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Effects of a microwave voltage on magnetization precession are analyzed based on a macrospin model.
The microwave voltage induces the oscillating anisotropy field through the voltage-controlled magnetic
anisotropy (VCMA) effect, and then stimulates the magnetization. The large-angle precession is main-
tained if the magnetization synchronizes with the microwave voltage. The effective equations of motion
of the magnetization with an oscillating anisotropy field are derived, and the mechanism of the synchro-
nization is clarified by analyzing the derived equations of motion. The conditions of the angular frequency
detuning and the amplitude of the oscillating anisotropy field for synchronization are obtained. The results
are useful for development of VCMA-based energy-efficient spintronic devices using magnetization pre-
cession such as a VCMA-based magnetoresistive random-access memory and a nanoscale microwave
magnetic field generator.
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I. INTRODUCTION

Magnetic anisotropy (MA) is a key property of a fer-
romagnet, which stabilizes the direction of magnetization
even at room temperature [1,2]. In a magnetoresistive
random-access memory (MRAM) the information is stored
as the direction of magnetization, e.g., up or down. The
height of the energy barrier between the up and down states
is proportional to the MA constant, and the retention time
of the information is an exponential increasing function of
the MA constant [3]. The current standard writing scheme
of MRAM utilizes the spin-transfer torque (STT) [4–6]
because of low-power consumption and high integration
density compared with the magnetic field switching. The
STT acts as the negative damping torque and excites the
magnetization over the energy barrier.

Discovery of the voltage-controlled magnetic anisotropy
(VCMA) effect [7–13] provided a more energy-efficient
writing scheme of MRAM. In VCMA-based switching
[14–24], application of the voltage to the MRAM cell
eliminates the MA of the free layer (FL) and induces the
precession of magnetization around the external magnetic
field. The switching completes if the voltage is turned
off at a half period of precession. The power consump-
tion of VCMA-based switching is much smaller than that
of STT-based switching because of little Joule heating
[16,17].
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Parametric excitation (PE) is a nonlinear phenomenon
induced by periodic modulation of a parameter in equa-
tions of motion and, which has been studied in many areas
of physics and engineering [25]. In magnetic materials PE
of magnetization is induced by applying a microwave field
[26–36], microwave current [37–39], or microwave volt-
age [40–44]. The PE of the spin waves by microwave
voltage in ferromagnetic films [40–42] attracts much atten-
tion as a key element of low-power consumption magnonic
devices [45].

Recently, Yamamoto et al. [44] studied the effect of PE
on VCMA-based switching in a MRAM cell and found
that the oscillation amplitude of the switching probability
does not decay if the magnetization precesses in syn-
chronization with the applied oscillating voltage. They
also performed the numerical simulations based on the
macrospin model and reproduced the experimental results
very well. Although the results are qualitatively and intu-
itively explained by the concept of PE, more detailed
theoretical analysis on the mechanism as well as the con-
ditions for PE in this system is necessary for practical
applications. Since the experimental situation is quite dif-
ferent from PE of spin waves in ferromagnetic films, the
theory developed by Verba et al. [40–42] is not directly
applicable for the analysis of the results in Ref. [44].

In this paper, we analyze the effects of a microwave
voltage on magnetization precession using the macrospin
model following the standard analysis of PE [25]. It is
shown that the large-angle precession is maintained if
the magnetization synchronizes with the microwave volt-
age. The mechanism of the synchronization is clarified,
and the conditions of parameters for synchronization are
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obtained by analyzing the effective equations of motion of
the magnetization under the microwave voltage.

The results are useful for reducing the write error rate
of VCMA-based MRAM by using a microwave volt-
age pulse. The large-angle precession of magnetization
maintained by a microwave voltage can be applied as a
low-power nanoscale microwave magnetic field generator.

II. MODEL AND METHOD

The system we consider is schematically shown in
Fig. 1(a). The FL of a VCMA-based MRAM with perpen-
dicular MA is shown in gray. Application of a voltage, V,
modifies the electron state at the interface between the FL
and insulating layer shown in black and changes the MA of
the FL through the VCMA effect. The white cylinders rep-
resent the other layers, such as the reference layer and elec-
trodes. The definition of the coordinate system is shown in
Fig. 1(b). In terms of the polar angle θ and the azimuthal
angle φ, the magnetization unit vector m is expressed
as m = (mx, my , mz) = (sin θ cos φ, sin θ sin φ, cos θ). The
external magnetic field Hext is applied in the positive z
direction and the perpendicular anisotropy field is paral-
lel to the x axis. The voltage is assumed to be the sum
of the static and oscillating components, expressed as V =
Vst + Vosc. The static component Vst is assumed to be large
enough to eliminate the static MA of the FL. The oscil-
lating component Vosc generates the oscillating anisotropy
field and stimulates the magnetization.

In order to simplify the notation, the dimensionless
forms of the magnetic field and time are introduced. The
external field Hext is taken as the unit of the magnetic field.
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FIG. 1. (a) Schematic illustration of the FL in the VCMA-
based MRAM. The FL shown in gray is a thin magnetic layer
with a perpendicular MA. Here m represents the magnetization
unit vector. The insulating layer is shown in black. The other
layers, such as the reference layer and electrodes, are shown
in white. The external magnetic field is applied to the in-plane
direction. The anisotropy field is modified by application of a
voltage, V. (b) Definitions of the Cartesian coordinates, and the
polar angle θ and azimuthal angle φ of m. The perpendicular
anisotropy field is parallel to the x axis. The external field is
applied in the positive z direction. The direction of magnetization
precession is indicated by the dotted circular arrow.

The unit of time is set as (1 + α2)/(γ Hext), where α is the
Gilbert damping constant and γ is the gyromagnetic ratio.

The oscillating anisotropy field induced by Vosc is given
by

hk cos(ωτ) sin θ cos φ, (1)

where hk is the amplitude of the oscillating anisotropy
field, and ω and τ are the angular frequency of Vosc and
time in the dimensionless unit, respectively. The dynamics
of m is obtained by solving the Landau-Lifshitz-Gilbert
(LLG) equation

θ̇ = −α sin θ − hk cos(ωτ) sin θ cos φ

× (sin φ − α cos θ cos φ), (2)

φ̇ = 1 − hk cos(ωτ) cos φ(cos θ cos φ + α sin θ), (3)

where the dot represents the derivative in terms of τ . The
values of α and hk are assumed to be much smaller than
unity. For numerical simulations and exemplification of the
analytical results, we assume that α = 0.01 and hk = 0.05
unless otherwise mentioned. In numerical simulations the
fourth-order Runge-Kutta method is employed to solve the
LLG equation. Before application of the voltage, the mag-
netization is aligned perpendicular to the plane because
the FL has a static perpendicular MA. The initial state is
assumed to be mx = 1, i.e., θ = π/2 and φ = 0.

III. RESULTS AND DISCUSSIONS

In Fig. 2(a) we present a color density plot of mx in
the τ -ω plane, which can be observed owing to the mag-
netoresistance effect. The large amplitude of oscillation is
maintained around twice the natural angular frequency of
precession, i.e., ω = 2. In Ref. [44], similar plots were
obtained for the switching probabilities. An enlarged view
for 1.8 ≤ ω ≤ 2.2 is shown in Fig. 2(b). The region of
angular frequency where the large amplitude of oscilla-
tion is maintained is 1.98 � ω � 2.02. Outside of this
synchronization region the oscillation amplitude shows a
monotonic decay.

The dynamics of mx and mz at ω = 1 is plotted in
Fig. 2(c). We see that mz increases with increasing τ ,
approaching unity, and that mx shows damped oscillation
with a period of 2π . These results agree well with the
exact solutions for hk = 0 [2], which implies that Vosc with
ω = 1 has little effect on the magnetization dynamics.

The same plot at ω = 2 is shown in Fig. 2(d). Contrary
to the results at ω = 1, the oscillation amplitude does not
show monotonic decay. Although the oscillation ampli-
tude decays for τ � 100, it takes the minimum value at
τ ≈ 100 and then increases with increasing τ . The period
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FIG. 2. (a) A color density plot of mx in the ω-τ plane. Around
ω = 2 the large-angle precession of magnetization is maintained
by the microwave voltage. (b) An enlarged view of panel (a) for
1.8 ≤ ω ≤ 2.2. The synchronization region is about 1.98 � ω �
2.02 at τ = 300. (c) The dynamics of mx and mz for the non-
synchronized state at ω = 1. The precession amplitude decays
monotonically. (d) The same plot as (c) for the synchronized state
at ω = 2. The precession amplitude increases with increasing τ

in the region τ � 100.

of oscillation is 2π , i.e., m oscillates with the natural angu-
lar frequency of unity instead of the angular frequency of
Vosc, ω = 2. The fact that the precession amplitude of m
is strongly enhanced by the external periodic force with
twice the natural angular frequency implies that this phe-
nomena is closely related to parametric excitation [26–28,
30–33,38,43].

In Fig. 3(a) we show the dynamics of the polar angle
θ at ω = 2 for a long time duration of τ ≤ 20 000. In
Fig. 3(b) we present the same plot for the phase shift from
the free precession at an angular frequency of ω/2, which
is defined as

	φ = φ − ω

2
τ . (4)

The polar angle is a measure of the oscillation amplitude
because mx = sin θ . The azimuthal angle φ represents the
oscillation phase, and the phase shift 	φ is closely related
to the energy absorption. The polar angle shows a slow
oscillation with a period much longer than 2π and con-
verges to about π/2 for large τ . The phase shift also shows
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FIG. 3. (a) The dynamics θ at ω = 2 for 0 ≤ τ ≤ 20 000. It
oscillates with a period much longer than 2π and converges to
about π/2 for large τ . (b) The same plot as (a) for 	φ. It oscil-
lates with the same period as θ and converges to about −0.148π

for large τ .

the slow oscillation with the same period as the polar angle
and converges to about −0.148π for large τ .

The equation of motion for the slow dynamics of the
polar angle is derived as follows. Since both α and hk are
assumed to be much smaller than unity, the terms with
αhk can be neglected in the LLG equation. Then Eq. (2)
becomes

θ̇ = −α sin θ − hk cos(ωτ) sin θ cos φ sin φ. (5)

The second term on the right-hand side depends on φ as
cos φ sin φ, where cos φ comes from mx, and sin φ is the
projection coefficient of the anisotropy field torque to the
direction of θ̇ . Since cos φ sin φ = sin(2φ)/2, ω should be
twice the angular frequency of magnetization precession to
realize synchronization.

Substituting φ = ωτ/2 + 	φ into Eq. (5) and applying
the trigonometric identities we obtain

θ̇ = − sin θ

{
α + hk

4
[sin(2	φ) + sin(2ωτ + 2	φ)]

}
.

(6)

Since we are interested in the slow dynamics of θ and 	φ,
we average out the fast oscillating term with sin(2ωτ +
2	φ). Finally, the equation of motion for the slow dynam-
ics of θ is obtained as

θ̇ = − sin θ

[
α + hk

4
sin(2	φ)

]
. (7)

Introducing the effective damping coefficient defined as

α′ = α + hk

4
sin(2	φ), (8)

Eq. (7) is expressed as θ̇ = −α′ sin θ , which is the same
form as Eq. (2) with hk = 0. Assuming that θ̇ = 0 and
sin θ �= 0 in the limit of τ → ∞, the convergence value
of the phase shift, 	φc, should be adjusted to satisfy
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sin(2	φc) = −4α/hk. There are two kinds of solutions for
this equation:

	φ(−)
c = −1

2
arcsin

(
4α

hk

)
(9)

and

	φ(+)
c = −π

2
+ 1

2
arcsin

(
4α

hk

)
. (10)

For the parameters we assumed, i.e., α = 0.01 and hk =
0.05, 	φ(−)

c = −0.148π , which is identical to the numeri-
cal result shown in Fig. 3(b).

The equation of motion for the slow dynamics of 	φ

is obtained in a similar manner. Substituting φ = ωτ/2 +
	φ into Eq. (3), neglecting the term with αhk, and averag-
ing out the fast oscillating term, we obtain

	̇φ = 1 − ω

2
− hk

4
cos θ cos(2	φ). (11)

Equation (11) is reduced to 	̇φ = − (hk/4) cos θ cos(2	φ)

at ω = 2. Assuming that cos(2	φ) > 0, i.e., |	φ| < π/2,
the sign of 	̇φ is determined by the sign of cos θ . The
phase shift 	φ increases (decreases) with increasing τ if
θ > π/2 (θ < π/2).

To understand the mechanism of synchronization, we
analyze the dynamics of θ , 	φ, and α′ in the first two and
a half periods of oscillation. In Fig. 4 we show the dynam-
ics of θ (top), 	φ (middle), and α′ (bottom) at ω = 2 for
0 ≤ τ ≤ 2000. The horizontal dashed lines in the top, mid-
dle, and bottom panels represent the values 1

2 , 	φ(−)
c /π ,

and 0, respectively. The vertical dotted lines represent the
values of τ at which 	φ takes the convergence value of
	φ(−)

c .
At the beginning of the dynamics, θ decreases with

increasing τ because α′ � α (> 0). The phase shift 	φ

also decreases with increasing τ because θ < π/2. The
decrease in 	φ induces a reduction in α′ following Eq.
(8). When 	φ crosses the horizontal dashed line, i.e.,
	φ = 	φ(−)

c , θ takes the minimum value and then starts
to increase with increasing τ because α′ becomes negative.
However, 	φ and α′ decrease with increasing τ until θ

exceeds π/2. At τ ≈ 400, θ crosses the horizontal dashed
line at θ = π/2. Then both 	φ and α′ take the minimum
values and start to increase with increasing τ . Repeat-
ing the above procedure, θ , 	φ, and α oscillate with the
same period as each other and converge to the values π/2,
	φ(−)

c , and 0, respectively.
Let us move on to the analysis of the effect of angular

frequency detuning on synchronization. The angular fre-
quency detuning is defined as the difference between the
angular frequency of Vosc and twice the natural angular fre-
quency of the magnetization precession, i.e., ν = ω − 2.
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FIG. 4. The dynamics of θ (top), 	φ (middle), and α′ (bottom)
at ω = 2 for 0 ≤ τ ≤ 2000. The horizontal dashed lines in the
top, middle, and bottom panels represent the values 1

2 , 	φ(−)
c /π ,

and 0, respectively. The vertical dotted lines represent the values
of τ at which 	φ takes the convergence value of 	φ(−)

c .

As shown in Fig. 2(b), m synchronizes with Vosc within
the range −0.02 � ν � 0.02 at τ = 300. The synchroniza-
tion region of ν in the limit τ → ∞ is obtained as follows.
Substituting ω = 2 + ν into Eq. (11) we obtain

	̇φ = −ν

2
− hk

4
cos θ cos(2	φ). (12)

Assuming that limτ→∞ 	̇φ = 0 and limτ→∞ 	φ = 	φ(−)
c ,

the convergence value of θ is obtained by solving

−ν

2
− hk

4
cos θc cos(2	φ(−)

c ) = 0 (13)

as

θ(−)
c = arccos

[
− 2ν√

h2
k − 16α2

]
, (14)

which is valid for ν ≤ 0 because the convergence value of
θ should satisfy 0 ≤ θ(−)

c ≤ π/2.
The convergence value of θ for the case with

limτ→∞ 	φ = 	φ(+)
c is obtained in a similar manner as

θ(+)
c = arccos

[
2ν√

h2
k − 16α2

]
, (15)
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which is valid for ν ≥ 0. At ν = 0, θc = π/2 and both
	φ(−)

c and 	φ(+)
c are the valid solutions. Since 	φ(−)

c �=
	φ(+)

c , it might be difficult to achieve a stable oscillation.
The general expressions of the convergence values of θ

and 	φ are summarized as

	φc = −π(ν + |ν|)
4

+ ν

|ν|
1
2

arcsin
(

4α

hk

)
, (16)

θc = arccos
[

2|ν|√
h2

k − 16α2

]
. (17)

The synchronization region of ν is obtained by requiring
θc > 0 as

|ν| < 1
2

√
hk − 16α2. (18)

The synchronization condition of hk is obtained in a similar
manner as

hk > 2
√

ν2 + 4α2. (19)

In the limit ν → 0, the critical value of hk is obtained as
4α.

In Fig. 5(a) we show the ν dependence of θc. The ana-
lytical results of Eq. (17) are shown in the top panel. The
numerical results obtained by solving Eqs. (2) and (3)
for τ ≤ 20 000 are shown in the bottom panel. Although
the analytical results are almost identical to the numeri-
cal results, the small sharp peak appears in the vicinity
of ν = 0 in the numerical results. At this value of ν, the
numerical simulations do not converge even at τ = 20 000.

In Fig. 5(b) we present color density plots of the phase
shift in the synchronization region in the ν-hk plane. The
analytical results of Eqs. (16) and (19) are shown in
the top panel. The numerical results obtained by solving
Eqs. (2) and (3) for τ ≤ 20 000 are shown in the bot-
tom panel, where the synchronization region is defined
to satisfy θ > 0.01 at τ = 20 000. In both panels the red
and blue tones represent 	φ(−)

c and 	φ(+)
c , respectively.

The analytical results are almost identical to the numer-
ical results. However, the boundary between 	φ(−)

c and
	φ(+)

c in the numerical results shifts slightly toward larger
ν from the analytical boundary at ν = 0. This small devia-
tion is caused by the terms with αhk that we neglect in the
analytical calculations.

IV. SUMMARY

In summary, the effects of microwave voltage on the
magnetization dynamics in the FL of a VCMA-based
MRAM is theoretically analyzed. It is shown that the
large-angle precession of magnetization is maintained if
the angular frequency of the microwave voltage is about
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FIG. 5. (a) The ν dependence of θc obtained by analytical cal-
culation (top) and numerical simulation at τ = 20 000 (bottom).
(b) Color density plots of 	φc obtained by analytical calcula-
tion (top) and numerical simulation at τ = 20 000 (bottom) in
the ν-hk plane.

twice the natural angular frequency of the precession.
The effective equations of motion for the slow dynam-
ics of the polar angle and the phase shift are derived.
The mechanism of the synchronization is explained by
analyzing the slow dynamics of the polar angle, phase
shift, and effective damping coefficient. The phase shift
is automatically adjusted to eliminate the effective damp-
ing. The convergence value of the phase shift strongly
depends on the sign of the angular frequency detuning.
The synchronization conditions of the angular frequency
detuning and the amplitude of the oscillating anisotropy
field are obtained. The critical value of the amplitude of the
oscillating anisotropy field is proportional to the Gilbert
damping constant. The results are useful for development
of VCMA-based energy-efficient spintronic devices using
magnetization precession such as a VCMA-based MRAM
and a nanoscale microwave magnetic field generator.
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