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Decoherence induced by laser frequency noise is one of the most important obstacles in quantum infor-
mation processing. In order to suppress this decoherence, the noise power spectral density needs to be
accurately characterized. In particular, the noise spectrum measurement based on the coherence charac-
teristics of qubits would be a meaningful and still challenging method. Here, we theoretically analyze and
experimentally obtain the spectrum of laser frequency noise based on the continuous dynamical decou-
pling technique. We first estimate the mixture-noise (including laser and magnetic noises) spectrum up
to (2π)530 kHz by monitoring the transverse relaxation from an initial state +X , followed by a gradient
descent data process protocol. Then the contribution from the laser noise is extracted by encoding the
qubits on different Zeeman sublevels. We also investigate two sufficiently strong noise components by
making an analogy between these noises and driving lasers whose linewidth is assumed to be negligible.
This method is verified experimentally and finally helps to characterize the noise.
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I. INTRODUCTION

The problem of a quantum system interacting with a
noisy environment is of great significance in the field of
quantum computing [1]. In general, there are some strate-
gies to fight this decoherence and improve the fidelity
of quantum operations. One method is based on error-
correction protocols by encoding multiple physical qubits
into a logical qubit, which of course requires a tremen-
dous amount of qubit resources [2]. The second method
is reducing the amplitude of environmental noise. This can
be realized by applying a reverse compensation signal tar-
geting the interested noise [3]. Or in contrast, reduce the
system’s internal sensitivity to noise through the applica-
tion of coherent control-pulse methods [4–9] or encoding
the information to pairs of dressed states that are formed by
concatenated continuous driving fields [10–16]. However,
the latter two approaches depend on the prior knowledge
of the noise power spectral density (PSD) [17,18].

Laser frequency noise or phase noise describes how the
frequency of a laser field deviates from an ideal value.
This quantity, which is defined to evaluate the short-term
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stability of a laser, has attracted widespread attention as
a fundamental topic about lasers. Generally, the noise
features of a laser can be revealed through the follow-
ing two schemes. One is the optical heterodyne method
that contains two different categories. The first category
is comparing the laser with itself through the delayed
self-heterodyne scheme [19]. For an ultranarrow-linewidth
laser, at least hundreds of kilometers of optical fiber are
required to realize a delay time longer than the laser coher-
ent time. The other category is comparing the frequency
of a target laser with reference lasers by the light-beam
heterodyne method, which is also called the beat-note
method in some articles [20]. If the target laser is beat with
only one reference laser, we get an electrical signal that
contains noise information of both lasers, but fail to sep-
arate their contributions. Instead, if two reference lasers
are introduced in the experiment, two electrical signals
can be detected. These signals are first mixed down to
a lower frequency and then analyzed by a digital cross-
correlation method to characterize the frequency noise
PSD of the target laser [21]. In other words, to obtain the
noise PSD, we have to set up at least other two similar
lasers. This is uneconomic and has limited applications.
The other method is referring the laser frequency to the
atomic energy levels. The Rabi spectrum protocol, for
example, can be used for PSD characterization by using
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a weak and long excitation pulse. But the result can only
be used as a reference as the accuracy is insufficient.

Another simple and effective technique for noise PSD
estimation is called pulsed dynamical decoupling (PDD)
[22–26]. PDD consists of applying π pulses, Xπ or Yπ , to
the system with designed intervals, which counteracts the
coherence decay due to the noise, such as the Carl-Purcell-
Meiboom-Gill [27] and Uhrig dynamical decoupling [28]
sequences. In general, beside the laser frequency noise,
laser power fluctuations and magnetic field fluctuations are
also very important noise sources in quantum information
processing, especially for many solid-state qubits. If the
laser power fluctuations are suppressed in the experimen-
tal setup, the other two single-axis noises will be dominant,
and affect the qubit evolution in a similar way [29]. Based
on different quantum systems, the PDD technique has been
utilized to extract the contributions of single magnetic
noise [9,30] or laser frequency noise [31]. However, for
practical applications, there also exist some drawbacks of
PDD. On the one hand, the finite π -pulse length cannot
be ignored in the experiments, and this will complicate the
derivation of the filter function, which is the key tool for
extracting the noise spectrum [32]. On the other hand, a
large number of imperfect, finite-width pulses provoke the
accumulation of errors (such as the pulse width error) and
degrade the PDD performance [33]. Although these errors
can be compensated or eliminated by additional sequence
design and operations, the complexity of PDD increases
[31]. This makes the protocol inefficient when the fidelity
of a single π -pulse operation is not qualified.

An alternative approach is the continuous dynamical
decoupling (CDD) technique where a continuous driving
field is used instead of π pulses in PDD [16,34]. Com-
pared to PDD, the concise, unimodal filter function as
well as simple, high fidelity operations ensure better per-
formance of CDD. In this paper, we mainly apply the
CDD approach to the spectral estimation of laser frequency
noise in a trapped ion system. We also propose a “laser-
like noise” method (see Sec. III) for the characterization
of two strong components, as well as the frequency region
around them, of laser noise in our system. Note that, com-
pared to the conventional optical heterodyne approach,
these methods are actually handy and economical for char-
acterizing the interested manipulation lasers. And the laser
noise spectrum obtained here can be used for: (i) pro-
longing the coherence time and improving manipulation
fidelity by choosing appropriate experimental parameters;
(ii) improving the laser performance by analyzing and then
controlling the noise sources.

The remainder of this paper is organized as follows. In
Sec. II we review the fundamental CDD protocol and pro-
vide the control sequences in the experiments. In Sec. III
we propose and experimentally validate an alternate noise
characterization scheme adapted to the strong noise situa-
tion. Then the main result of this paper is given in Sec. IV

where the PSD of the laser frequency noise is obtained. In
Sec. V we compare the noise spectra based on our scheme
with beat-note results. Finally, we conclude in Sec. VI.

II. THEORETICAL MODEL AND CONTROL
SETTING

For the present experiment, we use a single 40Ca+

ion confined in a standard blade trap. A pair of Zee-
man sublevels in the 2S1/2 and 2D5/2 manifolds are used
as a qubit, as shown in Fig. 1(a). We note that the
magnetic fluctuation-induced decoherence is distinguish-
able for different qubit definitions, so we employ tran-
sitions |1〉 = |2S1/2, mj = − 1

2 〉 ↔ |2〉 = |2D5/2, mj = − 1
2 〉

and |1〉 ↔ |3〉 = |2D5/2, mj = − 5
2 〉 as magnetic noise and

thus laser noise probes, on which the same pulse sequences
[as the inset in Fig. 1(b)] are performed. In the experiment,
we initialize the qubit to state |1〉 by Doppler cooling, side-
band cooling, as well as optical pumping methods. Then a
π/2 σy (Yπ/2) pulse is applied to rotate the qubit by 90◦ to
the +σx axis. During the driving evolution process, the 729
nm laser beam along σx is turned on for time t, followed by
another π/2 σy pulse. The final state is discriminated using
a fluorescence detection scheme.

For the driving evolution steps, we consider a two-level
system (TLS) subjected to noises from the manipulation
laser and magnetic field fluctuations. For resonant driving
along the σx axis with Rabi frequency �, the Hamiltonian
describing the qubit system in the rotating frame can be
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FIG. 1. Level structure and control sequence. (a) Scheme of
two-level systems driven by a 729 nm laser. (b) Survival prob-
ability Ps as a function of the 729 nm laser strength α for
t = 200 μs and transition |1〉 ↔ |3〉. By checking α with �, we
find that Ps has two local minimum values smaller than 0.5 at
� ≈ (2π)82 and (2π)164 kHz. They can be viewed as two suf-
ficiently strong noise components that do not follow the rules
of Eq. (2) and should be modeled in another way. It should be
mentioned that the linewidth around these components simply
represents a power broadening as well as a Fourier limit instead
of the linewidth of the electrical signal driving the etalon. Each
point represents 200 experiments, and the error bars denote the
projective measurement errors.
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written as (� = 1)

H = f (t)[cos (�t)σz + sin (�t)σy]/2. (1)

Here, f (t) = fB(t) − fL(t) (in radians) is the mixture noise
in the time domain, and fB(t)[fL(t)] represents the contri-
bution from magnetic field (laser frequency) fluctuations.
Generally, f (t) can be treated as a stationary, Gaussian-
distributed function with zero mean, i.e., 〈f (t)〉 = 0. The
statistics of this stochastic process f (t) is fully determined
by its autocorrelation function C(t1 − t2) = 〈f (t1)f (t2)〉,
or equivalently by its power spectral density defined by
the Fourier transform of C(t): S(ω) = ∫ ∞

−∞ C(t)e−iωtdt
(Wiener-Khinchin theorem).

In the weak noise limit, the connection between the driv-
ing evolution time t and the survival probability Ps of the
qubit in state +X can be derived based on the stochastic
Liouville theory and superoperator formalism [35]. When
we consider up to only the second-order cumulant,

Ps(t) = 1
2

+ 1
2

exp
[

−
∫ ∞

0
dωS(ω)F(ω, �, t)

]

, (2)

where F(ω, �, t) = t2{sinc2[(ω + �)t/2] + sinc2[(ω − �)

t/2]}/4π is the filter function characterized by t, � and
peaked at ω = ±� with full width at half maximum 2π/t
rad. This means that the performance of the sequence
is sensitive to the characteristics of the noise, and we
can get some sketchy but impressive information about
the noise strength at Fourier frequency ω = � by simply
scanning �.

With t = 200 μs, we obtain the survival probability
Ps as a function of α, which refers to the 729 nm laser
amplitude modulation used in the arbitrary waveform gen-
erator. As shown in Fig. 1(b), there are two dominant noise
components at approximately (2π)82 kHz (α = 0.1635)
and (2π)164 kHz (α = 0.3450) that are too strong to be
described by Eq. (2). According to Eq. (2), we see an expo-
nential decay from 1 to 0.5 with a time-dependent rate
γ (t) = (1/t)

∫ ∞
0 dωS(ω)F(ω, �, t). Generally, this is valid

only if the PSD of noise varies gently as a function of
ω. However, Fig. 1(b) suggests that, when � ≈ (2π)82 or
(2π)164 kHz, Ps can be at least down to 0.3, smaller than
the limit value 0.5 of Eq. (2). This means that we have
to examine these two components of noise using another
method.

III. DOMINANT NOISE CHARACTERIZATION

The strong coupled environment has already been dis-
cussed in some articles (e.g., Ref. [36]), where a discrete
spectrum assumption is made. They express the PSD
as a sum of discrete noises S(ω) = ∑N

k=1 Skδ(ω − ωk)

with Sk the noise strength at ωk. This method is typi-
cally employed when studying some dominant compo-
nents whose linewidth is relatively small, such as the noise

at (2π)50 Hz and the harmonics coming from the power
line [9]. In our system, the (2π)82 and (2π)164 kHz com-
ponents of noise come from the modulation process of the
etalon of the 729 nm Ti:sapphire laser. Because the electri-
cal signal that drives the etalon has an absolutely narrower
linewidth than several hertz, it is reasonable to assume the
noise PSD as a δ function. However, instead of the PDD
technique utilized in Refs. [9,36] to obtain Sk, we propose
a method here to characterize the dominant noise compo-
nents as well as the weaker coupling region around them
where the state evolution is modulated by these compo-
nents. We measure the evolution of Ps as a function of
time t with � being set to around (2π)82 kHz, as shown
in Fig. 2(a). We observe Rabi oscillations between ±X
states that are similar to the case where a TLS is driven
by (an)a (off-)resonant laser beam. Therefore, it is rea-
sonable to make an analogy between driving lasers and
these noise components, which are called laserlike noises
(LLNs) in the rest of this paper. Generally, LLNs can be
expressed as fD(t) = E0 cos(ω0t + φ0) in the time domain
with central frequency ω0 ≈ (2π)82 or (2π)164 kHz and
amplitude E0 whose exact values need to be extracted from
the experimental data.

We write the Hamiltonian describing a TLS driven
by LLNs in the interaction picture with respect to the
frequency of the 729 nm laser as

H LLN = 1
2�σx + 1

2δ�(t)σx + 1
2 f ′(t)σz

+ �LLN cos(ω0t + φ0)σz. (3)

Here, �LLN = E0/2 represents the resonant Rabi fre-
quency, f ′(t) is the remaining frequency noise that
excludes the LLN components from f (t), and δ�(t) rep-
resents the power fluctuations of our 729 nm laser beam.
The latter kind of noise is not introduced into the model in
Sec. II because the exponential decay along the σx axis is
immune to it. Here φ0 shows the initial phase of LLNs for
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FIG. 2. Decoherence and the PSD of dominant noise compo-
nents. (a) LLN-induced Rabi oscillations with different � around
(2π)82 kHz. The solid curves are fittings using 
̃1 and 
̃2. Each
point represents 200 experiments. (b) Fitting results of �LLN, ω0
as well as S(�) of the (2π)82 kHz noise component. Each black
circle and red diamond represents a fitting result at different �.
The black triangle and red star represent the mean values of
ω0, �LLN for each transition.
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each run and is set as φ0 = 0 without introducing errors.
We rewrite the static part of H LLN in the rotating frame
with H0 = 1

2ω0tσx as

H LLN
st = − 1

2�σx + 1
2�LLNσz, (4)

where � = ω0 − � is the detuning. The evolution of a
TLS under Eq. (4) is a rotation at the effective Rabi

procession frequency �R =
√

�2
LLN + �2. Because of the

noise 1
2 f ′(t)σz and 1

2δ�(t)σx, it also experiences a longi-
tudinal decoherence with the relaxation rate 
1 = T−1

1 =
(t/4π)

∫ ∞
0 dωS(ω)sinc2[(ω − �)t/2] ≈ S(�)/2 and pure

dephasing with rates 
φ = Sδ�(0)/2 and 
v = Sδ�(�R)/2
[37]. Here Sδ�(ω) is the PSD of δ�(t). When � 	= 0, the
qubit dynamics is conveniently described in the alternate
eigenbasis {±X̃ } rotated from the conventional basis {±X }
by an angle η = arctan (�LLN/�). Here, we define two
relaxation rates 
̃1 and 
̃2 that are analogous to 
1 and

2 (the transverse relaxation rate). They correspond to the
decay of longitudinal and transverse parts of the density
matrix in the alternate basis, respectively. As a result, we
obtain [38]


̃1 = 1 + cos2 η

2

1 + 
v sin2 η, (5)


̃2 = 
̃1

2
+ 
̃φ = 3 − cos2 η

4

1 + 
φ cos2 η + 1

2

v sin2 η,

(6)

where 
̃φ = 1
2
1 sin2 η + 
φ cos2 η. To simplify the

model, we assume that 
v = 0 because the power of the
729 nm laser beam is stabilized in our system. Then
we use Eqs. (5) and (6) to obtain the information S(�),
�LLN, and ω0 by fitting with the LLN-driving Rabi
oscillations, as shown in Fig. 2(a). Data are obtained
by measuring Ps as a function of t. For each �, the
LLN results in a Rabi oscillation with angular preces-
sion frequency �R. To determine these parameters as
precise as possible, we average the outputs of more
than twenty Rabi oscillations for each noise component,
and finally obtain �LLN1 = (2π)2.842 ± (2π)0.045 kHz,
ω01 = (2π)81.832 ± (2π)0.055 kHz for noise around
(2π)82 kHz and �LLN2 = (2π)3.362 ± (2π)0.081 kHz,
ω02 = (2π)163.780 ± (2π)0.057 kHz for noise around
(2π)164 kHz. Therefore, the PSD can be obtained:
S(ω01) = π�2

LLN1 = (4.007 ± 0.001) × 109 rad2/Hz and
S(ω02) = (5.279 ± 0.002) × 109 rad2/Hz. Concerning
these results, because the noise at ω02 is a harmonic of
the other component, we observe that 2ω01 ≈ ω02. As for
S(ω01) < S(ω02), the reason is that the ω01 component
is suppressed in our experimental setup. In Fig. 2(b), an

example of how we get S(ω01) is given. The black trian-
gle and red star show the averaged fitting results belonging
to each transition. It is reasonable and convenient to deter-
mine the final value just by averaging them. Besides, the
fitting results of S(�) near ω01 are also shown in Fig. 2(b).
The red diamonds and black dots show the noise PSD for
transitions |1〉 ↔ |2〉 and |1〉 ↔ |3〉, respectively. Because
of the fitting errors, we find that some red diamonds show
larger PSD than black circles for the same �. In order to

(a)

(b)

(c)

FIG. 3. Noise power spectral density. (a) Survival probabil-
ity Pso of state +X as a function of t. The oscillation results
from the ac Stark shift difference explained in the main text. The
blue and red curves are numerical simulations using S0(ω) and
S(ω) given in (b) and (c), respectively. Each point represents 200
experiments, and the error bars are not shown. (b) Experimen-
tally determined noise PSD S0(ω) over a range 0–(2π)530 kHz.
The green rectangles enclose the same regions as in Fig. 2(b). The
inset gives a detailed description for the part below (2π)1.5 kHz.
(c) An example of S(ω) extrapolated from S0(ω) with the gra-
dient descent protocol for transition |1〉 ↔ |3〉. The inset serves
to show remarkable differences between S0(ω) and S(ω) for the
frequencies below (2π)1.5 kHz.
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get the PSD of both noises, we assume that the PSD of
magnetic noise in this region is a constant determined by
the values outside the boundary (see Sec. IV and Fig. 4).
The green rectangle in Fig. 2(b) encloses an area where an
increasement appears when � tends towards ω01. This may
result from the power-noise contribution at frequency �R
(i.e., 
v) that is ignored above for simplicity. This means
that these data only give the upper limit of S(�). On the
other hand, it seems that 
v has negligible influence on
the regions below 80 kHz and above 84 kHz because we
observe well-matched joint points derived from different
fitting approaches in Fig. 3(b). This in turn verifies the
validity of our model.

IV. FULL-SPECTRUM ESTIMATION AND NOISE
DISCRIMINATION

On the other hand, we study the rest of the noise spec-
trum by using the standard continuous dynamical decou-
pling technique where the evolution of Ps is described
by Eq. (2). Different from the experiments measuring two
dominant noise components above where the 729 nm laser
power remains the same in Yπ/2 and driving evolution pro-
cesses [see the inset in Fig. 1(b)], here we use laser pulses
with different powers in these stages, so that we can save
measurement time while the PSD S(ω) of the noise is cap-
tured. It can be described in more detail. We carefully
locate the laser power at a value where the noise PSD is
relatively small based on Fig. 1(b), such as �S = (2π)200
kHz whose π/2 pulse lasts 1.25 μs. Then these kinds of
π/2 pulses are employed as Yπ/2 in all experiments where
different � are used in the driving evolution processes.
In this way, we do not need to calculate and check the
π/2-pulse time when � is changed. However, it should
be mentioned that, due to this difference in laser power
between Yπ/2 and the driving evolution stages, and thus
a different ac Stark shift, a Ramsey-like oscillation will be
introduced when we monitor the survival probability on
state +X as a function of t:

Pso = 1
2

+ 1
2

cos (δAt) exp
[

−
∫ ∞

0
dωS(ω)F(ω, �, t)

]

.

(7)

Here δA is the ac Stark shift difference.
In Fig. 3(a) we show an example of this oscillation

decay. The experimental data are represented by green cir-
cles. We then use the filtering property of the sequence to
characterize the noise spectrum. We note that the filter is
sufficiently narrow about � so that we can treat the noise as
a constant S(�) within its bandwidth 1/t and approximate
Eq. (7) as Pso = 1

2 + 1
2 cos (δAt) exp[−S(�)/2t]. Utilizing

this rectangular approximation approach, the data can be
fitted to get S(�). As a result, we obtain the noise PSD
S0(ω) over a frequency range 0–(2π)530 kHz by combin-
ing the other two dominant noise components, as shown

in Fig. 3(b). We observe a peak approximately at (2π)23.5
kHz belonging to the frequency noise of the laser, and a
sharp increase below (2π)1 kHz (the inset) coming from
the magnetic field fluctuations. We also observe a stronger
noise for transition |1〉 ↔ |3〉 (orange diamonds) than for
transition |1〉 ↔ |2〉 (black circles), which is consistent
with our assumption.

To extend the accuracy of the measured noise
PSD, we propose a gradient descent protocol based
on matching to the experimental oscillation decay
curves. Define an objective function as the sum of
the squared error between the experimentally measured
decay Ps(tj ) and the calculated decay rule P′

s(tj ) =
1
2 + 1

2 cos (δAt) exp[− ∫ ∞
0 dωS′(ω)F(ω, �, tj )] for a given

S′(ω):

J =
M∑

j =1

[Ps(tj ) − P′
s(tj )]

2. (8)

We then calculate the gradient of this function ∂J/∂S′(ωi)

for any target frequency ωi. The gradient is used to update
the initial S′(ω) towards a closer matching of all the
experimental and calculated decays. Finally, a compari-
son between the optimized PSD S(ω) (orange diamonds)
and S0(ω) (black circles) corresponding to |1〉 ↔ |3〉 is
shown in Fig. 3(c). We easily find that the gradient opti-
mization has the most remarkable effects for the extreme
points of S(ω), especially those between sharp increases
and decreases. The reason is simple. In these intervals, the
rectangular approximation approach may not be valid any-
more because S(ω) cannot be replaced by S(�) within the
filter bandwidth. After obtaining the optimized S(ω), we
also verify its correctness. In Fig. 3(a), we give the simu-
lated evolution Pso based on S0(ω) (blue curve) and S(ω)

(red curve). It is obvious that the red curve matches the
data points better, which shows a greater fidelity of S(ω).

To get the PSD of the laser frequency noise, we uti-
lize the S(ω) for both transitions |1〉 ↔ |2〉 and |1〉 ↔
|3〉 obtained above whose difference can be used to
speculate the magnetic field fluctuations. According to
atomic physics, the magnetic field noise induced energy
level shift changes the transition circular frequency by
fB(t) = [μBδB(t)/�][gj (D5/2)m′ − gj (S1/2)m], where μB is
the Bohr magneton, the gj are the Lande g factors, and
m′, m are the magnetic quantum numbers of the D5/2 and
S1/2 states, respectively. Here δB(t) represents the mag-
netic field strength fluctuations. For 40Ca+, gj (S1/2) ≈
2 and gj (D5/2) ≈ 1.2, so that the PSD of δB(t) can
be expressed as SδB(ω) = [S1↔3(ω) − S1↔2(ω)]�2/(24 ×
0.16μ2

B). Next we obtain the PSD of the laser frequency
noise by SL(ω) = S1↔2(ω) − [S1↔3(ω) − S1↔2(ω)]/24, as
shown in Fig. 4. To get from the discrete data points in
Fig. 3(c) to the continuous lines here, we employ the inter-
polation method. In Fig. 4, we observe a complex PSD for
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FIG. 4. Noise discrimination. The PSD of laser and mag-
netic field noises are represented by the red and blue lines,
respectively. The inset shows the details of the PSD below
(2π)1.5 kHz.

both kinds of noise that cannot be described by a single
line type, such as 1/ωα used in many articles. We also see
a small interconnected trend between SδB(ω) and SL(ω) in
some peaks, such as ω ≈ (2π)23.5 kHz. In our opinion,
this is primarily derived from the limited accuracy at these
points where the fitting error is considerable.

V. COMPARED TO THE BEAT-NOTE SCHEME

Alternatively, in order to characterize the frequency
noise of this Ti:sapphire laser, we beat it with a distinct
diode laser at 729 nm. The electrical spectra of the beat-
note signals are presented in Fig. 5(a) as red curves. In
fact, they are power spectral densities of the output elec-
trical signal i of the photodiode that is used to convert the
combined bichromatic light field [the amplitude of the tar-
get (reference) laser is E1 (E2)] to the photocurrent. The
carrier frequency of the beat note has been shifted to 0 Hz
from 5.36 MHz, which represents the frequency difference
between the two lasers. Note that, due to the dominant
noise components from the photodiode, there are several
asymmetrical spikes with respect to 0 Hz. For clarity, we
mark the spikes with green stars in the figure.

In fact, we can find the relation between the beat-note
signal Si(ω) and the frequency noise PSD of lasers by the
equation [39]

Si(ω) =
(

αE1E2

2

)2 ∫ ∞

−∞
dτ cos (ω − ω0)τ

× exp
{

− τ 2

4π

∫ ∞

−∞
dω′[S1(ω

′) + S2(ω
′)]

× sinc2
(

ω′τ
2

)}

, (9)

where ω0 is the frequency difference between the two
lasers, α shows the photoelectric conversion coefficient of
the photodiode, S1(ω) and S2(ω) represent the noise power

(a)

(a1)
(a2)7 kHz 20 kHz

81.832 kHz 163.780 kHz

(b)

Beat note Simulated beat note based on

FIG. 5. (a) Electrical spectra of the (simulated) laser beat-note
signals. Red curves show the beat note between our Ti:sapphire
laser under test and a diode laser at 729 nm, while the blue curves
represent the simulated beat-note result according to Eq. (9) by
setting S1(ω) = SL(ω) and S2(ω) = 0. Note that there are several
peaks marked with green stars. They are from the photodiode
instead of two laser beams. Usually, the beat note is determined
by the noise from both lasers. This is exactly the reason why two
curves have a divergent behavior at ±7 kHz [diamond in inset
(a1)], ±20 kHz [triangle in inset (a1)], and ±330 kHz (upside-
down triangles) where the frequency noise from the diode laser
dominates. The insets give more details for the regions (a1) 0.1
kHz ∼ 40 kHz and (a2) 70 kHz ∼ 180 kHz. We see good match-
ing between the two kinds of curves, such as the dominant noise
components centered at 81.832 and 163.5 kHz in inset (a2). (b)
The PDH error spectrum of the 729 nm diode laser is measured
with a rf spectral analyzer.

spectral densities of the laser under test and the reference
laser, respectively. Equation (9) implies that the beat-note
result in Fig. 5(a) is determined by the noise of both lasers.
Furthermore, from this beat note, we cannot tell the con-
tributions of each laser apart if we do not have any prior
information, as mentioned in Sec. I. To make a compari-
son, let us consider the case where the target laser is beat
with an ideal laser, i.e., S1(ω) = SL(ω) and S2(ω) = 0;
then we can obtain a simulated beat-note result [see the
blue curves in Fig. 5(a)]. This simulated beat note actu-
ally only contains the frequency noise information of the
target Ti:sapphire laser. By comparing it with the exper-
imental beat note in Fig. 5(a), we observe that the two
curves match very well except for three distinct compo-
nents centered at ±7 kHz [marked as a diamond in inset
(a1)], ±20 kHz [the triangle in inset (a1)], and ±330 kHz
(upside-down triangles in the main plot). Because these
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components have been proved to be from the diode laser
according to the Pound-Drever-Hall (PDH) error signal
spectrum [Fig. 5(b)] measured by a rf spectrum analyzer
(for more information about the PDH error signal spec-
trum, see Ref. [40]), we conclude that the validity of our
model and result expressed in Secs. III–IV are confirmed.
In order to show more details in low-frequency regions, we
also provide two insets showing good matching between
two curves in the ranges (a1) 0.1 kHz ∼ 40 kHz and (a2)
70 kHz ∼ 180 kHz. In inset (a2) we find that the central
frequencies of dominant noise components at 81.832 and
163.780 kHz are accurately estimated in Sec. III, while the
strength seems to be less convincing because the peaks of
the beat note are wider and lower. In fact, this property
follows from the convolution with other noise components
such as that at 330 kHz from the diode laser. Therefore,
the validity of our result should not be denied just by
this difference. To be more precise, this actually exposes
a shortcoming of the beat-note method.

VI. CONCLUSION

We employ the continuous dynamical decoupling proto-
col in this work to estimate the laser frequency noise spec-
trum. It is based on controlling the system-environment
interaction by applying a continuous driving field along
the σx axis to the system after initializing the system on
the +X state. This driving field and the corresponding
Rabi frequency � create the dressed states +X and −X
between which the transition frequency is � in the inter-
action picture. Because the noise f (t) works along the σz
axis, it actually causes a state transition between the +X
and −X states. In this way, the system will suffer less
from the most noisy parts of the frequency bands except
for those around � as long as the noise spectrum S(�)

is non-negligible. By using this filtering property of con-
trolling sequences and the gradient descent algorithm, we
directly characterize the overall noise PSD up to (2π)530
kHz, which in turn enables the design of coherent con-
trol that targets a specific noise component. However, in
our case of laser noise, there are two dominant compo-
nents centered at (2π)81.832 and (2π)163.780 kHz that
are too strong to use this filter function method. Instead,
we propose an approach that regards these noises as driv-
ing lasers performed in the space spanned by the dressed
states ±X after being initialized on +X . To simplify the
model, a discreteness assumption is made. The LLNs-
induced decay Rabi oscillation in the {+X , −X } space can
give information about the central frequency and strength
of this noise. On the other hand, due to the equivalent
timescales of both the laser noise and magnetic field noise
acting on the system, we finally obtain the PSD of each by
encoding the qubit on different Zeeman sublevels of 2D5/2.
Especially, this method is of great significance for charac-
terizing the laser noise from the mixed noise. Furthermore,

by comparing with the beat-note signal, our result is ver-
ified. This indicates that we do not need to employ the
optical heterodyne approach anymore for which at least
hundreds of kilometers of optical fibers or several similar
lasers are required.
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