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Recent developments in Nernst-Ettingshausen (NE) physical phenomena combined with advances in
the performance of rare-earth permanent magnets make thermomagnetic (TM) cryocoolers well suited
for practical applications. The device performance of a NE cryocooler depends on both the material
and the geometric shape of the device. Despite continued progress in TM materials, the optimum shape
is still based on a simplified infinite-stage model derived in 1963 by Harman [Adv. Energy Convers.
3(4), 667676 (1963)]. Harman’s model assumes several nonrealistic assumptions, such as temperature-
independent material properties and constant current density. We relax such assumptions and derive a
fully-temperature-dependent numerical model to accurately solve for the thermomagnetic features of a
NE cooler with arbitrary geometry. We correct Harman’s analytical function and compare its performance
with the performance of devices of various shapes. The corrected shape has a higher coefficient of per-
formance (COP) at higher temperature differentials, which indicates that when the material resistivity is a
strong function of the temperature, the corrected infinite-stage device can provide better performance than
Harman’s geometry. Moreover, the corrected infinite-shape device can provide higher heat flow density
under a similar optimum-COP condition. A case study based on a state-of-the-art TM material, Bi-Sb alloy,
is presented, and the critical parameters for designing an efficient thermomagnetic cooler are discussed in

detail.
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L. INTRODUCTION

Solid-state coolers such as thermoelectric (TE) coolers
based on the Peltier-Seebeck effect and thermomagnetic
(TM) coolers based on the Nernst-Ettingshausen (NE)
effect have attracted much attention as competitive green
technologies for next-generation cooling applications over
the conventional methods owing to their near-zero ozone-
depletion potential and global-warming potential [1-4].
Moreover, these devices offer many salient features, such
as a long lifetime, high reliability, no moving parts, low
maintenance cost, flexible form factor, small size, efficient
localized cooling, light weight, fast and dynamic response,
good thermal control, noise- and vibration-free applica-
tion, which helps to increase the resolution of cooled
infrared focal-plane arrays (FPAs), no refrigerants, and
cost-competitiveness [5,6]. Solid-state coolers are linearly
coupled systems governed by Onsager’s theorem, where
the entropy is carried by charge, heat, and spin carri-
ers (spin or spin wave) of the system in the presence
or absence of a magnetic field via diffusive and advec-
tive transport processes [7—10]. Each type of solid-state
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cooler has its own efficient operating temperature range
[6,11]. Among them, TM devices show better performance
in the cryogenic temperature range (below 200 K) [6,11].
Compared with Peltier or TE coolers, TM or NE cool-
ers provide higher temperature differentials in the cryo-
genic temperature range, which can be further increased
by cascading. TE or Peltier coolers can achieve a large
temperature differential with multistage cascading, which
is practically limited to five or six stages [11]. More-
over, NE coolers have smaller losses due to lower contact
resistance compared with TE coolers. The device perfor-
mance of NE cryocoolers depends on both the shape of
the device and the material properties under a transverse
magnetic field [6,11]. Recent findings of exotic thermo-
magnetic effects in different materials [12—15] show huge
prospects for improving the thermomagnetic performance
from a material perspective, which has revived research
on NE cryocoolers. However, fewer studies [6,16—18]
have addressed the contribution of the geometric shape of
NE devices to enhance their performance. Until now, the
infinite-stage shape, derived in 1963 by Harman [19], has
been considered the optimum shape for the cascade struc-
ture. Harman’s model is based on some idealistic assump-
tions of temperature-independent material properties and,
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therefore, temperature-independent current density. This
assumption introduced excess Joule heating, and therefore
there is a possibility to optimize the infinite-stage shape
further by using more-realistic considerations.

Infinite-stage cascading can improve the performance
of NE coolers by increasing the cross-section area in
the direction of the heat flow, which increases the heat-
pumping capacity of the successive stages [20]. Infinite-
stage cascading is not possible for TE devices. But an
infinite-stage NE cooler can be built from a single block
of material, as there is no need for clectrical isolation
between the stages [20]. The need for permanent mag-
nets may make these devices bulky and costly. However,
with the invention of strong rare-earth magnets, magnetic
fields as high as 0.6 T are accessible with reasonably sized
magnets [21,22]. In general, solid-state coolers suffer from
low efficiency due to low the figure of merit (z7) result-
ing from the counter-indicative properties that define z7,
such as electrical conductivity, thermal conductivity, See-
beck coefficient, and Nernst coefficient [6,11,23,24]. In
NE devices, zT has a 772 dependence; hence, it drops
more quickly with decrease of temperature [25]. Low zT
reduces the efficiency of the solid-state cooler below that
of vapor compression—based coolers [5,6]. Several TE
and TM devices were found to be promising for cryo-
genic applications [26—29], but more research is needed to
improve the performance of these devices further to meet
application needs.

Recent research on solid-state coolers is mostly focused
on discovering TE materials with high z7 [30,31]. Com-
pared with TE materials and devices, less research has
been conducted on TM materials and devices [32—35].
But the recent resurgence of the need for solid-state cry-
ocoolers has triggered the need to improve the mate-
rial properties as well as optimize the device structure.
Until now, most studies [36-38] on NE device shape
were based on Harman’s exponential shape, ignoring the
conceptual approximations in deriving the exponential
infinite-stage shape [6,37]. This work addresses some lim-
itations of prior studies, such as constant current density
and resistivity approximations [19,37]. We develop a cor-
rected version of Harman’s shaping function, considering
a variable current density for a constant electric field and
temperature-dependent electrical resistivity. A comprehen-
sive comparison of the device parameters is derived in
terms of the maximum heat-pump density, coefficient of
performance (COP), and transverse temperature gradient
among differently shaped devices, including rectangular,
trapezoidal, Harman’s infinite-stage geometry, and the cor-
rected infinite-stage geometry. The degree of enhancement
among different geometries determines the right shape for
a target application as the construction of the infinite-stage
device can be costly; hence, it is not always the best solu-
tion. We further introduce a numerical engine that can
calculate the different device properties considering the

realistic temperature dependence of the material proper-
ties for a cooler with an arbitrary shape. The numerical
model is applied to calculate the properties of several cool-
ers with different shapes based on the well-known Bi-Sb
alloy for TM applications [38,39]. According to the numer-
ical analysis, the corrected geometry has the highest COP
when the current density and heat flow have their optimum
values. However, in practice, one may desire to increase
the cooling power or the heat flow at the cost of lower
COP. Under such conditions, the trapezoidal geometry can
deliver higher heat flow for a reasonable COP, which is
also a more-accessible geometry for fabrication.

II. DERIVATION OF THE CORRECTED
INFINITE-STAGING FUNCTION

The formalism of the corrected infinite-staging func-
tion is obtained by following similar steps as in Harman’s
method, but with no limiting assumption on the current
density. It is convenient to consider infinite-stage device as
a combination of many single stages with a parallelepiped
geometry, as shown in Fig. 1. In a multistage device, each
stage pumps the combination of heat from the previous
stage and the Joule heating from the present stage to the
next stage [6,20]. Therefore, the following stages must be
able to pump more heat, which requires the size of the
single-stage element to increase in the heat-flow direction.
The general assumptions to derive the size and shape of
the successive stages are the energy-conservation princi-
ple and the optimum coefficient of performance among
the stages [19]. The maximum COP (COPgp.x) and the
optimum COP (COP,) in NE devices have different defi-
nitions. COPgpmay is associated with the maximum cooling
power, QOuay; therefore, COPgp,y is not necessarily the
highest COP of a NE device. COP,y is associated with
the highest COP of the device. At the optimum COP, the
device operates at an economical current but with a lower
heat flow rate. Therefore, the cooling power may be too
small to provide any useful cooling, which may not be
desired for many applications.

Following Harman’s derivation technique (see the
Appendix for more details), the primary differential rela-
tion among power (P), rate of heat flow (¢), and tempera-
ture (7) can be expressed as [19]

dP_dé  dT )
P € TFi®)

Here, F(5) is derived from the COP of a single-stage
rectangular device as [19,40]

Ty [1-6(T1/Ty)]

C= AT (18 Nk (8), 2

where C is the COP, 5. denotes the Carnot efficiency
of the device and F(3) is a function of &, where § =
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(1 — zngT)'/2. zng is the thermomagnetic figure of merit
expressed as [20]

H.N,.)?
INE = M , (3)
Kxx Pyy

where a,, is the magneto-Seebeck coefficient along the y-x
plane (a negligible term that is often ignored in the lit-
erature), f1, is the magnetic field in the z direction, N,
is the Nernst coefficient in the y-x plane, «,, is the ther-
mal conductivity in the x direction, and p,, is the electrical
resistivity in the y direction.

Four different types of figure of merit (zng) are
found in the literature [37,41]. The differences are due
to the isothermal or adiabatic material properties. The
first definition is zyg = (HZNyx)2 / Py ke, Where the mate-
rial properties are isothermal and 0 < zyg < 1. The sec-
ond definition is zNE*:(HZNyx)2 /Py =2zng/ (1 + 2z ),
where ky, "=k (1 + zneT), and always zyg*T < 1. In most
experiments, one measures k,,* because there is usually
no load connected to the sample (hence, J,,, = 0), and x,*
includes transverse corrections due to the Nernst effect on
electrical conductivity and the Ettingshausen effects [41].
The third definition is the adiabatic Ettingshausen figure
of merit, which assumes adiabatic resistivity; that is, ,o;’y =
Py /(1 + zxeT), and hence z, = (H.N,»)?/ P K- Ziy can
take any value from zero to infinity. Finally, another Etting-
shausen figure of merit considers ,o;’y and «,,*; therefore,
the fourth figure of merit is zij;, = (HzNyx)2 / p;’))xxx*. Since
p;’y/cxx*:pyy/cxx, we have z{; = zng. Because of the exis-
tence of different definitions of zyg, it is vital to understand
which zyg is used in formulating the device operation and
performance. Experimentally, one usually measures pj,
and k., *. Therefore, the experimental figure of merit is zy;

z(Ly)/2

that is, zyg < 1. Theoretically, one usually calculates the
thermal conductivity k., and p,,; therefore, the theoretical
figure of merit is zyg < 1.

In the following, we assume isothermal quantities for
all material properties k", p,y, and N,,; that is, they are
the values measured for zero temperature gradient unless
a temperature gradient in a direction is needed for the
measurement. Furthermore, we use «,.* and zyg™ in the
equations. However, for convenience, we drop the aster-
isk superscript from this point. As NE devices are usually
assumed to be a transverse isothermal cooler, there is no
heat flow in the y and z directions; therefore, the device is
generally made long in the y direction with respect to the
x direction [20]. The net input power in the ith stage, which
is the difference between the input and output energy flow
rates, can be expressed as [19]

Pl =2zAX'L,E,J;. (4)

Similarly, for the next stage, (i+1)th, the input power is
[19]

P =2z 4 An) AXH L E, (5)

where Ax is the height, L, is the length, z is the width of
the corresponding stage, and Az is the increase of the size
in the z direction with respect to the previous stage. For
multistage devices, where all stages are physically con-
nected, it is reasonable to consider that the electric field
across all stages must be the same. However, the current
through each stage can be different because the stages are at
different temperatures, and the electrical conductivity is a
function of the temperature. To obtain the optimum geom-
etry, it is also essential to optimize the individual stages
for the corresponding current density and voltage gradient
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[19]. The expressions for the current density and the volt-
age gradient for the optimized shaped device are given by
[19]

Kee AT (146)

J, = — , 6

7 H.N,, T Ax ©)
P AT 8 o
YT Ay (1=96)

Here it is imperative to mention that different expressions
for optimum current densities were reported by Harman
[19] and Hawkins et al. [20], but are essentially the same
as each other. From the expressions for the electric field
and the current density for the optimized shaped device,
the temperature-dependent Ohm’s law for the NE device
can be expressed as

1
=—F,.
Lyy~/ I —zneT g

Resistivity usually has a reciprocal relation with temper-
ature [37]; however, an exponential relationship is more
suitable for Bi,Sh;_, semimetals in the cryogenic temper-
ature range because the resistivity is mainly a function of
the carrier concentration, and the carrier excitation follows
an exponential function versus temperature. A good expo-
nential fit to the experimental data is shown in Fig. 2. Since
a good thermomagnetic material must have a low extrinsic
carrier concentration, the exponential-relationship assump-
tion is expected to be generally valid for other thermo-
magnetic coolers too. Therefore, the exponential function
is used in the subsequent model calculations. According

Iy ®)
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FIG. 2. Resistivity (blue circles) of Big7Sbs as a function of
reciprocal temperature and the corresponding exponential fit (red
line).

to this consideration, the resistivity in the temperature
range of interest (Fig. 2) may be written as p = poe~ /70,
where pg and T are material-dependent constants. Replac-
ing p in Eq. (8), we can write the expression for the
temperature-dependent Ohm’s law for the ith stage as

eli/To

Jy = —————F'.
g po/1 —zT 7

)

Assuming zT is a temperature-independent parameter
and E, is constant for each stage, we can write the current
density for the (i+1)th stage with respect to the ith stage as

" eli+1/To " - To/Ty 1i
i+l _ i+l _ (L1 —T)/To i
Ve e 40

Simplifying Eq. (10), we can express the ratio of the
current densities of the (i4-1)th and ith stages as

i+1
Jy =eTi1=T0/To — 1 4 A_T

< : (11)
Ji Ty

where AT = T;,1 — T;. To obtain the differential relation
of Eq. (1), we can use Egs. (4), (5), and (10):

pitl _ pi _ 2z + A) AL ELTIT — 22 AX'L ELJ ]
Pi 2zAXLyELJ] '

(12)

Using Eq. (10), we can simplify the above expression by
assuming a similar height (Ax) for all the stages:

PH Pl AP 14 A2\ (AT L)
PP z To '

Ignoring the second-order-derivative terms after factor
multiplication, we can derive the following expression
from Eq. (13):

AP Az 4 AT (14)
Pz T
Finally, from Egs. (1) and (14), we can get the following
differential relation:

dP _dz dT _dé  dT

_— = :b
Pz T, €& TF®6)

(15)

where b is an arbitrary constant. To operate a multi-
stage device at its optimum COP, one must adjust the
intermediate-stage temperatures according to the following
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relation [19]:

AT AT _y 16)
AXIT=1 T AxiHLlp 77

where b’ is another constant. Taking b’ equal to bF(5), we
can write a generalized expression for Eq. (16) as [19]

2 — bax. (17)

From Egs. (15) and (17), the following expression can be
derived:

T
& par = 9T, (18)

z T()

By integration of both sides of Eq. (18), we get

T
Inz=bx - —+c, (19)
Ty

where ¢ is a constant. Applying the boundary conditions
(i.e., T=T.atx=0and T=T, at x=1L,), we can find b
and c. By inserting them in Eq. (19), we can write

z(x) x zlly) xTpn—-T., T-T

=1 = — ‘. (0
oL "L n - 0

Equation (20) is the corrected function for the infinite-
stage geometry, whereas Harman’s shaping function
[19]is

GO A1 € 21)
20) L,z

We can introduce the corrected shaping function as

z(x) _oxz(ly)

in which the correction term, C, is

xT,—T, T—T.
=" - . (23)
L. T, 7,

According to the above expression, 6 has a contri-
bution from temperature-dependent and material prop-
erty—dependent corrections. From Eq. (23), it can be seen
that the hot-side temperature, the cold-side temperature,
the device length, the spatial temperature profile of the
device, and the parameter 7, can cause the optimum shape
of the multistage device to deviate from that obtained
with Harman’s shaping function. The corrected infinite-
stage function can be reduced to Harman’s infinite-stage
function with d7’=0.

III. NUMERICAL FRAMEWORK

In this section, we develop a generalized numerical
model based on the device fundamental equations [40]. All
material properties are assumed to be temperature depen-
dent. The model is solved to analyze and compare the
different geometries of the NE coolers. The numerical
framework is based on the thermodynamic relations of a
single-stage parallelepiped NE device [40], which is then
extended to include the current density and spatial tem-
perature distribution along the x direction of a cooler in
a self-consistent manner. In transverse isothermal thermo-
magnetic coolers, the conditions V,,7 = 0 and J, =0 are
usually applied to the thermodynamic relations [40]. The
interdependent temperature gradient and the heat flow den-
sity of individual stages are self-consistently solved across
the target geometry. An equivalent-electrical-circuit model
(shown in Fig. 1) is used to simplify the calculations. In
this model, heat flow and temperature are represented by
electrical current and voltage sources, respectively. The
thermal resistance of each stage is modeled by electri-
cal resistance. The temperature profile across the cooler is
calculated iteratively, considering the interdependent heat
current density and temperature.

The temperature at the j th stage can be expressed as

where Ry, is the thermal resistance of a single stage under
the isothermal condition, Q. and Qg are the Etting-
shausen heat-flow density at the cold side and at the hot
side of a single stage, respectively, QOi, is the input heat
flow density, and Q, is the Joule heat flow density. Ry,
is calculated from Ry, = 1/[kyxc (1 — 255 T)] x Ax;/(Ly L)
[20], in which T is the average temperature of the stage.
We consider the second definition of the figure of merit,
zne®, as described earlier, in the calculation of the thermal
resistance Ry, and any other device properties. From Eq.
(24), the expression for the cold-side temperature can be
written as

N J Jj—1 N
T.=Ty— ) Rl <Z Ok — ZQEh') + Y R Onn
j=1 i=1 i=1 =1

N J N
FY RS0 5 Y RO (25)
j=1 i=1
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FIG. 3. Different geometries used to compare the performance

of NE devices: rectangular (pink), trapezoidal (blue), Harman’s
infinite stage (red), and temperature-dependent corrected infinite
stage (black). The corrected infinite-stage device aligns with Har-
man’s infinite-stage device at d7=0. With the increase of d7,
the corrected infinite-stage device becomes thinner in the mid-
dle. According to Eq. (25), the device length can also affect the
deviation of the optimum shape.

Finally, the input heat current density can be expressed as

N j j-1
1 . . .
On=cF 5 |Te—Tit ZRthj (ZQEJ - ZQEhl>
Zj=1Rth j=1 i=1 i=1
N j L X
- 2&« Zl 0"+ 3 2&}« o/ | (26)
Jj= = Jj=

In the following, we study and compare the performance of
differently shaped devices. Figure 3 illustrates the geome-
tries of the devices studied. To compare the different device
geometries, we chose the device parameter values as fol-
lows: L,=0.5 cm, L, =1 cm, L. at cold side of 0.1 cm,
T, =150 K, and z..0= 5. All devices are divided into 500
single parallelepiped stages. The physical properties of
single-crystal Big7Sbs are assumed in the numerical model
[20]. The cooling temperature, the heat flow density, and
the COP are compared for the different geometries. Fur-
thermore, the COP and d7/T across the device (versus x)
are calculated to validate the assumptions made in our
deriving the optimum geometry. A detailed discussion is
presented in the following section.

IV. RESULTS AND DISCUSSION

The device characteristics are calculated numerically
by our using temperature-dependent material properties of

single-crystal Big;Sbs. Quite often, in the literature, only
the temperature difference is reported as a function of cur-
rent for different hot-side temperatures [20,38], and the
COP or heat flow densities are usually ignored due to their
complicated calculations [20]. Therefore, we demonstrate
the usefulness of the model by calculating all three quanti-
ties for different geometries and under different conditions.
Four different shapes are modeled; namely, a rectangular
cuboid, a trapezoidal prism, Harman’s infinite stage, and
the corrected temperature-dependent infinite-stage device.

Figure 4 illustrates the temperature map of differ-
ently shaped NE devices superimposed on their geometric
shapes for the maximum temperature difference (A 7yax)-
In all devices, the hot side is at the bottom of the device,
which is kept fixed at 150 K. Therefore, heat flow occurs
in a downward direction from the cold side to the hot side.
The temperature profiles for different geometries can be
compared in Fig. 4. In the rectangular cuboid, the tem-
perature increases more quickly compared with the other
geometries below the top surface. Therefore, the cooling
performance of the other devices is better than that of the
rectangular device.

A similar kind of comparison is demonstrated in Fig. 5,
where the temperature variation along the x axis for
all devices is plotted at two temperature differences of
AT=0 K and ATy.x. Temperature variation is shown for
both maximum heat flow, Qn.x, and optimum COP. It can
be seen from Fig. 5 that the temperature at any x point
inside the device is higher in the rectangular device com-
pared with the other devices. Therefore, it is expected that
the cooling performance of the other devices should be
better than that of the rectangular device. Moreover, the
spatial temperature profile becomes linear in the infinite-
stage devices at A Tp,x. Generally, AT =0 K occurs when
the device works at its maximum cooling power, QOnax. All
Ettingshausen devices, except the corrected infinite-stage
device, show higher temperatures inside the device than
at the ends under the Qn., condition at AT=0 K. For
COP,y, the inner temperature of all staged devices, except
the rectangular one, drops compared with the end temper-
atures at AT =0 K. The temperature-variation trend along
the x axis under the AT}, condition for all devices is in
agreement with the observed trends in Fig. 4.

The typical performance indicator for Ettingshausen
devices is the temperature difference as a function of the
operating current. To evaluate the performances of the
devices with different geometric shapes, we plot the tem-
perature difference, AT, as a function of current in Fig.
6. As expected, the other NE devices provide larger AT
than the rectangular device, which is also confirmed in
previous figures. For rectangular devices, AT, ~36 K
is obtained at 7 A, while AT~ 50 K is obtained for
the trapezoidal device at 32 A, AT~ 52 K is obtained
for Harman’s infinite-stage device at 25 A, and ATpax
~52.3 K is obtained for the corrected infinite-stage NE
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FIG. 4. Spatial temperature map with cooling depth (arrow) at the maximum temperature difference in differently shaped NE devices:
(a) thin rectangular cuboid, (b) trapezoidal prism, (c) Harman’s infinite-stage device, and (d) the corrected infinite-stage device. The
cold-side and hot-side widths are assumed to be 1 and 5 mm, respectively, and the hot-side temperature is fixed at 150 K.

device at 24 A. The results also show good agreement  dominancy of Joule heating over Ettingshausen cooling.
with previously published data [20,38]. After AT, AT  The corrected infinite-stage device gives a slightly higher
decreases with increase of the electrical current due to the AThax at a lower current than Harman’s infinite-stage

(a) (b) FIG. 5. Temperature variation
165 T T T T 160 , . . . along the x axis for different
. ForQ AT=0K AT = ATmax devices at (a) AT=0 K and (b)
max AT
For COP_ .. 150 max-
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160 i 140
— —~ 130
< 155 83
~ ~ 120
110
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100 Harman's Infinite Stage
Corrected Infinite Stage
145 1 1 1 1 90 1 1 1
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FIG. 6. Temperature difference (AT) versus current (/) for

differently shaped NE devices: rectangular device, trapezoidal
device, Harman’s infinite-stage device, and the corrected infinite-
staged device derived in this work.

device. As discussed later, the corrected infinite-stage
device can operate at a simultaneously higher COP and
heat flow density compared with the other geometries.
Therefore, to evaluate the device performance, the COP
and heat flow density are also important parameters along
with the highest achievable A7. Moreover, at maximum
AT, the heat flow density, and hence the COP, is zero.
As mentioned earlier, we found no prior reports for the
heat flow and the COP of different geometries, so this
study can provide a benchmark for future work. Such cal-
culations are comparatively more extensive than AT and
require detailed analysis. In the following, we demon-
strate both the COP and the heat flow density for dif-
ferently shaped devices and compare their performances.
Both heat flow and the COP are shown for two tempera-
ture differences lower than A Tp,x; namely, AT=10 K and
AT=50 K for a low-temperature-difference condition and
a high-temperature-difference condition, respectively.
Heat flow density from the cold side to the hot side as a
function of the electrical current is calculated at AT=10 K
and AT=50 K for all NE devices. Heat flow inside a
NE device consists of both Joule and Ettingshausen com-
ponents, as shown in Fig. 1. The heat flow density for
each NE device is higher for smaller AT as expected,
and is shown in Fig. 7(a). With the increase of AT to
50 K, the heat flow reduces significantly, as shown in Fig.
7(c). At AT=50 K, the heat flow density becomes nega-
tive for rectangular NE devices, as ATp,x~36 K for this
device. Therefore, the heat flow density for the rectan-
gular NE device is not shown in Figs. 7(c) and 7(d). As
mentioned earlier, the heat flow density shows a decrease

after a maximum value with increase of the current density,
which is related to the domination of Joule heating over
Ettingshausen cooling. While the other NE devices show
greater heat flow capacity than the rectangular device,
the trapezoidal NE device has a higher heat flow density
than the infinite-stage devices at AT =10 K, which corre-
sponds to its larger electrical current (larger input power)
as shown in Fig. 6. The Ettingshausen heat flow density
is proportional to the current, while the Joule heat flow
density is proportional to the current squared. Therefore,
the heat flow density trend follows the trend of the Etting-
shausen heat flow density in the lower current range, and at
higher currents, the total heat flow density follows the pat-
tern of Joule heating. The corrected infinite-stage device
has a higher heat flow density at around 50 K than the
trapezoidal device and Harman’s infinite-stage device, and
the peak occurs at a lower electrical current, which can
be attributed to the more-accurate consideration of Joule
heating in our designing this device. At AT=10 K, the
corrected infinite-stage NE device also has higher heat
flow density than Harman’s infinite-stage device at a lower
current. As discussed later, this results in a higher COP for
the corrected infinite-stage device. Here, it is essential to
mention that the corrected infinite-stage device is thinner
than both the trapezoidal device and Harman’s infinite-
stage device; hence, it pumps more heat with less material.
According to Eq. (20), the optimum geometry is a function
of both T, and AT. Therefore, the corrected infinite-stage
NE device optimized for A7=50 K may not be optimum
for a different AT (or T,).

To evaluate the performance of the shaped devices,
a comparison of the COP is also critical, as shown in
Figs. 7(b) and 7(d). The COP versus current for each
shaped device at a given AT is calculated. Here, the heat
flow with respect to the electrical current is adjusted so
that AT remains fixed. At a lower temperature differ-
ence (AT=10 K), the rectangular NE device shows a
higher COP,,; of around 1.35 at 1.8 A with a significantly
lower heat flow density (around 1 W/cm?), which is not
desirable for practical applications. However, rectangular
devices can provide a higher heat flow density of around
3.2W/cm? at around 6.7A and a COP of 0.35. On the
other hand, the corrected infinite-stage NE device has a
higher COPgmax (around 0.3) at a lower current (around
20 A) than the other NE devices (around 0.2 for both the
trapezoidal device and Harman’s infinite-stage device).
Compared with the trapezoidal NE device, the corrected
infinite-stage device gives an around 30% higher COP with
around 18% less heat flow density at A7 =10 K. Despite
showing a higher COP at the low-temperature difference,
the COP of the rectangular device drops sharply with the
current. Atlower AT and at the COPop, Oopt is much lower
than Onmax, and all shaped devices provide similar Qg per-
formance. In general, the other NE devices have a higher
COP than the rectangular NE device at a particular current
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FIG. 7. (a),(c) Heat flow density
and (b),(d) COP as a function of
driving current for differently shaped
NE devices at (a),(b) AT=10 K and
(b),(d) AT=50K.

I (A)

and higher temperature difference, consistent with previ-
ous results and theory [20,38]. At 10 K, the trapezoidal
device has a slightly higher COP at a slightly higher cur-
rent with a similar heat flow density, as seen in Figs. 7(a)
and 7(b). But, at a larger AT, the infinite-stage devices
show a much larger COP than the trapezoidal device. At
50 K, both infinite-stage devices pump more heat at a
lower current than the trapezoidal device (Fig. 7), which
results in higher COPs. Moreover, the corrected infinite-
stage device can pump slightly more heat at a slightly
lower current than Harman’s infinite-stage device, which
gives it a somewhat higher COP. While the COPgpay for
Harman’s infinite-stage device is about 0.2 at AT=10 K,
the corresponding value is about 0.28 for the corrected
infinite-stage device (i.e., 40% increase). At a temperature
difference of 50 K, the corrected infinite-stage device has
a COPgmax around 5% higher than Harman’s infinite-stage
device. Both infinite-stage devices show a similar COP
with similar Qg performance. As mentioned, the COP can
be of two types: namely, COPgnax and COP. To deter-
mine the optimum operating condition for a NE device, we
must consider both the current and the heat flow density.

The heat flow density should be maximized as a function
of the current or the desired temperature differential. Then,
the corresponding COP is calculated versus the current
density and heat flow.

One can see from Fig. 7 that the efficient operation of
a NE cooler typically requires a high current at a low
voltage. Depending on the cooler’s size, the current and
voltage scale with the cross section and length of the
cooler, respectively. The voltage scales with z, which does
not affect the cross section and hence the optimum cur-
rent. Indeed, this is one of the advantages of NE coolers
compared with TE coolers, as the same current can cool
larger areas by one simply scaling the device in the z direc-
tion. The current scales with the cross section in the x-y
plane and can be much smaller for a miniature cooler
(e.g., for on-chip cooling of focal plane arrays or electronic
devices). The optimum current density is on the order of
a few hundred amperes per square centimeter, which is
practical for many devices.

Finally, the contact resistance is usually less of an issue
for NE coolers compared with TE coolers because (i) NE
coolers have only two contacts, while TE coolers have
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many, and (ii) NE coolers can be made long (in the z direc-
tion); therefore, their resistance dominates over the contact
resistance. For instance, the resistance of the thin rect-
angular NE cooler (5x10x2 mm?) is around 0.04  at
100 K. The typical metal-semiconductor contact resistance
for the given cross section is approximately 0.00001 €2,
assuming p=10"% Qcm?, which is comparatively negligi-
ble. According to Fig. 7, rectangular devices can operate at
lower current (i.e., 6.7 A for Qpqx or 1.8 A for the COP,,; at
AT=10 K). But unlike for the other NE coolers, AT of the
rectangular device is limited by (1/2)zng 72 or (1/2)z5:T7
[37,41] independent of the dimensions.

To show the concept of optimum device operating con-
ditions, we illustrate some critical parameters in Fig. 8.
Figure 8(a) shows the heat flow density, O, which is maxi-
mized as a function of the current density for each AT, Fig.
8(b) provides the COP versus AT for maximum Q (i.e.,
COPgmax) and the corresponding current density, and Fig.
8(c) gives the current density that maximizes Q. On the
other hand, Fig. 8(d) shows the heat flow density, O, ver-
sus AT that maximizes the COP (i.e., Qqp) as a function of
current density, Fig. 8(e) provides the COP,p; versus AT
for optimum Q and the corresponding current density, and
Fig. 8(f) illustrates the current density that optimizes Q. As
expected, the maximum heat flow density and COP both
decrease linearly with the increase of AT and approach

20 T T

0.6 T T

C)) (b)

0.5
0.4

x
©

03

S
13 0.2

0.1

zero at A Tyax. In Fig. 8(b), the rectangular device shows a
higher COP,x at lower AT, which is also seen in Fig. 7.
Note that the COP is presented as a function of current in
Fig. 7, while the COPgya at AT=10 K is for the maxi-
mum heat flow density at the same temperature difference
(shown in Fig. 7). According to Fig. 7, the heat flow den-
sity of different NE devices at A7T=10 K is maximized
at different currents, which corresponds to different COP
values in Fig. 8. In general, a higher COPgp,x at a lower
temperature difference for the rectangular device is related
to its lower current density at the cost of lower heat flow
capacity, which is not always desired for practical use. In
contrast, the other NE devices can take more heat at the
expense of higher current density, which makes them bet-
ter for higher-AT applications. Importantly, the corrected
infinite-stage device always shows a greater COP com-
pared with the other devices, as it carries more heat at less
current.

The COP of the trapezoidal device is slightly higher at
low AT values and only marginally lower at high AT val-
ues than that of the infinite-stage devices. Therefore, the
trapezoidal device could be a better option for practical
applications due to its simpler structure. At high AT val-
ues, the COP of both infinite-stage devices becomes higher
due to the higher heat flow at a lower driving current.
The performance of the rectangular device shown in Fig. 8

35 T T

FIG. 8. (a) Maximum heat
flow density versus tempera-
ture differential when the cur-
rent is adjusted to achieve max-
imum Q, (b) COP at maximum
heat flow density, (c) current
- density at maximum heat flow
density, (d) optimum heat flow
4 density versus temperature dif-
ferential when the current is
adjusted to achieve the maxi-
mum COP, (e) COPgy versus
temperature differential, and (f)
the corresponding current.
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agrees with previous results [20]. We have not found any
report of the COP values of other devices in the literature.

Optimum heat flow and COP show different trends
in comparison with Omax and the COPgp,y. Optimum
heat flow first increases with an increase in AT, but for
AT>30 K, it shows a rapid decrease with a further rise
in AT. On the other hand, the COP, of all Ettingshausen
devices at AT<20 K show approximately similar values.
At a lower temperature difference, the COP,p is higher
than unity for all devices, and it increases rapidly as
AT approaches zero, as also shown in Fig. 10. Above
AT=25 K, while the other devices exhibit approximately
the same COP,, vales, they are significantly higher than
the COP,; of the rectangular device. This trend is expected
as the other devices always carry higher heat flow den-
sity than the rectangaular device. The trapezoidal device
shows somewhat better performance in terms of Qg up to

@ — [ T—/——
12 15 -
10
NA
% 8 1 g 10 -~
O 6- =
S
4 - 5
2
; 0+
04 02 oo 20 40 60 04 o5
E (V/cm) AT (K) E (V/cm)

AT~40 K at the cost of a higher current. At A7>40, how-
ever, the COP,,; of the trapezoidal device drops rapidly
below those of the infinite-stage devices. The corrected
infinite-stage device carries higher optimum heat flow at a
slightly higher current than Harman’s infinite-stage device
while having an almost similar COP .

Figures 10 and 11 illustrate the overall comparison of
the device performance among differently shaped devices.
Figure 10 demonstrates the COP and heat flow density with
respect to the electric field and temperature difference. The
COP as a function of the electric field and AT is similar
for all NE devices with a divergent point at lower elec-
tric fields and lower AT values. The COP drops sharply
with an increase in both the temperature difference and
the electric field. On the other hand, the heat flow density
as a function of the temperature difference and the elec-
tric field demonstrates similar trends observed in earlier

FIG. 10. (a) COP and (b) heat
flow density as a function of
applied electric field and tem-
perature differential for differently
shaped devices.

Rectangular
Trapezpidal
Harmanp's Infinite Stage
Corrected Infinite Stage

40 60
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00
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figures. The rectangular NE device provides less heat flow
density, while the trapezoidal NE device shows greater
heat-pump capability than the other devices at lower tem-
peratures at the cost of a higher current. The corrected
infinite-stage device is better in terms of the heat pump
at a higher operating temperature differential. Figure 11
compares the temperature differential as a function of the
COP and heat flow density for maximum COP and maxi-
mum Q for all the devices. The rectangular device shows
similar characteristics of AT for both conditions, while the
other devices have different trends of AT for the different
conditions. Similar ATy, is obtained at maximum Q and
maximum COP for each device. As in the earlier discus-
sion, the infinite-stage devices show better performances at
larger AT, and the corrected infinite-stage device can carry
more heat flow at a higher COP than the other devices.
This improvement supports the argument that Harman’s
infinite-stage shaping expression was formulated on the
basis of some simplifying assumptions, which overesti-
mated the Joule heating of the device. Among all the
geometries, the trapezoidal device gives consistent opti-
mum performance in terms of the heat flow and the COP
over the whole range of AT at the cost of slightly smaller
AThax. The trapezoidal device, considering the complexity
of making infinite-stage devices, could be a better option
for practical cooling applications.

Figure 9 presents the COP versus heat flow density
for different NE devices at AT=10 K and AT=50 K.
According to Fig. 9, the trapezoidal NE device can give
a higher heat flow density at A7=10 K than the other
devices at the cost of higher current density at a particular
COP. A similar characteristic is also observed in Fig. 8(a)

60
50 —— Rectangular
Trapezoidal
40 - Harman's Infinite Stage
Corrected Infinite Stage
I 30 1
<
20 — Maximum Q
--- Maximum COP
10 +
0 T i
g .o 15 20
10 10 107" 400 100 0 5 10 >
COP Q (W/em*)
FIG. 11. Temperature differential as a function of the COP and

heat flow density for different NE devices for maximum COP and
maximum heat flow.

in that that the trapezoidal device can give higher heat
flow at a specific temperature differential. As in Fig. 7, the
COPgmax and COP,p, as shown in Fig. 9(a), are signifi-
cantly different at small AT values. This is usually not the
case for TE or Peltier coolers. On the other hand, at larger
AT, the infinite-stage devices have a significantly higher
COP with a higher heat flow density than the trapezoidal
device. The corrected infinite-stage device has a slightly
higher COP than Harman’s infinite-stage device for the
same heat flow density. Therefore, the corrected infinite-
stage device shows overall better performance than the
other devices of similar material at higher AT. At higher
AT, the COPgmax and COP,y have similar values, which
can also be seen in Fig. 11.

V. CONCLUSION

The prospect of superconductors and spin-based appli-
cations in the cryogenic temperature range guided the
scientific community to observe several exotic thermo-
magnetic effects coming from spin and quantum effects
[42—44], which provide superior performance in solid-
state cryocoolers [45,46]. We derive a modified expres-
sion for the shaping function of infinite stage Nernst-
Ettingshausen coolers, which considers the temperature-
dependent material resistivity, the device size, and the
temperature conditions for designing a fully optimized
cooler. In this derivation, some ideal assumptions made by
Harman are corrected to obtain the modified infinite-stage-
shape function. The corrected shape agrees with Harman’s
shape at zero temperature difference and for temperature-
independent resistivity conditions and differs otherwise. A
numerical model is further introduced that can consider all
temperature-dependent material properties and for a device
of any given shape. A case study based on Bi-Sb mate-
rial is discussed to analyze and compare the performance
of differently shaped coolers. The corrected infinite-stage
device is found to be better in terms of the maximum heat
flow density and COP at higher temperature differentials.
A complete comparison of the device performance among
differently shaped devices is provided to guide the selec-
tion of an optimum device structure based on the cost and
applications. The trapezoidal device, while having a more-
straightforward shape for fabrication purposes, can provide
consistent cooling performance at the cost of a slightly
lower temperature differential.
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APPENDIX: HARMAN’S DERIVATIONS FOR THE
INFINITE-STAGE NE COOLER

On the basis of the energy-conservation principle, the
rate of the output energy flow (€) from the (i+1)th stage
should be equal to the sum of the rate of the input energy
flow coming from the ith stage and the total power input
(P) to the (i+1)th stage. The conservation law also ensures
that the output energy of the ith stage is equal to the input
energy of the (i+1)th stage. Considering these relations,
we can write the energy balance for the (i+1)th stage as

ci+1 _ pit+l ci+1 _ pitl -0
6out =P +Ein =P +Eout‘

(AT)

i+1 sit1

o il .
Considering, €/, = €' and €5y = €'"', we can write Eq.

(Al) as
éi-‘rl — PH—] + El (Az)

According to the definition of the COP of the (i+1)th stage
(the COP is the ratio of the energy flow rate at the cold side
and the input power), we can write

sl

1 € €
¢ = P+l T il it (A3)
Similarly, the COP for the ith stage can be written as
) éi—l éi—l
C = =, (A4)

Here, AP™*! = pit!
rewritten as

— P'. Therefore, Eq. (A3) can be

Si—1 i
i1 € +P
= Erape (A3
To derive the optimum device shape, another essential
assumption is the requirement of an equal individual COP

among all the stages. Hence, C't! = C, which requires

Pi Pi
= apT = (A6)

c pit+l _ pi’

From Eqgs. (A4) and (A6), a differential relation can be
obtained as

ap _ de. (A7)
€

Moreover, for a parallelepiped-shaped NE stage (see Fig.
1), the input heat flux density (Qj,) and input power (P)

can be found from the thermodynamic relations [40], and
can be written as [20]

_E 1B 5 AT e
Qm - BzNyxTC ( ZyxT)Kxx B ( )
Pyy 2 pyy a

E2ac B N.
P=2— 4+ ZEAT, (A9)
Pyy Dyy

where E is the electric field, B is the magnetic field, p is the
resistivity, « is the thermal conductivity, N is the Nernst
coefficient, 7¢ is the temperature on the cold side, T} is
the temperature on the hot side, AT =T, — T¢c and T =
(T 4+ Tc)/2, z is the figure of merit, and a, b, and ¢ are
the device length along the x, y, and z axes, respectively.
According to the definition, the COP can be written as

_ Qinbc
==

C (A10)

The COP in Eq. (A10) can be maximized for the optimum
electric field, which provides a simplified expression for
the optimum COP:

T,
Ty (1 _(ST_(L)> Iy

Cmax = T o
AT (1+96) AT

F (). (All)

To derive the optimum geometry, we must optimize the
individual COP values [19]. From Egs. (A4), (A6), and
(A11), the final differential relation can be written as

dP  dé 4T
== (A12)
P ¢ TF@®)

Following steps similar to those given in Sec. 11, a slightly
different differential relation was obtained by Harman,
which is [19]

dP _dz dé  dT _
- ¢ TF®)

= (A13)

Again, based on conditions similar to those given in Sec.
II, Harman’s infinite-stage shaping function can be found
from Eq. (A13), and is [19]

z(Ly)
z(0)

z(0) L,

nZ® _ = (A14)
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