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Non-Hermitian skin effect (NHSE) has led to interesting physics and sophisticated applications beyond
the conventional framework. However, NHSE studies have been limited to an individual dimension due
to the difficulty of constructing nonreciprocal coupling in higher-dimensional systems. With the concept
of synthetic dimension, we realize two-dimensional (2D) NHSE in a synthetic photonic lattice. The syn-
thetic photonic lattice is composed of a spatial dimension and a synthetic frequency dimension, which
is constructed by introducing gain and loss and dynamically modulating the complex refractive index in
a one-dimensional ring-resonator array. In the synthetic 2D NHSE system, we can manipulate the spa-
tial position and frequency mode of the light in real time, thus enabling programmable light propagation
and frequency conversion. Specifically, the incident light can be localized in the spatial dimension and the
frequency dimension simultaneously, leading to second-order corner modes in the synthetic 2D NHSE lat-
tice. Besides, the 2D NHSE system exhibits an excellent robustness for the disorder and point defect in the
lattice. This work generalizes the non-Hermitian skin effect in synthetic dimension to control the light in
different dimensions, which shows great promise for potential applications in on-chip light manipulation,

frequency synthesis, and information processing.
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I. INTRODUCTION

Non-Hermitian Hamiltonians provide a powerful tool
for describing the interaction between a system and the
surroundings [1—7]. As a consequence, non-Hermitian sys-
tems have been widely studied in a variety of fields, such
as quantum mechanics [8,9], condensed-matter physics
[10,11], and optics [12—14], both in theory and experi-
ments. Generally, non-Hermitian systems can be realized
by judiciously introducing gain and loss [15—17]. Non-
Hermitian skin effect (NHSE), one of the most remarkable
phenomena in non-Hermitian systems, has attracted great
attention [13,18-22]. Under an open-boundary condition
(OBC), the anisotropic couplings between the adjacent
sites force the majority of the eigenstates to be localized at
the boundaries of the non-Hermitian systems [23—25]. This
feature suggests attractive physics of the NHSE in classi-
cal and quantum systems. For example, the NHSE leads to
the breakdown of the conventional bulk-boundary corre-
spondence, suggesting a completely different principle for
understanding the non-Hermitian topological properties in
open systems [18,19,26-28]. More recently, the NHSE has
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been utilized to steer the light flow in a photonic mesh
system and provide a highly efficient funnel for light [13].

High-dimensional non-Hermitian systems allow vast
and flexible settings for studying the interaction between
electromagnetic wave propagation and the environment
[29-31]. However, the NHSE is usually realized in an
individual physical dimension, because the difficulty for
constructing nonreciprocal coupling in different dimen-
sions has prevented the development of the NHSE in high-
dimension systems. Fortunately, the concept of synthetic
dimension has brought a versatile solution for explor-
ing high-dimensional physics [32—40]. In optics, syn-
thetic dimensions have been created by frequency modes
[33-35], orbital angular momentum [36,37], and multi-
ple pulses [38,39], showing great promise for realizing
rich optical and photonic effects in virtual dimensions.
Therefore, taking advantage of the synthetic dimension,
the NHSE can be investigated in a higher-dimensional
non-Hermitian system consisting of both real and virtual
dimensions simultaneously.

Here, we realize the two-dimensional (2D) NHSE in a
synthetic photonic lattice composed by a spatial dimension
and a synthetic frequency dimension. Firstly, we construct
an array of ring resonators with anisotropic coupling to
obtain a one-dimensional (1D) NHSE system in spatial

© 2020 American Physical Society


https://orcid.org/0000-0002-0180-5623
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.14.064076&domain=pdf&date_stamp=2020-12-30
http://dx.doi.org/10.1103/PhysRevApplied.14.064076

YILING SONG et al.

PHYS. REV. APPLIED 14, 064076 (2020)

dimension. Then, as the ring resonator possesses a series
of discrete frequency modes, a 2D photonic lattice can be
formed by stacking the resonators in a synthetic ladder
along the frequency dimension [41,42]. The longitudinal
coupling between the frequency modes is driven by a
dynamic modulation of the complex refractive index of
the ring-resonator array. Specifically, by controlling the
isotropic and anisotropic coupling in the frequency dimen-
sion, the first-order and second-order non-Hermitian skin
effects can be, respectively, realized in the synthetic 2D
photonic lattice. Thanks to the flexibility of the synthetic
NHSE system, we can manipulate the position and fre-
quency mode of the light in real time, which enables
programmable light propagation and frequency conver-
sion. Besides, the 2D NHSE system exhibits excellent
robustness for the disorder and point defect in the synthetic
lattice.

II. RESULTS AND DISCUSSION

To construct a photonic lattice with anisotropic coupling
in real space, gain and loss are introduced into an array
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composed of ring resonators, as illustrated in Fig. 1(a).
The gray rings and the red-green rings represent the on-
site rings and the link rings, respectively. The size of the
on-site rings is designed to satisfy the resonance condi-
tion. Here, we focus on the counterclockwise modes in
the on-site rings. The coupling from left to right occurs
by passing through the upper part of the link ring (red
arrow), which represents a gain process. In contrast, the
coupling in the opposite direction is through the lower part
(green arrow), which represents a loss process. As a conse-
quence, the lattice can be equivalent to a 1D chain with
anisotropic coupling between the adjacent sites [43], as
shown in Fig. 1(b). The system can be described by the
Hatano-Nelson model, which exhibits the first-order skin
effect, and the non-Hermitian Hamiltonian is expressed as
[19,22,44,45]

H=Y (+8a, an+ k —8aan, (1)

where af, (a,) is the creation (annihilation) operator of
the nth on-site ring. « is the isotropic coupling strength
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1D non-Hermitian skin effect in spatial dimension. (a) Scheme of the structure for the 1D NHSE model. The red part and

green part represent gain and loss mediums, respectively. (b) Schematic diagram for the 1D NHSE model. (c¢) Calculated eigenen-
ergy for the OBC (black spots) and PBC (red line), respectively. (d) A 1D lattice composed of isotropically coupled ring resonators
(120 sites), and the calculated eigenmodes. (e) A 1D lattice composed of anisotropically coupled ring resonators (120 sites), and the

calculated eigenmodes.
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1D NHSE in synthetic frequency dimension. (a) Schematic for constructing the synthetic frequency dimension. (b) Real

part (bottom) and imaginary part (top) of the band structure, respectively. Calculated spectrum evolution for different phase differences
©) o,—;=0,(d) ,—p;=—71/2, (e) p,—¢; = /2, when excited by a single-frequency light. The results in (c)—(e) are calculated by

finite-difference approaches.

between two adjacent lattices. § is a real number and rep-
resents the non-Hermitian coupling induced by gain and
loss in the link rings. The corresponding non-Hermitian
Hamiltonian in k space is written as

H, = (k + 8)e ™ 4 (k — 8)e'™ = 2k cos k. — 2i8 sin k..
2

Figure 1(c) plots the eigenenergy solved in periodic
boundary condition (PBC, red line) and open-boundary
condition (OBC, black dots) respectively. The eigenen-
ergy for the OBC lies in the eigenenergy for PBC,
which indicates the non-Bloch bulk-boundary correspon-
dence of the system [18]. For a 1D NHSE lattice, the
decay lengths of all the modes can be calculated by
Lain = 1/{log[|(k + 8)/(k — 8)[1'/%} [19]. For isotropic cou-
pling (§ =0), the decay length Ly, tends to infinity, indi-
cating that no eigenstate can be localized in the lattice.
This prediction is well confirmed by the result in Fig. 1(d).
While for the anisotropic coupling in the lattice (§ = 0.5«),
the decay length is calculated to be 1/(log./3), suggest-
ing that NHSE will appear in the photonic lattice. The
directional flow of the light can also be well explained
by the band structure in Fig. S1(b) within the Supplemen-
tal Material [46]. Furthermore, we create a lattice with
an interface by flipping the direction of the anisotropy at
some position, as illustrated in Fig. 1(e). In this situation,

the entire eigenmode spectrum collapses and all the eigen-
modes are localized at the interface exponentially [Fig.
1(e)], representing a typical feature of the NHSE system.

A frequency dimension can be created by dynamic
modulation of the complex refractive index, as illus-
trated in Fig. 2(a). The complex dynamic modulation is
expressed as

n(t) = ng + n,cos(2t + ¢,) + in; cos(Q + ¢;), (3)

where ny is the background refractive index. €2 is the mod-
ulation frequency and is equal to the free spectral range
of on-site rings. n, and n; are the modulated amplitude
for the real and imaginary parts of the refractive index.
¢, and ¢; are the modulated phase for the real and imag-
inary parts, respectively. Since a ring resonator supports
a series of discrete frequency modes, it can be consid-
ered to possess a synthetic dimension along the frequency
axis [41], as depicted in Fig. 2(a). Here, we only take
the coupling between the nearest-neighbor modes into
account, and ignore the group velocity dispersion. Then,
the non-Hermitian Hamiltonian of a single resonator can
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be expressed as [34,47]

Hies = Z[wma:nam + 2J, cos(2t + ¢;) (aj,,+1am

m

+ al ap) + 20J; os(Q + @) (@), 1@ + a@lyapi)],
)

where af,, (a,,) is the creation (annihilation) operator for
the mth mode. J, and J; refer to the amplitudes of the cou-
pling strength between adjacent modes induced by the real
part and the imaginary part of the modulation, respectively.
After transformation by c,, = a,,exp(—iw,t) and rotating
wave approximation, Eq. (4) can be written as

Hyes = Z (Jupc,—:,+1cnz + Jdownc;rnchrl)a Q)
m

Jup = S+ i, (©)

Jdown = Jre O + iJie ¥, (7)

where J, and J4own are the coupling strengths for up-
conversion and down-conversion, respectively.

The synthetic frequency dimension can support Bloch
modes with a,,(7) = exp(imk,)exp(iAwt), where k, and
Aw are the Bloch momentum of the frequency dimen-
sion and the eigenfrequency of the Hamiltonian in Eq. (5),
respectively. Combining Egs. (5)«7), the band structure
for the frequency dimension is obtained to be

Aw(ky) = —2J, cos(k,2 — ¢,) — 2iJ; cos(k, Q2 — ¢;).
®)

The real part of the band structure determines the tra-
jectory of the frequency evolution by group velocity
vy =Re(dAw/0dk,). k, represents the fast time variable of
light traveling in the ring resonator [48]. Thus, the imagi-
nary part of the band structure indicates the time windows
with gain or loss, which controls the energy evolution of
the frequency comb [48—50].

To facilitate analysis, the real part (bottom) and the
imaginary part (top) of the band structure are plotted in
Fig. 2(b). The phase differences between the real part
and the imaginary part of the dynamic modulation is
tuned. For the cases ¢,—¢; =0, +, the band structure
is symmetric as Aw(k,,2) = Aw(—k,,2), and J yp =J down-
Therefore, when all of the Bloch modes are excited with a
single-frequency light, the up-conversion and the down-
conversion of the frequency will take place symmetri-
cally, which exactly coincides with the simulation result
in Fig. 2(c). While for the cases ¢,—¢; #0, £m, the
symmetry is broken as Aw(k,,2)# Aw(—k,S2), and the
anisotropic coupling will appear between the frequency
modes (Jyp #J down)- In Fig. 2(b), the Bloch momentum
for v; > 0 and v, < 0 correspond to the time windows with

gain and loss (p,—¢; = —m/2), respectively. As a result,
the original center frequency of the incident light expe-
riences up-conversion over time, which agrees well with
the simulation result in Fig. 2(d). While for ¢,—¢; = /2
[Fig. 2(e)], the simulation result shows that the frequency
experiences a down-conversion process, as the anisotropic
coupling is reversed (Jup <Jdown). However, when the
group-velocity dispersion is considered, natural bound-
aries exist in the frequency space. Therefore, it is con-
ceivable that the NHSE can be achieved in the frequency
dimension by a dynamically modulated ring resonator with
suitable phase difference (¢, —¢; # 0, +).

As mentioned above, a 2D lattice can be constructed in
the ring resonators with a synthetic frequency dimension.
In Fig. 3, the dynamic modulation is applied to the ring
resonator at the center of the array, thus realizing a syn-
thetic 2D NHSE system with a single connected line. For
convenience, the frequency mode for the incident light is
set to be m =0, and the modulated on-site ring (at the cen-
ter of the lattice) is set as n = 0. Then, the non-Hermitian
Hamiltonian of the 2D lattice is expressed as

Harray = Z

m

Z a)maa,nam,n + Z[(K + 8)ajn,n+1am,n
n

n<0

+ (k — 8)a), ,amni1]

+ ) [k = 8)a), 1 + (6 + a)aL,,,am,n+1]}

n>0

+ {2 cos(Q + 9,)(@), 1 gmo + @by oimr1.0)
m
+ 20J; c08(Q + ¢)(@) 41 0@mo + ay gdms1.0)),
©)

where the aTm,,, (amn) 1s the creation (annihilation) oper-
ator for the mth resonant mode at the nth on-site ring.
After being transformed by ¢, , = @y eXp(—iwnt), Eq. (9)
is written as

Harray = Z Z [(K + 5)c;jn+1cm,n + (K - 8)Cjn,ncm,n+1]

m n<0

+ D [k = 8)c), 1€ + (k6 + 8)chy yCmni1]

n>0

ior T —igr f
+§ [Jr(e(prchrl,ocm,O"'e wrcm,ocm+1,0)

m

+ iJi(€%icy, 1 oCmo + e_i‘”iCL,ocm+1,o)]- (10)

Since the 2D system in this work does not have transla-
tion invariance in the spatial dimension, we can just intro-
duce Bloch wavevector %, in the synthesized frequency
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Constructing a 2D NHSE lattice by combining the spatial dimension and the synthetic frequency dimension. (a) Schematic

diagram of a lattice with isotropic coupling in space. The complex refractive index of the on-site ring at the center of the array is
modulated dynamically. (b) The corresponding schematic diagram for the 2D lattice synthesized with the model in (a). (¢) Schematic
diagram of a lattice composed of two lattices with opposite anisotropic coupling. The complex refractive index of the on-site ring at
the center of the array is modulated dynamically. (d) The corresponding schematic diagram for the 2D lattice synthesized with the

model in (c).

dimension. Therefore, to obtain the energy evolution of
the incident light in the synthesized frequency dimension,
OBC and PBC are imposed to the spatial dimension and
the frequency dimension, respectively. We assume that
the 2D lattices are constituted by 61 on-site rings (the
31st on-site ring is modulated), and the frequencies of the
modes are off resonance for |m| > 20. The corresponding
non-Hermitian Hamiltonian in %, space is written as

—1

He™ = 3 [k +8)a) a0+ 0c—8al a, ]
n=-30
29
+ Y M= g a0+ +8)a] a, ai]
n=0
+ [2J, cos (ko2 — <pr)azw 0G4, 0
+ 2iJ; cos(ky, Q2 — (pi)azwjoakw,o]. (11)

The band structures for § =0 and § = 0.5« are, respec-
tively, plotted in Figs. S2 and S3 within the Supplemental
Material [46], which indicate that the frequency will expe-
rience a directional up-conversion, a symmetrical conver-
sion and a directional down-conversion for ¢,—¢; = —m/2,
0, /2, respectively.

In order to demonstrate the prediction, the energy evolu-
tion and distribution in the synthetic lattice are calculated.
Firstly, we consider the situation that the coupling between
two adjacent on-site rings is isotropic (6 =0), as shown
in Fig. 3(a). The corresponding schematic diagram of the
2D lattice is exhibited in Fig. 3(b). In this case, when a

single-frequency light is incident from the leftmost on-site
ring, the light flows back and forth in the photonic lattice,
resulting in a wide distribution in space [Figs. 4(a)-4(c)].
When the light reaches the on-site ring with dynamic mod-
ulation, the frequency conversion takes place. In Fig. 4(a)
(¢,—¢;=—m/2) and Fig. 4(c) (¢,—¢; = 7/2), the original
center frequency of the light can be, respectively, con-
verted to higher frequency and lower frequency, which
results from the anisotropic coupling between the adja-
cent frequency modes and agrees well with the predictions
in Fig. S2 (Supplemental Material [46]). The outcomes
indicate that the first-order NHSE along the frequency
dimension appears in the 2D synthetic photonic lattice.
While for ¢,—¢; =0, the coupling between the adjacent
frequency modes is isotropic, which leads to a symmetric
frequency conversion, as shown in Fig. 4(b).

However, the situation becomes different when the
anisotropic coupling is introduced between the two adja-
cent on-site rings by adding gain and loss into the link rings
(6 =0.5«). In Figs. 4(c) and 4(d), the lattice is formed by
two lattices with opposite anisotropic coupling. As men-
tioned in Fig. 1(e), the anisotropic coupling in the spatial
dimension will induce NHSE in real space, and drive all
the modes of light flow to the interface of the lattice. The
results in Figs. 4(d)}4(f) confirm that when the leftmost
on-site ring is excited with a single-frequency light, the
light flows to the interface unidirectionally. As a result,
the light can be localized at the interface exponentially,
as labeled by yellow arrows. As the light arrives at the
interface, frequency conversion will happen in the on-site
ring at the interface, as labeled by white arrows. In Fig.
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FIG. 4. Calculated light evolutions and distributions in the synthetic 2D photonic lattices (61 x41 sites). (a)(c) The calculated results
for the 2D lattice with isotropic coupling in space [Fig. 3(b)]. When a single-frequency light is incident from the leftmost on-site ring,
the light flows back and forth in the lattice and has a wide distribution in space. The center frequency of the light experiences (a) an up-
conversion for ¢,—¢; = —m/2, (b) a symmetric conversion for ¢,—¢; =0, and (c) a down-conversion for ¢,—¢; = /2, respectively.
(d)~f) The calculated results for the 2D lattice with anisotropic coupling in space [Fig. 3(d)]. When a single-frequency light is incident
from the leftmost on-site ring, the light flows to the interface unidirectionally. The center frequency of the light experiences (d) an
up-conversion for ¢,—¢; = —m/2, (¢) a symmetric conversion for ¢,—¢; = 0, and (f) a down-conversion for ¢, —¢; = 7/2, respectively.

4(d), the center frequency of the incident light experiences
an up-conversion for ¢,—¢; = —m/2. And then, the fre-
quency mode is localized at the boundary of the synthetic
frequency dimension due to the group-velocity disper-
sion, which agrees with the frequency conversion predicted
by the band structures in Fig. S3 (Supplemental Mate-
rial [46]). Overall, the incident light can be localized
both in the spatial dimension and the frequency dimen-
sion exponentially, which behaves like a 2D NHSE system
with second-order corner skin modes. The opposite fre-
quency conversion is observed for ¢, —¢; = /2 [Fig. 4(f)],
as the anisotropic coupling between frequency modes is
reversed. While for ¢,—¢; =0 [Fig. 4(e)], the frequency
modes experience a symmetric conversion, due to the
isotropic coupling in frequency domain. As a result, the
lattice acts like a first-order NHSE system. Moreover, once
we stop the dynamic modulation, the longitudinal cou-
pling between the frequency modes will disappear, and
we can obtain a stable frequency distribution of the light
in the 2D photonic lattice. To summarize, the synthetic
2D lattice can realize the 2D NHSE with first-order and
second-order skin modes by controlling the coupling in the
spatial dimension and the synthetic frequency dimension

simultaneously, which would enable programmable light
propagation and frequency conversion.

In addition, the anisotropic coupling will protect the
skin modes of the NHSE system from disturbances in
the lattice [45]. In order to confirm, the robustness of
the 2D NHSE system is explored, as shown in Fig. 5.
For the spatial dimension, disorder and point defect are
introduced into the coupling of the ring-resonator array,
respectively. The disorder will induce a long-range inter-
ference effect (Anderson localization), and it can be sup-
pressed by NHSE [13]. To demonstrate, Fig. 5(a) presents
the result for a uniformly distributed gain-loss disorder
ASe[—W, W], W=0.45. We can observe that the light
can overcome the long-range interference to flow to the
interface. As a result, the frequency can still experience
an up-conversion (¢, —¢; = —m/2), which demonstrates an
excellent robust of the 2D NHSE against the coupling dis-
order. Similarly, the constructed 2D NHSE is also immune
to the point defect [Fig. 5(b)], except that the coupling
is completely blocked by the defect [Fig. 5(c)]. For the
frequency dimension, the disorder is created by introduc-
ing a uniformly distributed phase differences Ag € [—Q,
Q]. Figures 5(d)}-5(f) display the light evolutions for
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defect with blocked coupling, respectively. (d)—(e) Robustness of the synthetic 2D NHSE lattice in the frequency dimension. The
disorder is created by introducing a uniformly distributed phase differences between the real part and imaginary part of the complex
refractive index of the ring resonator, p,—¢; = —7/2 + Ap, Ap € [—Q, Q]. Calculated light distribution for (d) Q=n/2, (e) OQ=m,

and (f) O =2, respectively.

the condition of ¢,—¢;=—n/2+ Agp. For Q=m/2, the
single-frequency light incident from the leftmost ring can
flow to the interface, and experience a frequency up-
conversion [Fig. 5(d)], which is nearly the same as the
result for Ap =0 (no disorder). For a stronger disorder
(Q =), the frequency mode can also experience an up-
conversion, indicating that the anisotropic coupling in fre-
quency dimension is still kept [Fig. 5(e)]. For a completely
random distribution of the phase difference (Q = 2x), the
anisotropic coupling no longer exists in the frequency
dimension, and the directional frequency conversion will
be destroyed [Fig. 5(f)]. Overall, the 2D NHSE lattice has
an excellent robustness both in the spatial dimension and
the frequency dimension.

Finally, we focus on the realization of the 2D NHSE
system in practice. In experiment, optical gain and loss
has been introduced into the optical system by selec-
tively pumping optically active materials, which can be
applied for introducing the anisotropic coupling in the
ring-resonator array [3,6,51]. Meanwhile, the complex
refractive index of the ring resonators can be modulated by
utilizing the electro-optic effect [33,52,53] and nonlinear
Kerr effect [54,55], with an ultrafast response, which has
become a good candidate for realizing the synthetic fre-
quency dimension. Therefore, the 2D NHSE system can be

conveniently realized by optical integration, which shows
great promise for developing ultrafast and functional opto-
electronic devices on chip.

I1II. CONCLUSIONS

In conclusion, we construct a 2D NHSE photonic lat-
tice in a 1D ring-resonator array, by combining the spa-
tial dimension and a synthetic frequency dimension. The
anisotropic couplings in the spatial dimension and fre-
quency dimension are realized by introducing gain and loss
and dynamically modulating the complex refractive index,
respectively. The synthetic 2D NHSE system enables us to
manipulate the position and frequency mode of the light in
real time, leading to programmable light propagation and
frequency conversion. We also demonstrate that the inci-
dent light can be localized in the spatial dimension and the
frequency dimension separately or simultaneously, which
correspond to the first-order and second-order skin modes
in the synthetic 2D lattice, respectively. Besides, the 2D
NHSE system exhibits an excellent robustness for the dis-
order and point defect in the lattice. We emphasize that the
introduction of gain and loss and dynamical modulation in
the optical system have been widely studied in experiment,
indicating that the 2D NHSE system can be conveniently
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realized by optical integration. This work generalizes the
concept of non-Hermitian skin effect in synthetic dimen-
sion, which will inspire versatile platforms to investigate
the non-Hermitian photonics and related light-matter inter-
actions in multiple dimensions. Moreover, the 2D non-
Hermitian skin effect in the synthetic lattice enables us
to realize programmable light propagation and frequency
conversion, which shows great promise for potential appli-
cations in on-chip light manipulation, frequency synthesis,
and information processing.
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