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Shortcuts to adiabaticity are well-known methods for controlling the quantum dynamics beyond the
adiabatic criteria, where counterdiabatic (CD) driving provides a promising means to speed up quantum
many-body systems. In this work, we show the applicability of CD driving to enhance the digitized adi-
abatic quantum computing paradigm in terms of fidelity and total simulation time. We study the state
evolution of an Ising spin chain using the digitized version of the standard CD driving and its variants
derived from the variational approach. We apply this technique in the preparation of Bell and Greenberger-
Horne-Zeilinger states with high fidelity using a very shallow quantum circuit. We implement this proposal
on the IBM quantum computer, proving its usefulness for the speed up of adiabatic quantum computing

in noisy intermediate-scale quantum devices.
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I. INTRODUCTION

Quantum computing is known to have significant advan-
tages in solving certain computational tasks, such as sim-
ulating quantum systems [1—5], machine learning [6-9],
solving optimization problems [10—12], cryptography [13,
14], and several others. Recent advancements in quantum
technologies have already shown that quantum computers
can outperform currently existing classical computers [15].

Quantum adiabatic algorithms (QAAs) [16—19] are one
of the leading candidates for solving optimization prob-
lems [20-22]. In adiabatic quantum computation (AQC),
we start with a simple Hamiltonian whose ground state
can be easily prepared and evolve the system adiabati-
cally to the ground state of the final Hamiltonian, which
encodes the solution of the optimization problem. This is
embodied by the well-known method of quantum anneal-
ing [23]. Quantum annealers, such as the D-Wave machine
[24], provide the testbed for adiabatic algorithms [25].
Despite its applications, quantum annealers have certain
limitations, such as difficulty in implementing nonsto-
quastic Hamiltonian, limited qubit connectivity, and noise.
Although AQC is equivalent to the standard circuit model
[26], the advantage of digital quantum computation over
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quantum annealers is that the circuit model offers more
flexibility to construct arbitrary interactions, and it is con-
sistent with error correction. The recent work of Barends
et al. [27] combines the advantage of AQC and the cir-
cuit model, termed digitized adiabatic quantum computa-
tion (DAQC), has been presented and implemented on a
superconducting system.

QAAs are generally governed by the quantum adiabatic
theorem that restricts a system to evolve along a specific
eigenstate, i.e., from the ground state of an initial Hamil-
tonian H; to the ground state of a final Hamiltonian flf,
while the evolution is considerably slow. The computation
time for the QAA depends on the minimum energy gap
between the successive eigenstates during the evolution.
When the system size increases, this poses a significant
disadvantage for the implementation of the QAA as the
energy gap decreases with increasing system size, which
ends up in transition between various instantaneous eigen-
states. One has to increase the adiabatic evolution time to
circumvent such an issue. However, in practice, evolution
time for the QAA is significantly larger than the coherence
time of current quantum computers, leading to the loss of
fidelity of the evolution.

The techniques of “shortcuts to adiabaticity” (STA)
[28,29] have been developed during the past decade and
proved to be extremely useful for accelerating quantum
adiabatic processes in general [30]. Various techniques like
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counterdiabatic (CD) driving (equivalently transitionless
quantum algorithm) [31-33], invariant-based inverse engi-
neering [34,35], and fast-forward scaling [36,37] are rigor-
ously explored and experimentally implemented in several
physical setups [38—40]. Among these works, studies dedi-
cated to Ising and Heisenberg spin models are of particular
interest due to their relevance to the applicability and
implementation of modern-day quantum algorithms [41].
Here we concentrate on the CD driving approach for apply-
ing STA, which has been especially useful for studying fast
dynamics [42—46], preparation of entangled states [47—50],
quantum annealing [51-53], etc. Nevertheless, the theoret-
ical formulation of the conventional CD driving requires
knowledge of the eigenspectrum corresponding to the sys-
tem Hamiltonian, which poses a formidable challenge to
obtain the exact CD driving, particularly in the case of a
many-body system. The way out is to use numerical opti-
mization methods [54-56] for obtaining the approximate
CD coefficients that improve the fidelity.

In this work, we propose a method to achieve DAQC
with a shallow quantum circuit. In order to achieve fast
evolution without any unwanted nondiabatic transition,
we use an auxiliary CD term along with the original
Hamiltonian. Starting with Berry’s transitionless quan-
tum driving for a single-spin system, we opt to calculate
local auxiliary interactions for a weakly interacting many-
spin system. Because of the difficulties in calculation and
implementation of the exact CD driving for a many-body
system using the method of Ref. [33], we use the recently
proposed variational method for computing the approxi-
mate CD terms [57,58]. To check this technique’s validity
and performance, we study a nonintegrable Ising spin
model with variational local CD driving and state prepa-
ration of the N-qubit Greenberger-Horne-Zeilinger (GHZ)
state.

The paper is organized as follows. In Sec. II, we give a
detailed insight into the implementation of STA in a single
spin, where the CD interaction can be exactly calculated
using Berry’s formula. In Sec. III we explain the applica-
tion of the approximate local CD driving and its limitations
when applied to strongly interacting many-spin systems.
In Sec. IV, we show the improvement in fidelity when
the approximate CD driving is calculated using the nested
commutator (NC) through the adiabatic gauge potential
using the variational approach. This is followed by an
example of entangled state preparation, where we show
the preparation of the Bell state and GHZ state for few spin
systems with high fidelity. Finally, in Sec. V we summarize
our findings and discuss the scope for future research.

II. SINGLE-SPIN SYSTEM

We begin our heuristic discussions with a single spin in
the presence of a time-dependent external magnetic field

h(?), represented by a two-level Hamiltonian given by
IO TORY: 1
o =h@®- 0, (1

where 6 represents the Pauli matrices and the superscript
“(1)” represents the number of spins. Following the gen-
eral method for AQC, also that of quantum annealing,
we express this Hamiltonian as a combination of two
time-independent parts.

H (1) = [1 = 20H; + A0 H;, )

where H; and I:If are time independent with ground states
[;) and |yy), respectively. The time dependence of the
system is introduced through the parameter A (7). The ini-
tial Hamiltonian is chosen as H; = h,o0, and the final
Hamiltonian as I-if = h.o,, where h, and A, are the mag-
netic field strengths along the respective directions. Such a
choice leads one to express the magnetic field effectively as
h() = [h{1 — A(®)},0, h.A(6)]T. AQC, in its rudimentary
approach, allows A(¢) to be any function that varies from
0 to 1 and drives the system from [v;) to |y/;). Although
the most general way to choose it is as a linear function,
here, to begin with, it is considered as A(f) = sin® (wf),
where w = /2T with T being the total evolution time.
Although Hy () is extremely elementary and can easily be
implemented in the circuit model [59], there are hints that
the evolution can be improved significantly using the STA
[43]. In this case, one should be tempted to find out the
CD term, which is somewhat straightforward to calculate
using [33]

~ 1 .
AP = S M@ x @16, 3)

yielding the explicit form as

1 hhdl —A@)]
2R - AP+ R0
4)

Ay =FY (1o, =

Therefore, the total Hamiltonian assisted with the CD term
becomes

HY () = [1 = 2(0]heo, + A(Oh0. + FV (Do, (5)

Note that the introduction of the CD term should not affect
the initial and final states, since F(¢) should always sat-
isfy the boundary conditions FV(t=0)=FV =T =
0. Also, the STA methods generally follow the inverse
engineering approach of quantum control, i.e., design-
ing the interaction for achieving the desired eigenstates.
Therefore, the notion of the eigenstate, although not that
essential in traditional AQC, turns out to be extremely
important in the present case. Here, the initial state of
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FIG. 1. Circuit implementation for the digitized adiabatic evo-

lution using CD driving, where 7 is the total evolution time and
At is the step size. Initial state is prepared by applying Hadamard
gate (H) on each qubit. The circuit is repeated n = T/ At times,
where the Hamiltonians satisfy the condition I:If 0) = ﬁCD 0) =

Hen(T) = H(T) = 0.

I:I,» is chosen in the computational basis, i.e., {|0), 1)}, as
|¥;) = |+) and the final state is |yy) = |1). It should be

noted that |+) = (]0) + |1))/«/§ and |1) are the natural
ground states of H; and I:If , respectively, but these choices
are not restricted to the ground states only. However, such
a choice restraints the qubit in the ground state, minimizing
the effect of the decoherences.

To implement the evolution using one qubit, we use the
first-order Trotter-Suzuki formula. The time evolution is
digitized with n small time steps A¢ [see Eq. (A3)]. Ideally,
the discretized version of AQC approaches the actual adi-
abatic evolution for n = T/ At — oo (At — 0). Although,
in real situations, » is finite and it has to be a relatively
small number since each trotter step is being implemented
by three rotation gates (see Appendix A). The error associ-
ated with the first-order trotterization is O(A#*) [60]. The
general circuit for implementing the evolution using CD
driving is shown in Fig. 1.

To perform the simulation, we use the publicly avail-
able five-qubit superconducting quantum computer of IBM
Quantum Experience [61]. For the single-spin experiment,
we use qubit Oy on ibmg_essex. Since the single-qubit
gate error of the device is of the order of 1074, the initial
state is prepared with very high fidelity. Also, a signifi-
cant error in this simulation comes from the readout error
(approximately 4%); for that, we use the error mitigation
technique using the matrix inversion method described in
Appendix C.

In the simulation, time evolution takes place between
|[+) to |1) and is measured in the computational basis,
which restricts the variation of the probability between
0.5 to 1; see Fig. 2. Since the trotter error is of the order
O(A#), we choose At=02 and T=1 for the com-
parison of the evolution using DAQC and STA-assisted
DAQC. To study the probability of the final ground state
Pys =1 (¥ ®|1) |2, where |1/ (£)) denotes the time-evolved

state of ﬁo (1), measurement is performed at each progress-
ing time step. For sampling, we repeat each circuit many
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FIG. 2. (a) The final ground state probability Py versus the

simulation time for a single qubit using CD driving on the
ibmg essex quantum computer (solid blue line) compared to
the ideal simulator (dashed blue line). The simulation without CD
driving in the real device (solid orange line) and ideal simulator
(dotted orange line). (b) Time evolution using DAQC and STA
methods for 7= 1. The parameters are as follows: At =0.2,
h, = —1, h, = 1, and the number of shots (Ngpos) = 1024.

times, and the number of repetitions is denoted by Ngpos.
In Fig. 2(b) we show a single evolution of the qubit gov-
erned by both Egs. (2) and (5), using both simulation and
experiment on a real quantum device. With the applica-
tion of CD driving FV(f), the probability of getting state
[1) from the experiment comes out to be around 0.997.
Whereas, when the CD driving is zero, i.e., for the adia-
batic evolution, the final state probability is around 0.561
only. However, if the evolution is extended for a larger T,
we could obtain a much higher probability, even without
FY (1), a signature of the typical adiabatic process. This
is evident in Fig. 2(a), where the fidelity of the evolu-
tion (in the computational basis) for different 7 is shown.
Even when 7T =1 (At = 0.2) using the STA method, the
final ground state is reached with nearly unit fidelity.
We observe that fidelity for the STA method for large
T maintains its value at around 0.978. However, for the
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adiabatic case, fidelity gradually increases with increas-
ing simulation time and the average fidelity will be around
0.927 for T = 5. Note that in Fig. 2(a) the experimental
values differ slightly from the exact simulation values, and
the difference is slightly larger for the STA-assisted case.
As T increases, the circuit depth becomes larger, which
results in ramping up of the gate errors, affecting STA
more than the adiabatic case as it requires more gates for
implementation.

II1. LOCAL COUNTERDIABATIC DRIVING

The results in Sec. II establish the fact that STA-assisted
DAQC shows significant improvement over the DAQC,
at least when a single qubit is considered. However, such
implementation becomes far more interesting when multi-
ple qubits are considered. The simplest choice is a system
of N interacting spins in a one-dimensional lattice, coupled
by a time-dependent exchange interaction J (f) with a rotat-
ing magnetic field acting upon it. Here we consider J(¢)
to constitute o,0,-type interaction with Jy being the cou-
pling amplitude. The spins are initially aligned along the
transverse magnetic field /,, while an Ising Hamiltonian
represents the system’s final state. The total Hamiltonian
is represented as

N N
[1-201_ hol +1(D Y (ol +Jool ol ™),

j=1 Jj=1
(©)

aM @ =

where the scheduling A(f) = sin®[(7r/2) sin®(7rt/2T)] is
chosen. Note that, similar to the magnetic field compo-
nents, the time dependence of the exchange interaction
is also expressed through the scheduling A(?), i.e., J(¢) =
JoA(?). The traditional approaches to finding the CD driv-
ing are predominantly limited to two- and three-level sys-
tems and become more complex for higher-dimensional
many-body systems. However, for interacting many spin
systems, as in the preceding section, a local CD driving
could be more useful. Instead of acting on the whole sys-
tem, a set of approximated interactions could be designed
to control the spins individually. Such a type of local CD
driving is more general and can be extended to a larger
number of spins.

A. Local CD term from Berry’s algorithm

To realize such CD driving, it is intuitive to approximate
the system as a noninteracting system. Using the mean-
field approximation, this can be achieved effectively for
an infinite-range Ising model [62]. However, this is prob-
lematic for DAQC, as it requires self-consistent feedback
(oj) after every step. Instead, we consider a more direct
approach. Since, at ¢ = 0, the spins have no mutual inter-
action and are dictated by the transverse magnetic field,

it can be assumed that, during the evolution, the mag-
nitudes of /. and Jy grow gradually from zero to some
maximum value while the system evolves gradually from
H; to [:If. Therefore, we approximate that those spins are
governed by a local effective magnetic field, given by
h(f) = [he{1 — A(0)},0, LA(t)] T, where i = h + Jy. Sub-
sequently, the local CD driving is calculated and summed
over for each spin using Eq. (3),

N

a8 @ :Z FM (o]

(7

i —h A1 — ol
2R = AP + ()22}

Therefore, the modified Hamiltonian that governs the evo-
lution can be expressed as

N
= A" 0+ FY o). ©)
j=1

H™(2)

As an example, we consider the interacting two-qubit sys-
tem, where the time evolution for #®(7) can be easily
implemented by two-qubit entangling gates and single-
qubit rotation gates. The initial and target states chosen
for the evolution are |++) and |11), respectively, which
are inferred directly from the parameters h, = —1, hl =
h? =1, and Jy = —0.1. The time evolutions for STA-
assisted DAQC and DAQC for two qubits are shown in
Fig. 3. Again, like the single-qubit case, one can achieve
a high fidelity for the target state preparation. The result
obtained from the ideal digital simulator, in Fig. 3(a),
shows that, when the additional term Fj(z) () is considered,
the target state can be achieved with almost unit fidelity.
Furthermore, when a single evolution is considered, as
depicted in Fig. 3(b), the target state can be achieved sub-
stantially faster than adiabatic evolution. However, when
implemented in the real experiment, a fidelity around 0.93
is achieved with the application of the CD term, where
the fidelity in the computational basis is calculated as
| {(Yri(mAD) | Yr) |2. The application of the CD term is more
suitable when the evolution time 7 is small. In principle,
the fidelity should remain the same even if we increase the
number of time steps. Nevertheless, due to limited coher-
ence time and the increasing number of gates required to
implement the CD term, fidelity gradually decreases, as
depicted in Fig. 3(a).

B. Local CD term from the variational approach

A recently proposed method by Sels and Polkovnikov
[57], based on the variational approach, also provides an
alternative to calculate the approximate CD Hamiltonian
with only local terms. The method for this calculation is
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FIG. 3. (a) The final ground state probability Py versus the
simulation time for the two interacting spin systems (At = 0.5).
The orange solid curve represents the time evolution using the
STA method, the solid blue curve represents the DAQC on the
ibmg london five-qubit quantum processor. As the evolu-
tion time increases, the gate error starts to dominate, which is
clearly inferred from the figure. (b) Implementation of the time
evolution for the two-spin system without the CD term (solid
orange line) and including the CD term (solid blue line). The
dotted lines correspond to the result from the ideal simulator.
The parameters are as follows: simulation time 7 = 1, At = 0.2,
he =1,k = h* =1, Jy = —0.1, and Nygpos = 1024. Both the
curves show expected profiles.

to choose an appropriate adiabatic gauge potential ;Ii [63]
and minimize the action § = Tr[@f\], where the operator
G, is defined by Gy, = 0, H + i[zzlj,lzl] (see Appendix B).
The CD driving using this method is expressed as I:Ié]]\;) =
)'u:lj. Since the Hamiltonian contains only real values in the
z basis, the simplest ansatz is to choose Ar = Zj Q; (t)oj s
i.e., applying an additional magnetic field along the y
direction for each spin. By minimizing the action S with
respect to o, the variational coefficient o; () is analytically
calculated, which takes the general form, for Eq. (6) [57],

o () = l hxhé
T 2R[ = A + (K + 200)22(1)

)
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FIG. 4. (a) For the nonintegrable Ising model, the probability

of obtaining the final ground state using the local CD term calcu-
lated via the variational method for up to a five-qubit system is
depicted. The experiment is performed on the five-qubit 1 bmgx2
processor. The experimental parameters are Jy = —0.1, 4, = —1,

W, =1, Ngnots = 8192. (b) The probability of obtaining the final
ground state as a function of the coupling strength using local CD
driving for up to 25 qubits. The solid line is for the local CD term
from the variational approach, and the dotted line is for the local
CD term from Berry’s formula; see Eq. (7). The parameters cho-
senare hy = —1, . = 1,dt = 0.1, and T = 1. The simulation is
performed with the gasm_simulator.

The expression for ﬁg]\;) =2 A (Hoy is similar to that
of Eq. (7) except for a few modifications. In Fig. 4(a),
the probabilities of obtaining the ground state, from both
the ideal simulator and the experimentally implemented
data from ibmgx2, are shown for up to five qubits. Like
the previous case, the final ground state |11...1) can
be prepared using the additional fAIg\]S) with high fidelity.
The ideal simulator data show that the final probability,
| (W(T)|11...1) |> reaches almost unity for T =1 in five
trotter steps, especially when |Jy| is small. However, with
increasing system size, the required number of controlled
NOT (CNOT) gates increases, where each CNOT introduces,
on average, 2% error on ibmgx2, which reduces the
success probability.
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It should be noted that, in the above discussion, the inter-
action strength |Jp| is kept sufficiently small compared to
the external magnetic field, |Jo| < 7. The ground state of
the final Hamiltonian is a ferromagnetic state, i.e., either
|00...0) or [11...1), depending on the sign of /.. In such
a scenario, the evolution assisted by the local CD terms
in Egs. (7) and (9) produces the exact final ground state.
In Fig. 4(b) we compare the probability of the interact-
ing multiqubit system with ground state |111...1). For
|Jo| < H., the probability is around 98% in the ideal sim-
ulator for both the methods. One can observe that the
success probability is almost independent of the system
size. The probability starts to decrease gradually with
increasing N when we increase Jy. For |Jy| ~ h]z /2, the
final state probability decreases linearly with increasing N.
Also, when the interaction strength becomes comparable
to the magnetic field, i.e., |Jy| ~ h;, an exponential decay
in the probability can be observed with increasing system
size. Apparently, when J, becomes large, the probability
using Eq. (4) decreases drastically and reduces to 35%,
even for two qubits. Whereas, for the variational approach,
the probability is significantly higher for large |Jp| val-
ues. When the ground state is degenerate, the obtained
result seems to differ from the actual ground state. For
instance, when Jy = 2, with similar values for the other
parameters, the ground state becomes doubly degenerate,
1.e., the states |01) and |10), the inclusion of the local
CD term fails to produce this state. This turns out to be
true for many spin systems also. In fact, the calculation
of the local CD term is based on the approximation that
every spin is treated individually by considering an effec-
tive magnetic field acting upon each spin. The effects of
interaction |Jy| are undermined while calculating the CD
term. As a result, when |Jy| is comparable or stronger
than that of the local magnetic field, the CD term hin-
ders the evolution of the system into the exact ground
state.

Subsequently, when %/ =0, the final ground state
becomes entangled, and one can deduce from Eq. (7)
that, for small |Jy|, the CD term becomes small, i.e.,
I:“].(N)(t) — 0. In such cases, the final evolved state, for
a short simulation time 7, does not match the adiabatic
one. For the variational approach, the CD term vanishes
altogether and cannot be applied using such form. There-
fore, if we are to prepare a highly entangled state, the
single-qubit approximation for the CD term is not a good
choice. This drawback occurs as CD driving is calculated
using the o, terms, which refers to driving a single qubit
with the external magnetic field only. In fact, the spin-
spin interaction term decides the final state here and the
driving for 0,0, coupling has to be incorporated. This
enforces the fact that the direct approach from the first
principle to find the local CD driving is not realistic and
should contain other interactions such as o0,0. and 0.0y,
etc. [51].

IV. APPROXIMATE COUNTERDIABATIC
DRIVING

Following the discussion in the preceding section, when
complex many-body systems are considered, the calcula-
tion of the exact CD term becomes difficult. Also, the form
of the CD term can be severely complicated with differ-
ent nonlocal and many-body interaction terms. Besides, it
becomes rather difficult to implement systems with such
interactions on current quantum computers. Although the
local terms, see Eq. (9), from the variational approach give
an optimal solution, it is not that useful for preparing entan-
gled states, especially when #. = 0. The nature of the CD
term from the variational calculation depends on the choice
of appropriate adiabatic gauge potential 1:1)’{. A recently pro-
posed method gives a more general way to choose the
gauge potential by using the NC [58]

I
AP =i e (AL, .., (,0,D],  (10)
—
k=1 2%—1

where / determines the order of the expansion. Depend-
ing on the required accuracy, we can keep the number of
variational coefficients small. If we consider only the first-
order term, our ansatz will be 21(11) = o (1) [ﬁ] , 0 H ], and
the effective Hamiltonian can be written as

~ - . A1)
Heg(t) = H(A) + A4, ", (11)

where ).u?lf\l) is the relevant CD term. First, we apply this
technique to the nonintegrable Ising spin model, described
by the Hamiltonian in Eq. (6). Considering the two-qubit
system (N = 2), we approximate the CD term using the
first-order NC

A3 =201 (Ohi[h-(0) + 0}) + Jo(a)o? + oloD)] (12)
with

® 1 h +J§

o = -

: 402 4 30203 + (1 — M2 (h2 + 4J2)
(13)

and h! = h? = h, for simplicity. The second-order term
(I = 2) can give the exact gauge potential [58]. However,
for the experimental demonstration, we only consider the
first-order term and implement the time evolution on a
quantum processor. The circuit implementation for the CD
driving is shown in Appendix A. Using this method, the
final ground state is achieved with very few trotter steps
compared to digitized adiabatic evolution, which drasti-
cally reduces the number of gates required as well as the
total simulation time. In Fig. 5, we depict the fidelity as
a function of the evolution time using the first-order NC
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FIG. 5. The fidelity of obtaining the final ground state (|01) +
[10))/ V2 as a function of the evolution time for local CD and
the NC ansatz (/ = 1) obtained from ibmg_vigo. The solid line
represents the experimental result and the dashed line represents
the result from the ideal digital simulator. The parameters are
Jo=2,h, =0.6,T=1,dt =0.2, and Ngors = 8192.

method when the final ground state is degenerate and com-
pare the result with the local CD term from Eq. (9). The
fidelity is much better compared to the local CD case for
the degenerate state and thereby it justifies our argument in
the preceding section.

Second, we check the reliability and validity as well as
the extent of the variational approach in the many-body
regime. To this end, we apply this technique to prepare
the GHZ state in the Ising spin chain with many spins,
described by the Hamiltonian

N N
HD0]=[1 =201 ) _hol + 1D ) _olal™ (14)
J J

with N being the number of spins. Here, the periodic
boundary condition 0¥ *! = o is assumed. Following the
variational method described in Sec. 2 and the NC ansatz
for the gauge potential in Eq. (10), by considering only the
first-order expansion (/ = 1), we calculate the approximate

gauge potential as
ey} J
4, =2 (0 Johe Y (olol ™ +ololt).  (15)
J

The variational coefficient aiv (¢) is calculated by minimiz-
ing the action S. For the experimental demonstration on
a quantum processor, we choose a small system with two
and three qubits to prepare a Bell state and GHZ state. For
the bell state, (|00) + [11))/ V2, governed by the Hamilto-
nian in Eq. (14), the variational coefficient is calculated
as o) () = —1[J3A* +4(1 — 1)?h2]. Here we note that,
for two spins, the first-order commutator is proportional

to the higher-order terms. The resulting CD driving from
the approximate gauge is exact and produces unit fidelity
in ideal situations [58]. The same procedure can be fol-
lowed in the case of more qubits to prepare a GHZ state
|IGHZ) = (|0)®" + [1)®"V)/4/2 starting from the N-qubit
ground state |+)®" . Specifically, the variational coefficient
for a three-qubit case is given by a;() = —1[5J3A* +
8(1 — A)*h2].

The simulation is performed on the five-qubit quan-
tum processor 1bmg_ourense. A similar trotterization
as in Eq. (AS5) is used to study the evolution with digi-
tized time step df = 0.01. Using the CD driving with only
three trotter steps, the desired bell state is obtained with
experimental fidelity 0.984. The ideal digital simulation
gives almost unit fidelity (¥ = 0.999). The fidelity is cal-
culated as F'(p1, 02) = (V¥1]p2|¥1), where the exact bell
state is represented by p; = |¥)(¥]. Similarly, for the
three-qubit system, the ideal digital evolution gives the
fidelity 0.935 with the exact GHZ state, and the corre-
sponding experimental fidelity is 0.819. The density matrix
representation of the final state (p;) is obtained by per-
forming quantum state tomography for both the Bell and
GHZ states and is depicted in Fig. 6. Note that Fig. 7
shows how the fidelity varies with increasing system size
on an ideal digital simulator with six trotter steps. The first-
order approximation of the CD term provides high fidelity
for small system sizes. From the simulation result, we can
observe that, for the case of the NC ansatz, there are two
regimes (linear and exponential) of the N dependence for a
fixed /. For small systems, the lower-order terms in the NC
ansatz can significantly suppress the diabatic transitions

C)

(b)

FIG. 6. The density matrix representation of the final ground
state obtained from state tomography. (a) The Bell state from
ibmg_ourense and (b) the GHZ state from ibmg_vigo.
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FIG. 7. Fidelity to prepare the GHZ state as a function of sys-
tem size on an ideal digital simulator with CD term from the NC
ansatz with different orders and the naive approach without CD
term. The parameters are 7 = 0.006 and Az = 0.001.

and give the final state with high fidelity. As the system
size increases, the fidelity starts to decay rapidly. However,
it still gives a significant improvement over the evolu-
tion without the CD term. The variational method tends
to provide exact CD driving for larger / values, which,
in principle, can give a better fidelity in many-body sys-
tems. However, the downside of this method is that, for
large [ values, the A(Al) can contain many-body nonlocal
interaction terms, increasing the gate complexity for the
implementation.

V. CONCLUSION

In conclusion, we demonstrate the implementation of
digitized STA on a superconducting quantum processor.
The problem Hamiltonian, chosen for the simulation, emu-
lates the one-dimensional Ising spin chain. The STA is
realized by means of the local and approximate CD driv-
ing, which is mainly obtained using two methods: the
long-established Berry’s algorithm and the recently pro-
posed variational approach. The CD term in our simulation
is nonstoquastic in nature; therefore, it cannot be sim-
ulated efficiently on a classical computer. The effective
Hamiltonian is implemented using the available quantum
gates, and the time evolution of the system is studied to
achieve the ground state of the problem Hamiltonian. In
order to reduce the decoherence effect, we perform cir-
cuit optimization and error mitigation. We show that the
time steps required to reach the target state are minimal
compared to the DAQC method, leading to minimal loss
due to the decoherences and accumulated gate errors. In
Tables I and II in Appendix B, we compare the total gate
counts for each simulation with and without the CD term.
For local CD driving, the variational method gives bet-
ter fidelity for larger systems compared to CD driving

calculated from Berry’s formula. In general, local CD driv-
ing proves to be very effective for weakly interacting spin
chains, but when A, =0 or /. = 0 in Eq. (6), both the
methods fail to give the desired result. Also, for a strongly
interacting spin system, local CD driving gives poor results
when the final ground state becomes degenerate. To rem-
edy this situation, approximate CD driving is useful, which
can be calculated using the NC method. Comparison of
the final state fidelity clearly demonstrates the superior-
ity of the approximate CD term from the NC method
compared to the local CD approach. However, the approx-
imate CD term contains two-body interaction terms that
require entanglement between successive qubits, resulting
in a significant increase in the computational complexity.
Furthermore, we can observe from Table II that the run-
ning cost is quantified by total gate counts, by comparing
the number of gates required to simulate different sys-
tems with and without CD driving. More specifically, there
is a lower bound on the number of trotter steps needed
to achieve unit fidelity. Also, the magnitude of the CD
coefficient, yielding the angle of the rotation of the gate,
is inversely proportional to the number of trotter steps,
clarifying the trade-off between speed and energy in STA
[64—66].

As a future direction, the method we use can be gen-
eralized to various systems with increasing complexity.
Specifically, many of the combinatorial optimization prob-
lems like MaxCut and £-SAT problems can be mapped
to finding the ground state of a Hamiltonian with spa-
tially inhomogeneous and k-body interaction terms. The
NC ansatz can be efficiently generalized for such a system
to obtain better approximate solutions. The recent hybrid
quantum-classical algorithms like the variational quan-
tum eigensolver and quantum approximate optimization
algorithm (QAOA) [67,68] can also benefit by following
this method. CD driving requires introducing a new term
to the original Hamiltonian; hence, it requires extra gate
operations to realize the CD term. However, realizing other
STA techniques combined with deep reinforcement learn-
ing [69,70] can be used to further decrease the total gate
counts with low energetic cost. Also, it would be interest-
ing to explore some of the recently proposed STA methods
for many-body systems [71] on a gate-based quantum
computer.

This work provides evidence that significant enhance-
ment of the DAQC approach can be achieved using STA
methods by decreasing the total computational cost and
hence achieving the desired results within the coher-
ence time of the device. This work successfully real-
izes STA methods in a contemporary superconducting
circuit-based quantum computer. Because of the deco-
herence and gate errors, the time evolution studies are
challenging to perform in such devices. Our result pro-
vides a beginning to such studies on the speed up of AQC
algorithms.
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APPENDIX A: METHOD OF DIGITIZATION

The circuit model can efficiently simulate adiabatic
quantum computing by using the digitization of contin-
uous adiabatic evolution. The time-dependent Hamiltoni-
ans, considered in this work, can be represented as a sum
of M k-local terms that act on at most & qubits. This can be
represented as

M
H(@t) =" Cu(®Hy. (A1)

m=1

The continuous time evolution operator of 4 (¢) is given by

T
U0, T) = T exp [—i / dtﬁ](t)], (A2)

0

where 7 is the time ordering operator. The discretization
is done using the first-order Trotter-Suzuki formula

n M
U0, 1) — U0, Daig = [ [ | expl~iAIC,G ADI,).
j=1m=1

(A3)

Here the total evolution time 7 is divided into n equal
steps of width A¢, i.e., n = T/At. In this case, the error
would be of the order O(A#) [60]. One can also con-
sider a higher-order decomposition, which can give a better
approximation by minimizing the error further [72]. How-
ever, an interesting observation from our simulation is that
the digital adiabatic evolution using CD driving is inde-
pendent of the simulation time 7, and depends only on
the number of trotter steps. So, by fixing the total time
steps, we can choose an arbitrarily small value for 7" and
At so that we can achieve arbitrary precision even with the

first-order trotterization. We ignore the time variation of
the Hamiltonian H (£) on time scales lower than A#, which
contributes an extra error of approximately || /d¢| At
each step. When the Hamiltonian fluctuation is very fast,
it is possible to suppress this additional error, which is
discussed in Ref. [73]. From Eq. (A3), the digital unitary
evolution can be designed for the different Hamiltonians
chosen in this work. For instance, one single step of the
Trotter-Suzuki decomposition for Eq. (5) will look like

U(O, Al) = e—iH(t)At ~ e—[QX(At)UXAte—iGZ(At)azAte—iQy(At)o"yAt,
(A4)

where 6, (Af) =[1 — A(AD)], 6.(Art) = L(A?), and 6, (A?)
= FW(A?) are the variables that represent the change in
the Hamiltonian in each step. Similarly, for Eq. (8), four
variables are required for each spin in each step, i.e.,

{00, Af) ~ —iby(ADT AtefiQZ(Ar)ai AtefiQZZ(At)aiag+l At

J

2
e
=1

x et a] (A5)

These unitary operators are implemented in the circuit
model. According to the Solovay-Kitaev theorem [74],
any k-body unitary operation can be decomposed into a
combination of single-qubit and two-qubit gate operations.
Some examples of the implementations corresponding to
the unitary operators used in this study are as follows.

e—ibo. = —{ R,(20) — o0y = —{ R,(20) |—
e—i902®az =
b— R.(20) —
e—iéaz®ay =
— Rw(ﬂ-/Q) () Rz(29) () Rx(_ﬂ-/Q) _

APPENDIX B: APPROXIMATE CD TERM USING
THE VARIATIONAL METHOD

The main idea of counterdiabatic driving is to add an
auxiliary term to the original Hamiltonian and evolve the
system according to an effective Hamiltonian

H() = Ho(t) + A, (BI)
where H, is the original Hamiltonian, A is the control
parameter, and A, is the exact adiabatic gauge poten-

tial responsible for the diabatic transitions. For the spin
model considered in our simulation, the calculation of

024038-9



NARENDRA N. HEGADE et al.

PHYS. REV. APPLIED 15, 024038 (2021)

TABLE I. The state fidelity using circuit optimization.

Fidelity Gate count

Circuit Expected

optimization  Ideal Experiment Rotation CNOT gate error

Bell state preparation

Optimized 0.999  0.9835 8 2 0.01927

Not optimized 0.8021 19 14 0.11834
GHZ state preparation (three qubits)

Optimized 0.9325 0.8198 20 7 0.070 63

Not optimized 0.7370 23 15 0.14276

exact gauge potential results in nonlocal m-body inter-
action terms. Even though it is possible to implement
these interactions using a basic set of quantum gates, the
required gates will be huge and increase rapidly with the
system size. Instead, for practical purposes, we consider
an approximate gauge potential 1:1*, which satisfies the
equation

[id, Ho — (4, Hy), Ho] = 0. (B2)
For the optimal solution, we have to minimize the operator
distance between the exact gauge potential and the approx-
imate gauge potential, which is equivalent to minimizing
the action

$.(4,) = TG} (4,)], (B3)
where the Hilbert-Schmidt norm G, is given by
Gy (d;) = 0, Ho + T4, Ho). (B4)

TABLE II. We compare the number of quantum gates required
for the successful implementation of adiabatic evolution on a
digital quantum computer by including and excluding the CD
term.

Trotter Rotation CNOT
System step gates gates  Fidelity
With CD

Single-spin system 2 7 .- 0.995
Nonintegrable Ising 4 70 40 0.993

model (five qubits,

Jo=—0.1)
Bell state preparation 3 27 14 0.999
GHZ state (three qubits) 4 111 60 0.966

Without CD

Single-spin system 20 39 0.996
Nonintegrable Ising 30 445 300 0.985

model (five qubits,

Jo=—0.1)
Bell state preparation 24 70 48 0.998
GHZ state (three qubits) 18 105 108 0.962

A simple ansatz for ,21;{ for the Hamiltonian in Eq. (6) of the
main text is Qlji = Zj a; (H)oy,. This single-qubit approx-
imation works very well even for many-body systems.
However, when the spin interaction terms become the lead-
ing terms of the adiabatic gauge potential, this ansatz fails.
So, we consider a general way to choose the ansatz using
a sequence of nested commutators proposed in Ref. [58],
that is,

/
AV =iy e (AL, H D), (BS)
—

k=1 2k—1

from which, when / — oo, we get the exact gauge poten-
tial.

APPENDIX C: ERROR ANALYSIS

Various errors significantly impact the outcomes of the
experiments. The sources of errors can be divided into
three main categories. (i) Discretization error arises due to
the choice of At in the trotterization process. (ii) Cumula-
tive gate error is a combination of single-qubit gate errors
and CNOT errors and increases linearly with the circuit
depth. (iii) Measurement error arises due to the measure-
ments at the end of the time evolution. Also, if the system
evolves for a long time, as in the adiabatic case, the energy
relaxation and dephasing also have to be considered. The
cross talks between the qubits and other environmental
effects can also disturb our simulation, but these effects
have not been considered in our simulations.

1. Discretization error

In digital quantum simulation the main source of error
arises from the discretization of the continuous-time evolu-
tion of a Hamiltonian and decomposing this evolution into
a sequence of quantum gates. The discretization can be per-
formed using various methods, but the Trotter-Suzuki (TS)
formula is the most widely used method among all because
of its simplicity. In our simulation, we consider the first-
order TS formula, where the error is of the order O(A#).
For a given total time 7, we can choose an arbitrarily small
value for At to decrease the trotter error. However, with
small At, we need more trotter steps to reach the final time,
which will increase the total gate count and eventually
lead to accumulation of gate error. One possible solution
for this problem is to consider a higher-order TS formula
using extra gates [72]. Since the gate error is compara-
tively larger than the trotter error, we restrict ourselves to
a first-order approximation.

2. Gate error

While implementing the time evolution of a system, gate
error plays a crucial role. With increasing trotter steps,
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the gate error also increases linearly. The average fideli-
ties of a single-qubit and a CNOT gate of the IBM quantum
computer in our simulation are 99.95% and 98.5%, respec-
tively. For the experimental implementation on a noisy
device, it is necessary to optimize the quantum circuit
before sending it to the hardware to get the desired result.
In our simulation, to decrease the gate error, we use the
transpilation function available in Qiskit Terra for circuit
optimization. In Table I we show the experimental fideli-
ties for the preparations of the Bell state and GHZ state
with and without circuit optimization. The gate count and
the expected gate error are calculated in both cases. In
Table II we give the gate counts for the successful imple-
mentation of the adiabatic evolution for different systems
on a digital quantum computer. From the data, it is conclu-
sive that the inclusion of the CD term can improve fidelity
and reduce the total gate count. But the numbers of trotter
steps and gates are bounded by the magnitude of the CD
term, corresponding to the rotation angle of the gate, thus
manifesting the energetic cost of CD driving.

3. Measurement error mitigation

One of the main sources of error in our simulation is
the readout error of the device. In the following, we briefly
discuss how to mitigate measurement error on a small sys-
tem using the matrix inversion method. For that, we have
to find the response matrix My for the given device. To
measure My, we consider a set of 2" calibration circuits
using only the X gate. Let Pyisy be the probability dis-
tribution for each of the possible 2" states obtained from
the quantum processor after measuring at the end. Let
Pacwial be the probability distribution without readout noise.
Then we can obtain Ppjtigated, Which is approximately equal
to Pacwal, Dy applying the matrix inversion My ! on the
obtained result, i.e.,

MR_IPnoisy = Pmitigated- (Cl)

This method works only when the measurement error is
much larger than the single-qubit gate error used for the
initial state preparation. This is true for IBMQ devices,
where the average single-qubit gate error is of the order
of 10~* and the measurement error is of the order of 1072,
In this work we use the tool provided by Qiskit Ignis [75]
for performing the measurement error mitigation. More
advanced methods can be found in Ref. [76].
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