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Electric generators convert external energy, such as mechanical, thermal, nuclear, chemical, and so
forth, into electricity and are the foundation of power station and energy harvesting operations. Inevitably,
the external source supplies a force per unit charge (commonly referred to as an impressed electric field)
to free or bound charge, which produces ac electricity. In general, the external impressed force acts outside
Maxwell’s equations and supplies a nonconservative electric action generating an oscillating electrody-
namic degree of freedom. In this work we analyze the electrodynamics of ideal free- and bound-charge
electricity generators by introducing a time-dependent permanent polarization, which exists without any
applied electric field, necessarily modifying the constitutive relations and essential to oscillate free or
bound charge in a lossless way. For both cases, we show that Maxwell’s equations and, in particular, Fara-
day’s law are modified, along with the required boundary conditions through the addition of an effective
impressed magnetic current boundary source and the impressed electric field, related via the left-hand rule.
For the free-charge case, we highlight the example of an electromagnetic generator based on Lorentz force,
where the impressed force per unit charge that polarizes the conductor comes from mechanical motion of
free electrons due to the impressed velocity of the conductor relative to a stationary dc magnetic field.
In contrast, the bound-charge generator is simply an idealized permanently polarized bar electret, where
the general case of a time-dependent polarized electret is the underlying principle behind piezoelectric
nanogenerators. In the open-circuit state, both bound- and free-charge electricity generators are equiva-
lent to idealized Hertzian dipoles, with the open-circuit voltage equal to the induced electromotive force
(emf). Analyzing the short-circuit responses, we show that the bound-charge electricity generator has a
capacitive source impedance. In contrast, we show that, for the ideal free-charge ac electricity generator,
the back emf from the inductance of the loop that defines the short circuit directly cancels the source emf,
so the voltage across the inductor is solely determined by the magnetic current boundary source. Thus, we
find that the magnetic current boundary source best describes the output voltage of an ac generator, rather
than the electric field.
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I. INTRODUCTION

The most common form of electricity generation con-
verts motive (or mechanical) energy into photonic or
electromagnetic energy described by Faraday’s law and
is known as an alternating current (ac) induction genera-
tor. In general, the creation of photons or electricity via
Faraday’s law must come from another external energy
source to drive the turbines into motion. The conservation
of energy is a fundamental law of physics, but only applies
to an isolated system. This law means that energy cannot
be created or destroyed, but only transferred from one form
to another. For example, a nuclear reaction where mass
is converted into other forms of energy through E = mc2.
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In this case, if the other form of energy is electricity then
we can call this device a nuclear generator or battery. For
example, a nuclear battery uses the energy from the decay
of a radioactive isotope to generate electricity and can pro-
duces large dc electric fields and voltages of up to 10–100
kV [1]. The modern form of the nuclear battery is a micro-
electromechanical system or MEMS device [2,3], which
can also be configured as an ac generator capable of gener-
ating radio frequencies of 60–260 MHz [4]. A more recent
type of generator is the nanogenerator, which uses spe-
cial materials that convert an external strain or motion to a
time-dependent electric polarization of a material indepen-
dent of an applied electric field [5,6]. Such a device can
convert mechanical energy to electricity via a piezoelec-
tric or triboelectric effect [7–11], or temperature variations
to electricity via a pyroelectric effect [12–18].
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When considering the generation of electricity only
from the view point of the created electromagnetic degree
of freedom, the creation of electromagnetic energy is a
nonconservative process. Thus, when we consider the elec-
trodynamics in isolation to the whole system, the standard
Maxwell equations must be made more general to take into
account the nonconservative processes. This requires the
ability to add the impressed forces into Maxwell’s equa-
tions, and we show in this work that this can be achieved by
generalizing the constitutive relations. The modification of
the constitutive relations inevitably leads to a modification
of Maxwell’s equations, in a similar way to what happens
when we consider the difference between Maxwell’s equa-
tions in matter and in vacuum. For example, in a dielectric
medium, the applied electric field polarizes the material,
which causes an opposing internal electric force, which
reduces the electric field in the medium, which modifies
Gauss’s law.

The standard Maxwell equation in differential form and
in dielectric and magnetic media are in general given by
(SI units)

�∇ · �D = ρf , (1)

�∇ × �H − ∂ �D
∂t

= �Jf , (2)

�∇ · �B = 0, (3)

�∇ × �E + ∂ �B
∂t

= 0, (4)

where

�D = ε0 �E + �P, �H = μ−1
0

�B − �M , (5)

and

ρb = −∇ · �P, �Jb = ∇ × �M . (6)

Here �E is the electric field intensity, �H is the magnetic field
intensity, �D is the electric flux density, �B is the magnetic
flux density, �Jf is the free electric current density, �Jb is the
bound electric current density, ρf is the free electric charge
density, ρb is the bound electric charge density, and ε0 and
μ0 are the permittivity and permeability of free space.

When an electric field is applied to a dielectric mate-
rial, its molecules respond by forming microscopic elec-
tric dipoles, which causes a distribution of bound charge
dependent on the applied field �E, which acts to reduce
the electric field in the dielectric. For a dielectric mate-
rial, the macroscopic polarization vector �P is related to
the average microscopic bound-charge density by Eq. (6).
In a similar way, when a �B field is supplied to a mag-
netic material, magnetic moments of the atoms align to
cause a macroscopic magnetization �M related to the bound

current given in Eq. (6). Thus, in matter, Maxwell’s equa-
tions can be fully specified in terms of the �E and �B fields
along with the auxiliary fields �D and �H given by Eq. (4),
combined with the constitutive relations given by Eq. (5).
However, in order to fully apply these equations, the gen-
eral relationships between the fields in Eq. (5) must be
further specified, which depend on the material proper-
ties. In general, this can be quite complex, as materials
may be anisotropic, magnetoelectric, piezoelectric, and so
forth. The simplest form of the constitutive relations rep-
resents isotropic and linear materials such that �D = ε0εr �E
and �H = μ−1

0 μ−1
r

�B, where �P = ε0χe0 �E so εr = 1 + χe0

and �M = χm0 �H so μr = 1 + χm0. The free and bound cur-
rents and charges in Maxwell’s equations given above are
not source terms for the fields and do not add energy
into the system. They either propagate without loss due
to the interaction with the electromagnetic fields, or can
describe a dissipative (or resistive) system where elec-
tromagnetic energy is lost, usually by conversion to heat
(in this case the electric and magnetic field phasors can
become complex).

The nonelectric energy sources (for example, nuclear
energy as discussed previously) capable of transmitting
energy and hence a force to electric charges are commonly
referred to as “impressed” sources of the field. Theoret-
ically, they can be represented either as an ideal current
or voltage generator of electronic network theory [19].
Thus, in electrodynamics, an impressed electric current
needs to be added as a current source and hence will mod-
ify Ampere’s law. In contrast, we show that an impressed
electric voltage needs to be added as a magnetic current
source, and hence will modify Faraday’s law. The latter
does not mean that magnetic monopole particles exist, but
is a consistent way to model boundary value problems
when considering the electrodynamics of a nonconserva-
tive electricity generator [20–22]. This technique is more
generally known as the compensation theorem [19,23,24].
We also note that the impressed sources are not influenced
by Maxwell’s equations because they represent creation
of electromagnetic energy from an external source. Two-
potential theory is summarized in the Appendix, which is
a common way to include the nonconservative impressed
terms in antenna theory.

In this paper we analyze the electrodynamics of free-
and bound-charge electricity generators using impressed
sources. Importantly, we show that the impressed sources
modify the constitutive relations, which essentially are
the same as the force balance equations between the
external energy source and the electrodynamic generated
degree of freedom. We show that this modifies Maxwell’s
equations with the addition of a free- or bound-charge
macroscopic polarization, created without an applied elec-
tric field. Because the vector curl of this polarization is
nonzero, we show that Faraday’s law must be modified.
We then apply this technique to explain the physics of
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some free-charge and bound-charge electricity generators.
In particular, we find that the definition of the voltage of the
electricity generator is best described by Ve = −I i

m, where
I i
m is the total effective impressed magnetic current at or

near the boundary. This approach is similar to the approach
recently undertaken to explain axion modifications to elec-
trodynamics, where the axion mixes with a photon to act
as the external impressed force, which converts axions into
electricity [25–27].

II. ELECTRODYNAMICS OF THE GENERATION
OF ELECTRICITY FROM FREE CHARGE

To analyze a free-charge voltage generator at dc, or in
the quasistatic limit, we can start with the equations given
in advanced electrodynamics text books such as Griffiths
[28], where he showed that the total force per unit charge
�f involved in a free-charge dc voltage source is given by

�f = �E + �fS. (7)

Here �fS is the force per unit charge, which supplies the
energy to separate the charges and supply an electromo-
tive force (emf) from an external energy source. Following
this, a resulting electric field �E is produced by the sep-
arated charges. Harrington [20] essentially presented the
same equation as Griffiths [28] for a general ac generator,
but used different terminology. Harrington considered the
electric field more generally such that a total field �ET ≡ �f ,
which is consistent with �ET in the Appendix. Harrington
also defined �Ei

e ≡ �fS as the source impressed electric field.
Here, to be consistent with Griffith [28] and the left-hand
rule for the relation between the magnetic current and elec-
tric field, we have defined �Ei

e in the opposite direction to
Harrington, so that

�ET = �E + �Ei
e. (8)

The effective impressed field �Ei
e is confined to the voltage

source and does not exist outside it.
In a dc battery where external energy is converted to

electromagnetic energy [29–31], the impressed electric
field allows the electrons to move in the opposite direction
to the electric field created by the electrons themselves,
even though the internal resistance inside an ideal free-
charge voltage source is near zero, with (ignoring fringing)
�E ≈ −�Ei

e and thus �ET ≈ 0 (these values depend highly on
aspect ratio and hence the fringing field). An example of
such a voltage source is illustrated in Fig. 1. Given that
the impressed force per unit charge �Ei

e is nonconservative,
there is an effective impressed magnetic current boundary
source linked by the closed path, as shown in Harrington

FIG. 1. Illustration of the electric field generated in a free-
charge ideal dc voltage source from an external energy source.
The associated delivered external force per unit charge �fS sup-
plies the energy to separate (and hence polarize) impressed free
surface charges σ i

e at the axial boundaries. This is equivalent to
an impressed electric field �Ei

e = �fS or polarization �Pi
e as given by

Eqs. (7) and (8), and related to a magnetic current at the radial
boundary Imenc by the left-hand rule. The nonconservative nature
means that an electromotive force as calculated in Eq. (11),
E = −Imenc = ¸P

�Ei
e · d�l, is generated, resulting in a voltage out-

put that can drive an electric circuit. The separated free charges
then generate a conservative dipole electric field �E.

and Balanis [20,21], which means that, for the dc case,

�∇ × �Ei
e = −�J i

m, �∇ × �E = 0, �∇ × �ET = −�J i
m.
(9)

Then by Stokes’ theorem we can calculate the emf of the
voltage generator E by

E = −I i
menc

=
˛

P

�Ei
e · d�l =

˛

P

�ET · d�l, (10)

where the path encloses the effective impressed magnetic
current at the radial boundary, given by

I i
menc

=
ˆ

S

�J i
m · d�a. (11)

Since �Ei
e will apply a force per unit charge to separate free

charge in the system, an impressed free-charge distribution
ρ i

e will be created, so that

ε0∇ · �Ei
e = ∇ · �Pi

e = −ρ i
e, (12)

effectively polarizing the free charge (creating a dipole),
and allowing the definition of a permanent free-charge
polarization of �Pi

e = ε0 �Ei
e. For the situation in Fig. 1, the

impressed free charges occur as surface charge at the ends
of the dc voltage source, given by

σ± = �Pi
e · n̂ = ±σ i

e. (13)

According to this definition, the ideal dc voltage source
will only have impressed free charge, and thus ε0∇ · �E =
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ρ i
e as a result. The net result is that the system has both an

electric vector and scalar potential and outside the voltage
source the electric field resembles a capacitorlike dipole
even though it is modeled as a perfect conductor. The
next step is to expand this technique to an ac electricity
generator.

A. Time-dependent free-charge electricity generation

The dc system described previously has no magnetic
field component in the system and adding time dependence
will potentially induce a magnetic field. First, we note that
the impressed magnetic current boundary source is diver-
genceless. This means that, from two-potential theory in
the Appendix, ρ i

m = 0 and �∇ · �B = 0. Following this we
can implement the quasistatic approximation and calculate
the �B field from the modified Ampere law. To calculate
this, we combine the continuity equation for the impressed
free current �J i

e given in Eq. (A17) with Eq. (12) to obtain

�J i
e = ∂ �Pi

e

∂t
= ε0

∂ �Ei
e

∂t
. (14)

Assuming a lossless system, then any other free current
besides the impressed current �J i

e must be divergence free,
so ∇ · �Jf = 0 and ρf = 0 in Eqs. (A9) and (A10) in
the Appendix. Then in the time-varying case, the modi-
fied Ampere law is given by �∇ × �B − ε0μ0(∂ �ET/∂t) = �Jf ,
with a modified Gauss’s law of �∇ · �ET = 0. The next step
of the quasistatic approximation is to calculate the created
�E field from the calculated �B field from Faraday’s law,
∇ × �E + ∂ �B/∂t = 0; then, combining with Eq. (9), the
modified Faraday law becomes �∇ × �ET + ∂ �B/∂t = −�J i

m,
where the ∂ �B/∂t term can be considered as a displacement
magnetic current. The only part of Maxwell’s equations
that remains unmodified in this case is the magnetic Gauss
law. Thus, Maxwell’s equations in differential form may
be written in terms of �Ei

e and �E as

�∇ · �E = ρ i
e

ε0
and �∇ · �Ei

e = −ρ i
e

ε0
, (15)

�∇ × �B − ε0μ0
∂ �E
∂t

= μ0�J i
e = ε0μ0

∂ �Ei
e

∂t
, (16)

�∇ · �B = 0, (17)

�∇ × �E + ∂ �B
∂t

= 0 and �∇ × �Ei
e = −�J i

m, (18)

or in terms of �ET as

�∇ · �ET = 0, (19)

�∇ × �B − ε0μ0
∂ �ET

∂t
= 0, (20)

�∇ · �B = 0, (21)

�∇ × �ET + ∂ �B
∂t

= −�J i
m. (22)

Note that we set �Jf = 0 for the open-circuit no-load case.
Following this, the integral forms of Maxwell’s equations
can be written as

‹

S

�E · d�a = Qi
eenc

ε0
and

‹

S

�Ei
e · d�a = −Qi

eenc

ε0
, (23)

˛

P

�B · d�l − μ0ε0
d
dt

ˆ

S
(�E + �Ei

e) · d�a = 0 (24)
‹

S

�B · d�a = 0, (25)
˛

P

�E · d�l + d
dt

ˆ

S

�B · d�a = 0 and
˛

P

�Ei
e · d�l = − I i

menc
.

(26)

We can also write Eq. (26) as

˛

P

�ET · d�l + d
dt

ˆ

S

�B · d�a = −I i
menc

(27)

and Eq. (23) as

‹

S

�ET · d�a = 0. (28)

In general, from a circuit theory perspective, the structures
under consideration are considered as electrically small
(quasistatic limit), no time delay exists between sources
and the rest of the circuit, and the only loss occurs through
dissipation. From an antenna theory perspective, these
assumptions in general can be relaxed as time delays may
be important. In this work we just consider the quasistatic
limit relevant for antenna and circuit theory in the limit that
the structures are small compared to the wavelength.

B. Ideal cylindrical ac free-charge electricity generator

In the following we analyze the electrodynamics of an
ideal zero resistance cylindrical ac voltage generator, as
shown in Fig. 2. We recognize that the net charge in
the system is zero, and that the charge will be present
as a surface charge density ±σ i

e at the upper and lower
boundaries of the cylinder. Furthermore, there will be an
unfamiliar boundary condition to be determined at the
radial boundary, since �Ei

e must be contained within the
cylinder.
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FIG. 2. Top: schematic of the cylindrical ideal free-charge ac
electric generator of axial length de and radius re with associ-
ated field and source terms. For the ideal ac generator of terminal
voltage Ve, the impressed electric current density �J i

e flows up and
down the cylindrical axis as the terminal charges ±σ i

e oscillate
in polarity. Bottom: the active near field of a Hertzian dipole
antenna resembles that of a fringing field in a capacitor [32], and
is equivalent to the above free-charge ac electric generator.

For an ideal source in the quasistatic limit, we ignore any
source impedance, including inductance or capacitance, so
the ac emf is similar to the dc case [Eq. (10)], given by

E = −I i
menc

=
˛

P

�Ei
e · d�l, (29)

and the surface charge on the end faces caused by the
impressed field �Ei

e can be calculated to be

σ i
e = �Pi

e · n̂ = ε0 �Ei
e · n̂, where �Pi

e = σ i
eẑ. (30)

Here n̂ is the normal to the surface, which is equal to ẑ
on the top surface and −ẑ on the bottom surface. Then,
from Eq. (10), the emf generated in the quasistatic limit is
calculated to be

E = Ei
ede = σ i

ede

ε0
= Ve, (31)

which is similar to a voltage across a capacitor; we label
this the free-charge terminal voltage Ve.

Next we consider the magnetic surface current per unit
length, which will be apparent at the radial boundary
(r = re) of the generator. This surface magnetic current

will determine the parallel boundary condition, and can be
calculated from Eq. (29), using the left-hand rule, to be

�κ i
m = −σ i

e

ε0
φ̂. (32)

From integral Eqs. (23)–(26), it is straightforward to derive
the boundary conditions. Here subscript “in” refers to
inside the ideal generator and subscript “out” refers to out-
side the generator, while the subscript “⊥” refers to the
perpendicular components of the field with respect to a sur-
face and the subscript “‖” refers to the parallel components
of the fields with respect to the surface. We also note that
�Ein = −(σ i

e/ε0)ẑ, and that there is no electric surface cur-
rent (only volume current). Thus, the boundary conditions
on the axial surfaces for the ideal voltage source become

E⊥
out = 0, (33)

�B⊥
out = �B⊥

in = 0, (34)

and the boundary conditions on the radial surface are

�E‖
out = −�κ i

m × n̂ = −�Ei
e = −σ i

e

ε0
ẑ, (35)

�B‖
out = �B‖

in = 0. (36)

Applying the radial boundary condition, Eq. (35), gives
�E‖

out = −(σ i
e/ε0)ẑ. This means that the electric field just

outside the generator has maximum value on the radial
boundary, despite having infinite conductance, similar to
fringing in a capacitor. To calculate the magnetic field in
the system, we can start inside the voltage source and apply
the modified Ampere law given by Eq. (24). Effectively
we find that the �B field caused by the displacement current
produced by the time varying �E field is suppressed by the
�B field caused by the time-varying impressed �Ei

e field (or
impressed electrical current), so is small within the elec-
tricity generator depending on the aspect ratio. Thus, with
no load circuit attached to the generator, the solution is
similar to that of a capacitorlike dipole, even though we
consider an ideal conductivity. In reality, the generator will
have an internal resistance, so �ET will be nonzero, and there
will be a finite field to match on the axial boundary.

Assuming a harmonic surface charge density of the form
σ i

e = σe0ej ω0t, then the terminal voltage may be determined
to be

Ve(t) = Ve0ej ω0t = σe0de

ε0
ej ω0t. (37)

Likewise, the current inside the voltage source may be
determined to be

I i
e(t) = Ie0ej ω0t = j ω0σe0πr2

eej ω0t. (38)

The ratio of the terminal voltage to internal current
can be calculated to be Ve/I i

e = 1/(j ω0Ceff), where
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Ceff = ε0πr2
e/de is similar to a capacitance and Ve lags I i

e
by π/2. Note that this is not a capacitance, but just the
phase relationship between the current and voltage of the
generator, an active component where the impressed force
maintains the charge separation with no power dissipation,
so the internal current and terminal voltage must be out of
phase (power factor of π/2 for no load). Such current and
emf generation with no load will create the near field of
a Hertzian dipole antenna, which is reactive and exists as
stored energy, acting very much like the field of a dynami-
cally charging and discharging capacitor of Ceff, with the
dipole “ends” acting as plates giving a fringing capaci-
tance. To dissipate or radiate power, an effective resistive
component in the model must be added, which would rep-
resent far-field radiation or resistive dissipation within the
generator.

C. Short-circuit response of the ideal free-charge ac
generator

Effectively the calculation in the previous section cal-
culated the open-circuit voltage of the ac generator. In
reality, the generator has a source impedance, which will
be designed to have minimal effect, usually represented
by a Thevenin or Norton equivalent circuit depending on
whether it is configured as a voltage or current source.
To calculate the Norton equivalent impedance, the short-
circuit current needs to be calculated and �Jf in Eq. (20)
cannot be set to zero and has to be reinstated on the
right-hand side. For the ideal system, assuming a perfect
conductor, the impedance will actually depend on how the
voltage terminals are short circuited. Inevitably, the short

FIG. 3. Exaggerated short circuit of an ac free-charge volt-
age generator. Any short circuit will form a loop, which will
enclose the impressed magnetic current on the boundary �J i

m(t).
Initially, the electrons will flow in the loop driven by �Ei

e. How-
ever, a back emf will be generated, which directly opposes this
field, so �ET = �Ei

e + �E = 0, and there is no net force on the
electrons. The net result is that the voltage supplied by the gen-
erator Ve, which exists across the effective inductance, will be
determined uniquely by the enclosed magnetic current, given
by Ve = −Imenc = d�B/dt = L(dIsc/dt) + Isc(dL/dt), where �B
is the linked magnetic flux of the loop, and Isc is the short circuit
current. The inductance and current flow will be determined by
geometry of the loop by implementing Ampere’s law.

circuit forms a current loop as highlighted in Fig. 3 and
thus will have an inductance that will limit the current
flow for an ac signal. At dc the finite conductivity of the
generator and the metal in the short circuit will give an
effective resistance, which will limit the current flow. Com-
bined with this inductance, the resistance will define the
time constant of the short circuit.

If we consider an idealized short circuit for the time-
dependent case, with just the equivalent inductance of the
loop, then, as shown in Fig. 3, the net force on the elec-
trons will be zero, as a back emf will be produced from
a Faraday-induced electric field �E = −�Ei

e, so that �ET = 0.
Because they have opposing values of curl, Faraday’s law
becomes

−�Jm = ∂ �B
∂t

, (39)

so that the voltage across the loop is given by

Ve = −I i
menc

= d�B

dt
, (40)

where �B is the magnetic flux. This is basically the
equation for a voltage across the inductor, where

Ve = d�B

dt
= L

dIsc

dt
+ Isc

dL
dt

. (41)

In this case, the free current flow in the loop is deter-
mined by the inductance of the loop, calculable from the
implementation of Ampere’s law with �Jf of nonzero value.
Even though �ET = 0, the voltage across the short circuit is
defined uniquely by the magnetic current boundary source,
which best describes the output voltage of an ac generator,
rather than the total electric field.

This concept also allows interpretation of Faraday’s
experiments, which either rely on a Coulomb force from
the separation of charges opposing the impressed force
(open-circuit case), or a back emf, from a Faraday force
caused by the time rate of change of magnetic flux through
a closed loop, which also opposes the impressed force
(short-circuit case).

D. Example: a cylindrical ideal conductor oscillating
in a dc magnetic field

In this example we use the impressed source technique
to analyze the emf induced in a cylindrical ideal conductor
due to an external motional kinetic energy or applied force
in the quasistatic limit. The conductor generates electric-
ity from its motion due to the impressed Lorentz force �Fi

e
acting on free-charge carriers in the bar as shown in Fig. 4
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FIG. 4. A cylindrical ideal conductor (orange) of time-
dependent velocity �vi(t) moving in the x̂ direction within a dc
magnetic field of �Bdc orientated in the ŷ direction (black crosses).
An emf is generated through the induced Lorentz force per unit
charge �Fi

e/q = �Ei
e = �vi(t) × �Bdc = v0(t)Bdcẑ in the ẑ direction,

which is impressed on the free charges in the conductor. The sep-
aration of charges due to the impressed Lorentz force creates a
reverse electric field �E (green) with an effective magnetic current
boundary source �κ i

m (magenta).

and given by

�Fi
e = q�vi(t) × �Bdc = q�Ei

e(t). (42)

For this case, the impressed force per unit charge comes
from a driven oscillating mechanical degree of freedom
interacting with a dc magnetic field (dc photonic degree
of freedom). This in turn creates an oscillating ac photonic
degree of freedom characterized by an oscillating emf E(t)
and given by

E(t) = Ei
e(t)de = deBdcv

i(t). (43)

Assuming simple harmonic motion, �x(t) = x0 sin(ω0t)x̂,
then the impressed velocity vector can be written as

�vi(t) = ω0x0 cos(ω0t)x̂. (44)

Then, given that �Bdc = Bdcŷ, the impressed Lorentz force
per unit charge becomes

�Ei
e(t) = ω0Bdcx0 cos(ω0t)ẑ, (45)

creating the emf

E(t) = ω0Bdcdex0 cos(ω0t). (46)

The Lorentz force also drives the motion of the charges
and hence the impressed internal electrical current within
the cylinder

�I i
e(t) = −ω2

0ε0πr2
eBdcx0 sin(ω0t)ẑ. (47)

Note the current lags the voltage by π/2 as expected. The
oscillating separation of ± charges creates an electric field,

which opposes the impressed force so that the net force
on the oscillating charges is zero, which means that there
is no work done in driving the internal electrical current.
This means that there is only reactive power in the electri-
cal degree of freedom as there is no load to dissipate active
power. However, as a consequence of this oscillating cur-
rent in the dc magnetic field, there is an additional Lorentz
force acting on the mass of the cylinder, �FB(t), given by

�FB(t) = de�I i
e(t) × �Bdc, (48)

due to the mechanical motion. This force is in the same
direction, but out of phase with the velocity, given by

�FB(t) = ω2
0ε0VeB2

dcx0 sin(ω0t)x̂, (49)

where Ve is the volume of the conductor. In the ideal case
there is no work done unless a load is attached to the
generator. Of course, the analysis ignores any real mate-
rial effects, such as finite conductivity, skin effect, kinetic
inductance, etc., which occur at high frequencies.

In the real case the oscillating conductor thus has an
effective impedance, including a source resistance due to
dc conductivity, which will dominate at low frequencies;
this will be a source of damping as a component of �FB(t)
would be in phase with the velocity, which also means a
component of the current and voltage would be in phase.
At higher frequencies the resistance will increase due to
the skin effect, and the cylinder will have an inductance. It
is not our intention to analyze these effects in this paper,
which will contribute to the source impedance of a real
voltage source or generator. As discussed previously, the
cylindrical generator will also emit an �E(t) field outside,
which will be in the form of the near field of an oscillating
Hertzian dipole.

III. GENERATION OF ELECTRICITY FROM
BOUND CHARGE

A. The dc electret

A dc bound-charge voltage source is essentially a bar
electret. The ideal bar electret exhibits a permanent elec-
trical dipolar field as shown in Fig. 5, due to an impressed
macroscopic polarization Pi

b and has overall charge neu-
trality [33]. Some common ways to impress a polarization
and make an electret is to heat a polar dielectric material
under the influence of a large electric field (thermoelec-
tret) [34] or through piezoelectricity (piezoelectret) [7].
For the former, once cooled and removed from the elec-
tric field, a net polarization will be maintained, while the
latter is maintained through the application of strain. Other
forms of electrets include the magnetoelectret and the mag-
netoactive electret [35] as well as ferroelectric electrets
[36–38]. The electret thus becomes a bound-charge volt-
age source and is useful for supplying dc bias, reducing
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FIG. 5. From left to right, 3D sketch of the �E, �Pi
b, and �D fields

inside and outside a cylindrical bar electret (reproduced from the
solution manual of [28]). Assuming the impressed polarization,
�Pi

b, is constant within the electret and along the cylindrical z −
axis of the bar in the positive direction. Note, �Pi

b is only defined
inside the electret.

the requirement for high external dc voltages [39,40], and
can supply a current and be discharged in a similar way
to a battery [41]. In fact, batteries with solid electrolytes
are not too dissimilar to a dc electret. For example, when
a ferroelectric material becomes permanently polarized,
it undergoes a phase change, which corresponds to the
crystal structure breaking a certain symmetry under phase
transition [42]. Likewise, a rechargeable battery with a
solid electrolyte undergoes induced symmetry breaking of
the electrolyte structure, such as polyhedron distortions
upon charge and discharge [43]. Some solid batteries even
have an electrolyte of perovskite structure [44,45], similar
to the structure of common ferroelectric materials.

The bar electret as shown in Fig. 5 is the electrostatic
analogue of the bar magnet. Here we assume a lossless
dielectric media, so ideally there is no free charge or cur-
rent in the system and hence they are set to zero; in this
case Maxwell’s equations (1)–(5) become

�∇ · �D = 0, (50)

�∇ × �E = 0, (51)

where

�D = ε0 �E + ε0χe �E + �Pi
b = ε0εr �E + �Pi

b (52)

for a linear dielectric material with a permanent polariza-
tion �Pi

b that is independent of the electric field �E.

1. Impressing a source term into static Maxwell’s
equations to describe an electret

Equations (50)–(52) seem incomplete, as there is a lack
of a source term on the right-hand side of the equa-
tions. For the analogue bar magnet, Maxwell’s equations
give �∇ · �B = 0, �∇ × �H = 0, and �∇ × �B = μ0μr �∇ × �MS
for a linear magnetic material with a permanent mag-
netization �MS. The vector �MS is in fact an impressed

source as energy needs to be added by an external force
to permanently magnetize the material, and we may iden-
tify an impressed bound current �J i

b = �∇ × �MS so that
Ampere’s law becomes �∇ × �B = μ0μr�J i

b, where the effec-
tive impressed bound current at the radial boundary of the
bar magnet sources the magnetic field. Thus, the fields in
the bar magnet could also be represented in Fig. 5 with
the substitutions �B → �D, �H → �E, and �MS → �Pi

b. Now we
can identify how static Maxwell’s equations need to be
generalized to be able to describe a system with a perma-
nent polarization as an impressed source, that is, to take
the curl of Eq. (52) and combine with Eq. (51) to give
�∇ × �D = �∇ × �Pi

b. One can identify an impressed magnetic
bound (mb) current, �Jmb, boundary source at the radial
boundary of the electret, from the analogous relation

�∇ × �Pi
b = −ε0εr�J i

mb (53)

so that a modified Faraday’s law becomes

�∇ × �D = −ε0εr�J i
mb (left-hand rule). (54)

There is no free charge in this system so the divergence
of �D is zero. However, the divergence of �E will be nonzero
due to the separation of bound charge, which has in general
two components, ρbχe , due to the dielectric susceptibility
of the material, and ρbPi , the bound charge driven by the ac
impressed polarization vector �Pi

e(t), so that

ε0 �∇ · �E = ρbχe + ρbPi (55)

and

ε0εr �∇ · �E = −�∇ · �Pi
b = ρbPi . (56)

In a similar way to the free-charge voltage source, the
forces in the bound-charge system may be defined using
Eq. (8) [20,28]. Thus, the total force per unit charge �ET
acting on the bound charges is given by

�ET = �E + �Ei
b. (57)

Accordingly, the impressed electric field acting on bound
charge �Ei

b may be identified to be related to the permanent
source polarization �Pi

b by

�Ei
b = �Pi

b/(ε0εr). (58)

Then, if we multiply Eq. (57) by the permittivity ε0εr, we
obtain Eq. (52) (where �D = ε0εr �ET), the well-known con-
stitutive relation between the �D field, �E field, and �P field
in the electret. Thus, Eq. (57), which balances the forces in
the voltage source, is essentially on the same footing as a
constitutive relationship between fields given by Eq. (52).
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In this case the modified static Faraday law can be written
as

�∇ × �ET = −�J i
mb, (59)

which is equivalent to Eq. (54). Thus, as emphasized in the
Appendix, the dc voltage source has two components of
force per unit charge in the system. The impressed external
force per unit charge �Ei

b with an electric vector potential,
which generates an emf and applies the force to separate
the ± charges, and the electric field �E that is sourced by the
separated ± bound charges, which exhibits a scalar electric
potential.

We revisit the magnetic analogue of the dc electret (a
permanent magnet), where �∇ × �B = μ0μr�J i

b introduces a
bound (or amperian) current [46]. In this example the
bound current is an effective impressed electrical current,
and there is no real current flow, which is especially high-
lighted by the fact that a permanent magnet is usually not a
good conductor. The collective alignment of spins that cre-
ates this bound current occurs due to an impressed force
magnetizing the material (in this case a magnetomotive
force). This bound current is treated exactly like a real
current when analyzing macroscopic electrodynamic equa-
tions, like in magnetic circuit analysis. For example, the
bound electrical current in a bar magnet acts as a source
term for the fields of the macroscopic magnetic dipole. In
a similar way, the magnetic current defined and introduced
in Eqs. (53), (54), and (59) is not a real magnetic current,
and of course it cannot be as monopoles as far as we know
do not exist. This term is an effective magnetic current that
defines the boundary conditions, and can be used when
analyzing macroscopic electrodynamic equations, like in
electric circuit analysis. Similarly, the bound magnetic cur-
rent in a bar electret acts as a source term for the fields of
the macroscopic electric dipole. Another interesting point
is that the free-charge voltage source discussed previously
can also be thought of as a macroscopic dipole, with a
free-charge polarization, with a similar magnetic current
boundary source.

To calculate the fields in the dc electret, a numerical cal-
culation is necessary, similar to that of a cylindrical bar
magnet. However, to calculate the circuit properties of the
voltage source, we just need to implement the integral form
of Eq. (59), which gives E = −I i

mb = [1/(ε0εr)]
¸

P
�Pi

b · d�l
independent of the electric field since

¸
P

�E · d�l = 0. The
other parameter that is necessary to calculate is the source
impedance, which will just be the capacitance of the elec-
tret with the source polarization removed. To first order,
this capacitance may be calculated assuming a constant
�E field within the dielectric, which ignores fringing, and
assumes an aspect ratio of a thin polarized plate. Never-
theless, the calculation uncertainty in this case is with the
source impedance and not the emf. However, in a gen-
eral system one might expect that a numeric calculation

is necessary if the polarization and electric fields cannot be
assumed constant, similar to a bar magnet.

B. ac generation of electricity with time-varying bound
charge

Next, we generalize the concept of the electret to
a time-varying impressed permanent polarization �Pi

b(t)
along the same lines as in the work of Wang [6]. This
system describes an ac electricity generator based on
oscillating bound charge. The starting point is to con-
sider Maxwell’s equations for a linear isotropic dielectric
media with a time-varying permanent polarization and an
impressed magnetic current boundary source, in a similar
way to the static version discussed previously (also see the
Appendix). First we consider the contributions to Gauss’s
law for the three fields �D(t), �E(t), and �Pi

b(t), which are
modified in the same way as in the dc case:

�∇ · �D = 0, �∇ · �E = ρbPi

ε0εr
, and �∇ · �Pi

b = −ρbPi .

(60)

Next, Ampere’s law is modified along the lines first sug-
gested by Wang [6],

�∇ × �B − μ0ε0εr
∂ �E
∂t

− μ0
∂ �Pi

b

∂t
= 0. (61)

The magnetic Gauss law remains unmodified, while Fara-
day’s law is modified, so

1
ε0εr

�∇ × �D + ∂ �B
∂t

= −�J i
mb (62)

with

�∇ × �E + ∂ �B
∂t

= 0 and �∇ × �Pi
b = −ε0εr�J i

mb. (63)

The last term in Eq. (62) is the impressed magnetic current,
which acts as a source of the system to create an ac voltage
output. The modified Maxwell equations with impressed
sources may also be written in terms of the total force per
unit charge �ET = �E + �Ei

b for the time-dependent electret
(also see the Appendix) as

�∇ · �ET = 0, (64)

�∇ × �B − μ0ε0εr
∂ �ET

∂t
= 0, (65)

�∇ · �B = 0, (66)

�∇ × �ET + ∂ �B
∂t

= −�J i
mb. (67)

Here the ∂ �B/∂t term in Eqs. (62) and (67) can be identified
as the magnetic displacement current. In this system, the
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effective magnetic current source term �J i
mb exists on the

radial boundary of the electret, and drives the impressed
electric field �Ei

b by the left-hand rule and also sets the
boundary condition for the parallel components of the
fields on the radial boundary.

C. Boundary conditions

The boundary conditions of the fields on the normal and
parallel surfaces of the electret can be calculated from the
integral versions of Eqs. (60)–(63), which are given by

‹

S

�D · d�a = 0, (68)

‹

S

�E · d�a =
Qi

bPi

ε0εr
,

‹

S

�Pi
b · d�a = −Qi

bPi
, (69)

˛

P

�B · d�l − μ0
d
dt

ˆ

S

�D · d�a = 0, (70)
‹

S

�B · d�a = 0, (71)

1
ε0εr

˛

P

�D · d�l + d
dt

ˆ

S

�B · d�a = −I i
mb, (72)

˛

P

�E · d�l + d
dt

ˆ

S

�B · d�a = 0,
1

ε0εr

˛

P

�Pi
b · d�l = −I i

mb.

(73)

From these integral equations, it is straightforward to
derive the modified boundary conditions

D⊥
out = D⊥

in, (74)

εoutE⊥
out − εinE⊥

in = σbPi , εinEi⊥
bin

= Pi⊥
bin

= σbPi (75)

�B‖
out = �B‖

in, (76)

B⊥
out = B⊥

in. (77)

�D‖
out − �D‖

in = −ε0εr�κ i
mb × n̂, (78)

�E‖
out = �E‖

in, �Ei‖
bin

=
�P‖

bin

εin
= −�κ i

mb × n̂. (79)

Here the subscript “in” refers to inside the bar electret and
the subscript “out” refers to outside the bar electret.

In the following we show how the values of the electro-
magnetic fields, output voltage, and magnetic current may
be calculated with the aid of the constitutive relations and
boundary conditions that define an ideal electret.

1. Axial boundaries

Assuming the impressed polarization is constant of the
form �Pi

b = Pi
bẑ = ε0εrEi

bẑ, at the top and bottom axial
boundaries, as shown in Fig. 6, we can use Eq. (74) to

FIG. 6. The Norton (top left) and Thevenin (top right) equiv-
alent circuits for the ideal ac bar electret of cross sectional area
Ab and length db (bottom). The associated impressed force per
unit charge �Ei

b(t) supplies the force to separate the bound charges
σ i

b, resulting in an electret with a time-varying permanent polar-
ization �Pi

b(t) = Pi
b(t)ẑ, which can be modeled as an impressed

magnetic current boundary source �κ i
mb(t). The Thevenin equiv-

alent circuit is pictorially shown with the open-circuit voltage
Vb(t) = E(t) = −I i

mb and effective source impedance Zb, which
is calculated in the text and is equivalent to the capacitance of the
electret without a permanent polarization.

obtain a relationship between �E and �Ei
b, where

ε0 �Eout · n̂ = ε0εr(�Ein + �Ei
b) · n̂. (80)

To take the analysis a step further, one really needs a
numeric solution for the general case, as another equation
is needed to solve the problem. In general, �Eout is nonzero,
as highlighted in Fig. 5, and �Ein points in the opposite
direction to �Eout and �Ei

b and, in general, |�Ei
b| ≥ |�Ein|. In our

example we have assumed a constant �Pi
b along the z axis;

this is actually an approximation for a thin plate, where
we ignore fringing, which means that �Eout ≈ 0 so that
�Ein ≈ −�Ei

b. This limit gives a simple way of calculating
the Thevenin equivalent circuit for an electret.

Matching this condition gives the following relations
between vectors at the axial boundary:

�Eout = 0 and �Ein = −�Ei
b. (81)

So �D = 0 above and below the axial boundaries. To calcu-
late the impressed bound surface charge ±σ i

b at the upper
and lower axial end faces respectively, we use

σ i
b = �Pi

b · n̂ = ε0εrEi
b, (82)

as n̂ = ẑ, while on the lower axial boundary the value is
negative as n̂ = −ẑ.
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The polarization current density may be calculated from
the time rate of change of Eq. (82) to be �JP = ∂ �Pi

b/∂t =
ε0εr(∂Ei

b/∂t)ẑ, and if it has a cross-sectional area of Ab, the
effective polarization current through the voltage source is
given by

IP = Ab
∂Pi

b

∂t
= Ab

∂σ i
b

∂t
= Abε0εr

∂Ei
b

∂t
. (83)

2. Radial boundaries

On the radial boundary we can determine the impressed
surface magnetic current density from Eq. (79) to be

�κ i
m = −Ei

bin
φ̂ = − σ i

b

ε0εr
φ̂ (84)

and the electric fields �E to be

�Ein = �Eout = −Ei
bẑ = − σ i

b

ε0εr
ẑ. (85)

This is of similar form to the free-charge voltage source,
with σ i

e ≡ σ i
b/εr, because both have �ET = 0 above and

below the axial boundary. This also means that the total
displacement current �JD = 0 above and below the axial
boundary and hence there will be no �B field within the
voltage source.

3. Equivalent circuit

To calculate the emf, we need to integrate around the
radial boundary, with ∂ �B/∂t = 0, and therefore the emf
may be calculated from

E = −I i
mb =

˛

P

�Ei
b · d�l, (86)

where I i
mb = ´S

�J i
m · d�a is the enclosed magnetic current.

Defining the length of the voltage source as db, the induced
emf is given by

E = Ei
bdb = σ i

bdb

ε0εr
. (87)

Note that �JD = 0 is an approximation, and the value will
depend on the aspect ratio; thus, for any finite electret,
there will in fact be a finite �D field (and hence finite �ET
field) above the electret, as shown in Fig. 5. For these
cases, a small magnetic field will be generated within the
electret due to the time dependence.

Now assuming that the charge density oscillates har-
monically such that σ i

b = σb0ej ω0 , we can calculate the
Thevenin equivalent voltage, where the open-circuit volt-
age across the electret is equivalent to the emf calculated

in Eq. (87), giving

Vb = σb0db

ε0εr
ej ω0t. (88)

Also, by short circuiting the electret, a free charge will
oscillate in the short-circuit wire equivalent to the polariza-
tion current; as the �Ein field is shorted to zero, the Norton
equivalent current source can be calculated to be

Ib = Ab
∂σ i

b

∂t
= j ω0Abej ω0t. (89)

Ignoring any small resistive or inductive effects, the source
impedance can be calculated to be

Zb = Vb

Ib
= 1

j ω0Cb
, Cb = ε0εrAb

db
. (90)

Note that the impedance can also be calculated by setting
the voltage source to zero (or the permanent polarization
Pi

b = 0), and calculating the capacitance of the leftover
dielectric, which is equivalent to Eq. (90). This system
is a Hertzian dipole with similar characteristics to the
free-charge system.

D. Example: a piezoelectric nanogenerator

One way to generate the time-varying electret as dis-
cussed is through piezoelectricity, which has become an
important way to undertake energy harvesting [47]. In
this example we consider a direct piezoelectric effect
where polarization in certain materials can also be induced
by mechanical loads, as shown in Fig. 7. An exter-
nal impressed load (force, stress, or strain) if time
harmonic will cause a time-harmonic variation of the

FIG. 7. Exaggerated diagram of an impressed mechanical load
�Fi(t), distorting a cubic structure (left) to induce an impressed
polarization �Pi

b(t) (right), which is the principle of a piezoelectric
nanogenerator.
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impressed polarization �Pi
b(t). Thus, the piezoelectric effect

is explained through the coupling of electric and elastic
phenomena, and so in general is a tensorial theory com-
bining continuum mechanics and electrodynamics, leading
to many complex effects beyond the scope of our discus-
sion; see standard text books such as Refs. [47–49]. For
the purposes of this work, we assume a basic mathematical
formulation [50], where dimensional effects are small and
the process is linear and in one dimension along the z axis.
For this ideal example, the constitutive relations are

Pi
bz

= dpe × T = dpe × cpe × S = epe × S, (91)

Dz = Pi
bz

+ ε0εrEz. (92)

Here, dpe is the piezoelectric strain coefficient, T is the
stress to which the piezoelectric material is subjected, cpe
is the elastic constant relating the generated stress T and
the applied strain S (T = cpe × S), spe is the compliance
coefficient, which relates the deformation produced by the
application of a stress (S = spe × T), and epe is the piezo-
electric stress constant. In this case Eq. (92) is of the same
form as Eq. (52), where the magnitude and time depen-
dence of the electret polarization are dependent on the
external mechanical load.

A general theory for the potential and fields has
been developed for a piezoelectric nanogenerator in
Refs. [6,51], which focuses on the generation of
the displacement current �JD = ∂Dz/∂t = ε0εr(∂Ez/∂t) +
∂Pi

bz
/∂t. However, in the no-load situation, with a flat

aspect ratio, we showed in the last section that �JD ≈ 0
with the open-circuit voltage VOC = E = Pi

bz
db/(ε0εr) =

σ i
bdb/(ε0εr) calculable from the modified Faraday law,

given by Eqs. (86) and (87), which is consistent with that
derived in Ref. [6]. This calculation highlights that, when
the terminals are short circuited, the free current that flows
will be equal to the polarization current IP = Ab(∂Pi

bz
/∂t)

driven by the induced emf E(t), as indicated by the Norton
and Thevenin equivalent circuits shown in Fig. 6. Note that
it is generally assumed that the external strains do not sig-
nificantly perturb the dimensions [6], so to first order, the
source impedance shown in Fig. 6 is constant. Also, any
inductive or resistive short-circuit properties will be small
compared to the source capacitance.

Typical parameters for an ac electret based on vibra-
tional energy include the following. (1) Based on charged
resonantly vibrating cantilevers, with vibrations of 0.1 g
(1 m/s2) can harvest up to 30 μW per gram of mobile
mass, with a source capacitance between 1–8 pF [52].
(2) A vibration-driven polymer energy harvester [53,54]
obtained output power as large as 100 μW at 30 Hz and
0.15 g acceleration. (3) The flexible triboelectric genera-
tor [10] has attained an electrical output peak voltage of

3.3 V and current of 0.6 mA with a peak power density
of 10.4 mW/cm3. For such devices, output impedances are
capacitive and typically of the order of 100 M�.

IV. CONCLUSION

We explore the electrodynamics of bound- and free-
charge electricity generators and voltage sources. The
external input to the system is represented by an impressed
force per unit charge, which converts the external energy
into electromagnetic energy and may be considered as
a nonconservative electric field vector, or emf per unit
length, with an electric vector potential. The source term
is necessarily impressed into Maxwell’s equations as an
effective magnetic current boundary source, which sources
the resulting charge distribution and emf produced by the
generator, leading to modifications of Faraday’s law, the
constitutive relations, and hence Maxwell’s equations.
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APPENDIX: TWO-POTENTIAL FORMULATION

The general two-potential formulation of impressed cur-
rent and fields has been discussed in detail in standard
text books on electrical engineering [20–22,55]. The two-
potential formulation is used in electrodynamics to model
electricity generation in circuit and antenna theory, when
there is conversion of external energy into electromagnetic
energy through nonconservative processes, as discussed
in the main body of this paper. It has also been used to
describe duality in electrodynamics and axion electrody-
namics [25,56–58], and was recently applied to electricity
generation [59].

Using superposition, we can consider the electric and
magnetic current sources separately. So setting the mag-
netic sources to zero, the electric and magnetic fields can
be written in terms of the magnetic vector potential �A and
the electric scalar potential φ as

�EA = −∇φ − ∂ �A
∂t

, (A1)

�BA = ∇ × �A. (A2)

Then, by setting the electric sources to zero, the electric
and magnetic fields can be written in terms of the electric
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vector potential �C and the magnetic scalar potential φm as

�EC = − 1
ε0

∇ × �C, (A3)

�BC = −μ0∇φm − μ0
∂ �C
∂t

. (A4)

The total electric and magnetic fields can be calculated
using the principle of superposition and are given by
[20,21]

�ETot = �EA + �EC = −∇φ − ∂ �A
∂t

− 1
ε0

∇ × �C, (A5)

�BTot = �BA + �BC = −μ0∇φm − μ0
∂ �C
∂t

+ ∇ × �A. (A6)

Considering the electric field given by Eq. (A5), in the qua-
sistatic limit we can ignore the time-dependent terms and
the main source terms are due to the charge distributions
defined by the electric charge and the effective magnetic
current, with the electric vector potential given by [20,21]

�C(�r, t) = ε0

4π

ˆ

�

�J i
m(�r′, t′)
|�r − �r′| d3�r′ (A7)

and the electric scalar potential given by

φ(�r, t) = 1
4πε0

ˆ

�

ρ(�r′, t′)
|�r − �r′| d3�r′. (A8)

Here �C and φ at point �r and time t are calculated from the
magnetic current and charge distribution at distant posi-
tion �r′ at an earlier time t′ = t − |�r − �r′|/c (known as the
retarded time). The location �r′ is a source point within vol-
ume � that contains the magnetic current distribution. The
integration variable d3�r′ is a volume element around posi-
tion r′. In a similar way the magnetic potentials can be
written in terms of the electric current density and mag-
netic charge density; however, as such work focuses on
voltage sources, we do not give the formulae but refer the
reader to Refs. [20,21].

The two-potential formulation also means that we can
separate Maxwell’s equations into two parts,

ε0 �∇ · �EA = ρ i
e + ρf , (A9)

�∇ × �BA − ε0μ0
∂ �EA

∂t
= μ0(�J i

e + �Jf ), (A10)

�∇ · �BA = 0, (A11)

�∇ × �EA + ∂ �BA

∂t
= 0, (A12)

for the electric sources and

�∇ · �EC = 0, (A13)

�∇ × �BC − ε0μ0
∂ �EC

∂t
= 0, (A14)

�∇ · �BC = ρ i
m, (A15)

�∇ × �EC + ∂ �BC

∂t
= −�J i

m, (A16)

for the magnetic sources. Here, the impressed sources ρ i
e,

�J i
e, ρ i

m, and �J i
m in Eqs. (A9)–(A16) can only exist due to

an impressed external source exciting the system. Also,
in general, there may be some free charge ρf and cur-
rent �Jf in the system. Because magnetic monopoles do
not exist, the effective magnetic current �J i

m and the effec-
tive magnetic charge terms ρ i

m can only exist as impressed
sources. Equations (A13)–(A16) are the dual representa-
tion of Eqs. (A9)–(A12). Because of the conservation of
charge, impressed source currents and charges must satisfy
the continuity equations

∂ρ i
e

∂t
= −�∇ · �J i

e and
∂ρf

∂t
= −�∇ · �Jf , (A17)

∂ρ i
m

∂t
= −�∇ · �J i

m, (A18)

which completes Maxwell’s equations with impressed
sources, which describe how electromagnetic energy or
electricity can be generated from an external impressed
energy source.
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