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Low-Cost Fredkin Gate with Auxiliary Space
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Effective quantum information processing is tantamount in part to minimization of the quantum
resources needed by quantum logic gates. Here, we propose an optimization of an n-controlled-qubit
Fredkin gate with a maximum of 2n + 1 two-qubit gates and 2n single-qudit gates by exploiting auxiliary
Hilbert spaces. The number of logic gates required improves on earlier results on simulating arbitrary
n-qubit Fredkin gates. In particular, the optimal result for a one-controlled-qubit Fredkin gate (which
requires three qutrit-qubit partial-swap gates) breaks the theoretical nonconstructive lower bound of five
two-qubit gates. Furthermore, using an additional spatial-mode degree of freedom, we design a possible
architecture to implement a polarization-encoded Fredkin gate with linear optical elements.
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I. INTRODUCTION

The realization of a fully scalable universal pro-
grammable quantum computer with currently available
technology, albeit promising, remains a major challenge
in the field of quantum information science [1]. Similarly
to classical computer architectures, elementary logic gates
provide the Lego blocks for the building of large-scale
quantum computers [2]. For universal quantum computing,
it has been shown that two-qubit entangling gates and arbi-
trary single-qubit rotations are sufficient for realizing any
quantum circuit [2]. Quantum logic gates have been exper-
imentally demonstrated using ion traps [3,4], nuclear mag-
netic resonance [5], integrated optics [6,7], photons [8–11],
superconductors [12,13], atom-photon systems [14], atoms
[15,16], quantum dots [17], and nitrogen-vacancy defect
centers [18]. Yet, one of the main difficulties that hov-
ers over the true application of quantum computation in
the real world is the control and manipulation of a large
number of elementary gates in realistic experiments, with
a computational complexity (also called the cost, mea-
sured by the number of two-qubit entangling gates needed
to perform the computation) that grows exponentially
with the number of qubits. Therefore, a more effective
method is required for building universal quantum circuits
with less resource overhead and a minimum of external
manipulation.

*hrwei@ustb.edu.cn

The implementation of elementary multiqubit gates is
an important milestone on the way to a scalable quantum
computer. Multiqubit conditional gates such as Fredkin
(controlled-swap) and Toffoli (controlled-controlled-NOT)
gates are crucial for certain practical quantum information-
processing applications, ranging from quantum error cor-
rection [19] and quantum fault tolerance [20] to quantum
algorithms [21] and quantum entangling operations [22]. A
Fredkin or Toffoli gate is universal for multiqubit quantum
computing when combined with single-qubit Hardmard
gates [23,24]. In 1995, Chau and Wilczek [25] showed that
a Fredkin gate can be built using six two-body reversible
gates. In 1996, Smolin and DiVincenzo [26] constructed
a Fredkin gate with five two-qubit gates. Later, in 2015,
Ivanov et al. [27] presented an improved synthesis of a
Fredkin gate using four global or five nearest-neighbor
gates. Yu and Ying [28] demonstrated theoretically that
at least five two-qubit entangling gates are required to
simulate a three-qubit Fredkin gate. If we restrict our atten-
tion to controlled-NOT (CNOT) gates, the optimal cost of
a Fredkin gate is eight CNOT gates because of UFredkin =
I2 ⊗ UCNOTUToffoliI2 ⊗ UCNOT, where I2 is the 2 × 2 iden-
tity matrix [29,30]. Notably, the number of gates required
for the construction of quantum circuits can be further opti-
mized with the aid of auxiliary dimensions or degrees of
freedom (DOFs) [31–34]. By using multilevel information
carriers, Ralph et al. [31] and Lanyon et al. [32] reduced
the cost of a Toffoli gate from six CNOT gates [29] to three
CNOT gates, and such results beat the theoretical lower
bound of five two-qubit entangling gates [35]. Liu and Wei
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[36] also reduced the complexity of a Fredkin gate from
eight CNOT gates [29,30] to five CNOT gates assisted by
auxiliary dimensions. In other words, the architecture of
a Fredkin gate might further break the theoretical lower
bound of five [28] by using auxiliary dimensions or DOFs.

Utilizing linear optics, an auxiliary entangled pair of
photons, and two-qubit and single-qubit gates, a variety of
decomposition-based three-qubit Fredkin gates have been
proposed [37–40]. A controlled-phase-flip-based linear-
optics Fredkin gate with a maximum success probability
of 4.1 × 10−3 was proposed by Fiurášek [37] in 2006. In
2008, Gong et al. [38] presented a postselected scheme
for implementing a CNOT-based Fredkin gate with a higher
success probability of 1/192. Subsequently, Fiurášek [39]
further increased the success probability to 1/162 with a
coincidence basis, and such a scheme was experimentally
realized with a fidelity of 0.85 ± 0.03 by Ono et al. [40] in
2017. In an alternative approach, by exploiting four-photon
path-mode entanglement, Patel et al. [41] experimentally
realized a polarization Fredkin gate without decomposi-
tion in 2016. Experiments with multiple DOFs have also
been done. In 2018, a two-photon three-qubit polarization-
spatial Fredkin gate was experimentally demonstrated by
Stárek et al. [42] with a success probability of 1/9. There
was also an experiment by Urrego et al. in 2020 [43] using
polarization and orbital angular momentum.

In this study, we further reduce the cost of a three-qubit
Fredkin gate from five two-qubit gates to three fundamen-
tal qutrit-qubit gates (referred to as partial-swap gates) by
introducing auxiliary Hilbert spaces (with three levels). We
expand the qutrit (three-level) design to a qudit design
(with more than three levels) and propose a low-cost
quantum circuit for implementing an n-controlled-qubit
Fredkin gate that requires only 2n + 1 two-qubit gates
and 2n single-qudit gates. In addition, using linear optical
elements and a single-photon source, we construct a posts-
elected partial-swap gate with a success probability of 1/2
without the assistance of any auxiliary photons. Based on
our proposed gate circuit and the linear optical architecture
of the partial-swap gate, a low-cost photonic Fredkin gate
is thus achieved.

Our schemes have the following favorable features: (a)
the cost of a one-controlled-qubit Fredkin gate is three
partial-swap gates, which beats a five-CNOT-gate construc-
tion with a higher-dimensional ancilla [31,32]; (b) a spe-
cific detailed compact Fredkin gate circuit is designed; (c)
the n-controlled-qubit Fredkin gate requires only 2n + 1
two-qubit gates, and therefore it beats the previous pro-
posals that require O(n2) [2] or 2n + 3 gates [32]; (d) the
success probability of our partial-swap gate, 1/2, is better
than that of a postselected CNOT gate, 1/9 [44–47]; and (e)
optical realizations of our scheme are possible using exist-
ing technology. Moreover, our proposed resource-saving
techniques can potentially contribute to the optimization
of larger-scale quantum computational networks.

II. SIMPLIFYING FREDKIN CIRCUITS USING
HIGHER ENERGY LEVELS

A. Synthesis of a three-qubit Fredkin gate using
qutrits

Our proposal for the implementation of the simplified
three-qubit Fredkin gate is shown in Fig. 1. We present the
details of our method according to the following steps. We
assume that the system is initially prepared in an arbitrary
state as

|φ0〉 = α1|0〉c|0〉t1 |0〉t2 + α2|0〉c|0〉t1 |1〉t2

+ α3|0〉c|1〉t1 |0〉t2 + α4|0〉c|1〉t1 |1〉t2

+ α5|1〉c|0〉t1 |0〉t2 + α6|1〉c|0〉t1 |1〉t2

+ α7|1〉c|1〉t1 |0〉t2 + α8|1〉c|1〉t1 |1〉t2 , (1)

where the coefficients αi (i = 1, 2, . . . , 8) are complex
amplitudes and satisfy the condition that

∑8
i=1 |αi|2 = 1.

The subscripts c, t1, and t2 denote the control, first target,
and second target qubits, respectively.

First, the control qubit c encounters a single-qutrit gate
XA, which moves the computational state |0〉 to the third-
level auxiliary state |2〉, thereby resulting in

|φ1〉 = α1|2〉c|0〉t1 |0〉t2 + α2|2〉c|0〉t1 |1〉t2

+ α3|2〉c|1〉t1 |0〉t2 + α4|2〉c|1〉t1 |1〉t2

+ α5|1〉c|0〉t1 |0〉t2 + α6|1〉c|0〉t1 |1〉t2

+ α7|1〉c|1〉t1 |0〉t2 + α8|1〉c|1〉t1 |1〉t2 . (2)

Next, three qutrit-qubit partial-swap gates are applied to c
and t2, c and t1, and c and t2 in succession, and these opera-
tions exchange information between c and t2 (and between
c and t1) depending on whether c is a 0 or a 1 entry, i.e., the
partial-swap (p-swap) gate performs the transformations

|00〉 p-swap−−−→ |00〉, |01〉 p-swap−−−→ |10〉,
|10〉 p-swap−−−→ |01〉, |11〉 p-swap−−−→ |11〉,
|20〉 p-swap−−−→ |20〉, |21〉 p-swap−−−→ |21〉. (3)

c AX AX

1t

2t

FIG. 1. Simplified synthesis of a three-qubit Fredkin gate. The
single-qutrit gate XA completes the transformation |0〉 ↔ |2〉.
The circles �, coded with |0〉 and |1〉 entries, are used to define
the action position of a partial-swap gate, i.e., a swap gate is
encountered if and only if the input state of c is |0〉 or |1〉.
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Therefore, the three partial-swap gates change |φ1〉 to

|φ2〉 = α1|2〉c|0〉t1 |0〉t2 + α2|2〉c|0〉t1 |1〉t2

+ α3|2〉c|1〉t1 |0〉t2 + α4|2〉c|1〉t1 |1〉t2

+ α5|1〉c|0〉t1 |0〉t2 + α6|1〉c|1〉t1 |0〉t2

+ α7|1〉c|0〉t1 |1〉t2 + α8|1〉c|1〉t1 |1〉t2 . (4)

Finally, the XA gate is applied again to reshape the origi-
nal computational qubits (the state |2〉 returns back to |0〉),
thereby yielding

|φ3〉 = α1|0〉c|0〉t1 |0〉t2 + α2|0〉c|0〉t1 |1〉t2

+ α3|0〉c|1〉t1 |0〉t2 + α4|0〉c|1〉t1 |1〉t2

+ α5|1〉c|0〉t1 |0〉t2 + α6|1〉c|1〉t1 |0〉t2

+ α7|1〉c|0〉t1 |1〉t2 + α8|1〉c|1〉t1 |1〉t2 . (5)

Based on Eqs. (1)–(5), we find that the three partial-
swap gates are sufficient to implement a three-qubit Fred-
kin gate, and this realization breaks the theoretical lower
bound of five two-qubit gates [28]. The key optimiza-
tion technique involves a single-qutrit operator XA that
temporarily provides the Hilbert subspace for the control
qubit, and the XA operator completes the transformations
XA|0〉 = |2〉, XA|2〉 = |0〉, and XA|1〉 = |1〉.

B. Extension to multiple-controlled-qubit Fredkin gate
circuits

In the previous subsection, we construct Fredkin gates
for the three-qubit case. However, our optimization tech-
nique is generic and is also suitable for the multiple-qubit
case (i.e., for a system with more than three qubits).
Inspired by the work of Lanyon et al. [32], by introducing n
extra auxiliary levels into the first control-qubit carrier, we
construct an n-controlled-qubit Fredkin gate with 2(n − 1)
CNOT gates, three partial-swap gates, and 2n single-qudit
operators. A program for simulating an n-controlled-Uk
gate with 2n − 2 CNOT gates and one controlled-Uk gate
was proposed by Lanyon et al. [32], but the construction of
a controlled-Uk gate is still an open question. Here, Uk is
an arbitrary unitary operation acting on k qubits. The result

FIG. 3. Schematic illustration of the three-qubit Fredkin gate.
“PBS” represents a polarizing beam splitter, which transmits an
H -polarized photon and reflects a V-polarized photon. u, d, and t
are the input ports. 9, 9′, 10, 10′, 11, and 12 are the output ports.

of Ref. [32] indicates that 2n + 3 CNOT gates are sufficient
to simulate an n-controlled-qubit Fredkin gate.

As shown in Fig. 2, the (n + 2)-dimensional Hilbert
space is established by using single-qudit operations com-
prising XA, XB, . . ., XN for the synthesis of the n-controlled-
qubit Fredkin gate, where XA, XB, . . ., XN implement
the transformations |0〉 ↔ |2〉, |1〉 ↔ |3〉, |0〉 ↔ |4〉, . . .,
|1〉 ↔ |n〉, |0〉 ↔ |n + 1〉 when n is odd or |0〉 ↔ |2〉,
|1〉 ↔ |3〉, |0〉 ↔ |4〉, . . ., |0〉 ↔ |n〉, |1〉 ↔ |n + 1〉 when
n is even.

III. LINEAR OPTICAL FREDKIN GATES FOR
POLARIZATION-ENCODED QUBITS

We now consider a photonic implementation of the
three-qubit Fredkin gate with linear optics. The computa-
tional basis is encoded in polarization states |H 〉 = |0〉 and
|V〉 = |1〉, where |H 〉 and |V〉 are horizontally and verti-
cally polarized photons, respectively. As shown in Fig. 3,
polarizing beam splitters (PBSs) act as single-qutrit XA
gates by adding an extra spatial mode such that |2〉 =
|Hu〉 (brown), |1〉 = |Vd〉 (black), and |0〉 = |Hd〉 (black).
Henceforth, |Hi〉 (|Vi〉) represents the H - (V-)polarized
component emitted from mode i. Our next task involves
the construction of another key component, comprising the
partial-swap gate, which does not exchange the states of
the two photons if the first photon is in the state where
|2〉 = |Hu〉.

The proposed setup for implementing a linear optical
partial-swap gate is shown in Fig. 4. We assume that the

FIG. 2. Simplified synthesis of an n-
controlled-qubit Fredkin gate with 2n + 1
two-qubit gates and 2n single-qudit gates.
Single-qudit gates XA, XB, . . ., XN complete
the transformations |0〉 ↔ |2〉, |1〉 ↔ |3〉,
. . ., |0〉 ↔ |n + 1〉 when n is odd or |0〉 ↔
|2〉, |1〉 ↔ |3〉, . . ., |1〉 ↔ |n + 1〉 when n is
even. All CNOT and partial-swap gates per-
form at the qubit level. The control • (�)
turns on for an input of |1〉 (|0〉 or |1〉).
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FIG. 4. Schematic illustration of the postselected partial-swap
gate. HWP45◦

represents a half-wave plate (HWP) oriented at
45◦, resulting in |H 〉 ↔ |V〉. HWP22.5◦

(HWP67.5◦
), set to 22.5◦

(67.5◦), induces transformations |H 〉 ↔ (|H 〉 + |V〉)/√2 and
|V〉 ↔ (|H 〉 − |V〉)/√2 (|H 〉 ↔ (−|H 〉 + |V〉)/√2 and |V〉 ↔
(|H 〉 + |V〉)/√2).

state of the system is prepared in the general initial state

|ψ0〉 = α1|Hu〉|H 〉 + α2|Hu〉|V〉 + α3|Hd〉|H 〉
+ α4|Hd〉|V〉 + α5|Vd〉|H 〉 + α6|Vd〉|V〉. (6)

First, the polarizing beam splitter PBS1 transmits Hu
(brown, emitted from mode u) and Hd (black, emitted from
mode d) for the first photon into mode 1′ and mode 1,
and reflects Vd (black, emitted from mode d) for the first
photon into mode 2. PBS2 then transmits (reflects) the
H - (V-)polarized component of the second photon from
mode t into mode 4 (mode 3). Next, the photons in modes
1, 2, 3, and 4 pass through HWP45◦

, HWP45◦
, HWP67.5◦

,
and HWP22.5◦

, respectively. Here, HWP45◦
represents a

half-wave plate oriented at 45◦, which induces a bit-flip
operation |H 〉 ↔ |V〉. In addition, HWP22.5◦

, set to 22.5◦,
induces

|H 〉 ↔ 1√
2
(|H 〉 + |V〉), |V〉 ↔ 1√

2
(|H 〉 − |V〉). (7)

HWP67.5◦
, set to 67.5◦, results in

|H 〉 ↔ 1√
2
(−|H 〉 + |V〉), |V〉 ↔ 1√

2
(|H 〉 + |V〉). (8)

The operations described above change |ψ0〉 to

|ψ1〉 = 1√
2

[α1|H1′ 〉(|H4〉 + |V4〉)+ α2|H1′ 〉(|H3〉

+ |V3〉)+ α3|V1〉(|H4〉 + |V4〉)+ α4|V1〉(|H3〉
+ |V3〉)+ α5|H2〉(|H4〉 + |V4〉)+ α6|H2〉(|H3〉
+ |V3〉)]. (9)

The photons in modes 2 and 3 (1′, 1, and 4) are sub-
sequently combined at PBS3 (PBS4), and go through
HWP67.5◦

(HWP22.5◦
). These operations transform |ψ1〉

into

|ψ2〉 = 1

2
√

2
[α1(|H8′ 〉 + |V8′ 〉)(|H7〉 + |V7〉 + |H8〉

− |V8〉)+ α2(|H8′ 〉 + |V8′ 〉)(−|H5〉 + |V5〉
+ |H6〉 + |V6〉)+ α3(|H7〉 − |V7〉)(|H7〉 + |V7〉
+ |H8〉 − |V8〉)+ α4(|H7〉 − |V7〉)(−|H5〉
+ |V5〉 + |H6〉 + |V6〉)+ α5(−|H6〉 + |V6〉)
⊗ (|H7〉 + |V7〉 + |H8〉 − |V8〉)+ α6(−|H6〉
+ |V6〉)(|V5〉 − |H5〉 + |H6〉 + |V6〉)]. (10)

Finally, the photons emitted from modes 5 (6) and 8 (7)
are mixed at PBS5 (PBS6). In addition, the photons emitted
from mode 8′ are split into 9′ and 10′ by PBS5. After the
photons in modes 10, 10′, and 12 pass through HWP45◦

,
the state of the system becomes

|ψ3〉 = 1

2
√

2
[α1(|H9′ 〉 + |H10′ 〉)(|H11〉 + |H12〉

+ |H9〉 − |H10〉)+ α2(|H9′ 〉 + |H10′ 〉)(|V9〉
− |V10〉 + |V12〉 + |V11〉)+ α3(|H11〉
− |H12〉)(|H11〉 + |H12〉 + |H9〉 − |H10〉)
+ α4(|H11〉 − |H12〉)(|V9〉 − |V10〉 + |V12〉
+ |V11〉)+ α5(|V11〉 − |V12〉)(|H11〉 + |H12〉
+ |H9〉 − |H10〉)+ α6(|V11〉 − |V12〉)(|V9〉
− |V10〉 + |V12〉 + |V11〉)]. (11)

Table I shows that the quantum circuit presented in Fig. 4
completes a postselected partial-swap gate with a success
probability of 1/4. The success probability of the gate can
be enhanced to 1/2 by applying a phase shifter Pπ to mode
9 (10) when the photons are in modes 9 and 12 (10 and 11).
Here, the feedforward operation Pπ induces |H9〉 ↔ −|H9〉
and |V9〉 ↔ −|V9〉 (|H10〉 ↔ −|H10〉 and |V10〉 ↔ −|V10〉).

In the case of the construction of the three-photon Fred-
kin gate (see Fig. 3), one finds that the leftmost PBS
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TABLE I. Expected output values calculated for computational-logical-basis inputs.

〈nH9′ nH11〉 〈nH9′ nV11〉 〈nH9 nH11〉 〈nV9 nH11〉 〈nH9 nV11〉 〈nV9 nV11〉
〈nH10′ nH12〉 〈nH10′ nV12〉 〈nH10 nH12〉 〈nV10 nH12〉 〈nH10 nV12〉 〈nV10 nV12〉
〈nH9′ nH12〉 〈nH9′ nV12〉 −〈nH9 nH12〉 −〈nV9 nH12〉 −〈nH9 nV12〉 −〈nV9 nV12〉

Input 〈nH10′ nH11〉 〈nH10′ nV11〉 −〈nH10 nH11〉 −〈nV10 nH11〉 −〈nH10 nV11〉 −〈nV10 nV11〉
|Hu〉|H 〉 1/8 0 0 0 0 0
|Hu〉|V〉 0 1/8 0 0 0 0
|Hd〉|H 〉 0 0 1/8 0 0 0
|Hd〉|V〉 0 0 0 1/8 0 0
|Vd〉|H 〉 0 0 0 0 1/8 0
|Vd〉|V〉 0 0 0 0 0 1/8

changes a system composed of photons c, t1, and t2 from
the normalized arbitrary initial state |ϕ0〉 into |ϕ1〉. Here,

|ϕ0〉 = α1|H 〉c|H 〉t1 |H 〉t2 + α2|H 〉c|H 〉t1 |V〉t2

+ α3|H 〉c|V〉t1 |H 〉t2 + α4|H 〉c|V〉t1 |V〉t2

+ α5|V〉c|H 〉t1 |H 〉t2 + α6|V〉c|H 〉t1 |V〉t2

+ α7|V〉c|V〉t1 |H 〉t2 + α8|V〉c|V〉t1 |V〉t2 , (12)

|ϕ1〉 = α1|Hu〉c|H 〉t1 |H 〉t2 + α2|Hu〉c|H 〉t1 |V〉t2

+ α3|Hu〉c|V〉t1 |H 〉t2 + α4|Hu〉c|V〉t1 |V〉t2

+ α5|Vd〉c|H 〉t1 |H 〉t2 + α6|Vd〉c|H 〉t1 |V〉t2

+ α7|Vd〉c|V〉t1 |H 〉t2 + α8|Vd〉c|V〉t1 |V〉t2 . (13)

After the three partial-swap gates (depicted in Fig. 4
without feedforwards) are applied, we obtain the 16
desired outcomes |ϕ+

9,11,11〉, |ϕ+
9,11,11〉, |ϕ−

9,11,12〉, |ϕ−
9,11,12〉,

|ϕ+
9,12,11〉, |ϕ+

9,12,11〉, |ϕ−
9,12,12〉, |ϕ−

9,12,12〉, |ϕ−
10,11,11〉, |ϕ−

10,11,11〉,
|ϕ+

10,11,12〉, |ϕ+
10,11,12〉, |ϕ−

10,12,11〉, |ϕ−
10,12,11〉, |ϕ+

10,12,12〉, and
|ϕ+

10,12,12〉. Here |ϕ±
i,j ,k〉, with i ∈ {9, 10} and j , k ∈ {11, 12},

is given by

|ϕ±
i,j ,k〉 = 1

16
√

2
(α1|Hi′ 〉c|Hj 〉t1 |Hk〉t2

+ α2|Hi′ 〉c|Hj 〉t1 |Vk〉t2

+ α3|Hi′ 〉c|Vj 〉t1 |Hk〉t2

+ α4|Hi′ 〉c|Vj 〉t1 |Vk〉t2

± α5|Vi〉c|Hj 〉t1 |Hk〉t2

± α6|Vi〉c|Vj 〉t1 |Hk〉t2

± α7|Vi〉c|Hj 〉t1 |Vk〉t2

± α8|Vi〉c|Vj 〉t1 |Vk〉t2). (14)

Next, as shown in Fig. 3, the rightmost PBS converges
the photons into one mode, yielding |ϕ̃+

11,11,11〉, |ϕ̃+
11,11,11〉,

|ϕ̃−
11,11,12〉, |ϕ̃−

11,11,12〉, |ϕ̃+
11,12,11〉, |ϕ̃+

11,12,11〉, |ϕ̃−
11,12,12〉,

|ϕ̃−
11,12,12〉, |ϕ̃−

12,11,11〉, |ϕ̃−
12,11,11〉, |ϕ̃+

12,11,12〉, |ϕ̃+
12,11,12〉,

|ϕ̃−
12,12,11〉, |ϕ̃−

12,12,11〉, |ϕ̃+
12,12,12〉, and |ϕ̃+

12,12,12〉. Here, |ϕ̃±
l,m,n〉

with l, m, n ∈ {11, 12} is given by

|ϕ̃±
l,m,n〉 = 1

16
√

2
(α1|Hl〉c|Hm〉t1 |Hn〉t2

+ α2|Hl〉c|Hm〉t1 |Vn〉t2

+ α3|Hl〉c|Vm〉t1 |Hn〉t2

+ α4|Hl〉c|Vm〉t1 |Vn〉t2

± α5|Vl〉c|Hm〉t1 |Hn〉t2

± α6|Vl〉c|Vm〉t1 |Hn〉t2

± α7|Vl〉c|Hm〉t1 |Vn〉t2

± α8|Vl〉c|Vm〉t1 |Vn〉t2). (15)

Finally, the minus signs in Eq. (15) can be corrected by
applying an HWP0◦

to the mode 11 (12) of photon c if
the outgoing photons c, t1, and t2 are in modes 11, 11,

FIG. 5. Schematic illustration of the optical implementation of
an n-controlled-qubit Fredkin gate.
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and 12 or 11, 12, and 12 (12, 11, and 11 or 12, 12, and
11), respectively. Here, HWP0◦

completes |H 〉 ↔ |H 〉 and
|V〉 ↔ −|V〉.

Therefore, the quantum circuit presented in Fig. 3 com-
pletes a three-qubit Fredkin gate with a success probability
of 1/32 (see Appendix for details), which beats the value
of 1/192 given in Ref. [38]. The number of optical com-
ponents required for our scheme (a total of 50 optical
components) is similar to that for the five-CNOT-based
scheme (42 optical components) [32,36]. In addition, five
additional auxiliary entangled photon pairs are required for
implementing a five-CNOT-based Fredkin gate [7,32,36].

The optical implementation of an n-controlled-qubit
Fredkin gate with a success probability of 1/24n+1 is
depicted in Fig. 5. The 2n PBSs play the roles of 2n single-
qudit gates to provide the extra spatial modes. CNOT gates
can be optically realized with a success probability of 1/4,
assisted by entangled photon pairs [7,48].

IV. CONCLUSION

In summary, we propose an alternative optimization
of Fredkin gates using auxiliary states and partial-swap
operations. Our scheme decreases the cost of a one-
controlled-qubit Fredkin gate from the theoretical lower
bound of five two-qubit gates [28] to three partial-swap
gates using higher-dimensional Hilbert spaces. By extend-
ing the scheme to an (n + 2)-dimensional subspace for the
first control qubit, we show that three partial-swap gates
and 2(n − 1) CNOT gates supplemented with 2n single-
qudit gates are sufficient to implement an n-controlled-
qubit Fredkin gate. This gate circuit improves on previous
results [2,32]. The construction procedure can further opti-
mize a universal quantum circuit with higher-level systems
and bridge the gap towards achieving the lower bound of
(4n − 3n − 1)/4 for any n-qubit quantum gate [49]. The
properties of the extra ancilla states need to be optimized
for realizing quantum computing. For example, the com-
putational qubits can be encoded as photonic polarizations
(which provide low decoherence), and the extra ancilla
qubits can be encoded as spatial modes of a single pho-
ton (which are robust against bit-flip errors), or artificial
atoms in a cavity (which provide a long coherence time)
can be used as extra ancilla states. Alternatively, the com-
putational qubits can be encoded as electron-spin states
of a nitrogen-vacancy center (with a coherence time of
the order of milliseconds), and the extra ancilla qubits
can be encoded as nuclear-spin states (with a coherence
time of the order of seconds). Quantum computation using
catalysis with higher-dimensional Hilbert spaces has been
experimentally demonstrated in a linear optical system
[32] and a superconducting circuit [50].

We also investigate linear optical implementations of
Fredkin gates with the aid of a spatial degree of free-
dom. Without resorting to additional ancillary photons, we

design a partial-swap gate with a success probability of
1/2, which beats the CNOT gate, which has a success prob-
ability of 1/9 [44–47]. Moreover, an optical Fredkin gate
with an overall success probability of 1/32 is implemented
using the proposed three partial-swap gates. The latter con-
struction improves on previous proposals [37–39] in terms
of the quantum resource cost and the probability of success
of the gate.

Our optical implementation may be useful for univer-
sal quantum computing with linear optics. The domi-
nant imperfections for linear optical quantum computing
are photon loss, detector inefficiency, and phase errors
[51,52]. These optical errors can be reduced below the
fault-tolerance threshold by measurement and error correc-
tion, which then allows the possibility of scalable optical
quantum computing [52,53].
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V. APPENDIX: IMPLEMENTATION OF LINEAR
OPTICAL FREDKIN GATE

Following Sec. II A, we encode the computational qubit
with the polarization of a single photon in mode d, i.e.,
|0〉 ≡ |H 〉d (black in Fig. 3), |1〉 ≡ |V〉d (also black in
Fig. 3). The third level (the additional state), |2〉, is encoded
with the H -polarized component in a new mode u, i.e.,
|2〉 ≡ |H 〉u (brown in Fig. 3), and this trick is completed
by a PBS.

Based on Eqs. (6)–(11) and Table I, one finds that the
scheme in Fig. 4 completes the transformations

|Hu〉|H 〉 → |H9′ 〉|H11〉, |Hu〉|V〉 → |H9′ 〉|V11〉,
|Hd〉|H 〉 → |H9〉|H11〉, |Hd〉|V〉 → |V9〉|H11〉,
|Vd〉|H 〉 → |H9〉|V11〉, |Vd〉|V〉 → |V9〉|V11〉,

(A1)

or

|Hu〉|H 〉 → |H10′ 〉|H12〉, |Hu〉|V〉 → |H10′ 〉|V12〉,
|Hd〉|H 〉 → |H10〉|H12〉, |Hd〉|V〉 → |V10〉|H12〉,
|Vd〉|H 〉 → |H10〉|V12〉, |Vd〉|V〉 → |V10〉|V12〉,

(A2)
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or

|Hu〉|H 〉 → |H9′ 〉|H12〉, |Hu〉|V〉 → |H9′ 〉|V12〉,
|Hd〉|H 〉 → −|H9〉|H12〉, |Hd〉|V〉 → −|V9〉|H12〉,
|Vd〉|H 〉 → −|H9〉|V12〉, |Vd〉|V〉 → −|V9〉|V12〉,

(A3)

or

|Hu〉|H 〉 → |H10′ 〉|H11〉, |Hu〉|V〉 → |H10′ 〉|V11〉,
|Hd〉|H 〉 → −|H10〉|H11〉, |Hd〉|V〉 → −|V10〉|H11〉,
|Vd〉|H 〉 → −|H10〉|V11〉, |Vd〉|V〉 → −|V10〉|V11〉.

(A4)

Equations (A1) and (A2) realize a partial-swap gate, and
Eqs. (A3) and (A4) can also realize a partial-swap gate
if a phase shifter Pπ is applied to mode 9 (10) when the
photons are in modes 9 and 12 (10 and 11).

Next, we demonstrate the three-photon Fredkin gate pre-
sented in Fig. 3 based on three partial-swap gates. As
shown in Fig. 3, the leftmost PBS transforms the system
from an arbitrary normalized initial state |ϕ0〉 into |ϕ1〉.
Here,

|ϕ0〉 = α1|H 〉c|H 〉t1 |H 〉t2 + α2|H 〉c|H 〉t1 |V〉t2

+ α3|H 〉c|V〉t1 |H 〉t2 + α4|H 〉c|V〉t1 |V〉t2

+ α5|V〉c|H 〉t1 |H 〉t2 + α6|V〉c|H 〉t1 |V〉t2

+ α7|V〉c|V〉t1 |H 〉t2 + α8|V〉c|V〉t1 |V〉t2 , (A5)

|ϕ1〉 = α1|Hu〉c|H 〉t1 |H 〉t2 + α2|Hu〉c|H 〉t1 |V〉t2

+ α3|Hu〉c|V〉t1 |H 〉t2 + α4|Hu〉c|V〉t1 |V〉t2

+ α5|Vd〉c|H 〉t1 |H 〉t2 + α6|Vd〉c|H 〉t1 |V〉t2

+ α7|Vd〉c|V〉t1 |H 〉t2 + α8|Vd〉c|V〉t1 |V〉t2 . (A6)

where Hu (Vd) represents an H - (V-)polarized photon
emitted from the mode u (d).

After photons c and t2 pass through the first partial-swap
gate, we obtain two desired states,

|ϕ2a〉 = 1

2
√

2
(α1|H9′ 〉c|H 〉t1 |H11〉t2

+ α2|H9′ 〉c|H 〉t1 |V11〉t2

+ α3|H9′ 〉c|V〉t1 |H11〉t2

+ α4|H9′ 〉c|V〉t1 |V11〉t2

+ α5|H9〉c|H 〉t1 |V11〉t2

+ α6|V9〉c|H 〉t1 |V11〉t2

+ α7|H9〉c|V〉t1 |V11〉t2

+ α8|V9〉c|V〉t1 |V11〉t2), (A7)

|ϕ2b〉 = 1

2
√

2
(α1|H10′ 〉c|H 〉t1 |H12〉t2

+ α2|H10′ 〉c|H 〉t1 |V12〉t2

+ α3|H10′ 〉c|V〉t1 |H12〉t2

+ α4|H10′ 〉c|V〉t1 |V12〉t2

+ α5|H10〉c|H 〉t1 |V12〉t2

+ α6|V10〉c|H 〉t1 |V12〉t2

+ α7|H10〉c|V〉t1 |V12〉t2

+ α8|V10〉c|V〉t1 |V12〉t2). (A8)

The second partial-swap gate, acting on c and t1, yields
four desired states,

|ϕ3aa〉 = 1
8
(α1|H9′ 〉c|H11〉t1 |H11〉t2

+ α2|H9′ 〉c|H11〉t1 |V11〉t2

+ α3|H9′ 〉c|V11〉t1 |H11〉t2

+ α4|H9′ 〉c|V11〉t1 |V11〉t2

+ α5|H9〉c|H11〉t1 |V11〉t2

+ α6|H9〉c|V11〉t1 |V11〉t2

+ α7|V9〉c|H11〉t1 |V11〉t2

+ α8|V9〉c|V11〉t1 |V11〉t2), (A9)

|ϕ3ab〉 = 1
8
(α1|H10′ 〉c|H12〉t1 |H11〉t2

+ α2|H10′ 〉c|H12〉t1 |V11〉t2

+ α3|H10′ 〉c|V12〉t1 |H11〉t2

+ α4|H10′ 〉c|V12〉t1 |V11〉t2

+ α5|H10〉c|H12〉t1 |V11〉t2

+ α6|H10〉c|V12〉t1 |V11〉t2

+ α7|V10〉c|H12〉t1 |V11〉t2

+ α8|V10〉c|V12〉t1 |V11〉t2), (A10)

|ϕ3ba〉 = 1
8
(α1|H9′ 〉c|H11〉t1 |H12〉t2

+ α2|H9′ 〉c|H11〉t1 |V12〉t2

+ α3|H9′ 〉c|V11〉t1 |H12〉t2

+ α4|H9′ 〉c|V11〉t1 |V12〉t2

+ α5|H9〉c|H11〉t1 |V12〉t2

+ α6|H9〉c|V11〉t1 |V12〉t2
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+ α7|V9〉c|H11〉t1 |V12〉t2

+ α8|V9〉c|V11〉t1 |V12〉t2), (A11)

|ϕ3bb〉 = 1
8
(α1|H10′ 〉c|H12〉t1 |H12〉t2

+ α2|H10′ 〉c|H12〉t1 |V12〉t2

+ α3|H10′ 〉c|V12〉t1 |H12〉t2

+ α4|H10′ 〉c|V12〉t1 |V12〉t2

+ α5|H10〉c|H12〉t1 |V12〉t2

+ α6|H10〉c|V12〉t1 |V12〉t2

+ α7|V10〉c|H12〉t1 |V12〉t2

+ α8|V10〉c|V12〉t1 |V12〉t2). (A12)

The third partial-swap gate, acting on c and t2, yields 16
desired outcomes,

|ϕ+
9,11,11〉 = 1

16
√

2
(α1|H9′ 〉c|H11〉t1 |H11〉t2

+ α2|H9′ 〉c|H11〉t1 |V11〉t2

+ α3|H9′ 〉c|V11〉t1 |H11〉t2

+ α4|H9′ 〉c|V11〉t1 |V11〉t2

+ α5|V9〉c|H11〉t1 |H11〉t2

+ α6|V9〉c|V11〉t1 |H11〉t2

+ α7|V9〉c|H11〉t1 |V11〉t2

+ α8|V9〉c|V11〉t1 |V11〉t2), (A13)

|ϕ+
10,11,12〉 = 1

16
√

2
(α1|H10′ 〉c|H11〉t1 |H12〉t2

+ α2|H10′ 〉c|H11〉t1 |V12〉t2

+ α3|H10′ 〉c|V11〉t1 |H12〉t2

+ α4|H10′ 〉c|V11〉t1 |V12〉t2

+ α5|V10〉c|H11〉t1 |H12〉t2

+ α6|V10〉c|V11〉t1 |H12〉t2

+ α7|V10〉c|H11〉t1 |V12〉t2

+ α8|V10〉c|V11〉t1 |V12〉t2), (A14)

|ϕ−
9,11,12〉 = 1

16
√

2
(α1|H9′ 〉c|H11〉t1 |H12〉t2

+ α2|H9′ 〉c|H11〉t1 |V12〉t2

+ α3|H9′ 〉c|V11〉t1 |H12〉t2

+ α4|H9′ 〉c|V11〉t1 |V12〉t2

− α5|V9〉c|H11〉t1 |H12〉t2

− α6|V9〉c|V11〉t1 |H12〉t2

− α7|V9〉c|H11〉t1 |V12〉t2

− α8|V9〉c|V11〉t1 |V12〉t2), (A15)

|ϕ−
10,11,11〉 = 1

16
√

2
(α1|H10′ 〉c|H11〉t1 |H11〉t2

+ α2|H10′ 〉c|H11〉t1 |V11〉t2

+ α3|H10′ 〉c|V11〉t1 |H11〉t2

+ α4|H10′ 〉c|V11〉t1 |V11〉t2

− α5|V10〉c|H11〉t1 |H11〉t2

− α6|V10〉c|V11〉t1 |H11〉t2

− α7|V10〉c|H11〉t1 |V11〉t2

− α8|V10〉c|V11〉t1 |V11〉t2), (A16)

|ϕ+
9,12,11〉 = 1

16
√

2
(α1|H9′ 〉c|H12〉t1 |H11〉t2

+ α2|H9′ 〉c|H12〉t1 |V11〉t2

+ α3|H9′ 〉c|V12〉t1 |H11〉t2

+ α4|H9′ 〉c|V12〉t1 |V11〉t2

+ α5|V9〉c|H12〉t1 |H11〉t2

+ α6|V9〉c|V12〉t1 |H11〉t2

+ α7|V9〉c|H12〉t1 |V11〉t2

+ α8|V9〉c|V12〉t1 |V11〉t2), (A17)

|ϕ+
10,12,12〉 = 1

16
√

2
(α1|H10′ 〉c|H12〉t1 |H12〉t2

+ α2|H10′ 〉c|H12〉t1 |V12〉t2

+ α3|H10′ 〉c|V12〉t1 |H12〉t2

+ α4|H10′ 〉c|V12〉t1 |V12〉t2

+ α5|V10〉c|H12〉t1 |H12〉t2

+ α6|V10〉c|V12〉t1 |H12〉t2

+ α7|V10〉c|H12〉t1 |V12〉t2

+ α8|V10〉c|V12〉t1 |V12〉t2), (A18)

|ϕ−
9,12,12〉 = 1

16
√

2
(α1|H9′ 〉c|H12〉t1 |H12〉t2

+ α2|H9′ 〉c|H12〉t1 |V12〉t2

+ α3|H9′ 〉c|V12〉t1 |H12〉t2

+ α4|H9′ 〉c|V12〉t1 |V12〉t2
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− α5|V9〉c|H12〉t1 |H12〉t2

− α6|V9〉c|V12〉t1 |H12〉t2

− α7|V9〉c|H12〉t1 |V12〉t2

− α8|V9〉c|V12〉t1 |V12〉t2), (A19)

|ϕ−
10,12,11〉 = 1

16
√

2
(α1|H10′ 〉c|H12〉t1 |H11〉t2

+ α2|H10′ 〉c|H12〉t1 |V11〉t2

+ α3|H10′ 〉c|V12〉t1 |H11〉t2

+ α4|H10′ 〉c|V12〉t1 |V11〉t2

− α5|V10〉c|H12〉t1 |H11〉t2

− α6|V10〉c|V12〉t1 |H11〉t2

− α7|V10〉c|H12〉t1 |V11〉t2

− α8|V10〉c|V12〉t1 |V11〉t2), (A20)

|ϕ+
9,11,11〉 = 1

16
√

2
(α1|H9′ 〉c|H11〉t1 |H11〉t2

+ α2|H9′ 〉c|H11〉t1 |V11〉t2

+ α3|H9′ 〉c|V11〉t1 |H11〉t2

+ α4|H9′ 〉c|V11〉t1 |V11〉t2

+ α5|V9〉c|H11〉t1 |H11〉t2

+ α6|V9〉c|V11〉t1 |H11〉t2

+ α7|V9〉c|H11〉t1 |V11〉t2

+ α8|V9〉c|V11〉t1 |V11〉t2), (A21)

|ϕ+
10,11,12〉 = 1

16
√

2
(α1|H10′ 〉c|H11〉t1 |H12〉t2

+ α2|H10′ 〉c|H11〉t1 |V12〉t2

+ α3|H10′ 〉c|V11〉t1 |H12〉t2

+ α4|H10′ 〉c|V11〉t1 |V12〉t2

+ α5|V10〉c|H11〉t1 |H12〉t2

+ α6|V10〉c|V11〉t1 |H12〉t2

+ α7|V10〉c|H11〉t1 |V12〉t2

+ α8|V10〉c|V11〉t1 |V12〉t2), (A22)

|ϕ−
9,11,12〉 = 1

16
√

2
(α1|H9′ 〉c|H11〉t1 |H12〉t2

+ α2|H9′ 〉c|H11〉t1 |V12〉t2

+ α3|H9′ 〉c|V11〉t1 |H12〉t2

+ α4|H9′ 〉c|V11〉t1 |V12〉t2

− α5|V9〉c|H11〉t1 |H12〉t2

− α6|V9〉c|V11〉t1 |H12〉t2

− α7|V9〉c|H11〉t1 |V12〉t2

− α8|V9〉c|V11〉t1 |V12〉t2), (A23)

|ϕ−
10,11,11〉 = 1

16
√

2
(α1|H10′ 〉c|H11〉t1 |H11〉t2

+ α2|H10′ 〉c|H11〉t1 |V11〉t2

+ α3|H10′ 〉c|V11〉t1 |H11〉t2

+ α4|H10′ 〉c|V11〉t1 |V11〉t2

− α5|V10〉c|H11〉t1 |H11〉t2

− α6|V10〉c|V11〉t1 |H11〉t2

− α7|V10〉c|H11〉t1 |V11〉t2

− α8|V10〉c|V11〉t1 |V11〉t2), (A24)

|ϕ+
9,12,11〉 = 1

16
√

2
(α1|H9′ 〉c|H12〉t1 |H11〉t2

+ α2|H9′ 〉c|H12〉t1 |V11〉t2

+ α3|H9′ 〉c|V12〉t1 |H11〉t2

+ α4|H9′ 〉c|V12〉t1 |V11〉t2

+ α5|V9〉c|H12〉t1 |H11〉t2

+ α6|V9〉c|V12〉t1 |H11〉t2

+ α7|V9〉c|H12〉t1 |V11〉t2

+ α8|V9〉c|V12〉t1 |V11〉t2), (A25)

|ϕ+
10,12,12〉 = 1

16
√

2
(α1|H10′ 〉c|H12〉t1 |H12〉t2

+ α2|H10′ 〉c|H12〉t1 |V12〉t2

+ α3|H10′ 〉c|V12〉t1 |H12〉t2

+ α4|H10′ 〉c|V12〉t1 |V12〉t2

+ α5|V10〉c|H12〉t1 |H12〉t2

+ α6|V10〉c|V12〉t1 |H12〉t2

+ α7|V10〉c|H12〉t1 |V12〉t2

+ α8|V10〉c|V12〉t1 |V12〉t2), (A26)

|ϕ−
9,12,12〉 = 1

16
√

2
(α1|H9′ 〉c|H12〉t1 |H12〉t2

+ α2|H9′ 〉c|H12〉t1 |V12〉t2

+ α3|H9′ 〉c|V12〉t1 |H12〉t2

+ α4|H9′ 〉c|V12〉t1 |V12〉t2

− α5|V9〉c|H12〉t1 |H12〉t2
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− α6|V9〉c|V12〉t1 |H12〉t2

− α7|V9〉c|H12〉t1 |V12〉t2

− α8|V9〉c|V12〉t1 |V12〉t2), (A27)

|ϕ−
10,12,11〉 = 1

16
√

2
(α1|H10′ 〉c|H12〉t1 |H11〉t2

+ α2|H10′ 〉c|H12〉t1 |V11〉t2

+ α3|H10′ 〉c|V12〉t1 |H11〉t2

+ α4|H10′ 〉c|V12〉t1 |V11〉t2

− α5|V10〉c|H12〉t1 |H11〉t2

− α6|V10〉c|V12〉t1 |H11〉t2

− α7|V10〉c|H12〉t1 |V11〉t2

− α8|V10〉c|V12〉t1 |V11〉t2). (A28)

Subsequently, the rightmost PBS converges the pho-
tons into one controlled mode (|H9′ 〉c → |H11〉c, |V9〉c →
|V11〉c, |H10′ 〉c → |H12〉c, and |V10〉c → |V12〉c), yield-
ing |ϕ̃+

11,11,11〉, |ϕ̃+
11,11,11〉, |ϕ̃−

11,11,12〉, |ϕ̃−
11,11,12〉, |ϕ̃+

11,12,11〉,
|ϕ̃+

11,12,11〉, |ϕ̃−
11,12,12〉, |ϕ̃−

11,12,12〉, |ϕ̃−
12,11,11〉, |ϕ̃−

12,11,11〉,
|ϕ̃+

12,11,12〉, |ϕ̃+
12,11,12〉, |ϕ̃−

12,12,11〉, |ϕ̃−
12,12,11〉, |ϕ̃+

12,12,12〉, and
|ϕ̃+

12,12,12〉. Here |ϕ̃±
l,m,n〉, with l, m, n ∈ {11, 12}, is given by

|ϕ̃±
l,m,n〉 = 1

16
√

2
(α1|Hl〉c|Hm〉t1 |Hn〉t2

+ α2|Hl〉c|Hm〉t1 |Vn〉t2

+ α3|Hl〉c|Vm〉t1 |Hn〉t2

+ α4|Hl〉c|Vm〉t1 |Vn〉t2

± α5|Vl〉c|Hm〉t1 |Hn〉t2

± α6|Vl〉c|Vm〉t1 |Hn〉t2

± α7|Vl〉c|Hm〉t1 |Vn〉t2

± α8|Vl〉c|Vm〉t1 |Vn〉t2). (A29)

Finally, the minus signs in Eq. (A29) can be corrected by
applying an HWP0◦

to the mode 11 (12) of photon c if
the outgoing photons c, t1, and t2 are in modes 11, 11,
and 12 or 11, 12, and 12 (12, 11, and 11 or 12, 12, and
11), respectively. Here, HWP0◦

completes |H 〉 ↔ |H 〉 and
|V〉 ↔ −|V〉.

Based on Eqs. (A1)–(A29), one can see that Fig. 3 real-
izes a three-photon Fredkin gate with a success probability
of 1/4 × 1/4 × 1/2 = 1/32.
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