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As the predominant information carrier, acoustic waves play an essential role in underwater communi-
cations, with significantly less scattering and attenuation than that of electromagnetic waves. Integrating
the gradient-index metamaterials (GIMs) with circular waveguide, we propose a design to achieve a mul-
timodal acoustic converter with multifrequency and great efficiency in a circular waveguide. Numerical
simulations and analytical results demonstrate that the zeroth order of acoustic mode can be converted
to the first-order mode or even higher-order modes. Moreover, optimizing the parameter of GIMs, it is
further demonstrated that GIMs, attached to the rigid wall of waveguide, can be utilized as a passive
orbital-angular-momentum (OAM) generator. In the future, this mode-conversion scheme with suppressed
backscattering and high mode-conversion efficiency may find many applications in integrated acoustics
and underwater communications.
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I. INTRODUCTION

Oceans are a significant part of the earth system, which
human beings depend on. Recently, underwater acoustic
communications have received much attention as the atten-
uation of acoustics is at least 3 orders of intensity smaller
than that of electromagnetic waves [1,2]. The significant
loss of microwave and powerful scattering of visible light
essentially result in a great suppression of light waves.
However, compared with electromagnetic waves, acoustic
waves (as a scalar wave) do not have the degree of freedom
for polarizations or spin. Moreover, the capacity of com-
munication channels with acoustic waves is also restricted
by the low operating frequency (under 20 kHz) and the low
inherent speed. How to further expand the bandwidth of
acoustic communication has thereby become a key prob-
lem to be solved. Recently, mode-division multiplexing
(MDM) is a very promising research field in waveguide
communication system [3–5]. The capacity of a commu-
nication system can be greatly expanded if MDM is used
in the mode multiplexer and mode demultiplexer. Mode
excitation and mode conversion are two key problems that
must be faced in the initial stage of the research of MDM.
The mode-order converter, as the basis and premise for
the system of MDM to be operated, also finds varieties
of applications, including multimode waveguide bends
[6], mode-selective switches [7,8], and so on. Besides,
acoustic vortex waves with helical phase distribution have
been extended to open up alternative multiplexing and
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demultiplexing approaches for high-capacity acoustic
communications. As an alternative independent freedom of
traditional technology, orbital angular momentum (OAM)
is expected to bring a great revolution in underwater
acoustic communication. Traditional methods of generat-
ing acoustic OAM require active arrays consisting of large
numbers of independent transducers or passive material
with uneven thickness and helical structure, which limit
their practical application potential. Recently, acoustic res-
onators [9] were used to convert plane waves into an
outgoing vortex beam with OAM. However, due to the
characteristics of the Helmholtz resonator, the operating
frequency is strictly a single frequency and the com-
plex structure of the resonator may not be suitable for
device miniaturization. Although the potential of acoustic
OAM has been preliminarily demonstrated in the current
research, it is far from meeting the requirements of practi-
cal application. Therefore, the research on acoustic OAM
is in the ascendant process, which is a vigorous scientific
research field.

On the other hand, metamaterials have found broad
applicability in free-space acoustics, including sound
attenuation [10], negative refraction [11,12], acoustic
imaging [13–15], and many other acoustic devices based
on transformation acoustics [16,17]. With the rapid devel-
opment, soft porous silicone rubber materials have been
implemented to a broad range of tunable acoustic refractive
index n (from 1.5 to 25 with respect to water) depend-
ing on the material porosity φ [18,19]. It is worth men-
tioning that there is a sudden drop of the longitudinal
phase velocity cL with the increase of porosity φ, while
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the transverse phase velocity cT remains constant [18].
The strong dependence of cL on φ has been attributed
to the very low value of the shear modulus G0 (approx-
imately 1 MPa) of the soft elastomeric skeleton (with ρ

∼ 1000 kg/m3) [20]. In the fabrication of soft porous sili-
cone materials, the accuracy of target porosity can nearly
reach 1% [21], which can be achieved very simply in
common polymer-science engineering. It was shown that
gradient-index metamaterials can be used to achieve the
complete conversion from propagating waves (PWs) to
surface waves (SWs) [22]. Recently, its potential to tai-
lor guided waves has drawn a great deal of attention. In
particular, by integrating the concept of gradient-index
metamaterials into a paralleled-plated waveguide, asym-
metric propagation of light without polarization limita-
tions was achieved [23]. This feature leads to plenty of
alternative devices, such as mode conversion in a parallel-
plate electromagnetic waveguide [24], waveguide cloak-
ing [25,26]. In fact, acoustic waves and water waves
are the counterpart of electromagnetic waves, acoustic
asymmetric transmission [27], broadband acoustic waveg-
uide cloak [28], and broadband cloak for water waves
[29] have also been demonstrated. Therefore, it is desir-
able that multifunctional mode conversion in an acoustic
waveguide can be manipulated in a similar and simple
law.

There have been several conventional schemes to
achieve mode conversion. For example, it has been sug-
gested that based on the symmetrical match and mis-
match between the waveguide mode and the cavity mode,
two perpendicular sonic crystal waveguides are connected
to achieve even and odd mode conversion [30]. How-
ever, those mode-order converters generally have signif-
icant backscattering or can only work at a single fre-
quency. According to the coupled-mode theory [31,32],
only when the mode converter meets the phase-matching
conditions and the field-overlapping conditions, can the
high conversion efficiency and the maximum propaga-
tion distance be realized. In this paper, we propose a

scheme to achieve multimode conversion via integrating
asymmetric gradient-index metamaterials (GIMs) into the
circular waveguide at multifrequencies. Moreover, we also
design an OAM generator based on this mode-conversion
theory, which would be very useful in manipulating small
particles with acoustic waves [33–35].

II. MODE CONVERTER VIA GRADIENT-INDEX
METAMATERIALS

Here our configurations are shown in the schematic
diagram in Fig. 1. The proposed structure is a three-
dimensional (3D) circular waveguide with the GIMs
attached to its outer perfect rigid boundary (PRB) wall.
The GIM layer is divided into two symmetrical semiannu-
lus regions. The inner medium is water of radius a, which
is coated by a cylindrical layer of GIMs [denoted by the
regions in Fig. 1(b) with gradual blue color]. It is obtained
by rotating the cross section of the two-dimensional (2D)
parallel-plate waveguide in Fig. 1(b) around the propagat-
ing direction (z axis).

The index profiles of two semiannulus regions along z
direction are

n(z) =

⎧
⎪⎪⎨

⎪⎪⎩

1 + gi
ξ [z + (L/2)]

2k0d
, −L

2
≤ z ≤ 0, i = 1, 2

1 − gi
ξ [z − (L/2)]

2k0d
, 0 ≤ z ≤ L

2
, i = 1, 2

,

(1)

where k0 is the wave vector in free space (water), ξ means
additional parallel vector kz, a crucial momentum param-
eter, which controls the speed of the conversion process
from the PWs to the SWs [22]. We provide the deriva-
tion for the general refractive-index distribution within
Sec. I of the Supplemental Material [36]. With the length
of the GIMs denoted by L, d is the thickness of the
GIMs along the radial direction. In addition, g1 and g2,
respectively, refer to the gradient factors of the upper-half

(a) (b)

FIG. 1. Schematic plot of the acoustic waveguide mode converter. (a) For the 3D case, a circular waveguide with GIMs attached
to its rigid wall, loaded with water (light blue region) as the inner core. Specifically, the GIM layer is divided into two symmetrical
semiannulus regions in the x-y cross section, as shown in the inset map. (b) For the view of the x-z section, the proposed structure is
constructed with a circular waveguide (denoted by the black region) and the two semicylindrical GIM layers (denoted by gradually
blue regions). It is worth mentioning that the gradient-index profiles of the GIM layers are roughly characterized by gradient colors.
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and lower-half GIMs. The key to achieving mode con-
version is the difference between g1 and g2. According
to Eq. (1), the range of refractive index is from 1 to
1 + g2(ξL/4k0d). Based on the coupled-mode theory, the
mode-conversion effect is generated for the accumulated
phase difference. It satisfies the phase-matching condition
when the acoustic wave propagates between the upper-
half and lower-half GIMs. In view of this configuration,
the refractive-index distribution roughly changes with the
shade of color. Throughout the study, we use software
platform COMSOL Multiphysics to perform numerical sim-
ulations with the pressure acoustics model. The acoustic
velocity of the GIMs is defined as c = (ω/k) = (ω/nk0),
where ω is the angular velocity. However, those GIMs will
inevitably induce shear wave, more discussion about the
phase velocity for the transverse waves is discussed within
Sec. II of the Supplemental Material [36].

Since the cut-off frequencies of mode (1,0) and mode
(2,0) are 1831.5 and 3038.2 Hz, respectively, there are only
two modes [the plane mode (0,0), mode (1,0)] exist in this
range. More discussion on mode analysis can be found
within Sec. III of the Supplemental Material [36]. To cap-
ture these modes while ensuring good nonreflecting effect
at the waveguide inlet and outlet, two port boundary con-
ditions are added at each end. Each port captures a specific
mode, which means that on the inlet or outlet boundaries,
the combination of ports defines the total acoustic field
(sum of incident and outgoing waves) as

pt =
∑

i

(Si1 + Ainδi1)pi, (2)

where the summation i is over all ports on the given bound-
ary (for example 3,4 on the outlet), Ain is the amplitude
of the incident wave, and pi is the mode shape of the ith
port. The mode shape pi is normalized to a unit maximum
amplitude. The power of each mode can be further calcu-
lated by the sound pressure on the port. Here, Pin and Pout
are the acoustic power at the inlet and outlet, respectively.
The acoustic power is subject to the following relationship:

Pin =
∫

∂�

p0
2

2ρc
dA,

Pout =
∫

∂�

|pc|2
2ρc

dA.

(3)

Thus, the coefficients Pout−3 and Pout−4 describe the power
of these eigenmodes at the output port. In general, the
conversion efficiency can be expressed as

η = T × f = Pout−3 + Pout−4

Pin−1
× Pout−3

Pout−3 + Pout−4
,

where T and f are the transmission of both modes and the
fraction of the first mode.

In the simulations, the material parameters involved are
set as follows: the length of the GIMs is L = 200 cm;
R = 24 cm; d = 2 cm; ξ = 0.2k0; ρ = 1000 kg/m3

, and
c = 1500 m/s for water, where ρ and c are the density and
velocity, respectively. For the plane acoustic wave inci-
dent from the left port, the 3D waveguide cloak can be
achieved in the special case of g1 = g2 = 1, as shown in
Fig. 2(a) (which has been discussed in Ref. [28]). In con-
trast, by slightly adjusting the lower-half GIM layer g2
while keeping g1 as constant, it is possible to achieve mode
conversion from mode (0,0) to mode (1,0). As shown in
Fig. 2(b), a perfect waveguide mode converter is realized
at 2578 Hz for the case of g1 = 1, g2 = 1.067 with the
fraction of desired mode f equal to 99.31% and the waveg-
uide transmission T equal to 99.99%. Figure 2(c) refers to
the cross section of the waveguide inlet and outlet, which
reveals that the output mode turns into mode (1,0) com-
pletely. The numerical simulation definitely indicates that
our scheme can be used as an excellent mode converter
with negligible backscattering. It is noted that either adjust-
ing g1 or g2 has the same effect. Figure 2(d) shows that
the relationship between the fraction of the output mode
(1,0) and the gradient factor of the lower-half GIM layer
(g2) as well as the working frequencies by fixing g1 = 1.
The white dashed line in Fig. 2(d) indicates the fraction of
mode (1,0) in the outlet when g1 = 1, g2 = 1.067. There
are several special areas in this frequency range (the corre-
sponding transmission can be found within Sec. IV of the
Supplemental Material [36]), indicating that there are some
unideal dips caused by the Fano resonances [37]. When the
related parameters of the circular waveguide are fixed, by
carefully inspecting this frequency range, it is clearly seen
that the output mode can be converted into mode (1,0) at
multifrequencies. In addition, to avoid extreme accuracy
of the refractive-index distribution, good results can also
be achieved if the refractive distribution is not necessarily
a linear function of the propagation distance. For detailed
robust verification see Sec. V within the Supplemental
Material [36].

Now, let us try to reveal the mechanism behind this
scheme. The governing three-dimensional wave equation
in a circular tube can be described in a cylindrical coordi-
nate system:

1
r

∂

∂r

(

r
∂p
∂r

)

+ 1
r2

∂2p
∂θ2 + ∂2p

∂z2 = 1
c2

∂2p
∂t2

, (4)

where r, θ , z, and p are the radial distance, the polar
angle, the tube axial distance and the acoustic pressure,
respectively, c is the speed of sound in water and ω is
the angular frequency. For the special case g1 = g2 = 1,
assuming the inner media (water) is region I and the
GIMs are region II, the general solution of Eq. (4) can be
expressed as p1 = AJm(kr1r) cos(mθ + ϕm)e−j kzz (region
I) and p2 = [BJm(kr2r) + CNm(kr2r)] cos(mθ + ϕm)e−j kxz
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FIG. 2. Numerical simulations demonstrate that the zeroth acoustic mode can be converted to the first mode at multifrequencies.
(a), (b) Simulated pressure field for acoustic wave incident from the left to right port at 2578 Hz with (a) g1 = g2 = 1 and (b) g1 = 1,
g2 = 1.067. (c) The cross section of the ports on both ends in (b), respectively, realizing the conversion from the fundamental mode
to the first mode. (d) The fraction of mode (1,0) f with different operating frequencies as well as the gradient factor of the lower-half
GIM layer while the gradient factor of the upper-half GIMs is set as 1. The white dashed line in (d) refers to the frequency range from
2200 to 2800 Hz with g2 = 1.067. (e) Illustration of accumulated phase difference (denoted by the red solid line) and the fraction of
mode (1,0) on the outlet (denoted by the blue point) with varying gradient factors at 2700 Hz.

(region II). The wave vectors in the two regions have the
following relationships: k2

r1 = k2
0 − β2, k2

r2 = (nk0)
2 − β2,

where k0 = 2π f /c, and β is the wave vector in the z direc-
tion for the two regions [28]. Therefore, the dispersion
relation of the waveguide with GIMs at a fixed position can
be obtained under the boundary conditions. As the refrac-
tive index of the GIMs increases, the dispersion curve of
the zeroth mode corresponding to the waveguide cross
section will gradually fall below the water line (acoustic
cone in free space), which means that the wave vector
of the propagating direction β is greater than k0, and the
kr1 will be an imaginary number. Therefore, the propa-
gating wave will gradually be converted into the surface
wave. When most energy is confined to the GIM region,
the central energy becomes weaker and weaker, as if there
is a forbidden zone in the middle of the waveguide that
acoustic waves cannot pass through.

Due to a small gradient factor, propagating waves can
be gradually converted to surface waves with negligible
scattering. The divergence is the phase difference caused
by the asymmetric gradient factors of the upper-half and
lower-half GIM layers. The dispersion relation of circular
waveguide is β2 + k2

r = k2, where β is the wave vector

in the propagating direction (z axis). For convenience,
β at a fixed position of GIM layer can be approximately
equal to the wave vector in bulk material with the same
parameters as the GIMs at this position. Furthermore,
the phase difference accumulated between these two GIM
layers can be established as θ = ∫ L/2

−L/2 �βdx. When θ is
equal to 2nπ(n = 0, 1, 2 . . .), there is no phase difference
accumulated between the upper-half and lower-half GIM
layers, so the output wave remains the same as the inci-
dent wave. While θ is equal to 2(n + 1)π(n = 0, 1, 2 . . .),
the phase-matching condition for achieving mode conver-
sion can be satisfied: the output mode turns to mode (1,0).
Figure 2(e) shows the fraction of output mode (1,0) and
the phase difference θ as a function of g2 with g1 = 1 at the
working frequency f = 2700 Hz, which coincides with our
explanation very well. However, it is worth noting that this
method is calculated based on the approximations men-
tioned above. Due to the coupling effect between the two
GIMs and the Fano effect, the conversion efficiency will
become undesired.

Based on the above-mentioned similar theory, it is
entirely possible to consider higher-order mode con-
version. In a higher frequency range (from 3038.2 to
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(a)

(b)
(c)

FIG. 3. (a) Cross section of the higher-order mode converter.
The GIM layer attached to the wall is equally prorated into four
regions, the darker blue region and the lighter blue region refer
to g1 and g2, respectively. (b) The simulated phase distribution
of the multiple x-y cross section in the waveguide with GIMs for
the case where g1 is equal to unity, g2 is equal to 1.059 and the
working frequency f is 3250 Hz. (c) Cross section of the ports
on both ends in (b), respectively.

3811.5 Hz), three modes are supported in the output port
of the waveguide, namely mode (0,0), mode (1,0), and
mode (2,0). The difference with the above structure is that
the GIM layer is divided into four regions as shown in
Fig. 3(a), where dark blue regions represent the region
with gradient factor g1, light blue regions represent the
region with gradient factor g2. When the gradient factor
g2 is slightly modified by fixing g1 = 1, mode conversion
from mode (0,0) to mode (2,0) can be achieved. Figure 3(b)
shows that, when g1 and g2 are set as 1 and 1.059, respec-
tively, a nearly complete waveguide mode conversion is
realized at 3250 Hz: the output mode turns into mode (2,0)
with the fraction of desired mode f equal to 99.67% and
the waveguide transmission T equal to 85.85%. Figure 3(c)
refers to the cross section of the waveguide inlet and out-
let, which further proves that the outlet mode is converted
to mode (2,0) efficiently. However, the uneven intensity of
the incident port is caused by backscattering. The reflection
here is mainly due to the impedance mismatch between
GIM layers with different gradient factors.

III. THE OAM GENERATOR VIA
GRADIENT-INDEX METAMATERIALS

Furthermore, we also demonstrate a vortex-beam gen-
erator to extend the potentiality of our proposed mode-
controlling method. In the previous example in Fig. 2, if
θ equal to (2n + 1)π(n = 0, 1, 2 . . .), the acoustic pres-
sure field through the upper-half GIMs has the opposite
sign relative to the field through the lower-half GIMs.
This also verified the conclusion that different parameters g

(a) (b)

(c)

FIG. 4. (a) Cross section of the OAM generator with a topo-
logical charge l = +1. The gradient factor g of the GIM layer
increases from 1 to 1.11 along the radial direction θ as the
color changes. To simplify the implementation of the model, the
GIM layer is divided into m subregions (here m is equal to 8)
by partitioning the solid angles around the center points. Red
lines denote the subregions profile. (b) Left panels: the calcu-
lated total pressure field in the inlet port (the phase distribution
at the inlet and the corresponding amplitude distribution); right
panels: the calculated output acoustic mode (the phase distribu-
tion at the outlet and the corresponding amplitude distribution).
A helically phased vortex field with topological charge l = +1
can be produced. (c) Simulated phase distribution of the multiple
x-y cross section in the waveguide with GIMs. For the incident
plane acoustic wave from the left port, the output mode is con-
verted into a vortex beam. The inset map of (c) shows an enlarged
view of the dotted red region, which indicates that the obtained
vortex beam can continue to propagate in the empty waveguide.

accumulate different phase differences. It is therefore desir-
able that this scheme could be extended to generate a
vortex wave. If the inner layer of the waveguide is divided
into different areas and filled with appropriate linear gradi-
ent increment parameter g, a perfect OAM with a gradient
phase distribution will be obtained in the outlet. For the
case of the working frequency f = 2700 Hz, based on the
above theory, a qualified phase difference can be achieved
by adjusting the gradient factor g from 1 to 1.11, as shown
in Fig. 4(a). In the virtual space, to avoid the extreme pre-
cision in the gradient factor depending on radial angle θ ,
we simplify it by partitioning the GIM layer into discrete
subregions of eight different gradient factors. The gradient
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factor gm of each subregion can be given by

gm = (gmax − gmin)

7
(m − 1) + 1, m = 1, 2, ·· · 8, (5)

where gmin and gmax are equal to 1 and 1.11, respectively. In
the upper panels of Fig. 4(b), we show the simulated input-
mode profiles and the corresponding phase distributions
(the backscattering caused by the impedance mismatch
leads to the uneven incident field). The lower panels show
the simulated output-mode amplitude and the correspond-
ing phase distributions: the output mode can be converted
to a vortex beam with a topological charge l = +1 featured
by its helical phase front and phase singularity [38,39]. In
Fig. 4(c), we show the simulated phase distribution of the
multiple x-y cross section in the waveguide with GIMs
under the illumination of acoustic plane wave from the
left port. The inset map of Fig. 4(c) illustrates an enlarged
view of the dotted red region, which indicates that the
obtained vortex beam can maintain the propagating mode
in the empty waveguide at the right end. It is noted that
there exists some backscattering due to the impedance
mismatch between different subregions. Besides, the asym-
metry of the structure will inevitably lead to slight uneven
intensity distribution, which also does not affect the spiral
distribution of the phase. Besides, the number of the GIM
subregions can be further subdivided and increased to real-
ize OAM waves with higher-order topology as shown in
Fig. S8 (Sec. V) within the Supplemental Material [36].

IV. CONCLUSIONS

In this paper, we propose a multiple mode converter
with highly efficient at multifrequency, by integrating the
gradient-index metamaterials into a circular waveguide.
With the rapid development of acoustic metamaterials,
the range of refractive index required here is expected to
be achieved with the help of soft porous silicone rubber
materials. The efficient conversion to the desired mode is
realized through constructive gradient-index metamateri-
als. Furthermore, we can realize a vortex beam with helical
phase distribution by optimizing the gradient factors. We
study analytically how conversion efficiency is affected by
working frequencies and gradient factors, which verifies
the simulation results. It is noted that when the distance
between different subregions becomes smaller, the cou-
pling effect will be stronger. As the Fano effect excites for
higher-mode patterns, the mode conversion at some fre-
quencies will be compromised. In addition to the above
realized output modes, higher-order modes are expected to
be implemented under this waveguide system (see Sec. III
within the Supplemental Material [36]). Hence, the waveg-
uide multimode converter may find potential applications
in acoustic mode-diversion multiplexing for underwater
acoustic communications.
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