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Quantum-wire intermediate-band solar cells (QW IBSCs) are good candidates for breaking the
Shockley-Queisser limit; however, there are a few studies of them. In this paper, we derive the funda-
mental limiting efficiency (FLE), the theoretical upper limit of the power-conversion efficiency, for QW
IBSCs by calculation of the intrinsic loss. To achieve this, based on a photon-electron detailed-balance
principle, the intrinsic loss components (ILCs) are modeled in the QW IBSCs by our considering photon
absorption and emission for two transverse directions of confined carriers and for a longitudinal direction
of free carriers in the QWs. Furthermore, the ILCs and FLE are investigated in an experimental reported
structure of an InxGa1−xAs/GaAs QW IBSC. For this purpose, the two-dimensional Schrödinger equation
and the Bloch approximation are used to obtain the placement and width of the intermediate band, respec-
tively. Besides, the effect of changing the indium content, the diagonal length, and the period of QWs,
which is a way to engineer the placement and width of the intermediate band and consequently the ILCs
and FLE, on the FLE of InxGa1−xAs/GaAs QW IBSCs is examined.
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I. INTRODUCTION

Various device concepts have been developed to theo-
retically design solar cells (SCs) with power-conversion
efficiency (PCE) beyond the PCE of conventional single-
junction SCs obtained by Shockley and Queisser [1].
These include multijunctions [2–5], up-conversion or
down-conversion [6–9], multiple-exciton generation[10],
spectral splitting [11,12], hot-carrier SCs [13,14], and
intermediate-band (IB) SCs (IBSCs) [15–22]. IBSCs can
use a highly ordered quantum-dot (QD) array in the intrin-
sic region of p-i-n SCs to introduce one IB [23,24] or two
IBs [25,26] into the band gap of an intrinsic semiconduc-
tor to absorb photons with sub-band-gap energies. Use of a
periodic array of quantum wires (QWs) in place of QDs
has also been reported [27–32] due to some advantages
of QWs over QDs, such as absorption of a broader range
of the solar spectrum because of their higher density of
states [33–35], more appropriate lifetime of photogener-
ated carriers [36], and increased photocurrent density in
the plane of QWs [37,38]. An increase in the PCE of
an InxGa1−xAs/GaAs QW IBSC due to an increase in
short-circuit current, resulting from sequential absorption
of photons via the IB, was reported by Kunets et al. [27].
In QW IBSCs as QD IBSCs, the IB created by embed-
ded QWs in a host semiconductor allows the absorption of
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photons with energies less than the band gap of the host
semiconductor leading to the more efficiently harvesting
of the broadband solar spectrum, however, there are some
differences between the mechanism of QW IBSCs and QD
IBSCs resulting from confinement of carrier wave func-
tions by QWs in two directions, not in three directions
as in QDs. Therefore, the fundamental limiting efficiency
(FLE), the theoretical upper limit of the PCE, for QW
IBSCs and consequently intrinsic loss (IL) in QW IBSCs
differ from those in QD IBSCs, calculated by Luque and
Marti [15] and Arefinia [23], respectively, but they have
not yet been studied. Driving FLE for QW IBSCs, in addi-
tion to developing physical insight and intuition, can open
opportunities for future development and accelerate the
fabrication of efficient QW IBSCs.

Extrinsic loss and IL limit the conversion efficiency
in a SC. Extrinsic loss like contact shadowing, series
resistances of different layers and electrical contacts, and
shunt resistances of parasitic recombination resulting from
defects in the active layer and manufacturing defects
can be theoretically eliminated by improving SC qual-
ity [39], but IL, which stems from the laws of thermo-
dynamics and quantum mechanics, is unavoidable even
in an idealized SC [40,41] and determines the FLE. In
this paper, we derive the FLE of QW IBSCs through
the calculation of IL, consisting of five components,
including below-band-gap (Lbelow Eg), thermalization (Lth),
emission (Lem), Carnot (LCarnot), and angle mismatch
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(Lmismach) components. The fraction of the incident solar
radiation not lost via the IL components (ILCs) can be
extracted as useful work, leading to the FLE. Therefore,
the FLE of QW IBSCs is calculated by evaluating the
ILCs, which are formulated using the principle of photon-
electron detailed balance. The remainder of the paper is
as follows. Before we explain the modeling of ILCs in
QW IBSCs, a structure of QW IBSCs based on a pub-
lished experimental report, which is an InxGa1−xAs/GaAs
QW IBSC, is introduced in Sect. II. Also, to understand
how an IB is created in a QW IBSC, the energy-band dia-
gram of the InxGa1−xAs/GaAs QW IBSC is explained in
Sec. III. Then, the ILCs in the QW IBSCs are modeled in
Sec. IV. Finally, the relevant conclusions from the model-
ing of ILCs and consequently the FLE for the QW IBSCs
are presented in Sect. V A, and the effect of indium con-
tent, diagonal length, and period of QWs on each ILC and
consequently the FLE for InxGa1−xAs/GaAs QW IBSCs,
to be referred to as quantum engineering of ILCs and the
FLE, are investigated in Sec. V B.

II. STRUCTURE OF THE InxGa1−xAs/GaAs QW
IBSC

A schematic view of a QW IBSC is shown in
Fig. 1(a), where a standard undoped GaAs buffer is
followed by an n-type (ND = 5.0 × 1017 cm−3) GaAs
layer, on which there is a superlattice of undoped
InxGa1−xAs:QWR–GaAs:barriers. Then, the structure is
capped by p-type (NA = 5.0 × 1017 cm−3) GaAs. The
InxGa1−xAs QWs, with hexagonal cross section [42,43]
in the x-y plane and height hQW in the z direction,
are parallel to each other. The distance between the
axis of the hexagonal QWs in the x and y directions
is L1 and L2, respectively. Therefore, a unit cell of
the InxGa1−xAs:QW–GaAs:barrier structure, as shown in
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FIG. 1. (a) Structure of the InxGa1−xAs/GaAs QW IBSC
used in modeling. (b) A unit cell of the hexagonal-
InxGa1−xAs:QW–GaAs:barrier structure (L1=L2=16 nm and
d = 6 nm) with a constrained mesh in the x-y plane.

Fig. 1(b), is a rectangle (host material of GaAs) with sides
of L1 and L2 in which there is a hexagon (the cross section
of the unstrained hexagonal InxGa1−xAs QW) with a diag-
onal length of d, a side length of a = d/2, and an area of
A =

(
1.5

√
3
)

a2.

III. ENERGY-BAND DIAGRAM OF THE
InxGa1−xAs/GsAs QW IBSC

The energy-band diagram for the GaAs p-i-n junction
with three In0.7Ga0.3As QWs in the intrinsic region, for one
of the two confined directions of the QWs, is depicted in
Fig. 2 from knowledge of their electronic band structures.
In the InxGa1−xAs:QW–GaAs:barrier region, called the
“IB region”, the electron potential wells (�EC) are created
by the energy difference between the conduction bands
(CBs) of InxGa1−xAs and GaAs. The hole potential wells
(�EV) are zero, because the offset of the valence bands
(VBs), for the unstrained case of the InxGa1−xAs/GaAs
system [44] as obtained by Wei et al. [45], is zero.

The energy levels of an individual QW [i.e., the unit
cell depicted in Fig. 1(b)] are calculated with use of
the two-dimensional (2D) Schrödinger equation under
the effective-mass approximation by means of the finite-
element method (FEM) [24] in MATLAB, as briefly
explained in Appendix A. To establish the numerical
model, we calculate the energy levels of pyramid and
truncated-pyramid QD structures introduced in Ref. [46]
with the three-dimensional Schrödinger equation. The
energy levels reported in Ref. [46] were reproduced by our
calculations, showing the validity of the numerical model.
We consider a traditional parabolic model for the CB in
the effective-mass approximation. The effect of the CB
nonparabolicity of InxGa1−xAs on the energy levels was
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FIG. 2. p-i-n-junction diagram and one-dimensional band pro-
file (for the x direction or the y direction) of GaAs barri-
ers with band gap Eg(GaAs) and three hexagonal In0.7Ga0.3As
QWs with d=6 nm and L1=L2=16 nm and with band gap
Eg(In0.7Ga0.3As). �EC is the CB offset, E11 and E12 are the
energy levels of individual QWs, Eg1 and Eg2 are the sub-band
gaps, and EFC, EFV, and EFI are the quasi-Fermi-levels of the CB,
VB, and IB, respectively.
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FIG. 3. CB wave functions of electrons for the first three energy levels (E11=0.32 eV and E12= E21=0.76 eV) in hexagonal-
InxGa1−xAs:QW–GaAs:barrier structure with d=6 nm and L1=L2=16 nm.

investigated by Tiutiunnyk et al. [47]. As an instance of the
numerical model, the wave functions related to the energy
levels of a unit cell with d=6 nm and L1= L2= 16 nm,
which are E11= 0.32 eV and E12= E21= 0.76 eV, are
displayed in Fig. 3.

For regularly spaced QWs, the coupling between QWs
results in a splitting of quantized energy levels of individ-
ual QWs and the formation of 2D minibands. The width
of 2D minibands is calculated with the Bloch approxima-
tion for a periodic potential function as explained by Slater
et al. [48]. Calculation of miniband width related to Fig. 2
shows that the second miniband overlaps with the CB, and
thus only the first miniband acts as an IB. The IB leads
to the division of the band gap of the barrier material into
two sub-band gaps, Eg1 and Eg2. Eg1 is the gap (energy
difference) between the top edge of the IB and the bot-
tom edge of the miniband arising from the second energy
level. Eg2 is the energy difference between the bottom edge
of the IB and the top edge of the VB. The IB should be
approximately half-filled to have both filled and empty
states for promoting electrons to the CB and receiving elec-
trons from the VB [49–51]. Therefore, the QW stack in the
InxGa1−xAs/GaAs QW IBSC must be δ doped with donor
atoms to prefill the IB. Kunets et al. [27] considered Si n-
type δ doping with a concentration that supplied one donor
atom per QW.

Exposure of the QW IBSC to light leads to the splitting
of the Fermi level into three quasi-Fermi-levels, EFC, EFV,
and EFI, related to the CB, VB, and IB, respectively [51–
54], as shown in Fig. 2. With the assumptions of charge
neutrality (the sum of electron densities of the CB and the

IB minus the hole density of the VB and the ionized-donor-
atom density for prefilling the IB is zero) in the QW stack,
equality of terminal voltage with the split between EFC and
EFV, and extraction of current only via the CB and the VB
and not via the IB, three quasi-Fermi-levels of EFC, EFV,
and EFI can be obtained numerically.

IV. MODELING OF THE ILCs IN QW IBSCs

The modeling of the ILCs in QW IBSCs is based on a
photon-electron detailed-balance principle in which a sin-
gle photon, if fully absorbed in any transition, promotes
only one electron, all recombinations are radiative, and
the IB leads to the creation of a single electron-hole pair
through absorption of two sub-band-gap photons sequen-
tially in which the first photon excites an electron from
the VB to the IB and the second photon excites it from
the IB to the CB. Therefore, the number of excited elec-
trons is directly related to the number of incident photons.
In this paper, multiple-exciton generation [55] and entropy
losses associated with the dilution of excited electrons in
the semiconductor band [56] are not considered.

For modeling of ILCs, the spectral photon flux, N, is
considered by the generalized Planck blackbody law as

N (ε, T,�,μ) = 2n2�

c2h3

ε2

exp[(ε − μ)/kT] − 1
, (1)

where ε is the energy, T is the temperature, � is the solid
angle of emission (�emit) or absorption (�abs) [41], µ is the
chemical potential, c is the light speed, n is the refractive
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FIG. 4. (a) Energy-band diagram of the IB region for the confined transverse directions (x and y). Process 1 illustrates Lx
below Eg or

Ly
below Eg, process 2–4 illustrate Lx

th or Ly
th, and processes 5–7 illustrate Lx

em or (Ly
em). (b) Energy-band diagram for the longitudinal

z direction. Processes 1, 2, and 3 illustrate Lz
below Eg, Lz

th, and Lz
em, respectively.

index of the surroundings, h is Planck’s constant, and k is
Boltzmann’s constant.

Considering that electrons in the QWs are confined in
two transverse directions [x and y directions in Fig. 1(a)]
and they are free in the longitudinal direction [z direction
in Fig. 1(a)], the modeling of ILCs in QW IBSCs differs
from that in QD IBSCs where the electrons are confined in
three directions, as presented in Ref. [23]. However, the
QW IBSCs as the QD IBSCs have to fulfill two essen-
tial criteria: (i) An extra photogenerated current resulting
from the existence of IB has to be created by the uti-
lization of sub-band-gap photons in a two-step absorption
process. (ii) The output voltage has to be proportional to
host semiconductor band gap (without the IB) and not to
any of the two sub-band gaps. Not fulfilling these two
criteria would imply that the solar cell cannot be as an
IB-material candidate. In the experimental report on an
InxGa1−xAs/GaAs QW IBSC by Kunets et al. [27], both
criteria were verified.

To model the ILCs in QW IBSCs, space decomposi-
tion is done as in Fig. 4 in which Fig. 4(a) shows the
energy-band diagram of the IB region, the intrinsic region
of the p-i-n SC incorporating QW stack, for two confined
transverse directions (x and y), and Fig. 4(b) shows the
energy-band diagram for the longitudinal z direction. In
the x and y directions, the IB is formed [see Fig. 4(a)], but
in the z direction, electrons can move freely, and therefore
the energy states spread out into a continuous band with
energies of -h2kz

2/2m* (kz is the wave vector in the z direc-
tion and m* is the electron effective mass) [35]. Hence, as
illustrated schematically in Fig. 4(b), we consider a contin-
uous density of states (DOS) between the IB and the CB,
but the specific shape of their wave functions is not taken
into account.

According to photon absorption and emission depicted
in Fig. 4 and considering Eg1<Eg2, the ILCs in the QW
IBSCs are defined as follows:

(a) Lbelow Eg. Lbelow Eg is the energy fraction of unab-
sorbed photons from the total photon-emission flux [23].
As shown in Fig. 4(a) by process 1, photons with energies
less than Eg1 cannot be absorbed, but photons with ener-
gies greater than Eg1 are absorbed by one of the follow-
ing transitions: IB→CB, VB→IB, or VB→CB. Photons
with the energies of Eg1≤ε<Eg2, Eg2≤ε<Eg , and ε≥Eg
are, respectively, absorbed by the following transitions:
IB→CB, VB→IB, and VB→CB. Therefore, Lbelow Eg in
the x and y directions (Lx

below Eg and Ly
below Eg) is deter-

mined by the number of photons with energies less than
Eg1, as follows:

Lx
below Eg

= Ly
below Eg

= 1
Pin

(
1
3

∫ Eg1

0
εN (ε, TSun,�abs,μ = 0)dε

)
, (2)

where Pin is the input power related to the incident solar
energy, TSun is the Sun temperature, and the coefficient 1/3
represents the portion of each direction.

For the z direction, as depicted in Fig. 4(b) by process 1,
photons with energies less than Eg2 cannot be absorbed and
photons with energies ε≥Eg2 are absorbed due to the DOS
lying between the IB and the CB. Therefore, Lz

below Eg is
determined by the number of photons with energies less
than Eg2 as

Lz
below Eg

= 1
Pin

(
1
3

∫ Eg2

0
εN (ε, TSun,�abs,μ = 0)dε

)
.

(3)
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Therefore, Lbelow Eg in QW IBSCs is given by

Lbelow Eg = Lx
below Eg

+ Ly
below Eg

+ Lz
below Eg

= 1
Pin

(
2
3

∫ Eg1

0
εN (ε, TSun,�abs,μ = 0)dε

+1
3

∫ Eg2

0
εN (ε, TSun,�abs,μ = 0)dε

)
. (4)

(b) Lth. Processes 2–4 in Fig. 4(a) describe Lth for the x
and y directions. Process 2 explains that absorbed photons
with energies greater than the host-material band gap (Eg)
that excite an electron from the VB to the CB have the
same effect as an absorbed photon with energy Eg , and
the extra energy exceeding the energy transition of Eg is
lost by a thermal phonon [23]. Also, as shown by process
3 (process 4), electron-hole pairs created by the absorbed
photons with energies Eg2≤ε<Eg (Eg1≤ε<Eg2) lose their
excessive energies [i.e., difference between photon energy
and the sub-band gap Eg2 (Eg1)] in the form of phonons.
Therefore, Lx

th and Ly
th consist of three terms as follows:

Lx
th = Ly

th = 1
Pin

× 1
3

(∫ Eg2

Eg1

(ε − Eg1)N (ε, TSun,�abs,μ = 0)dε

+
∫ Eg

Eg2

(ε − Eg2)N (ε, TSun,�abs,μ = 0)dε

+
∫ ∞

Eg

(ε − Eg)N (ε, TSun,�abs,μ = 0)dε

)
, (5)

where the first, second, and third integrals on the right-
hand side are, respectively, related to thermalization loss
described by processes 4, 3, and 2 in Fig 4(a), and the
coefficient 1/3 represents the portion of each direction.

For the z direction, as shown in Fig. 4(b) by process 2,
energy difference between absorbed photon (ε>Eg2) and
the sub-band gap Eg2 is lost in the thermalization process,
where the generated hole thermalizes from the VB to its
edge and the generated electron relaxes to the IB edge due
to the DOS lying between the CB and the IB. Therefore,
Lz

th has only one term as follows:

Lz
th = 1

Pin
× 1

3

(∫ ∞

Eg2

(ε − Eg2)N (ε, TSun,�abs,μ = 0)dε

)
.

(6)

Thus, Lth in QW IBSCs is computed as

Lth = Lx
th + Ly

th + Lz
th = 1

pin

[
2
3

(∫ Eg2

Eg1

(ε − Eg1)N (ε, TSun,�abs,μ = 0)dε +
∫ Eg

Eg2

(ε − Eg2)N (ε, TSun,�abs,μ = 0)dε

+
∫ ∞

Eg

(ε − Eg)N (ε, TSun,�abs,μ = 0)dε

)
+ 1

3

(∫ ∞

Eg2

(ε − Eg2)N (ε, TSun,�abs,μ = 0)dε

)]
.

(7)

(c) Lem. As shown in Fig. 4(a) by process 5 for the
transverse directions, the generated electrons in the CB
that reach the edge of the CB can relax back down to the
VB and recombine with the holes through photon emis-
sion. Furthermore, the electrons in the edge of the CB can
come down to the IB (process 6 ) and the IB electrons
can come down to the VB (process 7) by emitting pho-
tons. For the longitudinal direction, process 3 in Fig. 4(b)
shows that the electrons that reach the edge of sub-band

gap Eg2 through the available DOS between the CB and
the IB can recombine with the VB holes. The energy lost
through photon emission, Lem, in each process, process 5,
6, or 7 in Fig. 4(b) and process 3 in Fig. 4(b), is defined by
the number of emitted photons in that process multiplied
by the band (sub-band) gap for the transitions in that pro-
cess [23]. Therefore, emission loss, Lem, in QW IBSCs can
be calculated as

Lem = 1
Pin

[
2
3

(
Eg1

∫ Eg2

Eg1

N (ε, Tcell,�emit,μ = (EFC − EFI)M )dε + Eg2

∫ Eg

Eg2

N (ε, Tcell,�emit,μ = (EFI − EFV)M )dε

+ Eg

∫ ∞

Eg

N (ε, Tcell,�emit,μ = (EFC − EFV)M )dε

)
+1

3

(
Eg2

∫ ∞

Eg2

N (ε, Tcell,�emit,μ = (EFI − EFV)M )dε

)]
,

(8)
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where the first, second, and third terms in first large paren-
theses on the right-hand side are, respectively, related to
the portion of Lem depicted by processes 6, 7, and 5 in
Fig. 4(a) and the term in the second large parentheses on
the right-hand side is related to the portion of Lem depicted
by process 3 in Fig. 4(b). The coefficients 2/3 and 1/3,
as explained for Lbelow Eg and Lth, are the portion of the
transverse and longitudinal directions, respectively. The
subscript M in the definition of µ for each term indicates
that the three quasi-Fermi-levels of EFC, EFV, and EFI are
related to the applied voltage, which is V= (EFC−EFV)/q,
at the maximum power point. VM is obtained by appli-
cation of the detailed-balance principle to determine the
maximum PCE for QW IBSCs, as explained in Appendix
B.

(d) Lmismatch. The energy loss associated with the entropy
generation resulting from the mismatch between the solid
angles of absorption and emission is expressed by the angle
mismatch loss, Lmismatch, as follows [57–59]:

Lmismatch = 1
Pin

kTcell

q
ln
(
�emit

�abs

)
JM , (9)

where q is the electron charge, Tcell is the QW-IBSC tem-
perature, and JM is the current density at the maximum
power point, described in Appendix B.

(e) LCarnot. The QW IBSC at temperature Tcell absorbs
energy through absorbed photons, and its entropy
increases. At the same time, the Sun at temperature TSun
loses energy due to emitted photons, and its entropy
decreases. The increase in entropy of the QW IBSC is
greater than the decrease in entropy of the Sun, because
Tcell<TSun. The energy needed to evacuate the entropy of
the system is expressed by Carnot loss [23,60] as follows:

LCarnot = 1
Pin

Eg

q
Tcell

TSun
JM . (10)

LCarnot is influenced by the fundamental band gap Eg and
not by any of the two sub-band gaps, neither Eg1 nor Eg2.

Finally, the FLE (ηF) is defined by the fraction of solar
energy not lost via IL as

ηF = 1 − (Lbelow Eg + Lth + Lem

+ Lmismatch + LCarnot). (11)

V. RESULTS AND DISCUSSION

The results are presented in two subsections. In the first
subsection, the ILCs and FLE are computed for nonspecific
QW IBSCs. Because there are no material parameters for
the nonspecific cases, the bandwidth of the IB is ignored
in the first subsection and therefore the sum of Eg1 and
Eg2 is equal to the fundamental band gap Eg . In the sec-
ond subsection, they are calculated for InxGa1−xAs/GaAs

QW IBSCs. The bandwidth of the IB is calculated with the
Bloch method of a periodic potential function described by
Slater et al. [48].

A. ILCs and FLE for nonspecific QW IBSCs

The sub-band-gap dependence of ILCs in QW IBSCs is
depicted in Figs. 5(a)–5(e). As can be seen from Fig. 5(a),
with increasing fundamental band gap Eg through increas-
ing sub-band gap Eg2 and keeping sub-band gap Eg1 con-
stant, Lbelow Eg, arising from the transmission loss of unab-
sorbed photons, increases due to an increase in Lz

below Eg,
and with increasing Eg through increasing Eg1 and keep-
ing Eg2 constant, Lbelow Eg increases due to the increase in
Lx

below Eg and Ly
below Eg. For constant Eg , the shifting of

the IB position leads to the changing of Eg1 and conse-
quently Eg2=Eg−Eg1, and as a result, as seen in Fig. 6(a),
Lbelow Eg is minimized in an Eg1.

Figure 5(b) shows Lth as a function of Eg1 and Eg2. A
considerable decrease in Lth is seen with increasing fun-
damental band gap Eg through increasing both sub-band
gaps Eg1 and Eg2. Also, increasing Eg through increas-
ing Eg1 and keeping Eg2 constant or through increasing
Eg2 and keeping Eg1 constant decreases Lth. While the
former decrease is due the decrease in Lx

th and Ly
th, the

latter is due the decrease in Lz
th. But, for constant Eg , the

variation of Eg1 and Eg2 with IB-position shifting leads
to a minimized Lth for optimum Eg1 and Eg2, as seen in
Fig. 6(b).

The dependency of LCarnot and Lmismatch on Eg1 and Eg2
is depicted in Figs. 5(c) and 5(d), respectively. It is found
that increasing Eg through increasing both Eg1 and Eg2 or
increasing one sub-band gap and keeping the other sub-
band gap constant reduces Lmismatch and increases LCarnot.
An increase in both sub-band gaps or one of the sub-band
gaps leads to a decrease in the energy range for pho-
ton absorption and consequently a decrease in number of
the photogenerated carriers and ultimately JM reduction.
Because of the direct relationship between Lmismatch and
JM , reduction of JM leads to reduction of Lmismatch, but
LCarnot depends on Eg , in addition to JM . Therefore, the
combined effects of JM reduction and Egincrease lead to
LCarnot increase. For constant Eg , increasing Eg1 leads to
JM reduction and consequently reduction of both Lmismatch
and LCarnot, as seen in Figs. 6(c) and 6(d), respectively.

It is found from Fig. 5(e) that among the ILCs, the least
portion of IL is related to Lem, and for most configurations
of two sub-band gaps of QW IBSCs it is less than 1%.

Calculation results for the FLE of QW IBSCs, displayed
in Fig. 5(f), show that the maximum FLE is approximately
42%, occurring at various configurations of sub-band gaps
in the range from 0.77 to 0.87 eV for Eg1 and from 1.3 to
1.43 eV for Eg2. In these sub-band gaps, the sum of ILCs,
which is equal to IL=100%−42%=58%, is minimized.
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FIG. 5. (a) Lbelow Eg, (b) Lth, (c) Lmismatch, (d) LCarnot, (e) Lem, and (f) FLE for the QW IBSCs versus sub-band gaps Eg1 and Eg2.

In comparison with QD IBSCs with a maximized FLE
of 47% (minimized IL of 53%) in the sub-band inter-
vals of 0.6–1.07 eV for Eg1 and 1.03–1.75 eV for Eg2
[23] and with the conventional single-band-gap SCs with
a maximized FLE of 32.5% (minimized IL of 67.5%)
in an optimized band gap of 1.31 eV [57], the FLE
for QW IBSCs is greater than for conventional single-
band-gap SCs but less than for QD IBSCs. In addition,
the sub-band-configuration intervals of QW IBSCs with
maximized FLE are narrower than those of QD IBSCs.
Although the maximized FLE for QW IBSCs is less than
that for QD IBSCs, they can achieve better performance
due to some advantages of QWs over QDs, as mentioned
in Sec. I.

It is to be noted that the experimental values of the PCE
for fabricated QW IBSCs or QD IBSCs are far less than
their optimized FLE [20,61,62].

B. Quantum engineering of ILCs and FLE for
InxGa1−xAs/GaAs QW IBSCs

In this subsection, the percentage of each ILC and the
FLE for InxGa1−xAs/GaAs QW IBSC are calculated. For
InxGa1−xAs QWs, d=6 nm and L1=L2=16 nm are con-
sidered in the calculations, unless otherwise stated. Fur-
thermore, the dependence of ILCs and the FLE on the
indium mole fraction, diagonal length, and period of QWs
is investigated. The aforementioned parameters offer a way
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for engineering the energy states confined in QWs and
consequently the placement and width of the IB and ulti-
mately the ILCs and the FLE of InxGa1−xAs/GaAs QW
IBSCs, so we have referred to this subsection as “quantum
engineering of ILCs and the FLE”.

The effect of indium content, x, on the ILCs and FLE
of InxGa1−xAs/GaAs QW IBSCs is depicted in Fig. 7 for
x≥0.3. Calculation results show that for x<0.3, the IB
overlaps with the CB, and the sub-band gap Eg1 between
the CB and the IB did not open. It is seen from Fig. 7 that
Lth is the most dominant fraction of IL in the QW IBSCs,
and Lmismatch is the second ILC with a considerable portion.

The sub-band configurations of Eg1 and Eg2 for
InxGa1−xAs/GaAs QW IBSCs can be engineered by
changing x, as depicted in Fig. 8 for the fundamental band
gap of Eg(GaAs). It is found that with increasing x, Eg1
increases and Eg2 decreases. QWs with higher indium con-
tent create larger �EC, as shown in Fig. 8, and therefore
the first energy level, which determines the position of the
IB, comes down, and as a result Eg1 becomes wider and
Eg2 becomes narrower. Hence, the sub-band configuration

leads to a maximum FLE of approximately 35% or a min-
imum IL of approximately 65% for indium content of
0.5<x≤1, as seen in Fig. 7. Therefore, in the remainder
of this paper, we choose x=0.7.

In a constant unit cell with L1=L2=16 nm, the effect of
QW size on the ILCs and FLE of In0.7Ga0.3As/GaAs QW
IBSCs is investigated, where the diagonal length (d) of
hexagonal QWs is varied. We consider d≥3 nm in Fig. 9,
because for d<3 nm the first miniband in the QWs over-
laps with the CB, and therefore the IB does not appear.
Different sub-band configurations of Eg1 and Eg2 for dif-
ferent d values lead to the maximum FLE or the minimum
IL at d=6 nm. Increasing d from 3 to 6 nm leads to a
wider Eg1 and a narrower Eg2, but for d> 6 nm, the trend
is reversed. For d ≤ 6 nm, increasing d, which is equivalent
to a decrease in quantum confinement, leads to the down-
shifting of the IB position and increase of the IB width.
Therefore, the energy difference between the bottom of the
CB and the top of the IB, Eg1, becomes larger, and the
energy difference between the bottom of the IB and the
top of the VB, Eg2, becomes smaller. For d> 6 nm, two
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FIG. 7. The percentage of the incident solar radiation that each
ILC process in the InxGa1−xAs/GaAs QW IBSC consumes and
hence, FLE under one-sun illumination in the InxGa1−xAs/GaAs
QW IBSCs are shown to be dependent on as a function of indium
molar fraction, x.

minibands appears in the QWs, where the second miniband
overlaps with the CB, and with increasing d, the minibands
with an increase in width come down, and as a result, Eg1
defined as the energy difference between the top of the first
miniband, the IB, and the bottom of the second miniband,
becomes narrower. Therefore, maximum Eg1 at d=6 nm
results in the minimum Lth and Lmismatch and consequently
the minimum IL or the maximum FLE, as seen in Fig. 9.

1.0

1.0
Indium mole fraction

Eg1

Eg2

DEC

FIG. 8. �EC, Eg1, and Eg2 versus indium mole fraction, x, for
InxGa1−xAs/GaAs QW IBSCs.

 

Lmismatch
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FIG. 9. The percentage of incident solar radiation that each
ILC process in the In0.7Ga0.3As/GaAs QW IBSC consumes and
hence, FLE under one-sun illumination in the In0.7Ga0.3As/GaAs
QWIBSCs are shown to be dependent on as a function of the
QWs diagonal length of QWs, d.

By fixing the diagonal length of QWs at d=6 nm, we
show the effect of the distance between QWs, L1=L2=L,
on the ILCs and FLE in Fig. 10. Changing L influences
mainly the width of the IB such that wider IB is related
to smaller L due to stronger electronic coupling. A high
decrease in L can increase the IB width so that it over-
laps with the CB leading to not creating the Eg1; therefore,
there has to be a minimum L to prevent the overlapping
of the IB and CB. On the other hand, as L increases, the
IB width decreases such that no IB is formed for very
large L. Therefore, the maximum L at which there is elec-
tronic coupling between the localized states of QWs for
forming the IB with acceptable width has to be deter-
mined. To meet these conditions, L is increased from 8
to 24 nm. With increasing L, the IB position goes up
but the IB width decreases, leading to a slight increase
in Eg1 and Eg2. Therefore, there is a slight increase in
Lbelow Eg and LCarnot and a slight decrease in Lmismatch and
Lth, leading to a slight increase in the FLE with increasing
L. It can be seen from Fig. 10 that the In0.7Ga0.3As/GaAs
QW IBSC with QWs with d=6 and L1=L2=24 nm has
minimum IL of 63.42% (Lbelow Eg=7.23%, Lth=34.78%,
Lmismatch=16.36%, LCarnot=4.28%, and Lem=0.77%) and
consequently maximum FLE of 36.58%. Comparing this
value with the optimal FLE for QW IBSCs (approximately
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FIG. 10. The percentage of incident solar radiation that each
ILC process in the In0.7Ga0.3As/GaAs QW IBSC consumes and
hence, FLE under one-sun illumination in the In0.7Ga0.3As/GaAs
QWIBSCs are shown to be dependent onas a function of the
period length of QWs, L.

42%), one can be concluded that the material system of the
experimentally reported QW IBSC (InxGa1−xAs/GaAs) is
not the best choice. Therefore, searching for material sys-
tems of QWs and barriers with optimal material parameters
required for efficient QW IBSCs, as done for QD IBSCs
[24,63], remains a true challenge. The theoretical calcula-
tions in this paper can be applied to find candidate mate-
rials for implementing wide-band-gap QW IBSCs with
an improved sub-band-gap distribution compared with the
InxGa1−xAs/GaAs case.

VI. CONCLUSIONS

An analytical formula for each ILC in QW IBSCs is
obtained by the detailed-balance approach in connection
with the mechanism of absorption and emission of photons
in two confined directions and one free direction of carri-
ers in the QWs. As a consequence of ILC calculation, an
optimized FLE of approximately 42% is obtained for the
QW IBSCs. Then, the ILCs and FLE for an experimen-
tally reported QW-IBSC structure, which is a GaAs p-i-n
junction with an array of InxGa1−xAs QWs in the intrinsic
layer, are calculated. To achieve this, by means of MATLAB,
the 2D Schrödinger equation is solved by a FEM technique
to obtain the IB position in the band gap of GaAs, and

the Bloch approximation of the periodic potential func-
tion is used to obtain the IB width. The results show that
with optimized parameters of QW size and period length,
a maximum FLE of approximately 37% and subsequently
a minimum IL of approximately 63% are obtained for the
In0.7Ga0.3As/GaAs QW IBSC under 1-sun illumination.

APPENDIX A. APPLYING THE FEM TO THE 2D
SCHRÖDINGER EQUATION

The first step in applying the FEM is the discretiza-
tion of the physical region. Therefore, on the basis of
the Delaunay triangulation algorithm, the unit cell of the
InxGa1−xAs:QW–GaAs:barrier structure is discretized into
triangular elements and nodes with iterative improvement
of the location of the nodes [64]. In the region near the
interface of the two materials, where the results have to
be more accurate than in other areas, smaller elements are
produced, as seen in Fig. 1(b), to increase the number of
evaluations.

The second step is reformulating the Schrödinger
equation into a variational problem to use mesh elements,
and then the variational problem is converted to a matrix
problem by use of the geometry defined in the first step.
With considering of a variation of the wave function,
�(x,y), the Schrödinger equation, derived from the action
integral, is expressed as

δ

∫∫

�

(
�2

2m∗
e(x, y)

(∇�(x, y))∗(∇�(x, y))

+ �∗(x, y)V(x, y)�(x, y)−�∗(x, y)E�(x, y)
)

d� = 0,
(A1)

where�(x,y) is the electron wave function, E is the energy,
and me

*(x,y) and V(x,y) are the effective mass and potential
energy of an electron, respectively, defined for a unit cell
as

m∗
e(x, y) =

{
m∗

InxGa1−xAs inside the QW,
m∗

GaAs outside the QW,
(A2)

V(x, y)=
{
ΔEC = Eg(GaAs) − Eg(Inx Ga1−x As) inside the QW,

0 outside the QW,
(A3)

where m+
(GaAs) and Eg(GaAs) are the electron effec-

tive mass and band gap of the barrier material, respec-
tively, and m∗

InxGa1−xAs=(0.067−0.056x+0.01x2)me [65]
and Eg(InxGa1−xAs)=0.4105 + 0.6337 x+0.475x2 [66] are
the electron effective mass and band gap of the QW
material, respectively.
�(x,y) is a summation of elemental wave functions,

�n(x,y), over all triangular elements. To calculate�n(x,y),
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the idea of transformation to a canonical element, where
each triangular element having coordinates (xi,yi), i=1,2,3,
in the physical x-y plane is linearly mapped to a canon-
ical element in a computational µ-ν plane, is applied.
The canonical element is a three-node triangle having
coordinates (0,0), (1,0), and (0,1) in the µ-ν plane.

The transformation of coordinates and the transforma-
tion of �n(x,y) from the physical x-y plane to the compu-
tational µ-ν plane are expressed by a linear combination of
a finite set of basis functions, ϕi

n(µ,ν), as

x =
3∑

i=1

xiϕ
n
i (μ, ν), y =

3∑
i=1

yiϕ
n
i (μ, ν), (A4)

�n(x, y) =
3∑

i=1

ψn
i ϕ

n
i (μ, ν), (A5)

where ψ i
α is the unknown wave function amplitude

at node i. It is worth mentioning that there are three
basis functions comprising piecewise polynomial func-
tions, ϕi

n(µ,ν)= ai
nµ+ bi

nν+ ci
n, with nine constants,

ai
n, bi

n, and ci
n, to be determined. Then, by transforma-

tion of the potential energy, V(x,y), to the computational
µ-ν plane, V(µ,ν), the Schrödinger equation in a matrix
representation will be constructed from

N
�∑

n=1

3∑
i=1
j =1

ψn∗
i

⎛
⎝ �2

2m∗
e(μ, ν)

∫∫

�n

(∇ϕn
i (μ, ν))∗(∇ϕn

j (μ, ν))dΩ

⎞
⎠ψn

j +
N
�∑

n=1

3∑
i=1
j =1

ψn∗
i

⎛
⎝
∫∫

�n

ϕn∗
i (μ, ν)V(μ, ν)ϕn

j (μ, ν)dΩ

⎞
⎠ψn

j

= E
N
�∑

n=1

3∑
i=1
j =1

ψn∗
i

⎛
⎝
∫∫

�α

ϕn∗
i (μ, ν)ϕn

j (μ, ν)dΩ

⎞
⎠ψn

j , (A6)

where N� is the number of elements, �α is the area of an
element, and E is related to the energy levels of electrons.
After transformation of the above differential equation into
a matrix representation, it is solved to obtain the energy
states and corresponding wave functions.

APPENDIX B. CALCULATING VM AND JM

The detailed-balance PCE of a QW IBSC is calculated
by the power density delivered by the QW IBSC to an

external circuit (Pout), defined as the current density (J )
multiplied by the applied voltage across the QW IBSC (V),
divided by the power density received by the QW IBSC
from the Sun (Pin).

J is equal to the charge-carrier flux, the number of
electron-hole pairs collected at the contacts (Ne−h) mul-
tiplied by the electric charge q, and Ne-h is equal to the net
photon flux, which is the difference between absorbed and
emitted photons. Therefore, J is computed as

J = 2
3

[(∫ Eg2

Eg1

N (ε, TSun,�abs,μ = 0)dε −
∫ Eg2

Eg1

N (ε, Tcell,�emit,μ1)dε

)

+
(∫ Eg

Eg2

N (ε, TSun,�abs,μ = 0)dε −
∫ Eg

Eg2

N (ε, Tcell,�emit,μ2)dε

)

+
(∫ ∞

Eg

N (ε, TSun,�abs,μ = 0)dε −
∫ ∞

Eg

N (ε, Tcell,�emit,μT)dε

)]

+ 1
3

(∫ ∞

Eg2

N (ε, TSun,�abs,μ = 0)dε −
∫ ∞

Eg2

N (ε, Tcell,�emit,μ2)dε

)
, (B1)
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where the coefficients 2/3 and 1/3, as explained for the
ILCs, are the portion of transverse and longitudinal direc-
tions, respectively. The terms in first, second, and third
large parentheses in the square brackets on the right-hand
side of the above equation are the number of absorbed
photons minus the number of emitted photons related to
sub-band gap Eg1, sub-band gap Eg2, and band gap Eg ,
respectively, and the terms in the final large parentheses
are related to the number of absorbed photons minus the
number of emitted photons for the longitudinal direction.
µT, µ1, and µ2 are defined as

μT = EFC − EFV = qV,

μ1 = EFC − EFI = qV − μ2,

μ2 = EFI − EFV = qV − μ1.

(B2)

For each configuration of the fundamental band gap and
sub-band gaps (Eg , Eg1, and Eg2), there is a voltage,
referred to VM , that maximizes Pout =VJ (Eg , Eg1, Eg1,
TSun, Tcell, �abs, �emit, V). It is calculated by evaluating
the following partial differential equation:

(
∂Pout

∂V

)

Eg ,Eg1,Eg2

= 0. (B3)

It is worth mentioning that the FLE for each energy con-
figuration of Eg , Eg1, and Eg2 can be calculated with VM
and JM (the current density at VM ) as

ηF = (Pout)M

Pin

= VM JM (Eg , Eg1, Eg2, TSun, Tcell,�abs,�emit, VM )∫∞
0 N (ε, TSun,�abs,μ = 0)dε

.

(B4)
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