers or
additional structuring is used. This approach considerably
simplifies the design, making it attractive in a broad range
of possible applications. The obtained results allow design-
ing compact superscatterers, keeping in mind fundamental
limitations that might be faced during the maximization of
the performances. We also demonstrate that the partial SCS
of a nonspherical object, corresponding to a certain multi-
pole, can exceed the single-channel limit for a sphere for
the same multipole. Using singular-value decomposition
and the fact that the SCS can notexceed the extinction cross
section, we show the single-channel limit for nonspherical
objects is twice as large as that for spherical resonators.
However, the specific conditions for reaching this limit
remains open.
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APPENDIX: SINGLE-CHANNEL LIMIT FOR
NONSPHERICAL SCATTERERS

We derive a general upper limit on a scattering channel
of the SCS. The T matrix by definition relates ampli-
tude vectors a and b of incident (regular) and scattered
(outgoing) fields respectively:

b = T̂a. (A1)

The fact that the scattering power is less than the extinction
power leads to the relation (e.g., see Ref. [70], Chapter 6)

a†T̂†T̂a ≤ −1
2

a†
(

T̂ + T̂†
)

a (A2)

for any incident field vector a, where the dagger means
Hermitian conjugation of a matrix. The equality holds for
nonabsorbing particles.

Let us consider singular-value decomposition of the
T matrix T̂ = Û�̂V̂† with unitary matrices Û† and V̂†

(each being composed of a set of orthonormal basis col-
umn vectors, V̂ = [v1 v2 v3 . . . ], Û = [u1 u2 u3 . . . ]), and
diagonal matrix �̂ of singular values σk. Since a can be
arbitrary, let us take a = vk in Eq. (A2):

v†
kV̂�̂†�̂V̂†vk ≤ −1

2
v†

k

(
Û�̂V̂† + V̂�̂†Û†

)
vk. (A3)

The product V̂†vk = ek is the kth column of the unit matrix
Î = [e1 e2 e3 . . . ]. Then

|σk|2 ≤ −1
2

(
v†

kÛ�̂ek + e†
k�̂

†Û†vk

)
. (A4)

We denote Ŵ = Û†V̂, which has the unitary property
Ŵ†Ŵ = Î , with kth column wk = Û†vk, and then

|σk|2 ≤ −1
2

(
σkw†

kek + σ ∗
k e†

kwk

)

= −Re
[
σk

(
w†

kek

)]
. (A5)

For any two complex numbers z1 = x1 + iy1 and z2 = x2 +
iy2

|Re (z1z2)| = |x1x2 − y1y2| ≤ |x1| |x2| + |y1| |y2| . (A6)

Since w†
kek is a projection of wk, having a unit norm, onto

ek, then
∣
∣
∣w†

kek

∣
∣
∣ ≤ 1, which means |x2| ≤ 1, |y2| ≤ 1 in the

latter equation. Thus, the inequality in Eq. (A5) becomes

|σk|2 ≤
∣
∣
∣Re

[
σk

(
w†

kek

)]∣
∣
∣ ≤ (|Re σk| + |Im σk|) . (A7)

The latter inequality can be shown to have solutions only
when |σk|2 ≤ 2. In the case of a spherically symmetric
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scatterer, the T matrix is diagonal; hence, V̂, Û, and Ŵ are
identity matrices, and the inequality in Eq. (A7) reduces
to |σk|2 ≤ −Re σk with the solution |σk|2 ≤ 1, which was
previously found for the case of Mie scattering on the basis
of an analysis of Mie coefficients.

The total averaged scattering power written via the
T-matrix singular-value decomposition becomes

WSCT = a†T̂†T̂a
2k2Z

= a†V̂�̂†�̂V̂†a
2k2Z

= ã†�̂†�̂ã
2k2Z

= 1
2k2Z

∑

L,σ

∣
∣σL,σ

∣
∣2
∣
∣ãL,σ

∣
∣2 ≤ 1

k2Z

∑

L,σ

∣
∣aL,σ

∣
∣2 ,

(A8)

where L = (�, m) is the spherical harmonic index, Z =√
μs/εs is the wave impedance of the homogeneous

isotropic lossless surrounding medium, σ = e, h encodes
the polarization of the vector spherical harmonics, and ã =
V̂†a, which means that

∣
∣ã
∣
∣2 ≤ |a|2 since V̂†a is the orthog-

onal subspace projection. Therefore, each partial term in
WSCT is bounded by

WSCT,L,σ ≤ 1
k2Z

∣
∣aL,σ

∣
∣2 . (A9)

In the case of plane-wave incidence along the z axis with a
fixed polarization and electric field amplitude E0,

∣
∣a�,m,σ

∣
∣ = δm,±1

√
π (2� + 1)E0, (A10)

which yields the partial contribution to the scattering
power

WSCT,�,σ ≤ 1
k2Z

∑

m=±1

∣
∣a�,m,σ

∣
∣2 = 2π (2� + 1) E2

0

k2Z
. (A11)

The corresponding partial contribution to the SCS is

CSCT,�,σ = WSCT,�,σ
1

2Z E2
0

≤ (2� + 1)

π
λ2. (A12)

This limit is twice as high as the one for spherical objects.
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