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We introduce a method to estimate unknown pure d-dimensional quantum states using the probability
distributions associated with only three measurement bases. The measurement results of 2d projectors are
used to generate a set of 24=1 gtates, the value of the likelihood function of which is evaluated using the
measurement results of the remaining d projectors. The state with the highest value of the likelihood func-
tion is the estimate of the unknown state. The method estimates all pure states except for a null-measure
set, which can be overcome by adapting two bases. The viability of the protocol is experimentally demon-
strated using two different and complementary high-dimensional quantum information platforms. First, by
exploring the photonic path-encoding strategy, we validate the method on a single eight-dimensional quan-
tum system. Then, we resort to the five-superconducting-qubit IBM quantum processor to demonstrate the
high performance of the method in the multipartite scenario.
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I. INTRODUCTION

Initially, quantum tomography was motivated by the
concept of the quantum state. If a set of probabilities,
which is obtained from several different experiments,
uniquely characterizes a quantum state, then these prob-
abilities are also a description of the properties of the
system. In this case, the quantum state is a convenient
mathematical object that summarizes our knowledge about
a system in a very concise way but it is not necessar-
ily fundamental. This has led to the design of several
tomographic methods. These require the acquisition of
information by means of measurements [1,2] and its sub-
sequent postprocessing [3—6]. For a single d-dimensional
quantum system, the minimal total number of measure-
ment outcomes required to estimate an unknown state
is d?. Various estimation methods employ a number of
measurement outcomes that is equal to or very simi-
lar to d”. Symmetric informationally complete positive
operator-valued measures (SIC-POVMs) [7—14] are gen-
eralized measurements that allow for the estimation of
quantum states with exactly d> measurement outcomes.
Mutually unbiased bases (MUBs) [15-21] estimate quan-
tum states with d* + d measurement outcomes. The exis-
tence of SIC-POVMs and MUBs has been proven in
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restricted sets of dimensions. For this reason, alterna-
tive schemes have been proposed [22—27], which require
in the order of @* measurement outcomes. In the case
of a multipartite system formed by n d-dimensional
systems, the total number of measurement outcomes
becomes d*".

In recent decades, however, interest in quantum tomog-
raphy has shifted from the fundamental to the applied.
This is mainly due to the advent of complex quantum
devices that exploit the properties of quantum systems
to implement information-processing tasks that would
be impossible in a reality governed only by classical
physics; for example, computing capabilities exponentially
faster than any classical machine [28], secure commu-
nications via quantum key distribution [29], and metrol-
ogy beyond the classical limit [30]. The estimation of
high-dimensional multipartite quantum states via quan-
tum tomography has become the standard procedure to
characterize the performance of complex quantum devices
and processes. In this context, the total number of mea-
surement results grows exponentially with the number
of parties, which increases the experimental complex-
ity of the data-acquisition process, as well as the com-
putational cost of the optimization problem associated
with subsequent data processing. Thereby, the estimation
of unknown quantum states of high dimension and the
assessment of quantum processes and devices has proven
to be a remarkably difficult task from the experimental
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[31-34] and theoretical [35-37] points of view. Thus, the
design of better tomographic methods is a contemporary
problem.

In order to make the problem of estimating unknown
high-dimensional states tractable, the use of a priori
information has been considered. Thereby, the estimation
focuses on a restricted set of states, which allows reduc-
tion of the number of measurements [38—41]. Recently, it
has been shown [42] that a set of four fixed observables
is sufficient to estimate pure quantum states up to a sta-
tistically unlikely null-measure set. This set is formed by
pure states that, in the canonical basis, have two or more
nonconsecutive vanishing coefficients. The addition of a
fifth observable, which is diagonal in the canonical basis,
helps to determine whether or not a given state belongs to
this null-measure set. If this is the case, then the remaining
four observables can be adapted to a lower-dimensional
subspace. This result is independent of the underlying
dimension of the Hilbert space for d > 4. In this way,
any pure quantum state can be estimated with a total of
5d projective measurements (PMs), at most. This esti-
mation procedure involves a simple postprocessing stage
and allows the purity assumption to be certified directly
from the measurement results. Recently, it has been shown
[43] that adaptivity it is not necessary. Five fixed observ-
ables estimate all pure quantum states in any dimension,
at the expense of a more convoluted construction of the
observables and a much more complex postprocessing
stage.

Here, we study the estimation of pure quantum states
by means of three fixed observables only, that is, with a
total of 3d PMs. In particular, we show that 2d PMs gen-
erate a finite set A, of 29! pure states. Half of the rank-1
projectors come from an observable, while the remaining
rank-1 projectors correspond to half of the projectors of
each of the remaining two observables. The estimate for
the unknown state is given by the state in 4, with the
highest value of the likelihood function, which is eval-
uated using the measurement results of the remaining d
rank-1 PMs. Thus, the costly procedure of optimizing the
likelihood function in the complete d-dimensional Hilbert
space is reduced to evaluation of the likelihood function in
the finite set .4,. The method presented here estimates all
pure quantum states except for a null-measure set, which
is formed by pure states with consecutive vanishing ampli-
tudes and, according to numerical experiments, pure states
with equal amplitudes. This class of states can be detected
through the measurements on one base, which allows us
to adapt the two resting bases and obtain an estimate. Our
numerical experiments do not allow us to rule out the exis-
tence of other states that cannot be estimated. Thereby,
our method estimates via measurements in three bases,
evaluation of the likelihood function, and adaptivity, all
pure states with the possible exception of a null-measure
set.

Our result is related to a finite-dimensional generaliza-
tion of the Pauli problem [44]: what is the minimum set
of observables that uniquely characterizes a pure state of a
quantum system? In the particular case of a spin-s system,
it has been shown that measurements of the components
of a spin state along two infinitesimally close directions
in space (by means of a Stern-Gerlach experiment, for
instance) are compatible with 29~ spin states [45], where
the dimension is d = 2s + 1. These states can be exhib-
ited explicitly. However, it is necessary that the unknown
state does not have zero amplitudes along the measurement
directions. It turns out that the expectation value of one
additional well-defined operator is enough to single out
the actual pure state of the system. This procedure guar-
antees that the uniqueness of the state is compatible with
the measurement. However, it is not constructive [46], that
is, it does not provide an explicit determination. In this
context, our result corresponds to a constructive procedure
that uniquely determines pure states of a d-dimensional
quantum system.

We also consider the role of finite statistics effects
and show that for moderate ensemble sizes, the present
estimation method provides results with an accuracy com-
parable to that achieved by the five-bases-based pure-state
quantum tomographic method.

We demonstrate the experimental feasibility of our
estimation method by employing two different and com-
plementary high-dimensional quantum information plat-
forms. First, we estimate the state of an eight-dimensional
quantum system that is encoded in the linear trans-
verse momentum of single photons transmitted through
difractive apertures generated by spatial light modulators
[47-50]. This platform can attain high fidelities for the
preparation and measurement of high-dimensional quan-
tum states [51] and therefore its use allows us to prop-
erly address the performance of methods for quantum
state reconstruction in higher dimensions. In this case, we
achieve a high fidelity of 98.5% between the reconstructed
state and the prepared one. Then, we study the method in a
multipartite scenario and apply it to estimate a two-qubit
state generated on the IBM Quantum Experience five-
qubit superconducting quantum processor IBMQ-OURENSE.
In this case, we are also able to achieve a high fidelity
of 96.5%. These results highlight the versatility and high
performance of the protocol, indicating that it can be a
valuable tool, supporting the development of future quan-
tum technologies dealing with more complex quantum
systems [52].

II. REVIEW OF THE FIVE-BASES-BASED
PURE-STATE ESTIMATION METHOD

The five-bases-based pure-state quantum tomographic
method (5BB-QT) [42] employs PMs onto the canonical
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basis By = {|i)} (withi = 0,...,d — 1) and the bases

1
Bi={lein = ﬁ(lb) +[2v + 1))},
B ) ! (12v) £1]2v + 1))}
2 = 112 — T = s
2
;
By = {lei)s = E(IZU +1) = [2v +2))},
B oL ) ! (2v+1) £ '|2v+2))}
= = — 1l
4 (/7 4 ﬁ 2

where v € [0, (d — 2)/2]. Operations with labels are car-
ried out modulo d. In the case of odd dimensions, the
integer part of (d —2)/2 is considered and every basis
is completed with the state |d). The 5BB-QT method
estimates almost any pure state [{) = Z;é cilk) in any
dimension d using the set of probability distributions gen-
erated by projections on the bases B; (with i =1,...,4).
The states that cannot be estimated have at least two non-
consecutive vanishing coefficients. In this case, the system
of equations to be solved has infinite solutions. In order to
avoid this problem, a fifth basis, the canonical one, is intro-
duced. This is the first basis to be measured and its only
purpose is to detect the states that cannot be estimated.
If this is the case, the method is adapted by reducing the
effective dimension of the estimated state and the bases.

We define p{¥ with k even (odd) as p$¥ = |(k |¥)?
with |@X) in basis B, (Bs) and p\¥ with k even (odd)
as p = |(@5|y)? with |gk) in basis By (Bs). These
quantities correspond to transition probabilities from the
unknown state toward the states in the bases B; and
can be experimentally measured. In order to estimate the
unknown pure state, the SBB-QT method employs the set
of d equations

2ckciy = A, ()

with
Ae= @ —p®) +ip — ), 3)
for k=0,...,d — 1. This set of equations can be itera-

tively solved for the complex probability amplitudes ¢y
that characterize the unknown state.

I1II. THE THREE-BASES-BASED
PURE-STATE-ESTIMATION METHOD

We can modify the bases (1) in the following way:
By = |l = al2v) £b]2v + 1)},
B, = {I¢4)> = al2v) £ib]2v + 1)},
By = {lp})s = al2v + 1) £b]2v +2)}, 4)

By ={I¢0)a = al2v + 1) £ ib|2v +2)},

with |a|? 4 |b|? = 1. In this case, Eq. (2) is still valid.
Equation (3) becomes

k k .~ (k ~ (k
_ 0 —p) +iP —pY)

A
k ab

®)

Using this set of equations, we can estimate pure states.
The quantities Aj entering into Eq. (5) can be cast in the
form

lack|* — |bcgii]?
A = [p® _ Jac” = 1bcen 7
k <p+ ab

2 2
A~k lack|” — |bcky1]
-——), 6
+1 (P+ ab (6)

which is now a function of the probabilities |c;|? and
|ces1]?. These are obtained from the measurement on the
canonical basis By. Equation (6) shows that we only need
half the projectors of each basis, plus the values obtained
from the canonical basis, to unambiguously estimate the
unknown quantum state. The other half of the projectors
are redundant because they deliver the same information.

The real, Re(A), and imaginary, Im(Ay), parts of A
are not independent. According to Eq. (2), they are related
through the constraint

Im(Ag)? = 4legcrr1 > — Re(Ap)?, (7

where the right-hand side is determined by transition prob-
abilities toward the states in By and B; (k even) or B;
(k odd). Therefore, Eq. (7) allows us to determine the
value of A up to a sign without employing the transi-
tion probabilities toward the states in the bases 3, and B,,
that is,

Agz = Re(Ap) £ ilIm(Ap)]. ®)

All possible sign combinations in the d coefficients Ay
lead to 24! different sets A; = {[\0, 1~\1, R [\d_z}, with
Ay = Ap4 or Ay = Ay.—. Note that A,_; is not used, since
we have assumed that ¢ is a real positive number. If we
solve Eq. (2) for each 4;, we obtain a set A; = {1 @)} of
29 states (k = 1,...,2971). All states in this set are char-
acterized by the same set {|1 (¢ |¥) %, [s (@Y 1) 1%, (1) [*)
of transition probabilities. Thereby, each state in A, can be
chosen as an estimate of the unknown state |y).

In order to resolve the ambiguities in the estimation pro-
cess, the transition probabilities toward states in bases B,
and B, can be measured. Instead, we propose to replace the
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bases I3; and Bs by the following modified versions:

By = {lel)1 = al2v) + bl2v + 1), 1g)1},

©)
By = {I¢%)s = al2v + 1) + b2v + 2)), ¢ )3} -

In these new bases, we keep half of the bases that allow us
to calculate the real part Re(Ay) and add d/2 states |¢;) to
complete the bases. A possible choice for the bases is

1
= {I(pi)l = —=(2v) + 2v + 1)), ij)l},
V2 (10)

1
B, = {|¢1>3 = %(ﬂv + 1) +12v +2)), Iqoj)z},

with the states |g;); and |¢; )3 being

1 (d-2)/2

2k Z Y D" Ful2n4m), (1)

mO n=0

1 (d-2)/2

19)3 Z Y D"Ful2n+m+1),  (12)

m 0 n=0
where Fj; is the transformation
L ks
—— 2mjk/d/ )+¢k]. (13)

= Jam

The phases ¢; are chosen in such a way that the vec-
tors |¢;) provide information about the imaginary parts
Im(Ag).

In order to select one of the states in A, as the estimate
|1ﬁ) of |¢¥), we resort to maximum-likelihood estima-
tion (MLE), which is a well-known statistical-inference
method. MLE is aimed at estimating unknown parameters
of'a population from observed data [53,54]. The underlying
idea is to choose as estimator the maximizer of the prob-
ability of obtaining the observed data. Originally, MLE
was introduced in the estimation of quantum states [3] due
to the fact that the inferred probabilities are affected by
errors such as, for instance, finite statistics and experimen-
tal errors, which lead to unphysical states. MLE allows us
to obtain physically acceptable quantum states.

A quantum system that undergoes a measurement pro-
cess described by a positive operator-valued measure
(POVM), which is described by the set {£;} (i=1,...,n)
of positive semidefinite operators, has a likelihood func-
tion L(p) given by

L(p) = (n;ffin, ) [Treer. a4

where »; is number of times that an outcome associated
with operator E; is experimentally registered and N =

>, ni. If the quantum state prior to the measurement is
p, then L(p) is the total joint probability of registering data
{n;}. MLE is formulated as the optimization problem

Arg[maxL(,o)], such that Tr(p) = 1l and p > 0. (15)
P

In our case, the POVM describing our estimation method
is given by a set {£;;} of 3d projectors onto the bases i =
0,1,3 with j =0,...,d — 1. Since measurements on the
bases are independent, the likelihood function L(p) factor-
izes as Lo(p)L1(p)L3(p) (up to a proportionality constant),
where

d—1
Lo(p) = [ [ Tr(pliy Ny (16)
i=0
and
Li(p) = Lix (o) [ [ Trolep)ilei ), (17)
J
with
Liy(p) = [ ] Tr(ole)ito ™, (18)

fori = 1, 3, and the optimization problem is now solved in
the set of pure states.

Much of the problem posed by the optimization of the
likelihood function is already solved. The full set of states
that are compatible with the measurement results of the
projections onto states {|i), |} )1, |¢})3} is Aqg. Further-
more, the functions Ly(p), L1+ (p) and L3, (p) are con-
stants in A,. Thereby, MLE reduces to the problem of
optimizing

V) = Arg( max Lea()wD)  (19)

on the discrete set A, where we have a reduced likelihood
function Lyeq(|¥) (¥|) given by

LeaQy)wh = [T [T1wlen ™. 0)

i=13 j

Thus, we need to find the maximum value of L.q(|¥) (V)
in the discrete set .4,, which can be done by evaluating
Lea(J¥) (¥|) on each state in Aj.

As in the case of the SBB-QT method, the three-bases-
based pure-state quantum tomographic (3BB-QT) method
also requires us to adapt the bases B) and B} in cer-
tain cases; in particular, when the unknown state has two
or more nonconsecutive vanishing coefficients. These are
detected by the measurements carried out on the canonical
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basis, in which case B and B} are adapted to estimate an
unknown state belonging to a known lower-dimensional
subspace. A similar situation arises due to the use of the
likelihood function. There exist states |ir) with estimates
|¥®) that have the same value of the reduced likeli-
hood L.4. An extreme example fora =b =1/ V2 is the
state |) = (1/+/d) Y, |i). In this case, all states |/ ®)
have the same reduced likelihood. Another example is
the state |v) = (1/2)(]1) +i|1) + |1) 4+ £|1)). This leads
to two sets of states | ®): each set contains states with
the same reduced likelihood. From the results of several
numerical experiments, we conjecture that the states with
at least two pairs of equal probability amplitudes lead to
states |1/ ®) with the same value of the reduced likelihood.
This is a null-measure set. This problem can be mitigated
to a great extent by noting that the bases in Eq. (10) are
one of many possible choices. The coefficients @ and b and
the states |¢;); and |¢;), can be chosen at random. Thus,
when the measurement on the canonical basis reveal two
or more pairs of equal transition probabilities, coefficients
a and b and states |¢; )1 and |g; )3 are chosen at random and
orthogonalized via the Gramm-Schmidt orthogonalization
procedure, which generates new bases Bj and B} such

that the states | ®) have different values of the reduced
likelihood.

Measurement on a fixed set of bases {By, B}, 5}
together with MLE allows us to estimate most d-
dimensional pure states. There are, however, states that
cannot be estimated. This is an indication that the bases
By, B} and B} do not univocally characterize all pure
states, that is, they are not informationally complete. It
has been shown that informational completeness at the
level of d-dimensional pure states can be achieved with
a single POVM composed of 2d elements of nonunitary
rank [55]. In the rank-1 case, the POVM is composed of
no less than 3d — 2 elements. In the case of orthonormal
measurement bases [56], three bases are required to dis-
tinguish all pure states in a 2-dimensional Hilbert space.
Ford = 3 and d > 5, four measurement bases are required.
For d = 4, the necessary number of bases is three or four.
Thus, for d =3 and d > 5, the use of three bases in our
approach leads to a lack of informational completeness,
which is consistent with our current results. A fixed set of
three bases B = (B, B}, B}} together with MLE is infor-
mationally complete within a subset Sg of states of the
d-dimensional Hilbert space. When measurements in the
canonical base B, detect a state |) that cannot be esti-
mated, that is, |1/) does not belong to Sz, then bases B3|

and Bj are updated to a new set of bases B such that the
new subset S contains the state |v).
IV. ACCURACY OF THE 3BB-QT METHOD

In order to test the estimation accuracy achieved
by the 3BB-QT method, we conduct several numerical

experiments. As a figure of merit for the accuracy of the
estimation process, we employ the infidelity 7(|v), 1))
between the unknown state and its estimate. This is defined
by

L), 1) = 1= |(F|¥)]>. 21
For infinitesimally close states, the infidelity agrees with
the Bures metric [57]. In addition, the inverse of the infi-
delity can be identified with the sample size required to
reach a prescribed accuracy [58]. These two important
properties of the infidelity motivate its use. However, it has
been shown that states with a small infidelity might lead to
very different physical properties [59—61]. Consequently,
other accuracy metrics have also been explored, such as,
for instance, weighted mean-square error.

We generate a set Q; = {|{;)} of m = 10° unknown
pure states, which are identically, uniformly, and indepen-
dently distributed. The transition probabilities toward the
states of each basis are obtained by projecting each mem-
ber of an ensemble of N identically prepared copies of
the unknown state. The transition probabilities are then
estimated as

(W l9) > ~ (22)

Ny
N b
where |¢) is an element of one of the three bases, n,, is the
number of outcomes in the direction of the state |¢), and
N is the sum of the outcomes of all projections onto the
elements of the basis. A total ensemble size of 3N is then
employed as a resource to obtain an estimate |v).

Due to the inherent randomness of the measurement pro-
cess, the estimation of each state |y;) is simulated n = 10?
times. This leads to » different estimates |1ﬁj(i)) (with i =
1,...,20). Thereafter, we average the infidelity over the n
estimates, that is,

Iy ) =0~ 1Y), 197).

i=1

(23)

Finally, we calculate the mean of /(|v;)) in the set of
unknown states, that is,

IT=m™" > 1(y;)). (24)
j=1

In all numerical simulations, the bases 3 and Bj are fixed
for all states in 2.

Figure 1 displays, on a logarithmic scale for both axes,
the mean and median of /(|v/;)) as a function of the
total ensemble size 3N used in the estimation process for
a single quantum system with dimension d =4 and for
four randomly chosen unknown states in €4 (from top
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to bottom) according to a Haar-uniform distribution. The
left-hand column compares the mean infidelity generated
by the 3BB-QT method (solid red dots) and the ICSBB-
QT method [62] (solid blue squares), a variation of the
SBB-QT method that achieves a higher accuracy. For the
state in the first row of Fig. 1, we see that the two methods
generate almost indistinguishable results. The largest dif-
ference in the estimation accuracy is depicted in the third
row of Fig. 1, where the IC5BB-QT method delivers an
estimation accuracy that is almost one order of magni-
tude better than the one generated by the 3BB-QT method.
The two resting states, shown in the second and fourth
rows in Fig. 1, exhibit a small difference in the estimation
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FIG. 1. The left (right) column shows, on a logarithmic scale
for both axes, the mean (median) infidelity 7(|v/;)) as a func-
tion of the total ensemble size 3N obtained via the ICSBB-QT
(solid blue squares) and 3BB-QT (solid red dots) methods for
four randomly chosen states in d = 4. Shaded areas represent the
corresponding interquartile range.

accuracies for the two methods. Similar behavior is exhib-
ited by the median of the infidelity, which is depicted in
the right-hand column in Fig. 1. Furthermore, the mean
and median of /(|v;)) reach very close values in the case
of both methods. This is an indication that neither method
exhibits outliers in the infidelity distributions.

Figures 2(a) and 2(b) show the mean and median,
respectively, of I(|;)) on €, generated by the 3BB-QT
method as a function of the total ensemble size 3N for
d=4,d =28, and d = 12, from bottom to top. A compar-
ison between the two figures reveals a median infidelity
located below the mean infidelity for all values of ensem-
ble size and dimension. In particular, the mean infidelity
appears to be located at the upper border of the interquar-
tile range. The gap between the median and mean infidelity
seems to decrease with an increase of the dimension and to
increase with an increase of the ensemble size. The exis-
tence of this noticeable gap between the median and the
mean infidelity highlights the existence of states that are
estimated with a low accuracy with respect to the value of
the median.

The 3BB-QT method generates a set €y of estimates
that have a set 4; with signs of the imaginary parts of
Ay that disagree with the unknown state. The states in
are characterized by an estimation accuracy lower than the
mean of /(|1/;)) in €. Figure 3(a) shows the fraction of
estimates in Q; with respect to a sample of 10> unknown
states as a function of the total ensemble size in dimen-
sion d =4, d =8, and d = 12. As the figure indicates,
higher dimensions exhibit larger fractions. This can be as
large as 0.45 for d = 12, that is, almost 45% of all esti-
mates are in ;. Also, the fraction is the largest for small
ensemble sizes and rapidly decreases as the ensemble size
increases. The average estimation accuracy of estimates in
Qy is illustrated in Fig. 3(b), where the mean of the infi-
delity I(|y/;)) calculated on the states in the fraction is
depicted as a function of the ensemble size in dimension
d=4,d =8, and d = 12. This set of estimates exhibits a
mean that is one order of magnitude higher than the mean
of the infidelity on ;. Figure 3(b) also shows the mean
of the infidelity 7(|v;)) on the complement of ;. This
is below the mean infidelity depicted in Fig. 2 for small
ensemble sizes. As the ensemble size increases, the mean
infidelity /(|v;)) on the complement of €2 becomes very
close to the mean infidelity on 2.

V. EXPERIMENTAL DEMONSTRATION VIA
SINGLE-PHOTON PATH-ENCODED QUDITS

To experimentally test the method described in this
work, we generate, via the experimental setup illustrated
in Fig. 4, an eight-dimensional qudit state encoded into the
linear transverse momentum of single photons transmitted
by diffractive apertures [47—49]. In this case, the dimen-
sion of the qudit state is determined by the number of paths
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FIG. 2. The (a) mean (solid dots) and (b) median (solid stars) of /(|+;)) on £, obtained via the 3BB-QT method as a function of the
total ensemble size 3N (on a logarithmic scale for both axes) for dimensions d = 4 (purple), d = 8 (yellow), and d = 12 (blue), from
bottom to top, respectively. The shaded areas represent the corresponding interquartile ranges.

available for the photon transmission over the aperture,
which are typically addressed into spatial light modulators
(SLMs) [50,63—66]. Here, we define a multislit aperture in
the used SLMs with eight parallel slits. Then, the state of
the transmitted photons is given by [50]

_ 7
=5

1 )
ly) = T Z Ve !y, (25)

=-1

where |/) represents the state of the photon transmitted
by the /th slit, N is a normalization constant, and # and
¢; are the transmissivity and the relative phase of slit /,
respectively.

@ [,
\
.
041
\\
\\
\
0.3 5
.
.
\
(2] N\
= \
D02 L
0.14 \‘\\
o __
\\\\\\\ . .
o.0f " S R e |
10° 106 107 108

3N

FIG. 3.

The setup employed to demonstrate the estimation of
an eight-dimensional state is depicted in Fig. 4. This con-
sists of two parts, the state-preparation (SP) stage and the
projective-measurement (PM) stage (see Fig. 4). At the SP
stage, the photon source is a continuous-wave (cw) laser,
operating at 690 nm. It is combined with an acousto-optical
modulator (AOM) to generate pulses of 40 ns duration.
Then, optical attenuators (not shown in Fig. 4) placed
at the output of AOM are used to create weak coherent
states. The attenuators are calibrated to set the average
number of photons per pulse to u = 0.9. In this case, the
probability of having pulses containing at least one pho-
ton is P(u = 0.9|n > 1) ~ 59.3%. Most of the non-null
pulses contain only one photon and represent 61.7% of
the experimental runs. This type of light source is typically
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(a) A semilogarithmic graph for the fraction of unknown states in the set 2, as a function of the ensemble size for dimensions

d = 4 (solid purple dots), d = 8 (solid yellow dots), and d = 12 (solid blue dots), from bottom to top. (b) The mean of 7(|1/;)) on
(stars, from top to bottom) and on the complement of € (triangles, from bottom to top) as a function of the total ensemble size 3N
(on a logarithmic scale for both axes) for dimensions d = 4 (purple), d = 8 (yellow), and d = 12 (blue).
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OLENS _ @POLARIZER  @QWP  EILCD

FIG. 4. The experimental setup has two parts, the state-
preparation (SP) stage and the projective-measurement (PM)
stage. The source consists of a cw laser, an AOM, and calibrated
attenuators. The generated single photons are sent through four
transmissive SLMs placed in series and with each LCD at the
image plane of the previous one. SLM1 and SLM2 are config-
ured to prepare the desired qudit state, which is then is projected
onto any qudit state by means of SLM3, SLM4, and an APD. The
setup is controlled and synchronized by FPGAs at each stage. See
Sec. V for details.

used in quantum information science, since it can be seen
as a good approximation to a nondeterministic source of
single photons [67—71]. We define a multislit aperture into
the used SLMs with eight parallel slits, the width of which
is 3 pixels, with a separation of 5 pixels, where each pixel
is a square of 32-um side length.

The generated photons are then sent through a first pair
of transmissive SLMs (SLM1 and SLM2). Each SLM
is composed of two polarizers, two quarter-wave plates
(QWP), and a liquid-crystal display (LCD). By properly
configuring the polarizing optics, we set SLM1 and SLM?2
to work in amplitude-only and phase-only modulation,
respectively [72]. SLM2 is located on the image plane of
SLM1 via a 4f system with no magnification. An ampli-
tude (phase) mask with eight slits is generated by SLM1
(SLM2) with the gray levels of each pixel appropriately
set to generate the desired initial state. In order to mea-
sure over the 3d PMs required by the 3BB-QT method,
we employ a second pair of SLMs (SLM3 and SLM4)
and a pointlike avalanche photodetector (APD). SLM3 and
SLM4 are also configured for amplitude-only and phase-
only modulation, respectively. The eight slits addressed
onto these last SLMs have the gray level of the pix-
els adjusted to implement the projections required by the
method. The PM is completed with the APD positioned at
the center of the transverse Fourier plane of the last lens,
L9. In this configuration, the single-photon detection rate
is proportional to the overlap between the generated and
postselected states [65].

During the measurement process, the SP and PM stages
run automatically, synchronized and controlled by two
field-programmable gate array (FPGA) electronic units at

arate of 10 Hz. FPGAL is located at the SP stage and con-
trols the first pair of SLMs and the AOM. In our case, the
amplitude and phase masks deployed in the first pair of
SLMs remain fixed during all experimental runs to gen-
erate the same initial state |v;). In the PM stage, FPGA2
controls the second pair of SLMs and records the num-
ber of counts detected by the APD. The synchronization
between the two FPGA units allows us to project, for each
coherent weak pulse, the prepared initial state into a differ-
ent state. In order to minimize statistical fluctuations, the
experimental setup automatically runs for 10 h.

To test our tomographic method, we consider the quan-
tum state given by the superposition

1
D= —((0) — 1)+ 12) — 13) + [4) — |5) + [6) — |7)),
Vi) = =100 = 1)+ 120 = I3} + 14) = IS} + 6} = 17))

(26)

and measure it using the 3BB-QT bases [i.c., the diagonal
basis and the bases of Eq. (10)].

We calculate the probability distributions from the
recorded experimental data. With these probability dis-
tributions and application of the 3BB-QT method, the
infidelity between the estimated state and the target state
[1;) is only 0.0156. The state that is experimentally recon-
structed is shown in Fig. 5. The upper row shows the real
and imaginary parts of the reconstructed density matrix
and the lower row shows the real and imaginary parts
of the target state. As one can see, the experimental
results demonstrate the high performance of the method
for reconstructing high-dimensional quantum systems.

Re(p), Experiment

Im(p), Experiment

FIG. 5. A comparison between the real and imaginary parts
of the matrix coefficients of the experimentally estimated state
(upper row), via the experimental setup in Fig. 4, and the single-
photon path-encoded eight-dimensional target state of Eq. (26)
(lower row).
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VI. EXPERIMENTAL ESTIMATION OF
TWO-QUBIT STATES IN THE IBM
SUPERCONDUCTING QUANTUM PROCESSOR

We also employ the 3BB-QT method to estimate states
on the IBM Quantum Experience five-qubit supercon-
ducting quantum processor IBMQ-OURENSE. This quantum
device has free access via its cloud service. In this quantum
processor, we can implement any unitary transformation
acting on its qubits. Using QISKIT [73], an open-source
development framework for working with quantum com-
puters in PYTHON, we can provide quantum circuits to the
quantum processor, which are compiled into an equiva-
lent circuit involving only the machine basis gates. The
device only allows measurements on the computational
base. Therefore, measuring on a noncomputational basis B
requires the application of B to a qubit and then measure-
ment of the resulting state on the computational basis. This
procedure is repeated a fixed number of times to obtain
the required statistics. This, however, introduces noise in
the inference of the probabilities that affects the perfor-
mance of the 3BB-QT. This can be reduced by increasing
the number of repetitions. On the other hand, there are sys-
tematic errors in the preparations of the gates. Due to the
highly nontrivial preparation of the two-qubit controlled-
NOT (CNOT) gate, this has an error rate that is much higher
than that of the local gates. This is the main source of error
that affects the performance of the 3BB-QT method when
implemented in the quantum processor.

To reduce the number of CNOT gates in our experi-
ment, we prepare the following randomly chosen separable

Re(p), Experiment Im(p), Experiment

/)

FIG. 6. A comparison between the real and imaginary parts
of the matrix coefficients of the experimentally estimated state
(upper row), via the IBM superconducting quantum processor,
and a randomly chosen two-qubit separable target state (lower
row).

two-qubit pure state,

[¥) = 0.5846]00) + (0.157 + 0.2951)|01)

+ (0.608 + 0.2004)[10) + (0.062 4 0.362i)[11),
@7

and measure it using the diagonal base and the bases in
Eq. (10). Each one of them corresponds to a different cir-
cuit, which we measure using 8192 repetitions for each of
them. This leads to a set of probabilities from which we
estimate Ay in Eq. (6). Afterward, we apply the estimation
method. This procedure leads to an infidelity between the
estimated state and the target state |i) of 0.035, with an
average error per gate of 0.005. A comparison between the
real and imaginary parts of the density-matrix coefficients
of estimate |)(y| and target state |) (| is depicted in
Fig. 6, where very good agreement can be observed.

VII. CONCLUSIONS

In this paper, we introduce a method to estimate the
pure quantum states of d-dimensional quantum systems.
The method is based on three measurement bases in any
dimension. Thereby, a total of 3d PMs are employed. In
comparison, the SBB-QT [42] method requires five observ-
ables or, equivalently, 5d PMs. The method employs 2d
PMs to generate a finite set A, with 229~ pure states. The
estimate for the unknown state is given by the state in Ay
with the highest value of the likelihood function. This is
evaluated using the measurement results of the remain-
ing d PMs. We emphasize the fact that the likelihood
function is evaluated in Ay, which contributes to reduc-
ing the computational cost of the method. A set of three
fixed measurement bases {By, B, B} does not allow us to
estimate all pure d-dimensional states. States with consec-
utive vanishing coefficients or equal amplitudes cannot be
identified. However, the measurements in 5, allow us to
detect whether or not the unknown state is within this null-
measure set. If the unknown state is in the null-measure
set, the bases 3] and 3’5 can be adapted to allow its esti-
mation. Extensive numerical simulations do not indicated
the existence of other classes of state that cannot be esti-
mated. Nevertheless, this possibility cannot be ruled out.
Consequently, our method estimates all pure states with the
possible exception of a null-measure set.

We also study the estimation accuracy achieved by the
3BB-QT method with the help of the infidelity as an accu-
racy metric. We show, by means of numerical experiments,
that the 3BB-QT method reaches an accuracy similar in
median infidelity to that provided by the SBB-QT method.
However, in the case of small ensemble sizes, the mean
infidelity provided by the 3BB-QT method is one order
of magnitude higher than that reached by the 5BB-QT
method. The main reason for this is the fact that the
unknown state and its estimate provided by the 3BB-QT
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method have different signatures of the coefficients Ay .
This effect tends to vanish for higher ensemble sizes.

To experimentally prove the effectiveness of the 3BB-
QT method, we perform two experiments on different
and complementary high-dimensional quantum informa-
tion platforms. First, we use a photonic platform that relies
on the use of programmable spatial light modulators to pre-
pare and measure single eight-dimensional quantum states
encoded in the linear transverse momentum of single pho-
tons. Due to the high level of precision that can be obtained
with the SLMs, the performance of the method can be
studied properly and we demonstrate its efficiency by
achieving an infidelity of only 1.5% between the prepared
and reconstructed state. At the second implementation of
the protocol, we use the five-superconducting-qubit IBM
quantum processor IBMQ-OURENSE, which serves as a use-
ful tool to study the performance of the method in a
multipartite scenario. In this case, the observed infidelity
is also very small, at 3.5%. Taken together, these results
demonstrate the practicability of the method for the recon-
struction of high-dimensional quantum states. Since the
number of PMs required is only 3d, the 3BB-QT method
is a powerful and interesting tool for the validation of
quantum-based technologies.
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