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We present a semiclassical model for spin-injected vertical-cavity surface-emitting lasers (spin-
VCSELs) with local optical anisotropies. Particular focus is put on highly anisotropic spin lasers with
broad application potential. A generalized matrix formalism for extraction of the laser modes is intro-
duced, which enables us to calculate the spatial distribution of vectorial modes in arbitrary spin-VCSELs.
The time dependence of such laser modes is further studied by means of the generalized coupled-mode
theory, which is the natural anisotropic generalization of the conventional mode-decomposition approach.
We use the circularly polarized optical modes as the basis for coupled-mode theory, which leads to exten-
sion of the well-known spin-flip model. In contrast to the conventional spin-flip model, the only input
parameters are the geometric and local optical properties of the multilayer structure and properties of
the gain media. The advantages of the theory are demonstrated in the design and optimization of spin-
VCSEL structures with a high-contrast grating. We show that the proposed structures can be used for (i)
polarization modulation in the terahertz range with tremendous applications for future ultrafast optical
communication and (ii) as prospective compact terahertz sources.
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I. INTRODUCTION

The fundamental connection of electron and photon
spin [1] has led to the development of spin-polarized
semiconductor lasers with vertical-cavity surface-emitting
laser (VCSEL) geometry [2,3]. In principle, the proper-
ties of such devices significantly depend on the degree
of spin polarization in their gain media, which involves
optical, electrical, or hybrid spin injection [4,5]. Impor-
tant advances have been achieved in this research field
in recent years. For example, it has been shown that
VCSELs with spin-polarized gain media exhibit a lower
lasing threshold [6,7] and allow direct polarization control
[8,9]. Recently, spin amplification using a spin-injected
VCSEL (spin-VCSEL) was demonstrated [10]. However,
their most-important advantage these days seems to be
the possibly ultrafast modulation dynamics, which has the
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potential to boost the capacity of optical communication
systems [11]. This is possible due to the combination of
two factors: an extremely fast spin-mixing rate in the semi-
conductor quantum wells (QWs) and strong linear optical
anisotropies within the VCSEL cavity. It was demonstrated
that an In-Al-Ga-As QW VCSEL with modulated spin
injection is appropriate for high-speed data communica-
tion at telecom wavelength (λ = 1.55 μm) [12]. More
recently, experimental studies using a λ = 850 nm GaAs
QW VCSEL showed that spin modulation can signifi-
cantly overcome the limitations of conventional VCSELs
concerning modulation speed, even by 1 order of mag-
nitude [13]. This is closely related to the possibility of
generating coherent terahertz radiation using highly bire-
fringent spin-VCSELs, based on interference of orthog-
onal linear modes of different frequencies. Such tech-
nological improvement would lead to the development
of compact tunable terahertz sources operating at room
temperatures [14].
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Concerning steady-state properties, the first qualitative
model taking into account both the spin degree of free-
dom and cavity birefringence was based on the simple
Jones-matrix model, discussed more recently in Ref. [15].
It was used to understand basics of polarization dynamics
inside spin-VCSELs at the steady state and to interpret the
first experimental approaches to quantify and compensate
the birefringence [16,17]. A more-extensive formalism has
been developed in the framework of 4 × 4 transfer [18]
and the scattering-matrix formalism [19], built upon the
ideas in Refs. [20,21]. This layer-by-layer approach has
been proven to be able to explain experimental results
in great detail, considering local optical properties such
as linear and circular anisotropies (i) at the interfaces of
III-V semiconductors, (ii) at the surface, and (iii) circu-
lar dichroism originating from spin injection into QWs.
It is largely useful also for detailed experimental studies
of spin-VCSEL anisotropies, as recently shown [22], and
eventually for implementing advanced theoretical models
of anisotropic QW gain [23–25]. From the perspective of
ultrafast dynamics, the integration of spin-VCSELs with
highly birefringent photonic crystal mirrors is very promis-
ing. The results in Ref. [26] show that the scattering-matrix
formalism is one of the most-relevant techniques to model
such devices. All of the frameworks mentioned are limited
to near-threshold operation. This could eventually be over-
come by the above-threshold generalization of the matrix
formalism or by using the steady-state-ab-initio-lasing-
theory algorithm applied to spin-VCSELs [27–29].

On the other hand, the tools for temporal modeling
of spin-VCSELs are mainly represented by the spin-flip
model (SFM), as the simplified Maxwell-Bloch equations
[30,31], derived in a more-intuitive way independently
by Travagnin [32], developed originally for conventional
VCSELs. The SFM considers the time evolution of circu-
larly polarized field components in the presence of linear
birefringence and linear dichroism introduced phenomeno-
logically, ignoring any linear gain anisotropies. Later, also
the case of possibly misaligned axes of birefringence and
dichroism was considered [33,34], motivated by experi-
mental techniques to induce such phenomena [35]. This
was generalized to include the possible frequency varia-
tion of QW gain and to explain the polarization switching
[36]. A true disadvantage of the SFM is that it cannot
describe self-consistently the geometric complexity of the
VCSEL cavity and the localized nature of anisotropies,
and the dynamics-related parameters must be obtained
from experiments. This was solved by robust spatiotem-
poral models for VCSELs [37,38]. Such models use the
shapes of vectorial eigenmodes obtained by solving the
cold-cavity problem, taking into account the lateral dimen-
sions of devices and carrier diffusion. More recently, the
index-guiding effects and transverse-mode dynamics were
studied in Refs. [39,40] using a generalized SFM with
anisotropy rates extracted from theory, but for a simple

effective structure. The extensive spatiotemporal model-
ing of VCSELs is described in an unified way in Refs.
[41,42]. Recently, the generalized coupled-mode theory
was derived to describe laterally coupled spin-VCSELs
[43]; it shares some similarity with our present work.
Particular attention should be paid to the laser theory
developed originally for coupled-cavity lasers [44], built
upon the pioneering work of Haken, Sargent, and Lamb
[45,46]. More recently, it was used to describe microcavity
lasers, finding excellent agreement with finite-difference
time-domain simulations [47]. The approach has been gen-
eralized also to describe the lateral effect in half-VCSELs
[48,49], but ignoring the detrimental effects of anisotropies
and spin pumping.

In this paper, we develop a self-consistent formalism
for modeling steady-state and time-dependent emission of
spin-VCSELs with large local anisotropies. We general-
ize the robust matrix formalism, which is based on our
previous work [19]. Moreover, we extend the coupled-
mode theory of Hodges et al. [44]. The model respects
the spatial variation of the electric field and its vector
nature, together with local anisotropies within the cavity.
Additionally, we propose and design spin-VCSEL struc-
tures with an intracavity grating. We demonstrate that it is
possible to achieve terahertz frequency splitting between
modes, which paves the way for important advancements
in terahertz photonics.

This paper is organized as follows. In Sec. II, the semi-
classical Maxwell-Bloch equations for a spin-VCSEL in
the two-level approximation are derived. We consider pos-
sible linear anisotropies in the passive cavity as well
as inside QWs, in contrast to most approaches to date.
In Sec. III, we generalize the matrix formalism. Instead
of using active dipolar layers to describe the QW gain,
we derive the effective susceptibility of spin-polarized
QWs. Consequently, entire structures can be described
with use of Yeh’s formalism in a unified way. Section
IV contains the generalized coupled-mode theory of a
spin-VCSEL, derived for circularly polarized vectorial
eigenmodes, while the alternative bases are discussed. Our
approach allows one to treat self-consistently the entire
spin-VCSEL structure, including all local anisotropies,
leading, for example, to simple analytic expressions for
anisotropy rates. In a certain sense, it can be considered
as the time-dependent counterpart to steady-state ab initio
lasing theory, as noted in Ref. [47]. The theory natu-
rally reduces to an extended SFM, which is derived in
Sec. V. The extended SFM describes also the linear gain
anisotropy, which is often ignored. Finally, in Sec. VI,
we apply the formalism developed to design and optimize
the performance of realistic spin-VCSELs with birefrin-
gent gratings with large potential for terahertz-photonics
applications, such as ultrafast data transfer and genera-
tion of coherent terahertz radiation. Appendixes A and
B are devoted to the theory of transfer and scattering
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matrices and calculation of the cavity decay rate, respec-
tively.

II. SEMICLASSICAL DESCRIPTION OF
SPIN-VCSELS

A. General approach and approximations

We now describe the broad picture of how we approach
the problem of modeling the lowest-order transverse
modes of spin-VCSELs. We use the modified semiclassical
spatiotemporal formalism of the Maxwell-Bloch equa-
tions, based on a combination of the quantum-mechanical
density matrix and Maxwell’s classical theory of electro-
dynamics.

The QW gain medium is modeled by an ensemble of
two-level quantum systems distributed inside active layers.
Electron conduction-band states (excited) and heavy-hole
states in valence band (ground) are coupled via electric
dipole interaction, as shown in Fig. 1(a). Each of these
levels posses two spin sublevels, which can be mixed due
to relaxation processes. By “spin state,” we understand its
projection along the z axis. The mixing between heavy-
hole spin states can be considered to be much faster than
in the case of electrons in the conduction band. The energy
difference between excited and ground states near the �
point �E = �ω0 is close to the energy of laser-field pho-
tons �ω. Thus, any optical coupling to light-hole states is
ignored due to heavy-hole–light-hole energy splitting in
the QW potential.

We consider only paraxial (with respect to the z axis)
wave propagation in the multilayer laser cavity as depicted
in Fig. 1(b). In this approximation, the structure is treated
layer-by-layer. Thus, our approach is sensitive to any small

(a) (b)

FIG. 1. (a) Approximate band structure inside a semiconductor
QW with spin degree of freedom. It is assumed that radia-
tive recombinations occur only between conduction-band (CB)
electrons and heavy-hole (HH) states near the � point. (b) Spin-
VCSEL structure considered here, in which only the propagation
of electromagnetic waves parallel to the z axis is considered. LH,
light hole.

changes in the local optical and geometrical properties of
any layer, providing a more-realistic description of spin-
VCSELs. Optical-material properties of each layer of the
structure are described by the permittivity tensor. Such
a layer-by-layer strategy for studying spin-VCSELs, with
particular focus on optical anisotropies, was demonstrated
in our earlier contributions [18,19,22]. Here, we extend our
approach to time-domain simulations. We study structures
with linear birefringence and linear dichroism in the pas-
sive layers, and additionally with linear gain anisotropy
inside the active layer, which is often ignored.

B. Optical-material properties

1. Linear birefringence and dichroism inside the cavity

Since our aim is to develop a polarization-sensitive for-
malism, we briefly mention the typical anisotropies located
inside the passive parts of the laser cavity, together with
their physical origin. Apart from active-layer anisotropies,
which may depend on the gain, spin-VCSEL structures are
strongly impacted by the linear birefringence, and the con-
sequent linear dichroism, in the background semiconductor
medium. According to detailed theoretical and experi-
mental investigations, this is mostly due to the combined
effects of strain in the structures [50] and the phenom-
ena at semiconductor-semiconductor and semiconductor-
air interfaces, in which the crystallographic symmetry can
be reduced [51]. The strain can be of native origin, caused,
for example, by the lattice mismatch of crystal media
in neighboring layers, or induced externally by heating
or simple mechanical techniques [35]. Another source of
anisotropy may be the crystal relaxation in the layer at the
top of the VCSEL. Overall anisotropy is enhanced addi-
tionally by the electro-optically active media due to the
applied static electric field [52].

2. Semiconductor QW with linear gain anisotropy

We now consider the spin-polarized semiconductor QW
with linear gain anisotropy. We are particularly interested
in the part of the optical response of a semiconductor QW
that originates from the pumped-laser transitions in the
presence of linear gain anisotropy. In the absence of such
anisotropy, radiative electron-hole recombinations in the
two spin channels with opposite electron spin projections
↑, ↓ give rise to circularly polarized fields. We use a stan-
dard procedure to derive the susceptibility using dipole
matrix elements.

We consider the electric dipole approximation, in which
the general quantum dipole matrix element is given by
[45,53]

θ i→f =
∫
ψ

†
f (r)θ̂ψi(r)d3r, (1)
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where θ i→f is the electric-dipole-operator matrix element
between states |i〉 and |f 〉, θ̂ = [θ̂x, θ̂y , θ̂z]T is the vector of
electric dipole operators, and ψi(r) and ψf (r) are spatial
parts of wave functions of coupled initial and final states,
respectively.

In the case of a semiconductor QW with quantization
axis parallel to z, the dipole matrix elements for two spin
channels can be generally written as [24,54]:

θ↑ ∝ θ (e+ + βe−) ,

θ↓ ∝ θ (e− + βe+) ,
(2)

where e+ and e− are Jones vectors describing the polar-
ization state of circularly polarized optical fields, θ is a
certain average dipole matrix element, and β is a gen-
eral parameter, which describes the linear gain anisotropy
under consideration. In the case of a strained QW, with
principal axes along the [110] and [11̄0] crystallographic
directions, β can be considered as a band-mixing param-
eter, which can be determined by ab initio calculations
[55]. Using such an interpretation, we can write β = −iD,
where D is proportional to the difference of applied or
internal stress or te equivalent effect along the principal
axes: σ[110] − σ[11̄0].

Dipole matrix elements of both spin channels θ↑,↓ can be
expressed with use of normalized Jones vectors as θ↑,↓ =
θ e↑,↓, which are derived to be

e↑ = (
e↓
)∗ = 1√

2(1 + D2)

[
1 − iD
−i + D

]
. (3)

The present expression reduces to purely circular eigen-
modes (e±) in the absence of any linear anisotropy, giving
the standard result obtained with unperturbed electronic
wave functions.

Similar results with, however, a different sign con-
vention are obtained with the approach of Fördös et al.
[19]: by defining the relation between optical transition-
matrix elements. Using their mathematical notation, one
can introduce linear gain anisotropy in the following
way:
[110] = [1 + (1 −�)/2]
0 and
[11̄0] = [1 − (1 −
�)/2]
0, where 
[110] and 
[11̄0] stand for transition-
matrix elements along anisotropy principal axes and 
0
is the average matrix element. It can be shown that D =
(1 −�)/2.

It appears useful to define the dimensionless susceptibil-
ities T̂↑,↓ of particular spin channels using their respective
Jones vectors [53]:

T̂↑,↓ = e↑,↓ ⊗ e†
↑,↓. (4)

Under pumping, induced-dipole-moment densities P̃↑,↓ are
proportional to T̂↑,↓E in the steady-state regime.

From now, for simplicity, all of the calculations are
performed in the basis spanned by the crystallographic
axes [110] and [11̄0]. By this, we mean that the elec-
tric field vector will have following components: E =
[E[110], E[11̄0]]

T. To obtain correct Jones vectors and sus-
ceptibilities, one should rotate the reference frame around
z by an angle of 45◦. Equivalently, we could just take β =
D. In the given basis, the dimensionless susceptibilities are

T̂↑ = (T̂↓)∗ = 1
2(1 + D2)

[
(1 + D)2 i(1 − D2)

−i(1 − D2) (1 − D)2
]

.

(5)

One can see that the dipole interactions of the electro-
magnetic fields with a specific spin channel are different
for waves polarized along the [110] direction or the [11̄0]
direction until D = 0.

C. Maxwell-Bloch equations

Our approach to model the spatiotemporal dynamics
of anisotropic spin lasers is based on modified Maxwell-
Bloch equations. The modification is based on the fact that
we need to describe the anisotropic laser cavity and the
gain medium. As already noted, each spin channel in a
semiconductor QW is modeled by an ensemble of two-
level systems. The time evolution of an open two-level
system can be described by a Liouville–von Neumann
equation for the density matrix:

i�
∂

∂t
ρ̂μ =

[
Ĥ0,μ + Ĥd,μ, ρ̂μ

]
, (6)

where μ =↑, ↓. The operator Ĥ0,μ stands for the unper-
turbed diagonalized Hamiltonian (in the sense of light-
matter interaction):

Ĥ0,μ = 1
2

[(
Eg,μ + Ee,μ

)
1̂ + (

Eg,μ − Ee,μ
)
σ̂z

]
, (7)

where Eg,μ and Ee,μ are the energies of the ground and
excited states at spin channel μ. Operators 1̂ and σ̂z
stand for the unity operator and the diagonal Pauli matrix,
respectively.

The ground and excited states are coupled to the elec-
tric field via the electric dipole interaction described by the
operator

Ĥd,μ = −θ̂μ · [E(r, t) exp(iωt)+ c.c.] , (8)

where θ̂μ is the electric dipole operator evaluated at theμth
spin channel, E is the positive-frequency component of the
oscillating electric field, and ω is the central frequency of
the cavity laser field.

Equations of motion for the density operator are com-
bined with the classical electric field wave equation,
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where we assume that the dipole-moment density respon-
sible for the lasing process [defined as N0,μ Tr(ρ̂μ θ̂μ) =
P̃μ(r, t)exp(iωt)+ c.c., where N0,μ is the concentration of
idealized two-level systems] represents the source term in
the wave equation. We then derive the modified Maxwell-
Bloch equations describing the spatiotemporal evolution
of the dipole-moment densities P̃μ, spin-carrier concen-
trations Nμ, and intracavity electric field E according to
[45]

∂

∂t
P̃μ(r, t) = − (

γ⊥ + iδμ
)

P̃μ(r, t)

+ i
�

|θ |2Nμ(r, t) T̂μ(r)E(r, t), (9)

∂

∂t
Nμ(r, t) = �μ(r, t)− γ‖Nμ(r, t)− γJ [Nμ(r, t)− Nμ′(r, t)]

+ 2i
�

[
E†(r, t)P̃μ(r, t)− P̃†

μ(r, t)E(r, t)
]

, (10)

[
c2∇2 − ε̂m(r,ω)

∂2

∂t2
− κ̃(r,ω)

∂

∂t

]
E(r, t) exp(iωt)

= 1
ε0

∂2

∂t2
∑
μ=↑,↓

P̃μ(r, t) exp(iωt), (11)

in which all incoherent processes are described phe-
nomenologically by the following quantities: decay rate of
density-matrix coherences γ⊥, spin-carrier pumping rate
�μ, decay coefficient γ‖, and spin-mixing rate γJ . The
characteristic decay of the electric field is described by κ̃ ,
which is specific for a given design of the optical cavity,
and its use is well justified by the Poynting theorem in
Appendix B.

Apart from possible gain anisotropies in the QWs,
which are described self-consistently by T̂μ, it is possible
to include any local cavity anisotropies via the relative-
permittivity tensor ε̂m of the background semiconductor
medium, which differs from layer to layer.

To provide a complete spatiotemporal solution to these
partial differential equations, we chose not to consider
any brute-force time-consuming techniques. Instead, we
use the transfer-matrix and scattering-matrix formalism
to describe the steady-state properties of lasing of spin-
VCSELs and the approach based on the coupled-mode
theory to investigate the time evolution of optical fields
inside spin-VCSELs.

III. STEADY-STATE LASER EMISSION: MATRIX
DESCRIPTION

This section introduces an alternative, and more-
general, description of multilayer laser structures, such as

spin-VCSELs, based on the transfer-matrix and scattering-
matrix formalism, which was first proposed in Ref. [19].
Similarly as here, each layer in the structure was described
separately. However, in contrast to our modified approach,
active layers required special treatment, since they were
approximated as infinitesimally thin active dipolar lay-
ers. Such an approximation is not necessary here, which
provides several advantages. The use of an active-dipolar-
layer approximation is well justified for resonant struc-
tures, but the lasing threshold is not determined correctly
if one changes the position within the cavity field pro-
file. This is solved self-consistently here. The entire laser
structure, together with amplifying active media (QWs or
quantum dots), is treated in a straightforward way using the
standard Yeh procedure for solving electromagnetic wave
propagation inside an arbitrary layered structure [56]. With
use of the active-dipolar-layer approximation, the imple-
mentation of the formalism for multiple-QW structures
becomes difficult. The susceptibility approach is more suit-
able for incorporating realistic gain spectra of QWs, as
well as possible field-saturation effects.

A. Light amplification in spin-polarized anisotropic
medium

1. Derivation of susceptibility

For the purposes of the matrix formalism, we derive
the electric susceptibility (and later permittivity) of active
medium using our modified Maxwell-Bloch equations.
Because of the additivity of electric dipole moments, we
can write the total dipole-moment density of gain medium
as P = Pm + P̃, where Pm is the background contribution,
originating from the optical transitions except the lasing
ones, which is given by P̃. The contribution of lasing tran-
sitions in the steady-state operation regime of the laser
is

P̃ =
∑
μ=↑,↓

P̃μ = ε0χ̂aE, (12)

where χ̂a stands for the susceptibility of active medium.
Assuming δ↑,↓ = δ and steady-state laser oscillation, Eq.
(9) leads to

P̃ =
∑
μ=↑,↓

i
1

γ⊥ + iδ
|θ |2
�

NμT̂μE. (13)

Comparing this result with Eq. (12), we can derive

χ̂a = i
1

γ⊥ + iδ
|θ |2
� ε0

(
N↑T̂↑ + N↓T̂↓

)
. (14)

Because we know that the optical response of a QW
is not described by a Lorentz line shape, we use the
approximate relation between frequency detuning δ and
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the inverse coherence lifetime γ⊥: α = δ/γ⊥, where α is
the linewidth enhancement factor. Additionally, the steady-
state values of spin-carrier concentrations N↑,↓ can be
straightforwardly calculated with Eq. (10). N↑,↓ are gen-
erally functions of the electric field, which leads to a
nonlinear problem. However, this is beyond the scope of
the present work, since we are interested mainly in the
near-threshold steady-state oscillation. Consequently, the
expression for the susceptibility contribution responsible
for light amplification χ̂a can be written in a compact form
as

χ̂a = iχ̄ (1 − iα)T̂ , (15)

where the definition of the optical gain tensor T̂ from Ref.
[19] (N↑ + N↓)T̂ = N↑T̂↑ + N↓T̂↓ is used:

T̂ = 1
2(1 + D2)

[
(1 + D)2 i(1 − D2)Ps

−i(1 − D2)Ps (1 − D)2
]

, (16)

in which the effective degree of electron spin polarization
Ps is introduced. According to Eq. (10), when E → 0 (at
the threshold), we can write

Ps = γ‖
γ‖ + 2γJ

PJ , (17)

where PJ is the pump spin polarization. The fact that
pumping rates �↑,↓ can be expressed using unsaturated
carrier concentrations N0↑,↓ is used. The scalar part χ̄ is
defined as

χ̄ = 1
(1 + α2) γ⊥

|θ |2
� ε0

(N0↑ + N0↓). (18)

The specific line shape (Lorentz in this case) is not con-
sidered, because χ̄ is controlled quantity here as a certain
normalized pump rate, or the quantity to be found in the
case of the threshold condition. In this way, we model
a relatively broad gain profile of a semiconductor QW.
This can be further generalized to describe more precisely
the dependence on carrier concentration and photon fre-
quency by going beyond the approximation for two-level
gain medium.

The total electric susceptibility consists of a background
part χ̂m and an active part χ̂a, which is generally time
dependent due to carrier dynamics:

χ̂ (r,ω, t) = χ̂m(r,ω)+ χ̂a(r,ω, t). (19)

As one can expect, this time dependence is ignored in the
present section.

2. Wave equation in the active medium

To derive the total matrix of the system we are consid-
ering, we solve the wave equation in each layer separately.
Since most of the layers in the laser system are optically
isotropic or have weak anisotropies, we are primarily inter-
ested in solving the wave equation in the active layers.
The propagation constants and polarization eigenmodes
are derived.

The wave equation (11) reduces in the steady state to

[
c2∇2 − ε̂(r,ω)

∂2

∂t2

]
E(r) exp(iωt) = 0, (20)

where we assume that any decay processes in the cav-
ity described by κ̃ are self-consistently included by the
transfer-matrix formalism. We introduce the total-relative-
permittivity tensor ε̂(r,ω) = 1̂ + χ̂m(r,ω)+ χ̂a(r,ω). The
spatial variation of the field inside the active layer can be
described by plane waves: E(r) = E0 exp(−iqr), where
E0 is the amplitude of the electric field inside the active
layer. We know that, differential operators from the wave
equation act as follows: ∇ → −iq and ∂t → iω. Omitting
the spatial variation of permittivity, since we analyze a
single layer, we obtain the Helmholtz equation:

[
ε̂
(ω

c

)2
− q2

]
E0 = 0. (21)

Two assumptions are used here. First, only the prop-
agation parallel to z is considered, so the normalized
propagation constant is defined as q̃ = |q|/(ω/c), which
stands for z component of the wave vector normalized to
the vacuum wave number. Second, we use the isotropic
background medium ε̂m = εQW1̂. The possible generaliza-
tion for anisotropic background semiconductor media is
straightforward and does not create any difficulty. Using
Eqs. (15) and (21), and approximating the term 1/[2(1 +
D2)] using 1/2, since D2 is typically very small (D2 � 1),
we derive the normalized propagation constants inside the
active layers:

q̃2
1,2 = εQW + i

χ̄

2
(1 − iα)(1 + D2)

± i
χ̄

2
(1 − iα)

√
(2D)2 + [(1 − D2)Ps]2. (22)

Because of anisotropies, this result contains four pos-
sible propagation constants, describing two forward-
propagating waves and two backward-propagating waves,
which build up the resulting standing wave.

3. Phase-amplitude coupling

Although the anisotropy parameter D is introduced to
quantify the linear gain anisotropy, its nonzero value has
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FIG. 2. Birefringence δεa,r induced by phase-amplitude cou-
pling as a function of the gain dichroism D and the Henry
factor α.

consequences for phase anisotropies. It is well known
that due to phase-amplitude-coupling mechanisms the gain
anisotropy may contribute to the birefringence of the
medium. We assume, for example, a strained quantum well
with Ps = 0. In our convention, the permittivity tensor of
such medium would be diagonal with different values for
waves polarized along the [110] and [11̄0] directions:

εa,xx = εQW + i
χ̄

2
(1 − iα)(1 + D)2,

εa,yy = εQW + i
χ̄

2
(1 − iα)(1 − D)2.

(23)

Induced linear birefringence can be quantified using the
difference of real parts of εxx and εyy . The calculation yields

δεa,r = Re{εa,xx − εa,yy} = 2χ̄αD. (24)

Assuming typical values χ̄ = 0.1, α = 3, and D = 0.025
(or equivalently 1 −� ∼= 0.95, as extracted from experi-
mental data in Ref. [19]), one obtains δεa,r = 0.015. In the
case of a monolithic VCSEL, it can induce frequency split-
ting of several gigahertz. With α = 0 there is no effective
birefringence due to linear gain anisotropy, as shown in
Fig. 2.

B. The resonance condition

The threshold modes of the spin-VCSEL structure are
used in Sec. IV as a basis for the time-dependent coupled-
mode theory. The exact spatial distribution of threshold
modes is used to evaluate overlap integrals, which describe
effects of perturbations in the optical cavity, such as opti-
cal anisotropies. In the following, the procedure to extract
such modes is described.

The eigenmode extraction is demonstrated for a model
multiple-QW structure as depicted in Fig. 3. According to
Appendix A, the characteristic matrix of the general nth
layer is T(n) = D(n)P(n)

[
D(n)]−1, where D(n) is a dynamic

matrix, which is used to calculate the components of the
electromagnetic field using amplitudes of particular run-
ning waves. The propagation and the amplification of

FIG. 3. A muliple-QW spin-VCSEL device consisting of N +
3 layers. Each layer is described by its own permittivity tensor
ε̂(n) and thickness d(n).

running waves in the medium is given by P(n). The notation
T(n)a stands for the characteristic matrix of the nth active
layer. According to Eq. (A6), the total matrix M is given
by

M = [
D(0)]−1

T(1) · · · T(1)a · · · T(N )D(N+1). (25)

M = M(λ, χ̄ ), where the wavelength λ and the scalar
part of the active-layer susceptibility χ̄ , which is propor-
tional to the pump rate, are the quantities to be found.
Their threshold values can be found by satisfying the
waveguiding condition:

M11M33 − M13M31 = 0. (26)

Alternatively, the scattering matrix S of the system can be
calculated, allowing a more-straightforward calculation of
the amplitudes Aout of emitted waves:

S−1Aout = 0. (27)

One can see that the condition for a nontrivial solution is

det(S−1) = [det(S)]−1 = 0, (28)

which is equivalent to the standard waveguiding condition
in the transfer-matrix formalism [see Eq. (26)].

IV. TEMPORAL COUPLED-MODE THEORY

A. The basis

1. The basis of circularly polarized fields

In this section, we develop and describe the coupled-
mode theory of spin-VCSELs based on the Maxwell-Bloch
equations derived in Sec. II C. We adopt and generalize the
approach first introduced in Ref. [44] and more recently
in Ref. [47]. Consequently, our derivations are structured
according to these studies. The approach is based on the
projection of the Maxwell-Bloch equations onto a certain
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basis, which is specific for each cavity; in particular, the
vector nature of the basis functions is respected. Addi-
tionally, our basis functions are calculated for the active
device, in contrast to most studies [37,40]. It allows one to
include self-consistently all of the polarization-dependent
properties of the cavity.

There are more possible options for choosing a correct
basis, which are discussed later. In this work, we derive
the coupled-mode equations using the basis of circularly
polarized fields, which can be obtained from our modified
matrix approach for the extraction of the laser eigenmodes.
We comment on several reasons, which are mostly practi-
cal, why such a basis is the appropriate one: (i) The first
reason lies in the optical selection rules and in the fact
that particular radiative electron-hole recombinations in a
device of spin-VCSEL geometry generate circularly polar-
ized photons. In this sense, the anisotropies within the
cavity can be considered as perturbations of those circular
basis functions. (ii) The second reason for using the cir-
cular basis is because of its mathematical properties. We
know that the positive-frequency component of the electric
field can be generally decomposed into

|E〉 =
∑

k

Ek |k〉 exp(iδωkt), (29)

where we use the compact bra-ket notation to avoid the
tedious integral equations in the next parts of this paper.
Ek stands for the time-dependent amplitude of eigenmode
(or basis function, alternatively) |k〉 and δωk is the fre-
quency shift of a given mode with respect to a certain
central frequency ω (see Sec. II C) of laser-field oscilla-
tions. The circular basis can be considered as degenerate
from the frequency point of view and thus δωk → 0. In
this case the total field can be decomposed as a sum |E〉 =
E+ |+〉 + E− |−〉, which significantly simplifies the math-
ematical derivations. The next practical advantage is the
orthogonality of circular basis 〈+|−〉 = 0. (iii) The last
reason is that we wish to show the connection to some
previous work in this field. Namely, to provide a rigor-
ous background to the well-known SFM as well as its
extension.

Typical shapes of the basis functions ϕ±(z) = 〈z|±〉 cal-
culated numerically are shown in Fig. 4 as a function of
position within the cavity.

2. Other basis options

Generally, the choice of a particular basis depends on
the properties of the laser structure. For example, in our
polarization-focused approach, one can estimate which
element of the laser cavity (such as spin-polarized QWs,
or birefringent layers in Bragg reflectors) is the most
dominant in determining the laser’s performance.

Consequently, in the case of a structure with very strong
optical anisotropies, such as strained VCSELs studied in

6

(μm)
420–1ϕk,x

0
1

–1

0

1

ϕ
k
,y

FIG. 4. The spatial distribution of the basis functions ϕk(z) =
〈z|k〉 within the laser cavity.

Ref. [13], it would be more appropriate to choose linearly
polarized basis functions. There are two options for how to
apply the linear basis. First, one can use orthogonal linear
functions with degenerate frequencies. Any anisotropies,
such as the linear birefringence or the gain anisotropy orig-
inating from electron spin imbalance in active regions,
play the role of perturbations. Another option is to use lin-
ear basis functions of different frequency, calculated using
an already-anisotropic laser cavity. Although this leads to
mathematical difficulties, such an approach is very useful
for analysis of lasers with photonic crystals or gratings,
which are studied in Sec. VI.

Alternatively, it is possible to construct the coupled-
mode theory for the real eigenmodes, which do not have
to be orthogonal. The ansatz for the electric field looks
slightly different in this case (the idea is based on the work
in Ref. [43]):

E(z, t) =
∑

k

Ek(t)ϕk(z)exp(iδωkt).

We use standard notation here to emphasize that in this
case the time-dependent amplitudes Ek contain the polar-
ization vector and we consider only scalar spatially vary-
ing basis functions ϕk. The approximation here is that
ϕk is time independent, which introduces only a small
inaccuracy in the formalism.

B. Derivation of the coupled-mode equations

1. Dipole-moment-density decomposition

The first step in deriving the rate equations consists in
expressing the dipole-moment density P̃ in the circular
basis considered. We use the compact bra-ket notation, and
thus Eq. (9) becomes

∂

∂t
˜|Pμ〉 = −(γ⊥ + iδ) ˜|Pμ〉 + i

|θ |2
�

NμT̂μ |E〉 . (30)

Dipole-moment densities and the electric field are now
expanded using the same basis functions {|+〉 , |−〉}. We
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make the following projection ansatz for each of them:

˜|Pμ〉 =
∑

k=+,−
P̃μ,k |k〉,

|E〉 =
∑

k=+,−
Ek |k〉,

(31)

where |k〉 = ek|ϕ) can be separated into a polarization part
ek and a spatial part |ϕ) in the case of a given basis. Insert-
ing the ansatz for Eq. (30) and multiplying using 〈j | εm
from the left, we obtain

∂

∂t

∑
k

〈j | εm |k〉 P̃μ,k = −(γ⊥ + iδ)
∑

k

〈j | εm |k〉 P̃μ,k

+ i
|θ |2
�

∑
k

〈j | εmNμT̂μ |k〉 Ek.

(32)

Acting using 〈j | εm is mathematically equivalent to con-
structing the variational formulation, similarly to the
framework of finite-element methods. εm = εm(z) stands
for the isotropic part of the background permittivity in the
sense of ε̂m = εm1̂ + δ̂εm. On the basis of the properties of
basis chosen, we evaluate scalar products as 〈j | εm |k〉 =
e†

j ek (ϕ|εm|ϕ) = δjk I = δjk
∫

C εm(z)|ϕ(z)|2dz. Using this
result, we derive

d
dt

P̃μ,j = −(γ⊥ + iδ)P̃μ,j

+ i
|θ |2
�

I−1
∑

k

Nμgjk
μEk. (33)

The optical gain is polarization dependent, which is
included in the coefficient gjk

μ = e†
j T̂μek, where ej and

ek are the Jones vectors describing the polarization state
of the basis functions. It is necessary to introduce the
time-dependent quantity Nμ, defined as

Nμ = (ϕ|εmNμ|ϕ). (34)

Mathematically, this represents the overlap integral of the
spin-carrier concentration.

Since class-C lasers are not considered in the present
work, we assume that the dipole-moment density follows
the electric field adiabatically by taking ∂tP̃μ,j = 0. Addi-
tionally, it can be shown that the total laser dipole-moment
density can be decomposed in the circular basis as

˜|P〉 =
∑

k

(P̃↑,k + P̃↓,k︸ ︷︷ ︸
P̃k

) |k〉. (35)

Consequently, Eq. (33) leads to

P̃j = i
1

γ⊥ + iδ
|θ |2
�

I−1
∑
μ=↑,↓

∑
k=+,−

Nμgjk
μEk, (36)

which is the adiabatic reformulation of Eq. (9) in the given
basis and where we define gjk

μ = e†
j T̂μek. The interpretation

of Eq. (36) is as follows: Generally, in the presence of a
linear gain anisotropy inside the active layers, circularly
polarized fields are coupled to each other. One particular
circularly-polarized-field component induces not only its
own dipole-moment density but also a small amount of the
orthogonal one due to off-diagonal coefficients gjk

μ .

2. Photons

The derivation of the equations of motion describing the
time evolution of the electric field within the spin-VCSEL
cavity is based on Eq. (11), to which the slowly-varying-
envelope approximation is applied to get rid of second-
order time derivatives. The same strategy as in the case
of the dipole-moment density is used for the derivation
of field coupled-mode equations. Namely, we express the
wave equation in bra-ket notation and then we project elec-
tric field and dipole moment density onto the chosen basis.
Thus, we have

∂

∂t
|E〉 = −i

ω

2εQW

˜|P〉

−
(
κ̃

2
+ i
ω

2
+ i

c2

2ω
ε̂−1

m
∂2

∂z2

)
|E〉 , (37)

where it is assumed that the active-medium background is
described by its permittivity εQW. Otherwise, the remain-
ing part of the cavity is described generally by its permit-
tivity tensor ε̂m in order to describe self-consistently any
anisotropies. It is useful to define the so-called anisotropy
operator γ̂ :

γ̂ = i
ω

2
+ i

c2

2ω
ε̂−1

m
∂2

∂z2 . (38)

As shown later, the well-known anisotropy rates used in
the spin-flip model, such as γp and γa, can be calculated
from normalized off-diagonal matrix elements of γ̂ .

Using Eq. (31) and multiplying the wave equation from
the left, using 〈j | εm, one obtains

∂

∂t

∑
k

〈j | εm |k〉 Ek = −i
ω

2εQW

∑
k

〈j | εm |k〉 P̃k

− 1
2

∑
k

〈j | εm κ̃ |k〉 Ek

−
∑

k

〈j | εmγ̂ |k〉 Ek. (39)
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Because of the orthogonality of the circular basis, we
know that 〈j | εm |k〉 = δjk I . We use the notation γjk =
〈j | εmγ̂ |k〉 for anisotropy-operator matrix elements. Next
we introduce the gain coefficient G defined as G(ω) =
|θ |2ω/2�εQW(1 + α2)γ⊥, where α = δ/γ⊥ stands for the
linewidth enhancement factor [57]. Finally, using the
expression for P̃j from Eq. (36), we derive the general rate
equation for the field amplitude Ej :

d
dt

Ej = G(ω)(1 − iα)I−1
∑
μ=↑,↓

∑
k=+,−

Nμ gjk
μEk

− κEj − I−1
∑

k=+,−
γjkEk, (40)

where the cavity decay rate

κ = 1
2

〈j | εm κ̃ |j 〉
〈j | εm |j 〉 (41)

is defined. Equation (40) involves self-consistently the
anisotropic character of the structure, not only of the pas-
sive cavity background but also of the gain medium itself.
Moreover, it is sensitive to any small changes in the
geometry of spin-VCSEL structures.

3. Spin carriers

We now turn to the dynamics of the spin-polarized carri-
ers coupled to the electromagnetic field. We derive the rate
equations for the overlaps Nμ, as suggested by Eq. (33).

Equation (10) may be expressed with bra-ket notation as

∂

∂t
Nμ = �μ − γ‖Nμ − γJ

(
Nμ − Nμ′

)

+ 2i
�

(
〈E| δzz′ ˜|Pμ〉 − c.c.

)
, (42)

where we use the filtration property of the Dirac δ function
δzz′ = δ(z − z′).

To transform Nμ into Nμ, we act using (ϕ|εm(. . .)|ϕ) on
both sides of Eq. (42), in which we use Eq. (31). We obtain

d
dt
Nμ = −γ‖

(
Nμ − N0μ

) − γJ
(
Nμ − Nμ′

)

+ 2i
�
W

∑
k

(
E∗

k P̃μ,k − c.c.
)
, (43)

where we use the relation �μ = γ‖N0μ and where the cou-
pling coefficients W are identified as the spatial overlap of
the basis functions over the active region according to

W = (ϕ|εm(ϕ|δzz′ |ϕ)|ϕ) =
∫

a
εm(z′)|ϕ(z′)|4dz′. (44)

They describe how the generalized optical intensities E∗
k El

interact with spin-carrier overlaps, respecting the spatial

distribution of modes as well as the polarization-dependent
gain.

After having inserted P̃μ,k, which is adiabatically elimi-
nated in Eq. (33), one obtains

d
dt
Nμ = −γ‖

(
Nμ − N0μ

) − γJ
(
Nμ − Nμ′

)

− G̃I−1W
∑

k=+,−

∑
l=+,−

Re{gkl
μE∗

k El}Nμ, (45)

where the coupling coefficient G̃ = 4|θ |2/�2(1 + α2)γ⊥ is
defined.

Equations (40) and (45) form the general framework for
our time-dependent modeling of spin-VCSEL structures of
any variation of cavity parameters and optical properties,
such as local anisotropies along the z axis. They consist of
two equations of motion for the field amplitudes Ej corre-
sponding to the two different modes, and two differential
equations for spin-carrier spatial overlaps Nμ.

4. Discussion: spatially varying gain properties

In the most-general cases, it is necessary to find equa-
tions of motion (eight in total) for spin-carrier overlaps N jk

μ

defined as

N jk
μ = 〈j | εmNμT̂μ |k〉 , (46)

which appear in Eq. (32). Such a definition respects the
polarization-dependent optical response of the laser transi-
tions. Thus, it is a natural generalization of the population
overlap integrals N jk = (j |εmN |k) used in Refs. [44,47].

Overlap integrals N jk
μ defined in such a way are very

important for devices in which the optical properties of
QWs depend on the position. For example, the strain
field does not have to be uniform everywhere, resulting
in different values of gain anisotropy D across the laser
cavity.

Only two of them (N++
↑ and N−−

↓ ) would be nonzero
in the absence of any linear gain anisotropy (D → 0).

C. Theory of anisotropy rates

The important advantage of our coupled-mode theory
is that the entire optical cavity is treated in a unified way
and all perturbations, such as anisotropies, are introduced
by the overlap integrals. Equivalently, one can say that
anisotropy rates can be calculated using the matrix ele-
ments of the anisotropy operator γ̂ , which is derived from
the Maxwell-Bloch equations. Qualitatively, very similar
approach can be found in Ref. [58], dealing with the the-
ory of a Zeeman laser. We now express the general matrix
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element γjk in the familiar integral notation according to

γjk = 〈j | εmγ̂ |k〉

=
∫

C
ϕ

†
j εm

(
i
ω

2
+ i

c2

2ω
ε̂−1

m
∂2

∂z2

)
ϕk dz, (47)

where the integration is performed over the entire cavity.
One can observe that different behavior can be expected
from the diagonal and off-diagonal anisotropy coupling
constants, because the first term under the integral will dis-
appear when j �= k. It can be shown that diagonal matrix
elements γjj lead to equal frequency shifts of both laser
modes in the same direction on the frequency axis. This
statement applies for structures with permittivity tensors
containing “usual” anisotropies such as linear birefrin-
gence. From now on, we do not consider the diagonal
contributions and we omit the first term of γ̂ .

In practice, the terms γ̃jk = I−1γjk have the physical
meaning of anisotropy rates. We can separate the basis
functions into polarization and scalar (spatial) components
as ϕj = ejϕ. Using Eq. (47), one gets

γ̃jk = i
c2

2ω

∑
n

εn
∫

n ϕ
∗ (∂2

zzϕ
)

dz∫
C εm|ϕ|2 dz

[
e†

j

(
ε̂−1

n

)
ek

]
, (48)

where the integration over the entire cavity is replaced
by the summation of contributions of anisotropic layers
indexed by n. Contributions of isotropic layers are equal
to zero, as can be expected. The permittivity tensor in the
nth layer is noted as ε̂n. The expression obtained for γ̃jk
can be further simplified by describing the shape of ϕ in
the nth layer by the superposition of respective forward-
propagating and backward-propagating planar waves of
respective amplitudes Fn and Bn: ϕ(z) = Fne−iqn(z−zn) +
Bneiqn(z−zn), where zn is the position of the (n − 1/n) inter-
face. The wave number qn can be written as q2

n = εn(ω/c)2,
where εn is the isotropic part of the permittivity tensor.
Finally, the expression for γ̃jk reads

γ̃jk = −i
ω

2

∑
n

�n

[
e†

j

(
ε̂−1

n

)
ek

]
εn, (49)

where �n is the optical confinement factor of the nth
anisotropic layer. The minus sign originates here from
the second-order derivative of ϕ. As we show later, this
expression contains the well-known birefringence and
dichroism rates of the conventional spin-flip model. More-
over, the approach allows one to derive anisotropy rates
for arbitrary anisotropy, especially in structures containing
more-exotic anisotropies. Some of the examples include
devices with optical metasurfaces or devices with non-
collinear axes of anisotropies.

V. EXTENDED SPIN-FLIP MODEL

We now describe in detail the connection between our
theoretical perturbative framework and the SFM and show
that our method may generalize the previous simplified
approach.

A. Well-designed structures

1. Simplifying assumptions

In most cases, active layers are generally located in the
antinodes of the oscillating electromagnetic field standing
wave. Additionally, we may assume that each active layer
within the cavity, such as a QW, is homogeneously excited
by the same polarized field, and the polarization state of
the optical field does not change significantly from point
to point between active layers. In this case, it does not
create any difficulty to guess an approximate function that
describes the spatial variation of spin carriers inside a QW
laser, assuming that radiative recombination occurs only in
the volume of a QW.

For that reason, we write the spin-carrier populations as

N↑,↓(z, t) = n↑,↓(t)φ(z), (50)

where φ is the typical function one considers to describe
the spatial distribution of spin carriers and n↑,↓ are the
time-dependent spin-carrier concentrations. We choose to
use a set of simple rectangular functions. This may appear
to be a very strong approximation but is well justified by
the fact that the electronic wave functions inside the QW
are strongly localized. The function φ has the following
properties:

φ(z) = 1, z ∈ {a},
φ(z) = 0, z ∈ {C} \ {a}, (51)

where {a} and {C} are the sets of all points inside the
active layer and the entire optical cavity, respectively, in
this one-dimensional approximation. Assuming such a spa-
tial distribution of spin carriers, their overlaps become
Nμ = nμ(ϕ|εm|ϕ)a, where (ϕ|εm|ϕ)a = ∫

a εm(z)|ϕ(z)|2dz.
As follows from the definition of φ, the integration is per-
formed over the active region. Moreover, it can be shown
that I−1Nμ = �nμ, where

� =
∫

a εm(z)|ϕ(z)|2dz∫
C εm(z)|ϕ(z)|2dz

(52)

represents the conventional optical confinement factor,
quantifying the relative amount of electromagnetic field
energy confined in the active region.

2. Reduced rate equations

Applying all the above-mentioned arguments to Eqs.
(40) and (45), we simplify the description of spin-laser
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structures. Namely, we get rid of not-intuitively-defined
quantities N↑,↓. The resulting rate equations are

d
dt

Ej = G(ω)(1 − iα)�
∑
μ=↑,↓

∑
k=+,−

nμgjk
μEk

− κEj −
∑

k=+,−
γ̃jkEk, (53)

d
dt

nμ = −γ‖(nμ − n0μ)− γJ (nμ − nμ′)

− G̃�̃
∑

k=+,−

∑
l=+,−

Re{gkl
μE∗

k El}nμ, (54)

where the notation γ̃jk = I−1γjk and �̃ = I−1W is intro-
duced.

B. Spin-flip model with linear gain anisotropy

The important consequence of Eqs. (53) and (54) is
the possibility to derive the extension of the well-known
SFM to some more-general situations. (i) We extend the
SFM to include gain anisotropy different from circular
gain dichrosim (due to spin-carrier imbalance), such as
the linear gain dichroism due to strain inside a QW. (ii)
The second extension originates from the fact that the
cavity-related quantities, such as anisotropy rates, can be
calculated self-consistently. This provides a clear rigorous
background to the SFM. (iii) Moreover, the extended SFM
can be straightforwardly generalized to respect the shape of
the optical mode within the cavity, especially in the active
region.

To derive the extended SFM, the field and population
variables must be rescaled in an appropriate way. To do so,
we introduce the populations N and m and mode ampli-
tudes A±, in a similar manner as San Miguel et al. [30],
defined as

n↑,↓ = κ

G� (N ± m),

E± =
√

2γ‖
G̃ �̃

A±exp(−iακt).
(55)

We get rid of fundamental constants and coupling coeffi-
cients, keeping just the main structure of the rate equations
necessary for a description of important laser features.

Before we find the rate equations for A±, N , and m, it is
useful to study the polarization-dependent coefficients gjk

μ .
Because of the specific basis we have chosen, and the rela-
tively small values of the gain-anisotropy parameter D (up
to D = 0.1), we can ignore two of them; namely, g−−

↑ and
g++

↓ . From the definition, it can be shown that they are
equal to each other: e†

−T̂↑e− = e†
+T̂↓e+ = D2/(1 + D2).

The remaining coefficients gjk
μ take only two different val-

ues, and according to calculations, we define g = 1/(1 +
D2) and g̃ = 2D/(1 + D2).

Thus, the relations from Eq. (55) are applied to Eqs. (53)
and (54), from which one obtains, after performing sim-
ple algebraic operations, the so-called extended spin-flip
model:

Ȧ+ = κ(1 − iα) {[g (N + m)− 1] A+ + g̃NA−}
− γ̃++A+ − γ̃+−A−, (56)

Ȧ− = κ(1 − iα) {[g (N − m)− 1] A− + g̃NA+}
− γ̃−−A− − γ̃−+A+, (57)

Ṅ = γ‖(N0 − N )− γ‖ {[ g (I+ + I−)+ g̃ I±]N

+ g(I+ − I−)m} , (58)

ṁ = γ‖PJ N0 − (γ‖ + 2γJ )m − γ‖ {[ g (I+ + I−)+ g̃I±]m

+g (I+ − I−)N } , (59)

where the optical intensities I+ = |A+|2, I− = |A−|2, and
I± = 2Re{A∗

+A−} are defined. The overall pumping rate
is described by the unsaturated carrier concentration N0.
The fact that the linewidth enhancement factor α may be
polarization dependent is ignored here.

In the absence of any linear gain anisotropy (D = 0),
the coefficients g and g̃ reduce to g = 1 and g̃ = 0, which
gives the conventional SFM with generalized anisotropy
rates γ̃ij , which consist of the birefringence rate γp and the
dichroism rate γa as a special case, as shown later.

One of the predictions of the extended SFM is an addi-
tional contribution to the total frequency splitting between
linear lasing modes. It is due to phase-amplitude coupling
in the presence of the linear gain anisotropy D. A standard
derivation leads to the approximate expression

δω ≈ 2ακD, (60)

which is valid for small values of D, which is formally
equivalent to a general expression given in the literature
for such a kind of anisotropy [59].

One can expect effects arising due to D �= 0. Detailed
qualitative analysis of the extended SFM, such as bifurca-
tion analysis or calculation of the modulation response, is
beyond the scope of the present paper. Nevertheless, gain
anisotropy should strongly influence the beating frequency
between circular modes.

It is important to note that if we use a different basis to
derive the extended SFM, we will obtain a different set of
differential equations. However, the physics that is mod-
eled would be the same as long as we ignore terms in the
second order of gain anisotropy D.
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C. Linear birefringence and dichroism rates

The mathematical framework developed in this paper
allows one to calculate realistic values of anisotropy rates
such as the birefringence rate γp and the dichroism rate
γa. They can be calculated not only using the rigor-
ous matrix formalism [19], which is reformulated in this
paper, but more importantly in a self-consistent way within
the framework of the time-dependent coupled-mode the-
ory. This subsection is based on the computational rules,
introduced in Sec. IV C. We derive approximate analytic
expressions for γp and γa, which may provide useful
physical insights.

To derive and validate this approach, we consider a
single-QW structure, as depicted in Fig. 5. For simplifica-
tion, this structure contains only a single anisotropic layer
(apart from the possible anisotropies in the active layer),
which is placed in two different locations within the opti-
cal cavity. This is emphasized by respective red and blue
layers with reduced coordinates ζ = 0.1 and ζ = 0.15 in
the local reference frame, as shown in the inset. We write
down the permittivity tensor of such a layer without z com-
ponents, since the off-axis wave propagation along z is
ignored here. The permittivity tensor is expressed in the
{[110], [11̄0]} basis according to

ε̂A =
[
εA,xx 0

0 εA,yy

]
. (61)

Next we consider a particular linear birefringence and lin-
ear dichroism inside a given layer. Material birefringence
and dichroism are quantified using parameters δεr and δεi,
respectively: δεr = Re{εA,xx − εA,yy} and δεi = Im{εA,xx −
εA,yy}. Both parameters are positive real numbers by con-
vention. We calculate the off-diagonal normalized matrix

0.00 0.25 0.50 0.75 1.00

FIG. 5. A simple single-QW structure used for numerical val-
idation, with the electric field distribution calculated using the
modified matrix formalism. The inset shows the position of the
active layer and two possible positions [red (ζ = 0.1), blue (ζ =
0.15)] of the anisotropic passive layer within the λ-cavity field.
The local reference frame is described by ζ .

element γ̃+− of the anisotropy operator γ̂ . Using Eq. (49),
we obtain

γ̃+− = − i
ω

2
�A

[
e†
+
(
ε̂−1

A

)
e−
]
εA, (62)

where �A stands for the optical confinement factor of
the anisotropic layer and εA is the absolute value of the
isotropic part of the permittivity tensor. Straightforward
calculation, in which the convention e± = [1, ∓i]T/

√
2 is

used, leads to

γ̃+− = �A
ω

2

(
δεi + iδεr

2εA,xxεA,yy

)
εA. (63)

To simplify this expression for γ̃+−, we use the approxima-
tion εA,xxεA,yy ≈ ε2

A, which is valid in the case of δεr,i � εA.
In this approximation, one can see that the expression
we derive consists of real and imaginary parts. We show
numerically, that this can be interpreted in the following
way: Re{γ̃+−} = γa and Im{γ̃+−} = γp . Namely, the real
and imaginary parts of γ̃+− are equal to the dichroism rate
γa and the birefringence rate γp , respectively. They are
given approximately by the simple relations

γa ≈�A

(ω
2

) δεi

2εA
,

γp ≈�A

(ω
2

) δεr

2εA
.

(64)

Such formulas are rather intuitive concerning polarization
anisotropies in VCSELs, but also agree qualitatively with
alternative, but incomplete, expressions derived in the past
to some extent [25,38].

D. Numerical validation

In this section, we compare the predictions of analytic
expressions directly with the rigorous matrix formalism
(see Sec. III), showing the robustness of our coupled-mode
theory implemented here. We focus now on the numerical
predictions of experimentally related quantities such as the
frequency splitting between orthogonal linear modes in the
absence of any spin injection. Another quantity of interest
is the splitting of threshold pump rates, or threshold car-
rier concentrations of such modes. Finally, the polarization
state of emitted modes is studied.

The formalism is demonstrated on a single-QW spin-
VCSEL structure, as depicted in Fig. 5. It consists of a
single active layer with thickness dQW = 10 nm, which
models the QW. The short cavity is placed between two
Bragg mirrors, composed of 15 units of GaAs/AlAs and
25 units of AlAs/GaAs, respectively, and designed for a
wavelength λ of around 1.005 μm. Apart from the active
layer, the cavity contains an anisotropic layer of thickness
dA = 25 nm, with linear birefringence and linear dichroism
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described by nonzero δεr and δεi. The optical constants are
εGaAs = 12.25, εAlAs = 8.68, εQW = 12.96, and εA = εGaAs
[60]. We show how some of main consequences of even
the smallest change in the geometry of the device can be
predicted with sufficiently high precision. It is shown in
Sec. VI how exactly the anisotropic elements inside the
laser cavity can be technologically important.

1. Frequency splitting

We now consider the given single-QW structure free
of any anisotropies beside linear birefringence. It can be
derived using Eq. (64) that the frequency splitting is given
by δν/ν ≈ (�A/2) δεr/εA. Direct numerical comparison
with calculation based on our matrix formalism is shown in
Fig. 6(a). Particular colors of the lines refer to the position

δεr
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FIG. 6. Frequency splitting calculated as a function of the lin-
ear birefringence (LB) parameter δεr (a), of the linear dichroism
(LD) parameter δεi, due to a nonzero Henry factor α (b), and
of both anisotropy parameters (c). The results obtained with our
scattering matrix (S-matrix) formalism are used as a reference
to evaluate the precision of the method, based on coupled-mode
theory (CMT).

of the anisotropic layer within the optical field accord-
ing to Fig. 5. The values of the confinement factor of the
anisotropic layer are �red = 0.0312 and �blue = 0.0172.
We find perfect agreement between the two methods.

Another contribution to the frequency splitting origi-
nates from the phase-amplitude coupling. In this case, the
extended SFM predicts the value δν/ν ≈ α (�A/2)δεi/εA.
Note that the birefringence in the layer is switched off:
δεr = 0. The results, together with the comparison with the
rigorous matrix method, are depicted in Fig. 6(b). Two dif-
ferent realistic values of the Henry factor α are used, so the
magnitude of phase-amplitude coupling can be controlled.
Quantitatively, the results are in perfect agreement.

Finally, the combined contribution of both local
anisotropy parameters δεr and δεi is studied. The absolute
value of the frequency difference is δν/ν ≈ (�A/2)|δεr −
αδεi|/εA. Very good agreement between both methods is
obtained, as shown in Fig. 6(c). The results are calculated
for ζ = 0.15.

Calculations using the linear basis functions are per-
formed as well. We decide to use the option of two
orthogonal linearly polarized basis functions with degen-
erate frequencies. In this case, the coupled-mode theory
gives results almost identical to those obtained with a
circular basis.

2. Threshold splitting

The calculation concerning the effects of anisotropies on
lasing threshold is not as straightforward as in the case of
frequency splitting. The validity of coupled-mode theory
may be determined by calculating the ratio N[110]/N[11̄0],
where N[110] and N[11̄0] are the threshold carrier concentra-
tions for linear laser modes oscillating along the [110] and
[11̄0] crystallographic axes, respectively. The prediction of
the spin-flip model is N[110]/N[11̄0] = (κ − γa)/(κ + γa).
In the case of the matrix formalism, one has to calculate
the ratio χ̄[110]/χ̄[11̄0] since χ̄ ∝ N↑ + N↓ or equivalently
N0↑ + N0↓, because we consider a laser at or near thresh-
old. The results, depicted in Fig. 7(a), show excellent
agreement for δεi < 0.015.

Next we consider the optical anisotropies located solely
inside the active layers: circular gain dichroism, induced
by electron spin imbalance, and linear gain dichroism.
We ignore any additional passive anisotropies now. One
should expect significant differences in the pumping rates
at the respective thresholds (or threshold carrier con-
centrations) of particular modes in the presence of gain
anisotropies.

Figure 7(b) displays the calculation of N[110]/N[11̄0],
where N[110] = 1/(g + g̃) and N[11̄0] = 1/(g − g̃) accord-
ing to the extended spin-flip model. D is an adjustable
parameter. In the language of permittivities, one derives
δεa,i = 2 χ̄ D, where δεa,i is the difference of imaginary
parts of permittivities along anisotropy principal axes (see
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FIG. 7. (a) Calculated N[110]/N[11̄0] ratio as a function of
the linear dichroism (LD) parameter δεi. (b) The calculated
N[110]/N[11̄0] ratio as a function of the linear gain dichroism
(LGD) D = δεa,i/(2 χ̄). (c) The ratio of threshold pumping
rates N0↑/N0↓ in the structure with circular gain dichroism,
due to electron spin imbalance, but without additional linear
anisotropies. S-matrix stands for scattering matrix and CMT for
coupled-mode theory.

Sec. III). Numerical values obtained with our extended
SFM are in excellent agreement with those extracted with
the matrix formalism. A similar calculation is performed
for circular modes under spin-polarized pumping (PJ ) for
several values of the spin-mixing rate γJ .

3. Polarization eigenmodes at the threshold

Next we show that our extended SFM gives good results
even concerning the polarization state of possible thresh-
old modes, which may be the most general in this case.
We consider the linear birefringence and linear dichroism
in the passive layer, linear gain anisotropy in the active
layer, and additionally spin-polarized electron injection.
A very similar calculation was presented in our previous
contribution [61], in which we used the scattering-matrix

formalism to extract dynamics-related quantities for the
conventional SFM. However, in this case, our extended
SFM based on coupled-mode theory is computationally
self-consistent. Thus, the results of the robust matrix for-
malism are not required to obtain comparable results.

We transform equations for field amplitudes from the
extended SFM to the {x, y} basis, in which the field-
amplitude components are A = [Ax, Ay]T. The resulting
rate equations can be expressed compactly as ∂tA = �̂A,
where �̂ is a certain time-evolution operator. It can be
shown that the polarization eigenmodes we are looking for
are the eigenvectors of the operator �̂.

Analytically extracted eigenvectors are used to calcu-
late components of the Stokes vector S as functions of
the spin-injection polarization degree PJ and birefringence
parameter δεr (and the small dichroism δεi = δεr/10)
with fixed D = 0.025, γ‖ = 1 GHz, and γJ = 3γ‖, which
belongs to the range of values observed experimentally at
lower temperatures [62]. Otherwise, at room temperatures,
the values of γJ are usually larger, ranging from several
gigahertz to hundreds of gigahertz, which is beneficial for
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FIG. 8. Components of the reduced Stokes vector S =
[S1,S2,S3]T of a single laser eigenmode calculated with the rig-
orous matrix formalism (left) and with the extended spin-flip
model based on the coupled-mode theory (right).
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the field of ultrafast spin lasers [30,63,64]. The results are
shown in Fig. 8, together with refined calculations based on
the scattering-matrix formalism. We use the approximation
N ≈ 1. Compared with the results from Ref. [61], in
which we compared the matrix approach with the con-
ventional spin-flip model, one can see that separation of
amplitude anisotropy into passive (linear dichroism) and
active (linear gain anisotropy) contributions increases the
precision.

VI. APPLICATION: SPIN-VCSELS FOR
TERAHERTZ SOURCES AND ULTRAFAST DATA

TRANSMISSION

In this section, we apply the theoretical tools developed
to design and optimize conceptual spin-VCSEL structures
with a one-dimensional grating, which locally induces
extremely large linear birefringence and thus large fre-
quency splitting between coexisting electric field compo-
nents. It is an alternative option to recently demonstrated
methods based on heating or bending the structures, where
a frequency splitting δν of 214 GHz was achieved [13,65].
More recently, by implementation of a surface grating,
δν ≈ 100 GHz was obtained [66,67]. Even higher δν can
be obtained using one-dimensional grating-based reflec-
tors, but for the price of very large losses of the weaker
mode. This can be solved with use of a properly designed
two-dimensional grating.

Considering spin-VCSELs, the combination of very
high anisotropies in the cavity, resulting in a large fre-
quency splitting, and extremely large spin-mixing rate, as
observed at room temperatures, offers an unique advantage
in the dynamic performance over conventional devices.
This applies to potential and very promising applica-
tions, such as ultrafast data transmission and generation of
terahertz radiation.

A. Spin lasers with subwavelength gratings

To achieve frequency splitting in the terahertz range, we
use the numerical recipe introduced in Sec. III to design the
conceptual spin-VCSEL structures with highly anisotropic
subwavelength gratings. In the following, we demonstrate
the potential of spin lasers for terahertz generation by two
approaches: (i) a structure with an intracavity grating and
(ii) a structure with a surface grating. The ultrafast polar-
ization modulation is then discussed for the intracavity
design with the possibility of good integration in compact
devices.

1. Structure with an intracavity grating

We propose a structure with a high-contrast intracavity
grating, as shown in Fig. 9(a). It is based on a resonant
2λ cavity made of GaAs, with four (In,Ga)As QWs and an
(Al,Ga)As/air grating. The Bragg mirrors are made of 15

(a)

(b)

(Al,Ga)As air grating (In,Ga)As quantum wells

(In,Ga)As quantum wells

FIG. 9. (a) A λ = 1300 nm VCSEL with four (In,Ga)As QWs
and an intracavity (Al,Ga)As/air grating and (b) a λ = 940 nm
half-VCSEL with three (In,Ga)As QWs, a GaAs/air surface
grating, and a microcavity of length L.

units of GaAs/AlAs and 25 units of AlAs/GaAs, respec-
tively. The structure is optimized to emit light at wave-
length λ ≈ 1300 nm. The optical constants used in the
design are εGaAs = 11.56, εAlAs = 8.41, ε(In,Ga)As = 12.32,
and ε(Al,Ga)As = 10.69 [60].

Structures of this type are usually fabricated in three
steps: (i) initial epitaxial growth of a substrate Bragg mir-
ror and a multiple-QW active region, (ii) fabrication of the
grating by, for example, electron-beam lithography, and
(iii) epitaxial regrowth of the rest of the structure [68,69].
Wafer bonding is an alternative method of preparation
[70].

2. Microcavity structure with a surface grating

The second structure designed for λ ≈ 940 nm, depicted
in Fig. 9(b), consists of three (In,Ga)As QWs and an
GaAs/air grating at the surface of a half-VCSEL inside
the microcavity similar to those of MEMS VCSELs. The
Bragg mirror is made of 30 units of AlAs/GaAs. The opti-
cal constants corresponding to the emission wavelength are
εGaAs = 12.6, εAlAs = 8.76, and ε(In,Ga)As = 13.18 [60].

B. Terahertz-radiation generation

Existing terahertz sources are too large, or they can
operate only at cryogenic temperatures. Alternatively, they
require the use of more than one external laser. Such
disadvantages could be eventually solved using highly
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Terahertz beat note Terahertz signal

FIG. 10. Compact source of monochromatic terahertz radia-
tion based on a highly anisotropic spin laser.

anisotropic spin lasers, in which the beat-node signal in
the terahertz range coming from interference of orthogo-
nally polarized modes could be used to generate terahertz
radiation by means of photomixing [14]. The proposed
source of terahertz radiation is schematically shown in
Fig. 10. The role of spin injection here is to allow the
simultaneous oscillation of both polarization components
and potentially to slightly tune the frequency splitting
and consequently the frequency of the terahertz wave
(νTHz = δν).

We use the effective-medium approximation, which is
valid for long wavelengths [71], to describe the effec-
tive anisotropy of grating. For simplicity, we consider the
grating to be the only source of anisotropy. In the case
of a lamellar grating, the ordinary and extraordinary per-
mittivities εo and εe are given by εo = f εa + (1 − f )εb
and ε−1

e = f ε−1
a + (1 − f )ε−1

b , where f is the fill factor
and εa and εb are bulk permittivities of the two materials
composing the grating [72].

The frequency splitting induced by the grating, calcu-
lated by our using proposed matrix formalism, is shown
in Fig. 11(a) for variable grating thickness and fill factor.
We show that with an intracavity grating [see Fig. 9(a)]
it is possible to achieve frequency splitting δν > 1 THz
if one correctly chooses the grating geometry and mate-
rial. We achieved frequency splitting of orthogonal linear
modes close to 1.4 THz for grating fill factor f = 0.75 and
a thickness of 25 nm.

For the case of a microcavity spin-injected vertical-
external-cavity surface-emitting laser with a surface grat-
ing [see Fig. 9(b)], we show the results in Fig. 11(b). We
keep the fill factor f = 0.5. The calculation shows the
effects of variable grating thickness and microcavity length
L. The values of δν obtained surpass the results obtained
for a monolithic spin-VCSEL for two reasons. First, most
of the cavity consists of air, and second, the permittivity
of the GaAs grating is larger than that of (Al,Ga)As at the
given wavelengths.

C. Polarization modulation for ultrafast
communication

The utilization of the polarization degree of freedom
opens horizons to surpass conventional current-driven
intensity-modulated VCSELs, in which the modulation
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FIG. 11. (a) Frequency splitting between orthogonally polar-
ized laser modes as a function of intracavity (Al,Ga)As grating
thickness and fill factor. (b) Frequency splitting of modes in a
vertical-external-cavity surface-emitting laser (VeCSEL) with a
GaAs surface grating and a microcavity as a function of grating
thickness and microcavity length L.

performance depends, for example, on the cavity decay
rate κ and the pump current, limiting room-temperature-
modulation bandwidths to approximately 35 GHz [73].
Similarly, in the case of polarization dynamics, the cru-
cial quantity here is the phase anisotropy rate γp . The
larger γp is, the faster temporal switching between circular
polarization modes occurs.

Naturally, the possibility of encoding the information
into the polarization state of light arises. While in the
case of intensity-modulated conventional VCSELs, bits
“0” and “1” are reached by the laser being below and
above threshold, respectively, in the case of polarization-
modulated spin-VCSELs, bits are encoded as an opposite
injected spin and thus emitted orthogonal circular polar-
izations. Such modulation, which is needed for high-speed
information transfer, could be performed by means of
time-varying injection of spin current either optically or
electrically. Recently, fast pulsed optical spin injection has
been demonstrated in an array of VCSELs with large bire-
fringence induced by bending [13]. From the spintronic
point of view, the challenge is to develop an integrated
method for fast modulation (in the range from hundreds
of gigahertz up to terahertz) of electrically injected spin
current [74].

Figure 12 shows the simulated polarization modu-
lation described by the degree of circular polarization
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FIG. 12. Simulated polarization modulation of a spin-VCSEL
with a grating for two different positions of the grating within the
cavity.

Pc(t) = [I+(t)− I−(t)]/[I+(t)+ I−(t)]. We study two dif-
ferent positions of the grating within the cavity. The
parameters used in simulations are N0 = 5, α = 3, γ‖ =
1 GHz, κ = 133 GHz, g = 1, g̃ = 0 (D = 0), and fill
factor f = 0.25 in both cases. The birefringence rate is
extracted from the value of the frequency splitting as
γp = πδν. The spin modulation is introduced as PJ (t) =
AJ cos(2π fmt), with amplitude AJ = 0.5 and frequency fm
matching the frequency splitting due to birefringence. The
harmonic signal can, in principle, be replaced by the string
of bits. The speed of polarization modulation is limited
by the spin-mixing rate γJ , which is chosen to be 500γ‖
here. Nowadays, there is a significant experimental effort
to make the spin-mixing rate as large as possible, in con-
trast to conventional spintronics. The field of ultrafast spin
lasers can thus benefit from the fact that the spin-mixing
rate increases with temperature [64].

Figure 12 also demonstrates strong sensitivity of the
resulting polarization-modulation speed to the location of
the grating layer in the multilayer structure. One can see
that even a very small shift in the position of the grating
leads to a very large change of polarization-degree oscilla-
tions. Soon, our theoretical framework will be extended to
structures with lateral periodicity by incorporation of rigor-
ous coupled-wave analysis, for which our approach is well
suited [75].

VII. CONCLUSION AND PERSPECTIVES

We formulate the semiclassical model of a spin laser
with particular focus on local optical anisotropies and
highly birefringent structures. It is used to develop the
steady-state robust matrix description of spin-VCSELs.
This can be further generalized to describe the steady-
state operation of spin-VCSELs pumped above threshold,

including saturation effects. It will be important to use
a more-realistic description of QW gain and include lat-
eral effects in electromagnetic wave propagation. This will
allow the study of mode competition in a rigorous way. For
terahertz applications, it is suitable for direct implemen-
tation of periodic structures such as birefringent gratings
by means of rigorous coupled-wave analysis. The semi-
classical model is also used to develop coupled-mode
theory, which allows one to treat spin-VCSEL structures
layer-by-layer. It is sensitive to any small changes in opti-
cal and geometric properties of the laser cavity and gain
media. We use the vectorial eigenmodes of active struc-
tures, extracted using the matrix formalism, in contrast
to previous approaches. The only input parameters are
the optical and geometric properties of particular layers.
Our model leads to the extended spin-flip model with
polarization-dependent gain. In the future, it will be worth
performing detailed analysis of the effects arising from
additional terms due to linear gain anisotropy.

In this paper, we proposed and design conceptual spin-
VCSEL structures with birefringent gratings. For simplic-
ity, we use the one-dimensional approximation, ignoring
any effects of lateral confinement, which is beyond the
scope of the present paper. However, it is important to
note that the scattering-matrix formalism, in the frame of
aperiodic rigorous coupled-wave analysis or the method of
lines, as well as the coupled-mode theory can be formu-
lated in higher dimensions, which will be the objective of
our future work. Such structures have potential to be of sig-
nificant importance for terahertz photonics: (i) as compact
tunable sources of terahertz radiation and (ii) as ultra-
fast polarization modulators for data transfer. The robust
matrix formalism together with coupled-mode theory is
proven to be a precise tool for the design and optimization
of future spin-VCSEL structures.
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APPENDIX A: TRANSFER-MATRIX AND
SCATTERING-MATRIX FORMALISM

Steady-state electromagnetic field propagation inside
multilayer structures such as spin-VCSELs can be effi-
ciently described using Yeh’s matrix approach. The basic
idea is that one solves the wave equation for each layer
separately and these solutions are connected by apply-
ing relevant boundary conditions. The frequency-domain
wave equation for the electric field amplitude E(n)0 inside
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any general anisotropic medium is

W(n)E(n)0 = 0, (A1)

where W(n) = (ω/c)2ε̂(n) − [
q(n)

]2 + q(n) ⊗ [
q(n)

]T is the
wave-equation operator with the permittivity tensor ε̂(n)

and wave vector q(n) specific for each layer. The z com-
ponents of q(n) are extracted from the condition for the
nontrivial solution:

det[W(n)] = 0. (A2)

Because of the symmetry of the class of media consid-
ered, one obtains four propagation constants q(n)zj , where
j = 1, 3 refer to forward-propagating modes and j = 2, 4
refer to backward-propagating modes. Solving Eq. (A1)
gives particular amplitudes E(n)0j = A(n)j e(n)j , where e(n)j is
the eigenpolarization vector.

Boundary conditions at the interface between the (n −
1)th and (n)th layers can be expressed using matrices as

D(n−1)A(n−1) = D(n)P(n)A(n), (A3)

where A(n) is the vector of amplitudes, and D(n) and P(n) are
the dynamic and propagation matrix, respectively. They
are given by

D(n) =

⎡
⎢⎢⎢⎣

e(n)x1 e(n)x2 e(n)x3 e(n)x4
h(n)y1 h(n)y2 h(n)y3 h(n)y4

e(n)y1 e(n)y2 e(n)y3 e(n)y4

h(n)x1 h(n)x2 h(n)x3 h(n)x4

⎤
⎥⎥⎥⎦ , (A4)

P(n) =

⎡
⎢⎢⎢⎢⎣

eiq(n)z1 d(n) 0 0 0

0 eiq(n)z2 d(n) 0 0

0 0 eiq(n)z3 d(n) 0

0 0 0 eiq(n)z4 d(n)

⎤
⎥⎥⎥⎥⎦ , (A5)

where h(n)j are the magnetic field eigenpolarizations and
d(n) stands for the thickness of the nth layer. Each layer
can be described by its own characteristic matrix T(n) =
D(n)P(n)

[
D(n)]−1. All of the layers contained within the

structure can be recursively connected and the amplitudes
A(0) and A(N+1) are related as A(0) = MA(N+1), where M
is the total matrix:

M = [
D(0)]−1

{
N∏

l=1

T(l)
}

D(N+1). (A6)

Alternatively, the scattering matrix S of the system can be
derived in a similar way, relating outgoing and incoming
amplitudes: Aout = SAin.

APPENDIX B: CALCULATION OF FIELD DECAY
RATE κ

1. Standard method based on complex frequency

The total field decay rate κ can be calculated rigorously
within the framework of the transfer-matrix or scattering-
matrix formalism. It can be done by using the formalism
developed in Sec. III. However, the gain of the active layer
must be switched off χ̄ = 0 and the complex frequency
ω̃ = ω − iκ must be introduced. In the context of the given
formalism it has more a sense of artificial gain according
to the sign convention. Similarly, also in this case, one is
trying to find the values of ω and κw that satisfy the reso-
nance condition [see Eqs. (25) and (27)]. When κ reaches
a value equal to the real cavity decay rate, the energy of
the cavity mode considered no longer decays [27,76].

2. Analytic method based on the Poynting theorem

Similarly, as in the case of anisotropy rates derived using
coupled-mode theory, it is possible to derive simple ana-
lytic expressions also for κ . We combine the basic idea
behind coupled-mode theory that one can assume the shape
of the laser mode with the law of electromagnetic energy
conservation, which is the Poynting theorem [77]:

∂

∂t

∫
C

udV = −
∮
∂C

S dA −
∫

C
jEdV, (B1)

where u is the density of the electromagnetic field, S is the
Poynting vector, and j stands for the density of electric cur-
rent. If we consider the passive cavity, then it describes the
decay of the field due to transmitted light from the struc-
ture and internal absorptions. We consider the cavity mode
linearly polarized along x or y, described by E(z, t) =
E(t)ϕ(z). Thus, any lateral effects are ignored now. Using
the known shape of the cavity mode inside the device, we
can derive the following relations. The density of the elec-
tromagnetic field inside the cavity with no magnetically
active media is u = ED = ε0εm|ϕ|2E2, where εm is the real
part of the spatially varying permittivity. The Stokes vec-
tor is then S = E × h = (ε0c2/ω)|ϕ|2E2q. The absorbing
term under the integral is jE = ε0εm,iω|ϕ|2E2, where εm,i
is the imaginary part of the permittivity (εm,i � εm).

Assuming that the entire multilayer structure has length
L, one obtains

∫ A0

0

∫ L

0
εm|ϕ|2dz dA × ∂E

∂t

= −
∮
∂C

c2

ω
|ϕ|2 (qdA)× E

−
∫ A0

0

∫ L

0
εm,iω|ϕ|2dzdA × E, (B2)

where A0 is the cross-section area of the domain, over
which the surface integration is performed. Simplifying
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this expression, one obtains a simple decay law

d
dt

E = − (κtr + κabs)︸ ︷︷ ︸
κ

E, (B3)

in which the particular contributions to the total decay rate
κ consist of a transmission (Fresnel) term

κtr = c
2

√
εm(0)|ϕ(0)|2 + √

εm(L)|ϕ(L)|2∫
C εm(z)|ϕ(z)|2dz

(B4)

and an absorption term

κabs = ω

2

∫
abs εm,i(z)|ϕ(z)|2dz∫

C εm(z)|ϕ(z)|2dz
. (B5)

By εm(0) and εm(L) we understand the permittivity of a
nonabsorbing superstrate and substrate, respectively.

Comparing this result with Eq. (40), one derives the
following expression for κ̃ in the one-dimensional approx-
imation:

κ̃(z,ω) = κ̃tr(z,ω)+ κ̃abs(z,ω)

= c√
εm(z,ω)

δ(z − z∂C)+ ω
εm,i(z,ω)
εm(z,ω)

. (B6)

In the following, we focus on the κabs contribution, because
it can be significantly simplified in the case of a single
absorbing layer. Spatial dependence of εm,i can be taken
out of the integral, and we obtain

κabs = �κ

(ω
2

) εm,i

εm
, (B7)

where the following confinement factor is defined:
�κ = ∫

abs εm(z)|ϕ(z)|2dz /
∫

C εm(z)|ϕ(z)|2dz. The derived
expression is formally almost identical to approximate for-
mulas, which have been derived for anisotropy rates γa and
γp .
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FIG. 13. Calculated cavity-decay-rate contribution coming
from internal absorptions κabs as a function of the imaginary
part of the permittivity εm,i. Results onbatined with the robust
method based on the matrix formalism are compared with results
obtained with the simple analytic expression.

We compare the derived expression with the rigorous
and more-powerful method based on the transfer-matrix
(or scattering-matrix) formalism. The results, which are in
perfect agreement, are shown in Fig. 13.
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