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This study proposes an optimization method for the design of planar arbitrary-geometry thermal cloaks
using natural materials based on the bilayer theory in thermal-cloaking studies. Our objective is to provide
a practical design method for bilayer thermal cloaks of arbitrary shapes by determining the optimal outer-
layer conductivity of the bilayer yielding the best thermal-cloaking performance. The method accounts
for a potentially conducting inner layer, which is deemed more realistic from a practical standpoint as
opposed to an ideal bilayer having a perfectly insulated inner layer. The proposed method is applied to
solve thermal-cloaking problems involving not only conventional circular and elliptical geometries but
also arbitrary-geometry thermal cloaks, as well as nonlinear background temperature distributions. For
the ideal circular and elliptical bilayer cloaks, the proposed method yields the same analytical results as
reported in the literature. For those cases where an analytical solution is not known to exist, the results
demonstrate that excellent thermal-cloaking performance can be achieved on the basis of the bilayer design
using the optimal outer-layer conductivity determined from the optimization method for a given set of
background, inner-layer, and cloaked-region conductivities.
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I. INTRODUCTION

As the semiconductor industry continues to advance,
increasing transmission rates and the persistent trend
toward device miniaturization have resulted in a dramatic
increase in the heat-flux density of electronic components.
The reliability and performance of such components are
critically affected by the temperature, and hence the need
for effective thermal-management techniques has emerged
as a pressing concern in recent decades. To this end, ther-
mal cloaking plays a potentially significant role in thermal
management of electronic systems and protection of the
components within them [1].

By adaption of the theory of invisible cloaks for elec-
tromagnetic waves based on transformation optics [2,3],
thermal-cloak proposals for steady-state conduction were
first given in Refs. [4,5] and were later extended to tran-
sient heat conduction in Ref. [6]. Historically, design of
thermal cloaks may be performed using either transforma-
tion thermodynamics or bilayer theory. The former method
leads the use of heterogeneous and anisotropic thermal
metamaterials. However, metamaterials are seldom found
in nature and cannot be easily made. Consequently, the
feasibility of fabricating thermal cloaks using composite
natural materials has attracted great interest in the recent
literature [7–9].
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The bilayer theory [10], on the other hand, considers a
thermally insulated inner layer and a thermally conductive
outer layer, where both layers are made of homogeneous
natural materials. Analytical solutions have been obtained
for a circular (spherical) bilayer thermal cloak and a con-
focal elliptical (ellipsoidal) bilayer thermal cloak [10,11],
and were verified both numerically and experimentally.
Variants of the bilayer thermal cloak have been proposed,
mainly to ease the constraint on the high conductivity
ratio of the outer layer and the background imposed in
bilayer theory, thus simplifying the task of selecting nat-
ural materials for its implementation [12,13]. A bilayer
carpet thermal cloak based on natural bulk materials for
the cloaking of objects with semicircular and semielliptical
geometry is described in Ref. [14].

The problem of planar thermal cloaks with arbitrary
shapes and general background temperature fields has been
analytically solved by transformation thermodynamics [6].
In contrast, an analytical bilayer solution is available only
for circular and confocal elliptical geometry, with a lin-
ear background temperature distribution. Thus, the objec-
tive of this study is to develop a general method for
the design of planar bilayer thermal cloaks of arbitrary
shapes and with a general background temperature distri-
bution. The primary result of the proposed method is the
optimal conductivity for the outer layer, which gives the
best-possible thermal-cloaking performance of the given
physical system. The method can be applied to a minimally
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conducting inner layer, which is more realistic from a
practical standpoint.

II. THEORETICAL ANALYSIS AND METHOD

A. Brief review of existing theory

It is well known that transformation thermodynamics
(see, e.g., Ref. [6]) yields the following conductivity tensor
for the transformed medium:

κ ′ = Ja · κ · JaT

det Ja
, (1)

where Ja = ∂(x′,y ′,z′)
∂(x,y,z) is the Jacobian matrix from (x, y, z) to

(x′, y ′, z′). Design of thermal cloaks based on transforma-
tion thermodynamics is thus reduced to design of thermal
metamaterials having the transformed conductivity shown
in Eq. (1).

The bilayer theory, based on a perfectly insulated inner
layer, yields the following outer-layer conductivity for a
circular cloak [10]:

κ = R2
3 + R2

2

R2
3 − R2

2
κb, (2)

where R2 and R3 are the inner-layer radius and the outer-
layer radius, respectively, and κ and κb are the thermal
conductivities of the outer layer and the background,
respectively. The corresponding solution for an ideal ellip-
tical bilayer thermal cloak when the background heat flux
is in the x direction is given by [11]

κ = tanh ξ2 coth(ξ2 − ξ1)κb, (3)

where ξ1 and ξ2 are bounding confocal ellipses for the outer
layer.

B. Optimization method

In general, thermal-cloaking analyses use the forward
approach, in which the temperature field is determined on
the basis of given thermal properties. By contrast, inverse
problems aim to calculate unknown information from
known results. Notably, even if the problem considered has
no analytical solution, which is the case for an arbitrary-
shaped bilayer cloak, the best solution (i.e., the solution
that yields the best performance relative to some prede-
fined criteria) can still be found. This inverse approach
has been successfully applied to deduce the transformed
anisotropic conductivity coefficients, Eq. (1), for a circu-
lar thermal cloak [15]. In general, inverse heat-conduction
problems involve deducing unknown material parameters
(in our case, the thermal conductivity of the outer layer in
a bilayer thermal cloak) from known data (in our case, the
given background temperature distribution).

A practical challenge of the bilayer design is the inner
layer; it is difficult to find materials that are perfectly insu-
lated. Hence, the requirement imposed on the inner layer
of the bilayer cloak in the analytical solutions described
above [Eqs. (2) and (3)] is almost impossible to achieve.
Accordingly, to extend the practicality of bilayer-thermal-
cloak design, the present method accounts for a realis-
tically conducting inner layer. As an example, the inner
layer could be constructed of polydimethylsiloxane, which
has a thermal conductivity of about 0.15 W/mK. The
proposed method combines the bilayer theory and an opti-
mization method based on the inverse perspective to deter-
mine the optimal conductivity of the outer layer (unknown
in our method), which results in a thermal-cloaking perfor-
mance closest to that of an ideal cloak.

Figure 1 illustrates the inverse problem considered in the
present study, where Fig. 1(a) shows the pure-background
region (i.e., no cloak), while Fig. 1(b) shows the back-
ground region with the addition of the bilayer thermal
cloak.

The external-temperature-field distributions Te and ther-
mal conductivity of the inner layer κ2 are specified. The
left and right boundaries of the computational domain are
assumed to be at a high temperature TH and a low tem-
perature TL, respectively. The upper and lower boundaries
are adiabatic. The conductivity of the background is repre-
sented by κb and that of the inner layer is represented by κ2.
The objective is to achieve the ideal condition of Te

i = Te

as much as possible through the selection of a material with
an appropriate thermal conductivity κ as the outer layer.

A cost function J , adopted from Ref. [15], of the
corresponding optimization problem is formulated as

(a) (b)

FIG. 1. (a) Pure background (object not protected by a thermal
cloak). (b) Bilayer thermal cloak, in which 0 ≤ R ≤ R1 is a pro-
tected region, R1 ≤ R ≤ R3 is a bilayer natural-homogeneous-
material region, and R1 ≤ R ≤ R2 is a thermally-insulating-
material region. In addition, �e is an external region and Te

i is
the external temperature field of the pure background (without
obstacles), in which superscript e denotes the external region and
subscript i denotes the physical state of the pure background.
Te is the external temperature field of the background in the
presence of an obstacle (i.e., thermal cloak).
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J =
N∑

n=1

(
Te

n − Te
i,n

)2, (4)

where n is the nth node of the mesh points and N is the
total number of nodes in the outer region �e.

Equation (4) ensures that the background temperature
field is minimally impacted when the optimal outer-layer
conductivity is found. Mathematically, Eq. (4) represents
the mean square error of fulfilling the cloaking requirement
of no impact on the background temperature distribution.
As such, the minimum value of the cost function gives the
highest cloaking performance [15]. Since the inner layer
is anticipated to be conducting in the practical design of
bilayer thermal cloaks, the condition of a uniform tempera-
ture distribution in the cloaked region (i.e., region bounded
by the inner layer) is theoretically impossible. In this
regard, the extent of the impact on the background thermal
field is indeed a suitable measure of cloaking effectiveness.

For a bilayer thermal cloak, the cost function, J , is
a function of the outer-layer conductivity, κ , only. The
present study seeks a solution of κ such that the derivative
of J , J ′ = dJ/dκ = 0 (i.e., the best value of κ approxi-
mating the thermal-cloaking effect). For each value of κ

considered, the steady-state heat-conduction equation is
solved to find the corresponding Te. In the present study,
the zero point of the first-derivative curve (i.e., the root of
the equation J ′ = 0) is obtained iteratively with use of the
secant method, [16]; that is,

κn+1 = κn − J ′(κn)

[
κn − κn−1

J ′(κn) − J ′(κn−1)

]
. (5)

J ′ is evaluated with use of a typical center-difference
approximation.

The performance of the secant method is critically
dependent on the choice of initial values. In particular,
if the two initial values (κ0, κ1) are far from the best
solution, the computing time increases. Here we propose
an effective-area approximation of the analytical solution,
Eq. (2), to estimate the initial guess. Thus, Eq. (2) can be
rewritten as

κ = πR2
3 + πR2

2

πR2
3 − πR2

2
κb = A3 + A2

A3 − A2
κb. (6)

Equation (6) can be regarded as the ratio of two areas,
A2 and A3, where A2 = πR2

2 and A3 = πR2
3. Figure 2

illustrates the effective-area concept.Notably, when one is
solving the arbitrary-shaped-bilayer-thermal-cloak prob-
lem, Eq. (6) provides the means to transform the area of
the required cloak to that of an equivalent circular bilayer
cloak. The equivalent-area ratio [Eq. (6)] can thus be used
to determine an initial estimate of the thermal conductivity
of the outer layer, κe. The two initial guesses (κ0, κ1) are
then specified around this initial estimate, κe.

FIG. 2. Illustration of the equivalent-area formula. The actual
inner area and outer area are equivalent to circles with radii R2
and R3, respectively.

The optimization process is implemented by our cou-
pling COMSOL Multiphysics [17] to a calculation platform
(we use MATLAB [18]). The main steps in the optimiza-
tion procedure consist of importing the necessary COMSOL
Multiphysics output files into MATLAB and performing the
necessary iteration in MATLAB to arrive at the optimal
outer-layer conductivity such that the cost function J is
minimized.

III. RESULTS AND DISCUSSION

To verify the accuracy of the optimization program
described above, the optimal solutions obtained for a cir-
cular bilayer cloak and for an elliptical bilayer cloak
are compared with the analytical solutions presented in
Refs. [10,11] based on bilayer theory. For both methods,
the thermal-conductivity ratio κ2/κb is used to quantify
the degree of insulation provided by the inner layer of the
cloak. In addition, the difference between the optimized
result and the ideal solution is quantified by the metric
η = |(κopt − κbl)/κbl|, where κopt is the optimal outer-layer
conductivity obtained from the proposed method and κbl
is the corresponding ideal solution given in Refs. [10,11].
The performance of the thermal cloak is evaluated with
use of the temperature deviation λ = √

Jmin/N as a figure
of merit (FOM), where a value of λ → 0 indicates a cloak-
ing performance closer to that of an ideal thermal cloak.
λ is an average value that describes the “overall” cloak-
ing performance over the entire external area rather than
the “local” performance. In addition, Jmin is the minimum
cost-function value under the optimal solution (κopt) and N
is the total number of nodes in the outer region �.

For all cases considered herein, the background is taken
as a 150 × 150 mm2 region with a linear temperature dis-
tribution having TH = 353 K and TL = 293 K, as shown
in Fig. 1. Also, the background conductivity is taken to
be the same as that for the cloaked region (i.e., region
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(a) (b)

(c) (d)

FIG. 3. Simulated temperature
distributions around a circular
bilayer thermal cloak. R1 = 10
mm, R2 = 20 mm, and R3 = 30
mm (a) Present result: κ2 = 0.001
W/mK and κopt ≈ 25.99 W/mK.
(b) Ideal-bilayer theory [10]:
κ2 ≈ 0 W/mK and κ = 26 W/mK.
(c) Present result: κ2 = 1.5 W/mK
and κopt ≈ 0.79 W/mK. (d) Ideal-
bilayer theory [10]: κ2 ≈ 0 W/mK
and κ = 2.6 W/mK. White lines
show isotherms and corresponding
temperatures. The region indicated
in the inset in (d) shows obvious
distortion of isotherms. Dashed
black lines show the ideal cloaking
isotherms.

enclosed by the inner layer). Figure 3 shows the numer-
ical results for a circular bilayer obtained by the present
optimization method and by direct simulation using the
ideal analytical solution, Eq. (2). Table I summarizes the
analyzed parameters and results. As expected, for the case
where the inner-layer conductivity is 0.001 W/mK, the
present method yields an optimal outer-layer conductiv-
ity in close agreement with the analytical value based
on Eq. (2). Both the optimized results and the analytical
results show perfect cloaking, Figs. 3(a) and 3(b).

For the case where the inner-layer conductivity is
1.5 W/mK (the high value is chosen to illustrate our numer-
ical solution method; in practice, one should not use
such high-conductivity material for the inner layer), the
present method yields an optimal outer-layer conductivity
of 0.79 W/mK, compared with the ideal value of 2.6 W/mK
based on Eq. (2). The close-to-ideal thermal-cloaking

performance of the optimized bilayer cloak is evident
from the background isotherms shown in Fig. 3(c) and
the low FOM in Table I. On the other hand, the back-
ground isotherms are visibly distorted for the analytical
result based on the ideal solution, Fig. 3(d) (the distortion
is a result of not satisfying the analytical assumption of a
perfectly insulated inner layer in the bilayer theory). The
corresponding FOM for the analytical solution is about
3.87 × 10−2 K. This case demonstrates the applicability of
the present method to design bilayer thermal cloaks when
the inner layer is made of realistic materials having low
(but not zero) conductivity.

The ideal-bilayer solution in Ref. [10] can be read-
ily extended to the case of a conducting inner layer.
The corresponding analytical solution is reported here
as an additional validation of the present numerical
method:

κ̄ =
−(1 + γ 2

1 )(1 − g) ±
√

(1 + γ 2
1 )2(1 − g)2 + 4g(γ 2

1 − 1)2

2(1 − γ 2
1 )

, (7)

TABLE I. Validation of the method for a circular thermal cloak.

κ2 (W/mK) κb (W/mK) η (%) λ (K) κopt (W/mK) κbl (W/mK)

Case 1 0.001 10 0.04 2.59 × 10−8 25.99 26
Case 2 1.5 1 69.6 1.89 × 10−8 0.79 2.6
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TABLE II. Validation of the method for an elliptical thermal cloak.

κ2 (W/mK) κb (W/mK) η (%) λ (K) κopt (W/mK) κbl (W/mK)

Case 1 0.001 10 0.25 1.76 × 10−5 24.39 24.45
Case 2 0.15 1 45.2 1.02 × 10−5 1.34 2.445

where g is a function of κ̄1 and κ̄2 only, and is given by

g = κ̄2γ
2
2 (κ̄2 + κ̄1) − κ̄2(κ̄2 − κ̄1)

γ 2
2 (κ̄2 + κ̄1) + (κ̄2 − κ̄1)

, (8)

and all conductivities are normalized with respect to the
background conductivity κb. κ̄1 is assumed to be 1 in all
cases simulated in this work. γ1 and γ2 are defined as
follows:

γ1 = R3/R2 and γ2 = R2/R1. (9)

Thus, for the case simulated, κ̄2 = 1.5 and κ̄1 = 1. The cor-
responding value of κ̄ is 0.7898 from Eq. (7), in excellent
agreement with the numerical optimization result.

The second validation case corresponds to a confo-
cal elliptical bilayer thermal cloak [11]. The semimajor
and semiminor axes of each elliptical boundary (denoted
by elliptical coordinate ξ ) are 50 and 17.47 mm, respec-
tively, for ξ3, 48 and 10.44 mm, respectively, for ξ2, and
46 and 8.44 mm, respectively, for ξ1. The focal length
p = 46.85 mm for both ξ3 and ξ2 (confocal), while ξ1 is

not confocal. We chose a nonconfocal ellipse for the inner
boundary of the inner layer to demonstrate the general pur-
pose of our numerical procedure (not limited to confocal
ellipses). Figure 4 shows the numerical results obtained by
the present optimization method and by direct simulation
using the ideal analytical solution, Eq. (3).

Table II summarizes the results and analyzed param-
eters. Similar conclusions as in the circular case can be
drawn. In particular, for the case where the inner-layer
conductivity is 0.001 W/mK, the present method again
yields an optimal outer-layer conductivity in close agree-
ment with the analytical value based on Eq. (3). For the
case κ2/κb = 0.15, the optimized cloak performs well, as
indicated by the background isotherms shown in Fig. 4(c)
and the low FOM. The ideal bilayer cloak yields distorted
background isotherms as shown in Fig. 4(d) (the distortion
is a result of not satisfying the analytical assumption of a
perfectly insulated inner layer in the bilayer theory). The
corresponding FOM is about 1.56 × 10−2 K.

As for the circular case, we remark that the ideal-bilayer
solution in Ref. [11] may also be extended to the case
of a conducting inner layer (i.e., κ2 �= 0), in principle. To

FIG. 4. Simulated temperature
distributions around a confocal
elliptical bilayer thermal cloak.
(a),(b) Ideal conditions κ2/κb =
10−4 in the inner layer and opti-
mal thermal conductivity of the
outer layer (κopt ≈ 24.39 W/mK)
and ideal analytical solution for
the thermal conductivity of the
outer layer (κ = 24.45 W/mK),
respectively. (c),(d) Nonideal con-
ditions κ2/κb = 0.15 in the inner
layer and optimal thermal conduc-
tivity of the outer layer (κopt ≈
1.34 W/mK) and ideal analytical
solution for the thermal conductiv-
ity of the outer layer (κ = 2.445
W/mK), respectively. White lines
show isotherms and corresponding
temperatures. Dashed black lines
show the ideal cloaking isotherms.
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generalize the analysis, the same system shown in Fig. 1 is
used, with circles replaced by confocal ellipses. One then
obtains six interface conditions at the three interfaces (con-
tinuity of temperature and normal heat flux), described by
elliptical coordinate ξ1, ξ2, and ξ3, as follows:

E cosh ξ1 = A cosh ξ1 + B sinh ξ1, (10)

κ1E sinh ξ1 = κ2(A sinh ξ1 + B cosh ξ1), (11)

A cosh ξ2 + B sinh ξ2 = C cosh ξ2 + D sinh ξ2, (12)

κ2(A sinh ξ2 + B cosh ξ2) = κ(C sinh ξ2 + D cosh ξ2),
(13)

C cosh ξ3 + D sinh ξ3 = t0 cosh ξ3, (14)

κ(C sinh ξ3 + D cosh ξ3) = κbt0 sinh ξ3. (15)

The coefficients A, B, C, D, and E are associated with
the general solution for the temperature fields in elliptical
coordinates as follows:

T4 = t0 cosh ξ cos η, (16)

T3 = (C cosh ξ + D sinh ξ) cos η, (17)

T2 = (A cosh ξ + B sinh ξ) cos η, (18)

T1 = E cosh ξ cos η, (19)

where subscripts 4, 3, 2, and 1 denote the background, the
outer layer, the inner layer, and the cloaked region, respec-
tively. The background temperature, Eq. (16), corresponds
to a linear temperature distribution in x with gradient t0, as
usual. Solving the six interface conditions without assum-
ing κ2 = 0, we can show the solution for the unknown
outer-layer conductivity κ to be

κ̄ cosh2 ξ3 − sinh2 ξ3

(κ̄ − 1) cosh ξ3 sinh ξ3
= −Da

Ca
, (20)

where

Ca = κ̄1 sinh ξ1

[
1 + κ̄2 − κ̄

κ̄2

sinh ξ2 sinh(ξ2 − ξ1)

sinh ξ1

]

− κ̄2 sinh ξ1 + (κ̄2 − κ̄) sinh ξ2 cosh(ξ2 − ξ1), (21)

Da = −κ̄2 sinh ξ2 sinh(ξ2 − ξ1) + κ̄ cosh ξ2 cosh(ξ2 − ξ1)

− κ̄1

κ̄2
tanh ξ1{κ̄2[cosh ξ1 tanh ξ2

+ tanh ξ2 sinh ξ2 sinh(ξ2 − ξ1)]

− κ̄ cosh ξ2 sinh(ξ2 − ξ1)}. (22)

Equation (20) represents a quadratic in the unknown κ ,
given all other conductivities. From the given ellipse
dimensions, ξ3 and ξ2 are 0.365 and 0.221, respectively.
The inner ellipse of the inner layer is not confocal,
with ξ1 ≈ 0.186. For the case simulated, κ̄2 = 0.15 and
κ̄1 = 1. The corresponding value of κ is approximately
1.23 W/mK, in reasonable agreement with the optimized
result of 1.34 W/mK. The difference is attributed to the
ellipse ξ1 not being confocal with the bounding ellipses of
the outer layer ξ2 and ξ3 in the physical system considered
in the optimized solution.

Unlike the circular geometry, the ellipse is highly
anisotropic geometrically. To demonstrate the general
functionality of the proposed method, we present two more
cases for the ellipse: the case when the heat flux is along
the minor axis (for which the analytical bilayer solution is
also available) and one oblique case when the heat flux is
at 30◦ to the major axis (for which the analytical solution is
not known). The thermal conductivities of the inner layer
and the background are taken as κb = 10 W/mK, and κ2 =
0.001 W/mK, respectively. Figure 5 shows the optimized
results for the case when the heat flux is along the minor
axis. The optimal conductivity is 200.44 W/mK, in perfect
agreement with the analytical result of 200 W/mK deter-
mined from the analytical solution [note that the analytical
solution for heat flux along the minor axis is given by
κ = tanh ξ2 tanh(ξ2 − ξ1) [11]]. The optimization results
for the oblique-heat-flux case are shown in Fig. 6(a), where
the optimal outer-layer conductivity is computed as 46.89
W/mK and the corresponding FOM, λ, is approximately
7.26 × 10−2 K. As can be seen, even with the optimal
outer-layer conductivity, the performance of the particular
elliptical bilayer cloak considered in the validation study
may be inadequate. These results do not invalidate our
method; they simply point out that, within the confines

FIG. 5. Simulated temperature distributions around a confo-
cal elliptical bilayer thermal cloak with heat flux along the
minor axis. The optimal outer-layer thermal conductivity κopt is
approximately 200.44 W/mK. White lines show isotherms and
corresponding temperatures.
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(a) (b) FIG. 6. Simulated tempera-
ture distribution for an elliptical
bilayer thermal cloak with heat
flux at 30◦ to the major axis. (a)
Original elliptical bilayer cloak
as in Fig. 4. (b) Redesigned
elliptical bilayer thermal cloak.
White lines denote isotherms at
indicated temperatures.

of the simple bilayer theory, some designs perform bet-
ter than others depending on the cloak geometry and the
background thermal fields. To this end, we redesign an
elliptical bilayer cloak as shown in Fig. 6(b). The semi-
major and semiminor axes of each elliptical boundary are
40 and 17.47 mm, respectively, for ξ3, 30 and 8 mm,
respectively, for ξ2, and 25 and 3.47 mm, respectively, for
ξ1. The ellipses in the new design are nonconfocal. The
optimization method yields an optimal outer-layer ther-
mal conductivity of approximately 23.72 W/mK, and the
corresponding FOM, λ, is about 2.83 × 10−2 K. The opti-
mization results in Fig. 6(b) show that the background
isotherms are less distorted compared with the results
in Fig. 6(a) from the geometry redesign. This suggests
that our method can be used to improve the design of a
bilayer thermal cloak if the given design does not yield an
adequate cloaking performance.

In summary, the results presented in Figs. 3–5 con-
firm the accuracy of the present method by successfully
reproducing the analytical results when the inner layer
is ideally insulated. For situations where the inner layer
is not perfectly insulated, or when the system deviates
from the analytical condition (e.g., nonconfocal bound-
aries, or oblique heat-flux direction, for elliptical cloaks),
our method yields an optimal outer-layer conductivity that
will result in the best-possible thermal-cloaking perfor-
mance, even though this best-possible performance may
not be desirable from a practical standpoint.

IV. BILAYER THERMAL CLOAKS WITH
ARBITRARY GEOMETRY

Having validated our method against known analytical
solutions, we now expand our study to consider bilayer
cloaks with arbitrary shapes. For all shapes considered,
the thermal conductivity of the inner layer and the back-
ground are taken as κ2 = 0.15 W/mK and κb = 10 W/mK,
respectively.

A. Square bilayer cloak

We consider a square bilayer thermal cloak with a square
protected region of side a = 10 mm. Four different cases
are simulated. Cases 1 and 2 correspond to an inner layer
of side b = 25 mm and an outer layer of side c = 40 mm.
Cases 3 and 4 correspond to b = 15 mm and c = 40 mm.
For each cloak, a layer-thickness ratio σ = (c − b/b − a)

is defined to indicate the relative proportions of the inner
and outer layers. Moreover, to investigate the effect of the
sharp corners of the thermal cloak on the temperature dis-
tribution, the simulations consider two different rotation
angles of the background heat flow—namely, α = 0◦ and
45◦ (see Table III).

Figures 7(a) and 7(b) show the simulation results for
cases 1 and 2. The initial values of κ0 and κ1 are set as
20 and 30 W/mK, respectively, on the basis of an effective
area of 22.82 W/mK from Eq. (6). The optimization pro-
cess converges within five iterations. Figures 7(c) and 7(d)
present the simulation results for cases 3 and 4. The ini-
tial values of κ0 and κ1 are set as 10 and 20 W/mK,
respectively, on the basis of an effective area of 13.27
W/mK. The optimization method converges within seven
iterations. The results for the optimal outer-layer conduc-
tivity are summarized in Table III. The results show that
the optimal outer-layer conductivity is relatively indepen-
dent of the heat-flux direction. Also a thick outer layer
performs better (in terms of cloaking) than the thin coun-
terpart [Figs. 7(a) and 7(c)]. In both designs, the cloak

TABLE III. Simulation cases and results for square bilayer
thermal cloaks with different layer-thickness ratios and back-
ground rotation angles.

σ α (deg) λ (K) κopt (W/mK)

Case 1 1 0 3.37 × 10−3 24.68
Case 2 1 45 4.25 × 10−3 24.71
Case 3 5 0 1.21 × 10−3 13.45
Case 4 5 45 1.43 × 10−3 13.45
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(a)

(c) (d)

(b) FIG. 7. Simulated temperature
distributions for square bilayer
thermal cloaks with different layer-
thickness ratios σ and heat-flow
angles α. (a) σ = 1 and α = 0◦
(case 1). (b) σ = 1 and α = 45◦
(case 2). (c) σ = 5 and α = 0◦
(case 3). (d) σ = 5 and α = 45◦
(case 4). White lines denote the
isotherms and corresponding
temperatures.

performs better when the heat-flow direction is not normal
to the side of the square, as indicated by the almost-straight
isotherms [Figs. 7(b) and 7(d)]. In general, distortion of the
background temperature field is expected near the sharp
corners of a square cloak. However, as the relative thick-
ness of the outer layer increases, distortions produced by
the sharp corners appear to be significantly reduced. From
Table III, it is seen that for the same rotation angle, a
greater layer-thickness ratio σ results in both a lower aver-
age temperature deviation λ and a lower optimal thermal
conductivity of the outer layer κopt.

B. Diamond-shaped bilayer cloak

A multilayered diamond-shaped thermal cloak consist-
ing of a large number of alternating layers of four homo-
geneous and isotropic natural materials has been proposed
[19]. Here we investigate the performance of a bilayer
diamond-shaped thermal cloak having the same outer
dimension as in Ref. [19]. In the simulations, the short and
long diagonal lengths of the protected region are specified
as 20 and 40 mm, respectively. In addition, the diago-
nal lengths of the inner layer are set as 24 and 48 mm,
respectively, while those of the outer layer are both set as
80 mm. The initial values of κ0 and κ1 are set as 10 and
20 W/mK, respectively, on the basis of an effective area of
14.39 W/mK from Eq. (6).

Figure 8 presents the optimized results obtained for the
simplified bilayer-cloak structure. For a horizontal heat
flow, the optimization method converges within seven

iterations and yields an optimal outer-layer thermal con-
ductivity of 12.57 W/mK. The average temperature devia-
tion, λ, is about 1.49 × 10−3 K. For a vertical heat flow, the
optimization method requires four iterations to converge
and yieldes an optimal outer-layer thermal conductivity of
18.55 W/mK, with an average temperature deviation of
4.97 × 10−3 K. In contrast to the square bilayer thermal
cloak, the optimal outer-layer thermal conductivity for the
diamond-shaped thermal cloak changes with the heat-flow
angle since the diamond geometry is not geometrically
isotropic relative the diagonals. In particular, when the
direction of the heat flow is perpendicular to the long diag-
onal of the cloak, the thermal conductivity increases sig-
nificantly. When compared with the multilayered structure
in Ref. [19], the diamond-shaped bilayer cloak has com-
parable thermal-cloaking performance. Thus, the present
results demonstrate that the simpler bilayer design per-
forms comparably to the multilayered design.

C. Asymmetric irregular thermal cloak

The thermal cloaks considered so far (circular, ellipti-
cal, square, and diamond shaped) have a regular geometric
form. To further demonstrate the practical applicability of
the proposed optimization method, a thermal cloak with
the asymmetric irregular form shown in Fig. 9 is consid-
ered, which is similar to that studied in Ref. [20]. The
boundary of the cloak is a closed curve defined by the
continuous periodic function f (θ) = 1 + 0.3 cos 3θ , 0 ≤
θ ≤ 2π . The radius of the protected region is 10f (θ)
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FIG. 8. Diamond-shaped bilayer thermal cloak considered in the present study. The left panel shows an illustration of the structure
of the thermal cloak. The middle panel and the right panel show the cloaking performance of cloaks for horizontal and vertical heat
flows, respectively. White lines denote isotherms and corresponding temperatures.

mm, while the radii of the inner and outer layers of the
cloak are 11f (θ) mm and 30f (θ) mm, respectively. The
background heat flow is in the horizontal direction. The
optimization yields an optimal outer-layer thermal con-
ductivity of approximately 13.15 W/mK, and the average
temperature deviation is approximately 4.14 × 10−3 K.
Figure 9 shows the optimized results. It can be seen that
the isotherms undergo only slight distortion outside the
protected region. The effectiveness of the designed bilayer
cloak is confirmed.

D. Space-capsule-shaped bilayer thermal cloak

To further test the method on an arbitrary shape, we con-
sider a geometry with an aperiodic boundary. We design
a space-capsule-shaped cloak as shown in Fig. 10. To
demonstrate the generality of our method, we use different
thicknesses for the outer layer. For the case simulated, the

FIG. 9. Simulated temperature distribution for an irregular
bilayer thermal cloak. White lines denote isotherms and corre-
sponding temperatures.

thickness of the left, curved side is 35 cm, and that of the
rest of outer layer is set as 25 cm. The thickness of inner
layer is uniform at 10 cm. The background heat flow is in
the horizontal direction. The optimization method yields
an optimal outer-layer thermal conductivity of approxi-
mately 33.7 W/mK, and the average temperature deviation,
λ, is about 4.76 × 10−3 K. Figure 10 shows the optimized
results. It can be seen that the isotherms near the boundary
of the cloak are slightly distorted. The results demonstrate
that the optimization method can be applied to cloaks with
a discontinuous aperiodic shape, as expected.

V. NONLINEAR BACKGROUND TEMPERATURE
DISTRIBUTION

Our method does not depend on the background temper-
ature distribution. The cases considered so far all assume

FIG. 10. Simulated temperature distribution for a space-
capsule-shaped bilayer thermal cloak. White lines denote
isotherms and corresponding temperatures.
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(a) (b)

FIG. 11. Simulated temperature distributions for a circular bilayer thermal cloak used in a background temperature field with a
nonlinear distribution. (a) Pure background (no thermal cloaking device). (b) Thermal cloaking device with outer layer having optimal
thermal conductivity of approximately 2.15 W/mK. White lines denote isotherms and corresponding temperatures.

a linear background temperature distribution for simplic-
ity.In many practical applications, the background tem-
perature distribution may indeed be nonlinear. Accord-
ingly, we conclude the present study by investigating the
thermal-cloaking performance of a circular bilayer cloak
in a nonlinear temperature field due to the presence of a
line heat source. The dimensions of the model are assumed
to be the same as those considered for the circular ther-
mal cloak in Sec. III. In the simulation, the line source
has a length of 10 mm and a temperature of 353 K and
is located at the center of the left boundary, with the
remaining boundary insulated. The right boundary is main-
tained at a constant low temperature of 293 K, and the
upper and lower boundaries are assumed to experience
heat loss proportional to the local temperature at a rate
of qT, with q set as 0.3 W/m2 K. In the absence of the
cloak, the isotherms are distributed in the radial direc-
tion, as shown in Fig. 11(a). The optimization method
yields an optimal outer-layer conductivity of 2.15 W/mK.
Figure 11(b) shows the isotherms with the bilayer-cloak
system. The isotherm distribution is almost the same as
that for the pure-background case, indicating good cloak-
ing performance. The average temperature deviation is
about 2.39 × 10−3 K. The results demonstrate the appli-
cability of the proposed method to a nonlinear background
temperature distribution.

VI. CONCLUSIONS

An optimization method based on an inverse approach
for the design of planar arbitrary-geometry bilayer thermal
cloaks is presented. The method is based on the bilayer
theory [10,11] and avoids the need for anisotropic thermal
metamaterials [6,20] or multilayer discrete structures [7,
9,21]. In particular, the optimal conductivity for the outer
layer of the bilayer cloak is determined, yielding the best-
possible cloaking performance by minimally impacting the
given background temperature distribution. The method

relaxes the requirement of a perfectly insulated inner layer,
which is deemed difficult to fabricate in practice. To this
end, the analytical solutions for a circular bilayer cloak
and a confocal elliptical bilayer cloak with a conducting
inner layer are also derived and presented. We validate
our method against known analytical solutions; excellent
agreement with analytical results is obtained (including
the general case of a conducting inner layer). The gen-
eral applicability of the proposed method is demonstrated
by numerical results. Various cloak geometries, including
circular, elliptical, square, and diamond shaped, as well
as geometries with nonuniform and asymmetric contours
are considered. The cloaking effectiveness of the bilayer
design ultimately depends on the shape chosen. In other
words, one can always find an optimized solution (such
that the cost function achieves a minimum value), but
the resulting cloaking effectiveness of the bilayer cloak
may be less than desirable (with regard to not impact-
ing the background temperature field.) Overall, the results
establish that the proposed method provides an effective
approach for the design of a bilayer thermal cloak of arbi-
trary shape. The method can also be applied to a nonlinear
background temperature distribution. Future studies may
usefully extend the proposed method to thermal cloak-
ing problems involving thermal convection [22,23] and
radiation [24].
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