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Wireless Magnetic Actuation with a Bistable Parity-Time-Symmetric Circuit
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Magnetic forces in oscillating electronic circuits provide a versatile way to remotely actuate objects.
However, practical control of these forces is challenging due to variations in the circuit configuration and
noise. We show that these challenges can be overcome using a bistable parity-time-symmetric circuit. Due
to nonlinear parity-time symmetry, the circuit automatically tracks one of two eigenmodes corresponding
to resonant attraction and repulsion during variations in the operating configuration. We show that noise
facilitates controllable switching between the modes, and experimentally demonstrate practical actuation
by remotely driving a pendulum and a soft pump membrane.
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I. INTRODUCTION

Wireless actuation of objects with magnetic fields has
important technological applications ranging from con-
trolled drug delivery to robotic propulsion [1–9]. Typi-
cally, the actuating force is generated by interaction with
a magnetized object, but challenges in materials process-
ing and interoperability with other technologies, such as
magnetic resonance imaging, motivate schemes that do not
require the use of magnetic materials [10,11]. Magnetic
forces in oscillating electronic circuits provide a versa-
tile alternative approach to realize wireless actuation. The
standard setup comprises two inductively coupled coils,
corresponding to the actuator and the object, that expe-
rience an attractive or repulsive force depending on the
phase between the currents flowing through the coils [12–
14]. The actuating force is set by tuning the object to
resonance and carefully adjusting the driving frequency of
the actuator near the resonance to obtain the desired phase.
However, practical control of the actuating force is chal-
lenging because of intrinsic system noise and variations in
the coupling strength during actuation.

Concepts in wireless power transfer relate to the design
of wireless actuation systems because of their close sim-
ilarities in terms of the circuit setup [15,16]. Recently,
motivated by the application of concepts in non-Hermitian
physics to photonics, acoustics, and electronics [17–26],
parity-time (PT )-symmetric arrangements of resonant cir-
cuits have been shown to provide wireless power transfer
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that is robust to variations in the operating conditions [27–
30]. In this scheme, energy is injected into the source
resonator through a nonlinear gain element instead of a
fixed-frequency signal. This circuit self-oscillates at a fre-
quency corresponding to one of the eigenmodes of the
PT -symmetric system, and automatically tracks this fre-
quency to provide constant power transfer across a large
range of separation distances. Due to the existence of mul-
tiple eigenmodes, previous studies have observed spon-
taneous mode transitions that result in abrupt changes
in the oscillation frequency and reversal of the sign of
the phase between source and receiver [27]. These tran-
sitions have thus far been largely ignored because they
have a negligible effect on the power transfer efficiency,
but are important to wireless actuation because they result
in switching between attraction and repulsion. Under-
standing and controlling these mode transitions are essen-
tial for fully harnessing the unique properties of PT -
symmetric systems for actuation and other technological
applications.

In this paper, we study the mechanisms underlying mode
transitions in nonlinear PT -symmetric circuits, and show
that they enable practical control of wireless actuation. We
investigate the role of noise and show that mode transitions
can be controllably induced by detuning beyond the thresh-
old. Analogous to PT -symmetric circuits for robust wire-
less power transfer, the wireless actuation circuit maintains
the optimal magnetic force on the object even during
movement. In contrast with prior designs, however, the
system is capable of rapidly and controllably switching
between oscillating modes corresponding to attraction and
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repulsion. Using this approach, we demonstrate wireless
actuation of a pendulum and a soft pump membrane.

II. THEORY

A. PT -symmetric actuation system

Figure 1(a) shows the system configuration consisting
of the actuator circuit inductively coupled to the object cir-
cuit with coupling rate κ . The amplitudes of the currents
flowing through the actuator and object are, respectively,
normalized to a1 and a2 such that |an|2 corresponds to
the magnetic energy in each coil. Assuming that the cir-
cuit oscillates at frequency ω, the time-averaged magnetic
force between the actuator and the object is given by

F = 8π

ω

∂κ

∂zQ
|a1||a2| cos φ, (1)

where zQ is the distance between the coils and φ the phase
between a1 and a2 [31]. In contrast to wireless power trans-
fer where φ has negligible effect on efficiency, the phase φ

plays a critical role in actuation because it determines the
direction and amplitude of the force.

Following previous analyses of this circuit for wireless
power transfer [15,16,27,29,32], we describe the dynamics
of a1 and a2 using coupled-mode theory. The object has a
resonant frequency ω0 and an intrinsic loss rate γ2, while
the actuator has a detuned resonant frequency ω0 + ε and
a loss rate γ1. The system dynamics are described by

(
ȧ1
ȧ2

)
=

(
i(ω0 + ε) − γ1 −iκ

−iκ iω0 − γ2

) (
a1
a2

)
. (2)

Assuming a time dependency of eiωt, the eigenfrequen-
cies ω± can be determined by solving the characteristic
equation in the variable ω [27,33,34]. For the zero detuning
ε = 0, the two eigenfrequencies are given by

ω± = ω0 ± 1
2

√
4κ2 − (γ1 − γ2) 2 + 1

2
i (γ1 + γ2) . (3)

The steady-state behavior of the system can be understood
by considering the real and imaginary parts of ω± as a
function of γ1, as shown in Fig. 1(b). In both the standard
wireless power transfer and wireless actuation schemes,
the actuating circuit is intrinsically lossy, γ1 > 0. For such
systems, the corresponding eigenfrequencies are strictly
decaying with the growth rate −Im{ω±} < 0, and an exter-
nal driving signal is required to inject energy into the
system and sustain an oscillation at an arbitrary frequency
ω in the steady state. Furthermore, the systems are typi-
cally operated near γ1 = γ2 in order to maximize power
transfer to the object. In this case, Re{ω±} vary as a func-
tion of κ , which implies that the optimal driving frequency
is sensitive to object movement.
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FIG. 1. Wireless actuation system. (a) Setup consisting of
the actuator and object resonators with current amplitudes an,
coupling rate κ , and force F . (b) Topology of the imaginary
parts of the eigenfrequencies −Im(ω±) as a function of γ1 and
κ . Introducing gain γ1 < 0 provides access to stable solutions
Im(ω±) = 0 (thick black line). (c) Real parts of the eigenfrequen-
cies Re(ω±) and phase cos φ± for the stable solutions. The solid
curves correspond to the mode ω+ while the dashed ones corre-
spond to the other mode ω−. Parameters are ω0 = 1, γ2 = 0.05,
and ε = 0.

In contrast, the PT -symmetric approach uses an actua-
tor (source) circuit with intrinsic gain γ1 < 0. Figure 1(b)
shows that the gain provides access to stable modes
Im{ω±} = 0 that oscillate without any external driv-
ing signal via injection of energy into the system by
the gain element. In this case, the oscillation frequency
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ω automatically settles to one of the eigenmodes with
frequency Re{ω±} in the steady state. These stable solu-
tions correspond to the condition γ1 = −γ2, where the sys-
tem described by Eq. (2) satisfies PT symmetry. In practi-
cal implementations, this condition is satisfied by exploit-
ing the nonlinearity of the gain element [27]. Specifically,
the initial gain is set as γ1 < −γ2 such that the oscillating
modes compete to grow and saturate out the gain, result-
ing in a single mode surviving in the steady state that has a
saturated gain exactly balancing the loss.

The actuating force generated by the circuit depends
critically on the phase φ. From Eq. (2), the eigenmodes
of the system corresponding to ω± are given by

a± =
⎛
⎝∓

√
4κ2 − (γ1 − γ2)2 − i(γ1 − γ2)

2κ
1

⎞
⎠ . (4)

The system behavior is divided into two regimes depend-
ing on the coupling strength κ . In the weak cou-
pling regime κ < |γ1 − γ2|/2, the phase is cos φ± =
0 and the force on the object is zero. In the
strong coupling regime κ > |γ1 − γ2|/2, the phase is
given by cos φ± = ∓

√
1 − (γ1 − γ2)2/4κ2, which rapidly

approaches cos φ± = ∓1 as the coupling increases
[Fig. 1(c)]. Here, the eigenmodes result in two possi-
ble oscillation frequencies: Re{ω+}, which corresponds to
attraction of the object; and Re{ω−}, which corresponds to
repulsion of the object. To provide actuation, the circuit
needs to be controlled in a way that allows the oscillation
mode to be selected and switched at will.

B. Noise-assisted mode transitions

We study transitions between the modes using mode
competition theory, which is widely used to describe opti-
cal and microwave oscillators [35–38]. Specifically, we
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FIG. 2. Controllable mode transitions in the bistable PT -symmetric circuit. (a) Growth rate −Im(ω±) of the eigenmodes as a
function of detuning ε. Solid lines show the theoretical approximations and the dashed lines numerical solutions of the exact equations.
(b) Mode transitions as ε increases and decreases for κ = 0.5. Red and blue lines denote steady-state oscillating solutions, and the gray
solid line an inaccessible solution. The inset shows an enlarged view of the bistable region. (c) Ramped tuning of ε over 1-s intervals
and corresponding mode energy E± and force F . Left-hand plots show the transient dynamics when the circuit is turned on. The system
parameters are α = 0.001, β = 1.333 × 10−3, γ1 = −0.2, and γ2 = 0.05, and the noise power is set to be 4% of the power generated
by the gain element.
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study the evolution of the system response considering the
effects of nonzero detuning ε �= 0. The detuned eigenfre-
quencies can be approximated as [34]

ω± ≈ ω0 ± A
2

+ 1
2
ε + 1

2
i
(

γ1 + γ2 ∓ γ2 − γ1

A
ε

)
, (5)

where A =
√

4κ2 − (γ1 − γ2)2. By setting the gain as γ1 <

−γ2, the system has two eigenmodes with the growth rate
−Im(ω±) = −[γ1 + γ2 ∓ (γ2 − γ1)ε/A]/2, as shown by
the solid lines in Fig. 2(a). The detuning ε biases one
of the modes at a higher growth rate, which leads to the
selection of a single mode due to competition for gain.
To show this, we describe the evolution of the mode ener-
gies during competition in the presence of noise [39–42].
Taking E+ = |a+|2 and E− = |a−|2 to be the slowly vary-
ing energy of the two eigenmodes and N± to be the noise
power in each mode, we have

dE±
dt

= E±

(
g̃± − γ2 ± γ2 − γ1

A
ε

)
+ N±, (6)

where g̃± = −γ1 − αE± − βE∓ is the saturable gain, with
α the self-saturation and β the cross-saturation parameters
of the amplifier. Equation (6) shows that detuning ε > 0
provides a larger growth rate for E+, whereas ε < 0 biases
the growth rate of E−. The ratio β/α determines how
many modes can be maintained in the steady state where
dE±/dt = 0. In the case β/α > 1, the two modes will com-
pete against each other and only one survives in the steady

state, which results in bistability, whereas both modes can
coexist for β/α < 1 [39,40].

We now solve for the detuning ε necessary for noise
to induce transitions between the modes. We consider the
case where the system is oscillating at the mode E+, and
all the noise is present in the other mode N+ = 0 and
N− = Nmax. In this case, the following conditions must
be satisfied to prevent the mode transition E+ → E− from
occurring:

dE+
dt

∣∣∣∣
N+=0

= 0,
dE−
dt

∣∣∣∣
N−=Nmax

= 0, E± �= 0. (7)

Searching for the values of ε for which Eq. (7) does not
admit solutions with real-valued E±, the detuning required
to enable mode transitions is found to be

ε <
A(β − α)(γ1 + γ2) +

√
Nmax4αA2(β2 − α2)

(α + β)(γ2 − γ1)
. (8)

Equation (8) shows the essential role of noise in deter-
mining the detuning required to induce mode transitions.
For the transition E− → E+, the detuning should be in the
opposite direction, ε → −ε.

Figure 2(b) shows the evolution of the circuit oscil-
lation as ε is tuned in opposite directions. The mode
evolution exhibits a hysteresis effect and a bistable region
whose width depends on the noise power [43]. Owing to
the bistability, the oscillation mode is immune to noise
below the transition thresholds. Dynamic simulations of
the two modes as ε is varied in a stepwise manner
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FIG. 3. Wireless actuation circuit. (a) Schematic of the PT -symmetric circuit. Rn is the resistance, Ln the inductance, and Cn the
capacitance of the actuator (left) and object (right) circuits. The negative impedance converter has gain −R1. (b) Phase φ as a detuning
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024023-4



WIRELESS MAGNETIC ACTUATION... PHYS. REV. APPLIED 15, 024023 (2021)

30

55

F
re

qu
en

cy
(k

H
z)

–1.2

–1.0

–0.8

–0.6

–0.4

–0.2

0.0

0.2

0.4

0.6

D
is

pl
ac

em
en

t (
m

m
)

0
t (s)

10 20 30 40 50 60 70

Repulsion

Attraction

1 m
m

(a)

Solid
FrameActuator

Object

Membrane
(b) (c)

(d)

0
t (s)

10 20 30 40 50 60 70

Initial Repulsion Attraction

2 mm

FIG. 4. Wireless actuation of a soft pump membrane. (a) Experimental setup. (b) Images of the membrane at initial position and
during repulsion and attraction. (c) Membrane displacement and oscillation frequency ω of the circuit during pulsed switching of the
actuator with period of 4 s. Red arrows indicate switching to repulsion and blue arrows switching to attraction. (d) Pixel values along
the black line in (b) as a function of time. Red dotted line indicates initial position.

show that switching occurs only when the detuning ε

exceeds the threshold in the corresponding detuning direc-
tion [Fig. 2(c)]. These transitions result in rapid switching
in the direction of the actuating force, providing a prac-
tical mechanism to control repulsion and attraction of the
object.

III. EXPERIMENTAL RESULTS

We experimentally demonstrate wireless actuation using
the PT -symmetric circuit shown in Fig. 3(a). The actu-
ating circuit comprises a copper wire inductor with a
diameter of 30 mm (50 windings) with an inductance
of L1 = 128 μH tuned to resonance between 33.75 and
46.49 kHz using a variable capacitor. The object circuit
consists of a smaller inductor (40 windings) with induc-
tance L2 = 95 μH tuned to a fixed resonance frequency
of 36.5 kHz using a ceramic capacitor C2 = 200 nF. The
gain of the actuating circuit is realized using a nega-
tive impedance converter configured using an operational
amplifier (OPA-541, Texas Instruments) with a gain rate
of γ1 = −1/(2R1C1), where R1 = 20 �. The object circuit
has an intrinsic loss rate of γ2 = 1/(2R2C2) due to resistive
losses in the inductor. The coupling rate between the res-
onant circuits is given by κ = ωM/(2

√
L1L2), where M

is the mutual coupling between the inductors. The mode
transition behavior of the circuit is verified in Fig. 3(b),
which shows the bistable region obtained when ε is varied
by sweeping the variable capacitor in the range 80–180 nF.

To investigate the generated force, the object is actu-
ated in a pendulum configuration while measuring the

displacement using a laser sensor (IL-S025, KEYENCE).
The actuator switches between attractive and repulsive
modes every 5 s by inducing transitions between the 53-
kHz mode and the 30-kHz mode. Figure 3(c) shows that
the displacement-estimated force during actuation varies
between 300 and 500 μN. Visualization of the object
motion shows that the actuation is repeatable and con-
trollable over an approximately 1.5-cm range of motion
despite large variations in the coupling strength [Fig. 3(d)].

We illustrate the practical utility of the wireless actuator
by driving a soft pump, which is an important component
in microfluidic and drug delivery devices. As shown in
Fig. 4(a), the object circuit is attached to a 150-μm-thick
polydimethylsiloxane membrane supported at the margins
by a solid frame. The actuating circuit is placed 5 mm
away from the membrane and operated with a switching
period of 5 s. Figure 4(b) shows the membrane displace-
ment in the initial state and when subject to an attractive
and repulsive force. The membrane is actuated with total
displacement of 1200 μm [Fig. 4(c)] with high repeata-
bility over a duration of 60 s, demonstrating practical
wireless actuation using PT -symmetric mode transitions.
The asymmetric displacement of the membrane can be
attributed to the prestrain of the membrane and variation
in the coupling strength during motion.

IV. CONCLUSION

We have identified the mechanisms underlying mode
transitions in nonlinear PT -symmetric systems, and
demonstrated that the interplay of noise and bistability can
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provide practical wireless actuation. The resulting wireless
actuator automatically maintains the maximum magnetic
force on the object, even during movement, and can pro-
grammably switch between attraction and repulsion of the
object. The mode transition mechanisms identified here
can also be generalized to higher-order PT -symmetric
systems, where mode competition results in the selec-
tion of a single mode from three or more possible modes
[34]. These results are relevant to the design of wireless
actuation and power transfer systems in which multiple
resonators provide extended operating range, as well as
wireless telemetry systems with enhanced sensitivity [30,
32,44,45]. Future work should also address approaches to
increase the force generated by the actuator, which remains
substantially weaker than that for magnet-based schemes
owing to the low magnetization generated by induced cur-
rents. By circumventing the use of magnetic materials,
this wireless actuation approach may open applications in
medical devices, microfluidics, and robotics [46,47].
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APPENDIX: CORRESPONDENCE WITH CIRCUIT
ANALYSIS

The coupled-mode equation [Eq. (2)] can be derived
from standard circuit analysis. For a pair of parallel RLC
circuits coupled through mutual inductance M at frequency
ω, we have

iω
(

L1 M
M L2

) (
IL,1
IL,2

)
−

(
V1
V2

)
= 0, (A1)

where Vn are the voltages and IL,n the currents flowing
through the inductors Ln. Furthermore, Kirchoff’s current
law requires

IL,1 + V1

R1
+ iωC1V1 = 0,

IL,2 + V2

R2
+ iωC2V2 = 0,

(A2)

where Rn are the resistances. Through eliminating Vn,
Eqs. (A1) and (A2) can be combined as

⎛
⎜⎝

−iL1ω + iR1

−i + C1R1ω
−iMω

−iMω −iL2ω + iR2

−i + C2R2ω

⎞
⎟⎠

×
(

IL,1
IL,2

)
= 0. (A3)

The eigenfrequencies can be obtained by solving the char-
acteristic equation of the matrix in Eq. (A3). By defining
the normalized oscillation amplitude an = IL,n

√
Ln/2, the

resonant frequencies ωn = 1/
√

LnCn, the loss rates γn =
1/(2RnCn), and the coupling coefficient k = M/

√
L1L2,

Eq. (A3) can be written as

⎛
⎜⎜⎝

−2iγ1ω + ω2 − ω2
1

4γ1 + 2iω
−ikω

2
−ikω

2
−2iγ2ω + ω2 − ω2

2

4γ2 + 2iω

⎞
⎟⎟⎠

(
a1
a2

)
= 0.

(A4)

With the approximation k � 1 and γn � ωn, we have
ω(ω2

n/ω
2 − 1)/2 ≈ ωn − ω. Equation (A4) then reduces to

(
i(ω1 − ω) − γ1 −iκ

−iκ i(ω2 − ω) − γ2

) (
a1
a2

)
= 0, (A5)

where κ = kω/2 refers to the coupling rate. Equation (A5)
can be recovered to the coupled-mode equations in Eq. (2)
by the time-harmonic oscillation an(t) → aneiωt.
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