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We explore the periodically driven dynamics of two weakly coupled flux qubits and propose a scheme
to generate a maximally entangled state based on Floquet engineering. The periodic driving modifies the
quasienergy spectrum of the system and induces crossing of quasienergies, and the weak coupling between
them lifts the degeneracy of quasienergies. It is found that the phenomena of entanglement resonance of
Floquet state appear at certain values of the driving parameters, which could be demonstrated by virtue of
the Rabi-frequency spectrum and average concurrence during one driving period. Our scheme relaxes the
experimental difficulty in adjusting the static parameters of the system to establish entanglement, and may
open interesting perspectives for devising active decoherence-immune quantum-information devices.
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I. INTRODUCTION

Recently, strong periodic driving has played a pro-
found role in the research field about coherent quantum
dynamics and quantum many-body system [1–13]. Vari-
ous nontrivial effects along with a wealth of new quantum
phenomena have been discovered successively in peri-
odically driven or Floquet systems [14–24,24–34]. Other
theoretical progress includes the generic relaxation prob-
lem [35], the theory of Floquet time crystals [36], the
renormalization problem [37], dynamical freezing [38],
synchronization [17], and strong-coupling theory [39].
Experimentally, series of interesting phenomena includ-
ing many-body localization [40], unprecedented dynamics
of Rydberg atoms [11], discrete time crystals in trapped
ions [41], nuclear magnetic resonance systems [42,43],
and nitrogen-vacancy centers [44], have been found in
succession.

Controlling the quasienergy spectrum of periodi-
cally driven systems could bring more abundant quasi-
stationary-state behaviors than the static case. It provides
the possibility of controlling the complex coherent dynam-
ics of microscopic systems and generating alternative
nonequilibrium quantum states absent in the original static
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system [45–47]. Additionally, the dynamics governed by
Rabi oscillations and the commonly used rotating wave
approximation (RWA) [48] in the weak driving case breaks
down, when the system is driven strongly with the Rabi
frequency comparable to the relevant transition frequency.
It results in complex evolution dominated also by counter-
rotating wave, which could be adequately described in the
framework of Floquet theory [49,50]. On the other hand,
the superconducting flux qubits offer various prospects
to study quantum-information processing owing to their
eminent properties [51–68]. Recently, Floquet states in a
single flux qubit have been observed using quantum-state
tomography and strongly driven microwave pulses with
controllable shape [69], which pave the way to quantum
control and quantum simulation using periodically strong
driving with applications in circuit QED [12].

Inspired by these experimental and theoretical develop-
ments, we investigate the Floquet dynamics of two weakly
coupled flux qubits under strong periodic driving with dif-
ferent conditions. Here the Floquet equation can be solved
in the Sambe space [70,71] using the generalized Van
Vleck nearly degenerate perturbation theory [72,73]. We
also explore the realization of maximally entangled Flo-
quet state of flux qubits based on the technique of Floquet
engineering. Through modifying the quasienergy spectrum
by strong periodic driving, we find that the appearance
of crossing levels in the quasienergy spectrum at certain
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values of the driving parameters. We further reveal that
the presence of weak coupling between flux qubits lifts
the degeneracy of quasienergies and induces the entan-
glement resonance of Floquet state. This phenomenon can
be verified by the behaviors of the quasienergy spectrum
and time-average entanglement of Floquet states charac-
terized by the average concurrence during one driving
period. Also, the signature of entanglement resonance
could be figured out when the degeneracy of quasienergies
disappears, from the Rabi-frequency spectrum through
Fourier transform of the time-dependent population sig-
nal. Our method suggests that the entanglement protection
can be realized by suppressing decoherence in a tempo-
ral domain, when the system is initialized into a maxi-
mally entangled Floquet state. This critical result can be
used for devising active decoherence-immune quantum-
information devices.

The remainder of this paper is organized as follows. In
Sec. II, we describe the periodically driven system and
its theoretical framework. In Sec. III, the Rabi-frequency
spectrum by Fourier transform of the time-dependent pop-
ulation signal is investigated. In Sec. IV, we explore the
behaviors of Floquet spectrum and time-average entangle-
ment of Floquet states under different driving conditions.
The scheme to initialize the system into one maximally
entangled Floquet state is presented in Sec. V. In Sec. VI,
we discuss the experimental feasibility of the proposed
scheme and make a conclusion.

II. MODEL

As shown in Fig. 1,two flux qubits are weakly cou-
pled by sharing one side of a superconducting loop.
Besides, there are two microwave lines providing static
magnetic flux �s and time-periodically varying magnetic
flux �d (t) = |�d| cos (ωt) through both loops. Thus, the
total Hamiltonian of this system can be written as

Ĥ (t) =
∑
j =1,2

[
1
2

(
εσ̂ z

j +�σ̂ x
j

)
+� cos (ωt) σ̂ z

j

]
+J σ̂ z

1 σ̂ z
2 ,

(1)

where σ̂ x
j and σ̂ z

j are Pauli operators of the j th flux qubits.
ε = 2Ip (�s − �0/2) is the energy-level separation and �

is the tunneling energy between clockwise and anticlock-
wise circulating classical states (|0〉 and |1〉) of persistent
current Ip , where �0 is the flux quantum [51]. In our
scheme, the energy degeneracy point ε = 0 is considered.
� = Ip |�d| is the driving strength. J = MIp1Ip2 is the
inductively coupling strength, where M is the coefficient
of mutual induction [53,57].

For a time-periodic Hamiltonian Ĥ (t) = Ĥ (t + T)

with T = 2π/ω, any solution of the related Schrödinger
equation i∂t |
 (t)〉 = Ĥ (t) |
 (t)〉 can be decomposed by
a superposition of an orthogonal and complete set of

(t)

s

Qubit 1 Qubit 2

j

Microwave line 1

Microwave line 2
s

FIG. 1. Schematic representation of two weak coupling flux
qubits, each of which is formed by three Josephson junc-
tions (red cross) interrupting a superconducting loop with the
enlarged image shown below. The two flux qubits are coupled
by the mutual indutance J (green arrow); two microwave lines
are applied to provide a static magnetic flux �s and a time-
periodically varying magnetic flux �d (t) through the loops of
both flux qubits (blue arrow), respectively.

basis {|ur (t)〉} as |
 (t)〉 = ∑
r are−iεrt |ur (t)〉. ar is the

time-independent weighting factors of the superposition.
εr and |ur (t)〉 are called quasienergies and Floquet states
(quasienergy states), governed by the Floquet equation

ĤF |ur (t)〉 = εr |ur (t)〉 . (2)

ĤF = Ĥ (t) − i∂t is the Floquet Hamiltonian.
According to the Fourier transform, the time-periodic

Floquet state |ur (t)〉 can be expanded by a complete set
of basis vectors

{
eikωt|k ∈ Z

}
in the temporal space as

|ur (t)〉 =
∑

k

∣∣ũr,k
〉
eikωt, (3)

with
∣∣ũr,k

〉 = 1/T
∫ T

0 |ur (t)〉 e−ikωtdt. In the Sambe space
made up of the Hilbert space and the temporal space
[70,71], the so-called Floquet matrix can be written as

ĤF =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .
Ĥ (−2)

0 Ĥ1 0 0 0
Ĥ1 Ĥ (−1)

0 Ĥ1 0 0
0 Ĥ1 Ĥ (0)

0 Ĥ1 0
0 0 Ĥ1 Ĥ (1)

0 Ĥ1

0 0 0 Ĥ1 Ĥ (2)

0
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(4)
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with Ĥ (k)
0 = ∑

j =1,2 (�/2) σ̂ x
j + J σ̂ z

1 σ̂ z
2 + kω, Ĥ1 = ∑

j =1,2
(�/2) σ̂ z

j . Truncating the basis vectors of the temporal
space at e±iNωt with the convergence being guaranteed,
the quasienergies εr + nω and Floquet states einωt |ur (t)〉
in the Floquet zone [nω, nω + ω) can be obtained, where
n is an integer between −N and N . In each zone, there
are quadruplet quasienergies and Floquet states, which
can fully determine the properties of the periodic driving
system.

III. WITNESS OF QUASIENERGY SPECTRUM

Since the quasienergies determine the inherent Rabi
frequencies featured in the Floquet system, the Fourier
transform of time-dependent dynamics is an efficient way
to witness the quasienergy spectrum in experiment. Specif-
ically speaking, the Fourier expansion of an operator’s
expectation 〈
 (t)| Ô |
 (t)〉 in the Floquet system can be
written as

∑
r,r′,k,k′ arar′ei[(εr−εr′)+(k′−k)ω]t

〈
ũr,k

∣∣ Ô
∣∣ũr′,k′

〉
.

Thus, the various frequency components shown in dynam-
ical oscillations are determined by ±εR + nω, with εR =
εr − εr′ the quasienergy difference and n = k′ − k the
integer values. As the periodic driving field has the

additional symmetry cos [ω (t + T/2)] = − cos (ωt), only
components with even n are present.

Here, we focus on the dynamics of population in the
doubly excited state |11〉 as shown in Figs. 2(a) and 2(b).
Inthe weak driving regime �/� � 1 [Fig. 2(a)], the pop-
ulation is analogous to the Rabi oscillation predicted based
on the RWA. However, in the strong driving regime
[Fig. 2(b)], Rabi oscillation disappears due to the counter-
rotating wave. Making the Fourier transform on population
dynamics under different conditions, inherent Rabi fre-
quencies of the system are drawn in Figs. 2(c) and 2(d).
For a certain value of J , the bright lines representing the
frequency components have translational symmetry with
the period 2ω (ω = � for the resonant case). It is valid
in strong driving regime and disappears in weak driving
regime. There are more frequency components springing
out than the case of Floquet engineering on a single flux
qubit [69]. Besides, slightly splitting of the bright lines
occurs due to the weak coupling between two qubits.

To clarify the frequency components presented above,
we solve the Floquet equation by using the generalized
Van Vleck nearly degenerate perturbation theory [72,73]
(see more details in Appendix A). In the limit of � � �

and J � ω, the Floquet matrix can be reduced into a 4 × 4
effective matrix

(a) (b) (c)

(d) (e) (f)

FIG. 2. Population dynamics and Rabi frequencies of the two qubits driven on resonant (ω = �) are studied for different driving
strengths and coupling strengths defined in terms of �. Average population of the doubly excited state |11〉 versus time for �/� = 0.05
in (a) and �/� = 0.5 in (b) with J = 0. Density plot of the Fourier transform of population oscillations versus driving strength for
J = 0 in (c) and J/� = 0.2 in (d). Difference of quasienergies based on Floquet theory versus driving strength for J = 0 in (e) and
J/� = 0.2 in (f).

054049-3



WAN-LU SONG et al. PHYS. REV. APPLIED 14, 054049 (2020)

ĤGVV =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

J + κ�2J̃ 2
1

1
2
�J̃0

1
2
�J̃0 −κ�2J̃ 2

1

1
2
�J̃0 −J − κ�2J̃ 2

1 −κ�2J̃ 2
1

1
2
�J̃0

1
2
�J̃0 −κ�2J̃ 2

1 −J − κ�2J̃ 2
1

1
2
�J̃0

−κ�2J̃ 2
1

1
2
�J̃0

1
2
�J̃0 J + κ�2J̃ 2

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (5)

where κ = 2J/(4J 2 − ω2), J̃n = Jn (2�/ω) with Jn the
Bessel function. By solving the eigenequation of ĤGVV,
one can obtain the four quasienergies in one Floquet zone

ε1 = −J , (6)

ε2 = J + 2κ�2J̃ 2
1 , (7)

ε3 = −κ�2J̃ 2
1 −

√
�2J̃ 2

0 +
(

J + κ�2J̃ 2
1

)2
, (8)

ε4 = −κ�2J̃ 2
1 +

√
�2J̃ 2

0 +
(

J + κ�2J̃ 2
1

)2
. (9)

According to the identity principle, the Floquet state of
the time-periodic system is either symmetric or anti-
symmetric under the exchange of the qubits. For two
qubits, the antisymmetric subspace only consists of the
singlet state (|↑↓〉 − |↓↑〉) /

√
2. However, the symmet-

ric subspace is spanned by triplet states |↑↑〉, |↓↓〉,
and (|↑↓〉 + |↓↑〉) /

√
2 [|↑〉 = (|0〉 + |1〉) /

√
2 and |↓〉 =

(|0〉 − |1〉) /
√

2 are eigenstates of Pauli operator σ̂ x].
Moreover, the singlet state is always the Floquet state
|�1 (t)〉 with quasienergy ε1 and independent of the sys-
tem parameters. In addition, the transition between Floquet
states is only allowed in the symmetric subspace. Thus,
ε2,3,4 together contribute to the Rabi frequency. As shown
in Figs. 2(e) and 2(f), the transition frequencies repeatedly
appear with period 2ω (ω = � for the resonant case) due to
the interval between different Floquet zones. When J = 0,
resulting in ε2 = 0, ε3 = −ε4, the yellow solid lines, red
dotted lines, and blue dashed lines in Fig. 2(e) denote the
frequency components characterized by εi − εi + 2kω (i =
2, 3, 4), ± (

ε2 − ε3,4
) + 2kω, and ± (ε3 + ω − ε4) + 2kω,

respectively. However, when J 
= 0, the image of tran-
sition frequencies becomes more complicated due to the
weak-coupling-induced energy shift, especially the split-
ting between ε1 and ε2. Therefore, transition frequencies
derived from the quasienergies give a direct evidence for
the numerical results. However, in Figs. 2(c) and 2(d), the
bright lines representing the high-frequency components
fade away in the weak driving regime, indicating that the
fast oscillations can be neglected by RWA.

IV. FULLY ENTANGLED FLOQUET STATE

Note that the avoided crossing of the energy level of
the system could cause entanglement resonance of eigen-
states in both the time-independent Hamiltonian [74,75]
and time-periodic Hamiltonian [76]. Therefore, the sudden
splitting of the degenerate energy levels introduced by the
weak coupling between flux qubits provides the possibility
of Floquet-state entanglement. In the following we turn to
the observation of Floquet-state entanglement. The entan-
glement of the time-dependent Floquet state |ur (t)〉 could
be characterized by the time-average entanglement over
one period T, which is defined as C̄r = 1/T

∫ T
0 C [|ur (t)〉] dt

with C [|ur (t)〉] the instantaneous entanglement of |ur (t)〉
[77]. For general state ρ, the entanglement of two qubits
can be quantified using the concurrence, which is defined
as

C = max

⎧⎨
⎩0, 2λ1 −

4∑
j =1

λj

⎫⎬
⎭ , (10)

where {λ1, λ2, λ3, λ4} are the square roots of the eigen-
values of

√
ρ
(
σ̂y ⊗ σ̂y

)
ρ∗ (σ̂y ⊗ σ̂y

)√
ρ sorted in a

descending order. As we mention in Sec. III, the sin-
glet state (|↑↓〉 − |↓↑〉) /

√
2 in the antisymmetric sub-

space is the Floquet state �1 (t) with maximally entan-
glement C̄1 = 1 all the time. Consequently, we pay
attention to the other three Floquet states in the sym-
metric subspace. For the case of J = 0, the Flo-
quet states in the symmetric subspace are |�2 (t)〉 =[∣∣φ↑ (t)

〉 ∣∣φ↓ (t)
〉 + ∣∣φ↓ (t)

〉 ∣∣φ↑ (t)
〉]

/
√

2, |�3 (t)〉 = ∣∣φ↑
(t)〉 ∣∣φ↑ (t)

〉
and |�4 (t)〉 = ∣∣φ↓ (t)

〉 ∣∣φ↓ (t)
〉
. Here,

∣∣φ↑ (t)
〉 =

Ût |↑〉 and
∣∣φ↓ (t)

〉 = Ût |↓〉 denote the Floquet states for a

single-qubit case with Û (t) = exp
[
−i

∫ t
0 � cos

(
ωt′

)
dt′σ̂z

]
.

Among these Floquet states, |�1 (t)〉 is always entangled,
hence C̄2 = 1. But |�3 (t)〉 and |�4 (t)〉 are separable all
the time, resulting in C̄3 = C̄4 = 0. However, when the
coupling between two qubits is turned on, the quantum-
correlation properties of those Floquet states become com-
plex. As shown in Fig. 3,the entanglement C̄r of Floquet
state in symmetric subspace is engineered for a wide
range of driving parameters {�, ω} and different coupling
strengths J . In the weak coupling regime, C̄2 remains pre-
dominantly maximal and C̄3,4 still vanishes in a wide range
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 3. Density plots describing entanglement C̄r of the three symmetric Floquet states in the � − ω plane for different coupling
strengths J/� = 0.05 in (a)–(c), J/� = 0.2 in (d)–(f), and J/� = 0.5 in (g)–(i).

of parameters. Differently, entanglement resonance of C̄3,4
appears in the plane of parameters. When the driving fre-
quency is fixed, multiple choices of driving strength are
available for the entanglement resonance. However, com-
pared to the resonant case, the red-detuning driving leads
to a wider region with larger driving strength and the blue-
detuning driving brings a more narrow region with smaller
driving strength. With the coupling strength increasing, the
regions representing entanglement resonance are broad-
ened and shifted to overlap eventually, and the feature of
entanglement resonance will be weakened and blurred.

To understand the physics behind the entanglement reso-
nance, we investigate the relation between the quasienergy
εr and the entanglement C̄r of Floquet state |�r (t)〉. As
shown in Figs. 4(a) and 4(d),when J/� � 1, the entan-
glement C̄r is approximate to the noninteracting values.
Thus, by sweeping the driving strength, the degeneracy
in quasienergy levels of �3 (t) and �4 (t) occurs many
times. As shown in Figs. 4(b), 4(e), 4(c), and 4(f), when
J/� becomes larger, the degenerate levels are separated
and the multiple energy crossings are avoided. Note that

the points at which the level crossings are avoided match
exactly with the one where the entanglement resonance
occurs. With the coupling strength increasing, the split-
ting of the levels are becoming larger, leading to broader
entanglement resonances. In addition, one can find that
the analytical solution is approaching the numerical one
in the limit of �/�  1, which is the condition of per-
turbation approximation. From these results one can con-
clude that periodic driving modifies the quasienergy lev-
els of two flux qubits and provides an opportunity for
energy crossing of the separable Floquet states. Then, the
weak coupling between flux qubit separates the degen-
erate levels and produces avoided crossing, leading to
entanglement resonance of the original separable Floquet
states.

V. PREPARATION AND DYNAMICS OF
ENTANGLEMENT

The entanglement C̄r = 1 requires the concurrence
keeping maximal for the whole period [0, T) which implies
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FIG. 4. Quasienergies εr and entanglement C̄r of Floquet states versus resonant driving strength � for different coupling strengths
J/� = 0.000 01 in (a),(d), J/� = 0.01 in (b),(e), and J/� = 0.1 in (c),(f), respectively. The dashed lines represent the numerical
results and the solid lines represent the analytical results. The yellow, green, red, and blue lines correspond to r = 1, 2, 3, 4, respectively.

that the Floquet state |ur (t)〉 is maximally entangled all the
time. Ideally, if the system is initially prepared into a max-
imally entangled Floquet state |ur (0)〉, its time evolution is
described by the wave function |
 (t)〉 = e−iεrt |ur (t)〉. In
this way, the entanglement C̄r = 1 will be preserved, as the
concurrence is independent of the additional exponential
factor e−iεrt.

Before preparing a maximally entangled Floquet state
|ur (0)〉, three parameters should be traded off to sup-
port it. (i) To make sure that the optimal point possesses
the maximal entanglement with C̄r = 1, large coupling
strength (still being weak coupling compared to transi-
tion frequency) leading to wide peaks of entanglement
resonance is favorable for precisely locating the opti-
mal point to obtain the corresponding values of driving
parameters. (ii) Although the red-detuning (blue-detuning)
driving brings wider (narrower) peaks of entanglement
resonance, they play a less significant role than the param-
eter of coupling strength. Merely, blue-detuning driving
is more applicable when the very strong driving can-
not be achieved. (iii) When the former two parameters
are fixed, driving strength is of many alternatives among
the multiple peaks of entanglement resonance. Here we
take the maximally entangled Floquet state |ur (0)〉 =
{−0.36 − 0.08i, 0.60, 0.60, 0.35, −0.07i} supported by the
set of parameters {�/� = 4.26, ω/� = 1, J/� = 0.05}
as an example. Certainly, any other cases are worthy to
be considered as long as the maximal entanglement is
robust against the tiny fluctuation of the three parame-
ters and the Floquet state is easy to prepare with high
fidelity.

The direct coupling between qubits is the most mature
method to entangle two flux qubits. Thus, the system
for preparing entanglement can be described by a static

Hamiltonian

Ĥc =
∑
j =1,2

�

2
σ̂ x

j + J σ̂ zσ̂ z
2 . (11)

Assuming that the coupled system is initialized into the
ground state |
1 (0)〉 = |11〉, its time evolution ρ1 (t) is
governed by an ordinary Markovian master equation in the
Schrödinger picture [78,79]

ρ̇1 = −i
[
Ĥc, ρ1

]
+ D, (12)

D =
∑
j =1,2

γj

2

(
2σ̂−

j ρ1σ̂
+
j − σ̂+

j σ̂−
j ρ1 − ρ1σ̂

+
j σ̂−

j

)
, (13)

where γj and σ̂±
j are the dissipation rate and ladder

operators of the j th flux qubit. In our simulations, the
dissipation rates γ1/� = γ2/� = 0.001 are considered
for decoherence. Figures 5(a) and 5(b)record the fidelity
〈ur (0)| ρ1 (t) |ur (0)〉 and the concurrence of ρ1 (t) [77].
At the time td = 33.07/�, the fidelity reaches the maxi-
mum exceeding 95% and concurrence is close to 1. Thus,
ρF = ρ1 (td) can be taken as an approximate Floquet state
|ur (0)〉.

To protect the entanglement, the technique of Floquet
engineering can be applied. Considering decoherence, the
time evolution of periodically driven system ρ2 (t) is gov-
erned by the Floquet master equation [78,80]

ρ̇2 (t) = −i
[
Ĥ (t) , ρ2 (t)

]
+ D (t) , (14)
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FIG. 5. (a) Fidelity 〈ur (0)| ρ1 (t) |ur (0)〉 and (b) concurrence
of ρ1 (t) as a function of �t with decoherence, where � = 0, ω =
0, J/� = 0.05, and |
1 (0)〉 = |11〉. (c) Concurrence of the peri-
odically driven system ρ2 (t) as a function of �t under different
conditions: |
2 (0)〉 = |ur (0)〉 without decoherence (green solid
line) and with decoherence (red dashed line), ρ2 (0) = ρF with
decoherence (blue solid line), where �/� = 4.26, ω/� = 1, and
J/� = 0.05. (d) Concurrence of the periodically driven system
ρ2 (t) as a function of �t with decoherence, where |
2 (0)〉 =
|11〉 and �/� = 4.26, ω/� = 1 and J/� = 0.05.

D (t) =
∑
j =1,2

∑
ω̄

γj (ω̄)

2

[
2Ŝj (ω̄, t) ρ2 (t) Ŝ+

j (ω̄, t)

− Ŝ+
j (ω̄, t) Ŝj (ω̄, t) ρ2 (t) − ρ2 (t) Ŝ+

j (ω̄, t) Ŝj (ω̄, t)
]

,

(15)

with ω̄ = εr′ − εr − qω. Here, Ŝj (ω̄, t) = ∑
r′,r,q

[∑
p

〈
ũr,p

∣∣
ς̂j |ũr′,p+q〉|ur(t)〉 〈ur′ (t)|

]
is a part of Ŝj (t) rotating with

frequency ω̄, where ς̂j = σ̂+
j + σ̂−

j is the Davies operator.
Ŝ+

j (ω̄, t) is the Hermitian operator for Ŝj (ω̄, t).
In Fig. 5(c), the green solid line has confirmed that the

Floquet state |ur (t)〉 is maximally entangled all the time
for a closed system. However, the Floquet system deviates
from the perfect Floquet state by decoherence in an open
system, indicated by the red dashed line in Fig. 5(c). When
taking ρF as the initial state of the Floquet system, the

concurrence is imitating the behavior of |ur (t)〉 but accom-
panied by small oscillations caused by the fidelity smaller
than 100% [blue solid line in Fig. 5(c)]. However, it is
absolutely more stable than the result shown in Fig. 5(b),
where the concurrence frequently oscillates to zero before
it vanishes due to decoherence. Moreover, for any other
states with lower fidelity to the Floquet state |u0 (t)〉, such
as |11〉 shown in Fig. 5(d), the evolution of entanglement is
far from the behavior of the Floquet state |ur (t)〉. Longer-
time preserved entanglement with smaller oscillation can
be expected under the conditions of higher-fidelity state
preparation and less decoherence, even approaching to the
maximally entangled steady state.

VI. DISCUSSION AND CONCLUSION

We now survey the relevant experimental parameters.
All the numerical results are calculated based on the unit
of splitting energy � = 2π × 2.288 GHz. The driving
strength �/� up to 5 indicates that the amplitude of time-
periodic magnetic flux |�d| = 5.3 m�0, and the coupling
strength J/� varies from 0 to 0.5, yielding that the mutual
inductance M ranges from 0 to 1.6 pH [53,81], for the per-
sistent currents Ip = 690 nA [69]. The dissipation rate of
flux qubit is γ = 2π × 2.288 MHz in the degeneracy point
ε = 0. Additionally, the periodic driving can be approxi-
mately realized by high-speed arbitrary waveform gener-
ator [69]. Note that the periodic driving technology has
been experimentally employed in different systems, such
as trapped ions [82], nitrogen-vacancy centers [83], and
quantum-dot systems [84,85], and superconducting qubits
[69,86–88]. It paves the way to realize our proposed Flo-
quet engineering to generate entanglement between flux
qubits via entanglement resonance induced by avoided
level crossing.

In conclusion, a pair of superconducting flux qubits
driven by a strong periodic microwave field is studied. The
periodic driving effectively modifies the Floquet energy
spectrum, leading to unprecedented dynamics in the pres-
ence of weak coupling between flux qubits. In particular,
the maximally entangled state of flux qubits could be
realized based on Floquet engineering. Interestingly, the
presence of weak coupling between flux qubit lifts the
degeneracy of quasienergies and induces the entanglement
resonance of the Floquet state. Our scheme lifts greatly
the experimental difficulty in changing the static param-
eters of the system to establish entanglement. This offers
our scheme an attractive perspective in the application of
quantum-information processing. Floquet engineering is
not only an effective method for quantum control but also
a wealth of nontrivial quantum phenomena, especially in a
many-body quantum system [12]. For instance, to investi-
gate the Floquet-based scheme for quantum simulation in
flux-qubit lattices is an interesting topic.
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APPENDIX A: ANALYTICAL SOLUTIONS OF
THE FLOQUET EQUATION

According to the Fourier transform, the time-periodic
Floquet state |ur (t)〉 can be expanded by a complete set
of basis vectors

{
eikωt|k ∈ Z

}
in the temporal space as

|ur (t)〉 =
∑

k

∣∣ũr,k
〉
eikωt, (A1)

with
∣∣ũr,k

〉 = 1/T
∫ T

0 |ur (t)〉 e−ikωtdt. By substituting Eq. (A1)
into the Floquet equation, one can obtain

∑
k∈Z

[
Ĥ (k)

0

∣∣ũr,k
〉 + Ĥ1

∣∣ũr,k−1
〉 + Ĥ1

∣∣ũr,k+1
〉]

eikωt

=
∑
k∈Z

εr
∣∣ũr,k

〉
eikωt. (A2)

with Ĥ (k)
0 = ∑

i=1,2 (�/2) σ̂ x
i + J σ̂ z

1 σ̂ z
2 + kω, Ĥ1 = ∑

i=1,2
(�/2) σ̂ z

i . Furthermore, a set of equations can be extracted

from Eq. (A2) by mapping to different basis vectors eikωt,
and eventually come down to one tensor equation as

ĤF |ũr〉 = εr |ũr〉 , (A3)

with

|ũr〉 = (· · · ∣∣ũr,k−1
〉 ∣∣ũr,k

〉 ∣∣ũr,k+1
〉 · · · )T (A4)

and

ĤF =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .
Ĥ (−2)

0 Ĥ1 0 0 0
Ĥ1 Ĥ (−1)

0 Ĥ1 0 0
0 Ĥ1 Ĥ (0)

0 Ĥ1 0
0 0 Ĥ1 Ĥ (1)

0 Ĥ1

0 0 0 Ĥ1 Ĥ (2)

0
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(A5)

By introducing a perturbation parameter λ = �/2 (� � �),
the Floquet matrix can be divided into unperturbed and
perturbation parts as

ĤF = Ĥ0 + λV̂. (A6)

The aim is to reduce the infinite-dimensional Floquet
matrix ĤF into the 4 × 4 effective matrix ĥ using the gen-
eralized Van Vleck nearly degenerate perturbation theory
[72,73].

In the Sambe space, the unperturbed Hamiltonian

Ĥ0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .
J − ω 0 0 0 � 0 0 0 0 0 0 0

0 −J − ω 0 0 0 0 0 0 0 0 0 0
0 0 −J − ω 0 0 0 0 0 0 0 0 0
0 0 0 J − ω 0 0 0 −� 0 0 0 0
� 0 0 0 J 0 0 0 � 0 0 0
0 0 0 0 0 −J 0 0 0 0 0 0
0 0 0 0 0 0 −J 0 0 0 0 0
0 0 0 −� 0 0 0 J 0 0 0 −�

0 0 0 0 � 0 0 0 J + ω 0 0 0
0 0 0 0 0 0 0 0 0 −J + ω 0 0
0 0 0 0 0 0 0 0 0 0 −J + ω 0
0 0 0 0 0 0 0 −� 0 0 0 J + ω

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A7)
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is a sparse matrix with all off diagonals being zero in each
4 × 4 block, indicating that the states |�1〉, |�2〉, |�3〉, and
|�4〉 are decoupled from each other. Thus it can be reduced
into each one of the four invariant subspaces, resulting in

Ĥ0,|�i〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .
b − 2ω a 0 0 0

a b − ω a 0 0
0 a b a 0
0 0 a b + ω a
0 0 0 a b + 2ω

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A8)

with i = 1, 2, 3, 4, where b = J and a = � for i = 1, b =
−J and a = 0 for i = 2, 3, b = J and a = −� for i = 4. If
and only if the reduced Hamiltonian Ĥ0,|�i〉 is all diagonal-
ized, the unperturbed Hamiltonian Ĥ0 is diagonalized. In
each subspace, it can be verified that Ĥ0,|�i〉 can also result
from mapping a function b + 2a cos (ωt) − i(∂/∂t) into the
basis vectors

{
eikωt|k ∈ Z

}
. The reasonable solutions of

[
b + 2a cos (ωt) − i

∂

∂t

]
μ (t) = υμ (t) , (A9)

are υn = b + nω, correspondingly

μn (t) = einωt−i(2a/ω) sin(ωt) =
∑
k∈Z

Jk−n

(
−2a

ω

)
eikωt,

(A10)

with n = 0, ±1, ±2, . . ., where the Fourier transform is
done and Jk−n (−2a/ω) is the Bessel function. Conse-
quently, the unperturbed Hamiltonian Ĥ0 can be diagonal-
ized by

{∣∣�n,1
〉 ∣∣�n,2

〉 ∣∣�n,3
〉 ∣∣�n,4

〉}
, (A11)

where

∣∣�n,1
〉 =

∑
k∈Z

Jk−n

(
−2�

ω

)
eikωt |�1〉 , (A12)

∣∣�n,2
〉 = einωt |�2〉 , (A13)

∣∣�n,3
〉 = einωt |�3〉 , (A14)

∣∣�n,4
〉 =

∑
k∈Z

Jk−n

(
2�

ω

)
eikωt |�4〉 . (A15)

Taking the eigenstates of Ĥ0 as the new basis vectors of the
Sambe space, the Floquet matrix ĤF turns to be

Ĥ ′
F = Ĥ ′

0 + λV̂′, (A16)

Ĥ ′
0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .
J − ω 0 0 0 0 0 0 0 0 0 0 0

0 −J − ω 0 0 0 0 0 0 0 0 0 0
0 0 −J − ω 0 0 0 0 0 0 0 0 0
0 0 0 J − ω 0 0 0 0 0 0 0 0
0 0 0 0 J 0 0 0 0 0 0 0
0 0 0 0 0 −J 0 0 0 0 0 0
0 0 0 0 0 0 −J 0 0 0 0 0
0 0 0 0 0 0 0 J 0 0 0 0
0 0 0 0 0 0 0 0 J + ω 0 0 0
0 0 0 0 0 0 0 0 0 −J + ω 0 0
0 0 0 0 0 0 0 0 0 0 −J + ω 0
0 0 0 0 0 0 0 0 0 0 0 J + ω

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(A17)
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V̂′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .
0 J̃0 J̃0 0 0 J̃−1 J̃−1 0 0 J̃−2 J̃−2 0
J̃0 0 0 J̃0 J̃1 0 0 J̃−1 J̃2 0 0 J̃−2

J̃0 0 0 J̃0 J̃1 0 0 J̃−1 J̃2 0 0 J̃−2

0 J̃0 J̃0 0 0 J̃1 J̃1 0 0 J̃2 J̃2 0
0 J̃1 J̃1 0 0 J̃0 J̃0 0 0 J̃−1 J̃−1 0

J̃−1 0 0 J̃1 J̃0 0 0 J̃0 J̃1 0 0 J̃−1

J̃−1 0 0 J̃1 J̃0 0 0 J̃0 J̃1 0 0 J̃−1

0 J̃−1 J̃−1 0 0 J̃0 J̃0 0 0 J̃1 J̃1 0
0 J̃2 J̃2 0 0 J̃1 J̃1 0 0 J̃0 J̃0 0

J̃−2 0 0 J̃2 J̃−1 0 0 J̃1 J̃0 0 0 J̃0

J̃−2 0 0 J̃2 J̃−1 0 0 J̃1 J̃0 0 0 J̃0

0 J̃−2 J̃−2 0 0 J̃−1 J̃−1 0 0 J̃0 J̃0 0
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A18)

with J̃n = Jn (2�/ω), where the properties of Bessel
function, such as Jn (z) = J−n (−z), Jn (y + z) = ∑

mJm (y)Jn−m (z), Jn−1 (z) + Jn+1 (z) = (2n/z)Jn (z), and∑
m Jm (z)Jm−n (z) = ∑

m Jm (z)J−m+n (−z) = Jn (0) =
δn0, are utilized.

From the matrix structure of Ĥ ′
F , one can identify that

the states
∣∣�0,1(4)

〉
are coupled to

∣∣�n,2(3)

〉
throughout the

off-diagonal terms (�/2)J̃n. When
∣∣�0,1(4)

〉
and

∣∣�n,2(3)

〉
are generated, then the 4 × 4 effective matrix ĥ can be
obtained by neglecting all other coupling terms except the
ones between

∣∣�0,1(4)

〉
and

∣∣�n,2(3)

〉
. According to the per-

turbation theory, ĥ and its eigenstates φi can be expanded
in powers of λ as

ĥ =
∞∑

m=0

λmĥ(m), (A19)

φi =
∞∑

m=0

λmφ
(m)
i , (A20)

with i = 1, 2, 3, 4. For n-photon resonance, the expected
values of Ĥ ′

F in states
∣∣�0,1(4)

〉
,
∣∣�n,2(3)

〉
are nearly degen-

erate when the condition J ≈ −J + nω is satisfied. In this
situation, the zeroth-order eigenstates are given by

φ
(0)

1(4) = ∣∣�0,1(4)

〉
, (A21)

φ
(0)

2(3) = ∣∣�n,2(3)

〉
, (A22)

and the zeroth-order matrix ĥ(0) is represented by

ĥ(0) =

⎛
⎜⎝

J 0 0 0
0 −J + nω 0 0
0 0 −J + nω 0
0 0 0 J

⎞
⎟⎠ . (A23)

Following the GVV method, a few high-order terms can
be obtained as

φ
(1)

1 =
∑

k 
=−n

J̃k

2J + kω
(∣∣�−k,2

〉 + ∣∣�−k,3
〉)

, (A24)

φ
(1)

2 =
∑

k 
=−n

−1
2J + kω

[
J̃k

∣∣�k+n,1
〉 + J̃−k

∣∣�k+n,4
〉]

,

(A25)

φ
(1)

3 =
∑

k 
=−n

−1
2J + kω

[
J̃k

∣∣�k+n,1
〉 + J̃−k

∣∣�k+n,4
〉]

,

(A26)

φ
(1)

4 =
∑

k 
=−n

J̃−k

2J + kω
(∣∣�−k,2

〉 + ∣∣�−k,3
〉)

. (A27)

ĥ(1) =

⎛
⎜⎜⎜⎝

0 J̃−n J̃−n 0
J̃−n 0 0 J̃n

J̃−n 0 0 J̃n

0 J̃n J̃n 0

⎞
⎟⎟⎟⎠ , (A28)
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ĥ(2) =
∑

k 
=−n

1
2J + kω

⎛
⎜⎜⎜⎜⎝

2J̃ 2
k 0 0 2J̃−kJ̃k

0 −
[
J̃ 2

k + J̃ 2
−k

]
−

[
J̃ 2

k + J̃ 2
−k

]
0

0 −
[
J̃ 2

k + J̃ 2
−k

]
−

[
J̃ 2

k + J̃ 2
−k

]
0

2J̃−kJ̃k 0 0 2J̃ 2
−k

⎞
⎟⎟⎟⎟⎠ , (A29)

ĥ(3) =
∑

k 
=−n

⎛
⎝∑

l
=−n

−2
[
J̃lJ̃k+l+n + J̃−lJ̃−(k+l+n)

]
(2J + kω) (2J + lω)

⎞
⎠

⎛
⎜⎜⎜⎝

0 J̃k J̃k 0
J̃k 0 0 J̃−k

J̃k 0 0 J̃−k

0 J̃−k J̃−k 0

⎞
⎟⎟⎟⎠ . (A30)

Finally, the infinite-dimensional Ĥ ′
F is reduced into a 4 × 4 effective matrix

ĥ =
∑

k 
=−n

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

J + ηk

2
�2J̃ 2

k
1
2
�J̃−n − ξk

4
�3J̃k

1
2
�J̃−n − ξk

4
�3J̃k

ηk

2
�2J̃−kJ̃k

1
2
�J̃−n − ξk

4
�3J̃k −J + nω − ηk

4
�2

[
J̃ 2

k + J̃ 2
−k

]
−ηk

4
�2

[
J̃ 2

k + J̃ 2
−k

] 1
2
�J̃n − ξk

4
�3

kJ̃−k

1
2
�J̃−n − ξk

4
�3J̃k −ηk

4
�2

[
J̃ 2

k + J̃ 2
−k

]
−J + nω − ηk

4
�2

[
J̃ 2

k + J̃ 2
−k

] 1
2
�J̃n − ξk

4
�3J̃−k

ηk

2
�2J̃−kJ̃k

1
2
�J̃n − ξk

4
�3J̃−k

1
2
�J̃n − ξk

4
�3J̃−k J + ηk

2
�2J̃ 2

−k

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(A31)

with

ηk = 1
2J + kω

, (A32)

ξk =
∑
l
=−n

J̃lJ̃k+l+n + J̃−lJ̃−(k+l+n)

(2J + kω) (2J + lω)
. (A33)

Therefore the four quasi-energies in one Floquet zone can
be obtain by diagonalizing the 4 × 4 effective Hamiltonian.

In the weak coupling limit, i.e., J � ω, the near degen-
erate condition J ≈ −J + nω can be satisfied by n = 0.
After neglecting �3 terms and η|k|≥2 terms, the effective
Hamiltonian is simplied to

ĤGVV =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

J + κ�2J̃ 2
1

1
2
�J̃0

1
2
�J̃0 −κ�2J̃ 2

1

1
2
�J̃0 −J − κ�2J̃ 2

1 −κ�2J̃ 2
1

1
2
�J̃0

1
2
�J̃0 −κ�2J̃ 2

1 −J − κ�2J̃ 2
1

1
2
�J̃0

−κ�2J̃ 2
1

1
2
�J̃0

1
2
�J̃0 J + κ�2J̃ 2

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A34)

with κ = 2J/(4J 2 − ω2), where the property of Bessel
function J−k (z) = (−1)k Jk (z) is used. And the four
quasienergies are

ε1 = −J , (A35)

ε2 = J + 2κ�2J̃ 2
1 , (A36)

ε3 = −κ�2J̃ 2
1 −

√
�2J̃ 2

0 +
(

J + κ�2J̃ 2
1

)2
, (A37)
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ε4 = −κ�2J̃ 2
1 +

√
�2J̃ 2

0 +
(

J + κ�2J̃ 2
1

)2
. (A38)
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