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Forced Imbibition in Stratified Porous Media
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Imbibition in a porous medium plays a central role in diverse energy, environmental, and industrial
processes. In many cases, the medium has multiple parallel strata of different permeabilities; however,
how this stratification impacts imbibition is poorly understood. We address this gap in knowledge by
directly visualizing forced imbibition in three-dimensional porous media with two parallel strata. We find
that imbibition is spatially heterogeneous: for a small capillary number Ca, the wetting fluid preferentially
invades the fine stratum, while for Ca above a threshold value, the fluid instead preferentially invades
the coarse stratum. This threshold value depends on the medium geometry, the fluid properties, and the
presence of residual wetting films in the pore space. These findings are well described by a linear stability
analysis that incorporates crossflow between the strata. Thus, our work provides quantitative guidelines
for predicting and controlling flow in stratified porous media.
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I. INTRODUCTION

Imbibition, the process by which a wetting fluid dis-
places a nonwetting fluid from a porous medium, plays
crucial roles in our lives. It underlies key energy processes,
such as oil or gas recovery [1–4] and water management in
fuel cells [5]; environmental processes, such as geological
CO2 sequestration [6–9], groundwater-aquifer remedia-
tion [10,11], and moisture infiltration in soil and wood
[12–14]; and diverse other applications including oper-
ation of chemical reactors [15] and wicking in fabrics
[16,17], paper microfluidics [18], building materials [19–
21], and diagnostic devices [22]. As a result, the physics
of imbibition has been studied widely. For homogeneous
media with disordered pores of a single mean size, it
is now understood how different invasion dynamics and
flow patterns can arise depending on the pore size, solid
wettability, and surface roughness, as well as the fluid vis-
cosity, interfacial tension, and flow boundary conditions
[8,23–36].

However, in many cases, porous media are not homoge-
neous. Instead, they can have parallel strata, characterized
by different mean pore sizes, oriented along the direc-
tion of macroscopic fluid flow [37–40]; these can further
impact the interfacial dynamics in complex ways [37–44].
The ability to predict and control imbibition in stratified
porous media is therefore both fundamentally interest-
ing and of critical practical importance. Unfortunately,
the multiscale nature of this process poses a challenge: it
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involves a complex interplay between pore-scale capillary
forces driving imbibition in the different strata, transverse
viscous forces due to crossflow between strata, and lon-
gitudinal viscous forces due to macroscopic flow through
the medium. A scaling analysis of these forces suggests
that heterogeneous-invasion behaviors can arise at dif-
ferent values of the capillary number Ca ≡ μw(Q/A)/γ

[43], which quantifies the relative importance of viscous
and capillary forces at the pore scale; μw is the wetting-
fluid dynamic shear viscosity, Q is the volumetric flow
rate, A is the overall cross-section area of the medium,
and γ is the interfacial tension between the fluids. How-
ever, systematic study of these dynamics is lacking and
thus the physics of imbibition in stratified porous media
remains poorly understood. Some studies have indicated
that heterogeneous invasion can arise during spontaneous
imbibition from a bulk fluid reservoir [45,46] but have
not investigated the distinct case of forced imbibition at
a fixed flow rate and have overlooked the possible influ-
ence of residual wetting films—both key characteristics
of many applications [47]. Other studies have provided
tantalizing evidence that different heterogeneous-invasion
behaviors can arise during forced imbibition but have only
probed a narrow range of flow rates [48–50], focused on
bulk fluid saturation [44,48,51], have explored small dif-
ferences in pore size between strata [44,44,48,50,52–55],
or have not provided detailed characterization of resid-
ual wetting films [44,48,49]. Hence, a full understanding
of forced imbibition in stratified porous media remains
lacking.

Here, we use confocal microscopy to directly visualize
forced imbibition in stratified three-dimensional (3D)
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porous media. We find dramatically different invasion
behaviors depending on the imposed Ca. For sufficiently
small Ca, the wetting fluid preferentially invades the fine
stratum; by contrast, above a threshold Ca, the wetting
fluid preferentially invades the coarse stratum instead. The
threshold value depends on the medium geometry, the fluid
properties, and the presence of residual wetting films in
the pore space. Our experimental results can be rational-
ized by a linear stability analysis that considers the bal-
ance of capillary and viscous forces, along with crossflow
between the strata, during the incipient stage of invasion.
Together, these results elucidate the heterogeneous dynam-
ics of imbibition and provide quantitative guidelines for
predicting and controlling flow in stratified porous media.

II. EXPERIMENTAL METHOD

We construct each porous medium by lightly sintering
densely packed borosilicate glass beads in a thin-walled
square quartz capillary with total cross-section area A =
4 or 9 mm2, following our previous work [41,56]. As
shown in Fig. 1, we arrange beads of different mean
diameters in parallel coarse and fine strata that have
different properties denoted by the subscripts c and f ,

(a)

(b)

FIG. 1. An overview of experiments in stratified porous media.
(a) A schematic of the experimental setup. We use confocal
microscopy to visualize imbibition in 3D stratified media com-
posed of sintered packings of glass beads of different sizes. (b)
An optical section acquired within a stratified medium. The pore
space is saturated with the fluorescently dyed wetting fluid and
the black circles show cross sections of the beads making up the
medium. The scale bar denotes 1 mm.

respectively, with the interface between the strata run-
ning along the direction of imposed flow. The mean
bead diameters are dc = 330 ± 30 μm and df = 42 ±
4 μm and a slight polydispersity in the bead sizes results
in the formation of a disordered packing in each stra-
tum. The strata have the same length � varying from
1.4 to 6.5 cm, porosity φ ≈ 41% [56], and cross-section
areas Ac and Af , with Ac/Af varying between 0.2 to 4.
The difference in the bead sizes results in a large dif-
ference in the absolute permeabilities of the strata; we
estimate these using the Kozeny-Carman equation that
has previously been validated for bead packings, ki =
φ3

i d2
i /180(1 − φi)

2 [56,57], where i ∈ {c, f } denotes the
stratum, yielding kc ≈ 120 μm2 and kf = 1.9 μm2. The
permeability ratio is then kc/kf ≈ 60, comparable to the
permeability ratio that characterizes many naturally occur-
ring strata [40].

To enable imaging of imbibition within the media, we
use fluids with compositions that are carefully chosen so
that their refractive indices match that of the glass beads,
minimizing light scattering from the solid surfaces. The
wetting fluid is a mixture of 91.6 wt% dimethyl sulfox-
ide (DMSO) and 8.4 wt% water, with μw = 2.7 mPa s.
We dye the wetting fluid with 0.005 wt% Rhodamine 6G
to visualize it using laser fluorescence. The nonwetting
fluid is a mixture of aromatic and aliphatic hydrocarbons
(Cargille refractive-index liquids) with dynamic shear vis-
cosity μnw = 16.8 mPa s, also formulated so that its refrac-
tive index matches with that of the wetting fluid and the
glass beads. The interfacial tension between the wetting
and nonwetting fluids is γ ≈ 13 mN/m and the three-
phase contact angle between the wetting fluid and glass
in the presence of the nonwetting fluid is θ ≈ 5◦ [56]; we
therefore take cos θ ≈ 1.

During each experiment, we displace undyed nonwet-
ting fluid from the pore space by injecting the dyed wetting
fluid at a constant flow rate Q, corresponding to a fixed cap-
illary number Ca. To visualize the dynamics of the fluid
displacement, we use confocal fluorescence microscopy
to continually acquire successive images, each with a lat-
eral area of 3169 × 3169 μm2 at a depth of approximately
300 μm within the medium and spanning the entire cross
section of the medium. The imaging depth corresponds
to approximately 10 close-packed beads deep within the
fine stratum and we assume that our measurements of
the interfacial dynamics are not influenced by the bound-
aries, which likely impact the flow at the walls of the
capillary—assessing the influence of any possible bound-
ary effects would be an important direction for future
work. The brightness in the images [see, e.g., Fig. 1(b)]
reflects the fluorescent signal from the dyed wetting fluid
as it invades the pore space; the undyed nonwetting fluid
appears dark and we identify the glass beads by their
contrast with the dyed wetting fluid, as shown by the
micrograph in Fig. 1(b).
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III. PRIMARY IMBIBITION

We first investigate the case of primary imbibition at
a Ca of approximately 2 × 10−5, for which the medium
is initially fully saturated with the nonwetting fluid and
therefore does not contain residual wetting films prior
to imbibition. We investigate the influence of such films
in the next section. The invasion dynamics are strongly
heterogeneous: the wetting fluid enters both strata but it
preferentially invades the fine stratum, as shown by the
micrograph in Fig. 2(a). We quantify these dynamics by
tracking the region invaded in each stratum over time,
shown by the kymograph in Fig. 2(b); the positions at
which the fine and coarse strata are invaded are shown
in green and magenta, respectively, while the positions
at which both strata are invaded are shown in white. As
indicated by the straight boundaries in the kymograph,
the wetting fluid invades each stratum at nearly constant

speed, with the fine stratum invaded approximately twice
as fast.

To further explore the dynamics of imbibition, we repeat
this experiment at a larger Ca. For a transition region 2 ×
10−5 � Ca � 6 × 10−5, both strata are invaded at similar
speeds, as shown in Figs. 2(c) and 2(d). Further, at even
larger Ca of approximately 6 × 10−5, we observe strik-
ingly different invasion dynamics: in this case, the wetting
fluid preferentially invades the coarse stratum, as shown in
Fig. 2(e). In stark contrast to imbibition at Ca = 2 × 10−5,
here the wetting fluid invades the coarse stratum approxi-
mately 5 times faster than it does the fine stratum, as shown
by the kymograph in Fig. 2(f). Thus, the heterogeneous-
invasion behavior underlying imbibition appears to dra-
matically change around a threshold Ca between 2 and
6 × 10−5. We confirm this expectation using further exper-
iments performed at varying Ca, Ac/Af , and �. For small
Ca < 2 × 10−5, the wetting fluid preferentially invades the

(a) (b)

(c)

(e)

(g)

(f)

(d)

FIG. 2. The heterogeneous-invasion behavior during primary imbibition. (a),(c),(e) Optical sections through the entirety of three
stratified porous media, obtained a time t after the wetting fluid begins to invade each medium. The red region shows the dyed wetting
fluid while the black shows the undyed nonwetting fluid, which initially fully saturates the pore space. The imposed flow direction
is from left to right. The scale bars denote 1 mm. (b),(d),(f) Kymographs showing the positions at which the fine and coarse strata
are invaded in green and magenta, respectively, while the positions at which both strata are invaded are shown in white, as they vary
over time. At a low capillary number Ca, wetting fluid preferentially invades the fine stratum, as shown in (a) and (b). At a moderate
Ca, the wetting fluid simultaneously invades both strata, as shown in (c) and (d). At a sufficiently large Ca, the wetting fluid instead
preferentially invades the coarse stratum, as shown in (e) and (f). (e) A summary of primary imbibition experiments performed at
different Ca; the green and magenta points indicate preferential invasion into the fine and coarse strata, respectively, while the yellow
points indicate that both strata are invaded at similar speeds. Specifically, to identify the yellow points, we measure the initial speed
of the fluid-fluid interface in each stratum and apply the quantitative criterion that an experiment is in the transitional regime when
the speed difference is ≤ 20% the speed of the faster-moving interface. A magenta square and a magenta cross are overlapping. The
circles, squares, diamonds, down-pointing triangles, up-pointing triangles, and crosses indicate 0.2 ≤ Ac/Af < 0.7 and 1.4 ≤ � < 2.0
cm, 0.2 ≤ Ac/Af < 0.7 and 2.0 ≤ � < 3.0 cm, 0.7 ≤ Ac/Af < 1.5 and 1.4 ≤ � < 2.0 cm, 0.7 ≤ Ac/Af < 1.5 and 2.0 ≤ � < 3.0 cm,
0.7 ≤ Ac/Af < 1.5 and � ≥ 3.0 cm, and Ac/Af ≥ 1.5 and 2.0 ≤ � < 3.0 cm, respectively.
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fine stratum, as shown by the green points in Fig. 2(g); con-
versely, for sufficiently large Ca > 6 × 10−5, the wetting
fluid preferentially invades the coarse stratum, as shown by
the magenta points. The transitional behavior in between
these regimes is shown by the yellow points.

To understand this complex flow behavior, we analyze
the distribution of pressures in each fluid and each stra-
tum. First, we make the standard assumption that the flow
is only along the length of the medium—strata cannot
exchange fluid with each other in the transverse direc-
tion, as assumed in conventional “pore-doublet” models
of heterogeneous porous media [58–60]. In each stratum,
the invasion of the wetting fluid into the pores is guided
by capillary suction; the pressure in the wetting fluid is
reduced by the capillary pressure pc,i ∼ γ /ai compared
to the nonwetting fluid at the interface between the two,
where ai ≈ 0.08di is the pore-throat radius [61–65]. The
pressure gradient in each fluid is described by Darcy’s law,
∂pi/∂x = −μj qi/ki, where x represents the distance from
the inlet, j ∈ {w, nw} denotes the wetting- or nonwetting-
fluid phase, and qi ≡ Qi/Ai is the flux associated with the
volumetric flow rate Qi in each stratum. The fluid pressure
is equal across the strata at the inlet and outlet and the sum
of the flow rates is fixed throughout, at Qc + Qf = Q. This
model is sketched in Fig. 3(a), which also indicates fluid
crossflow between strata qcf and qfc; however, in this initial
version of the model, we set both of these terms to zero.

To describe the invasion dynamics, we perform a lin-
ear stability analysis of this model at the incipient stage
of imbibition, at which the wetting fluid begins to invade
the medium from the inlet. Specifically, we perturb the
position of the wetting-fluid–nonwetting-fluid interface in
the coarse stratum by a small amount and determine the
conditions under which this perturbation grows or shrinks,
as detailed further in the Appendix. This analysis reveals
that—similar to the experimental findings—the wetting
fluid preferentially invades the fine stratum for Ca < Ca∗

0
and, instead, preferentially invades the coarse stratum for
Ca > Ca∗

0, with the threshold value given by

Ca∗
0 = 2μw/μnw

�
(
1/kf − 1/kc

)
(

1
af

− 1
ac

)
. (1)

This analysis quantifies the intuition provided by a scal-
ing analysis of the underlying pressures [43]. In particular,
at low flow rates, capillarity dominates the viscous effects
and we therefore expect the wetting fluid to imbibe faster
into the fine stratum, for which the capillary suction ∝ 1/ai
is stronger. By contrast, at larger flow rates, the viscous
effects become comparable and eventually dominate the
capillarity and we therefore expect the wetting fluid to
imbibe faster into the coarse stratum, for which the perme-
ability ki ∝ a2

i is larger and thus the viscous pressure drop
∝ 1/a2

i is lower. We use the experimental measurements
performed at varying Ca, Ac/Af , and � to directly test this

(a)

(b)

(c)

FIG. 3. (a) A schematic of the theoretical model of imbibi-
tion in stratified porous media. We consider two parallel porous
strata i ∈ {f , c} oriented along the x direction with equal length
� but with different pore-throat sizes ai, absolute permeabilities
ki, cross-section areas Ai, flow rates Qi, and extent of invasion
by the wetting fluid xi. Crossflow upstream and downstream
of the wetting-fluid–nonwetting-fluid interface is represented by
the flow rates per unit length along the x direction qcf and qfc.
(b) In the absence of crossflow, a linear stability analysis pre-
dicts a transition between invasion behaviors at Ca = Ca∗

0; the
experiments exceed this prediction by a factor of approximately
5. (c) Incorporating crossflow, our analysis predicts a transition
between invasion behaviors at Ca = Ca∗, where Ca∗ is given
by Eq. (2), in good agreement with the experimental data. The
symbols are as described in the caption to Fig. 2.

prediction, as shown by the different symbols in Fig. 3(b).
Despite the qualitative agreement between the predictions
of the linear stability analysis and the experimental obser-
vations, we do not find quantitative agreement: Eq. (1)
underpredicts the transition by a factor of approximately
5, as shown by the transition between preferential inva-
sion of the fine stratum (green points) or the coarse stratum
(magenta points) in Fig. 3(b), suggesting that the model,
which lacks crossflow, is incomplete.

Previous theoretical work suggests that crossflow
between strata can impact immiscible-fluid displacement
[43,44]. Inspired by this work, we incorporate crossflow in
the model, both upstream and downstream of the wetting-
fluid–nonwetting-fluid interface, as indicated in Fig. 3(a).
Specifically, we introduce the ansatz that a difference in
pressures in the strata at a given longitudinal position x
drives a transverse crossflow between the strata: qij (x) =
αij (pi(x) − pj (x)), where qij is the transverse volumetric
flow rate from stratum i to stratum j per unit length along
the medium and αij is a proportionality constant. Perform-
ing a linear stability analysis of this extended model at
the incipient stage of imbibition (see the Appendix) again
yields the prediction that the wetting fluid preferentially
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invades the fine stratum for Ca < Ca∗ and instead prefer-
entially invades the coarse stratum for Ca > Ca∗, with the
threshold value now given by

Ca∗ = Ca∗
0

+ μw

γ �
(
1/kf − 1/kc

)

×
(

1
kf Af

+ 1
kcAc

) ∫ �

0

∫ ξ

0
qfc(x) dx dξ , (2)

with

qfc(x) = αfc
(
pc,f − pc,c

)
(1 − x/�)

1 + αfc (μnw/2)
(

1
kcAc

+ 1
kf Af

)
x(� − x)

; (3)

here, αfc ≈ C/μnw

(
k−1

f + k−1
c

)
and C is a constant that

we take to be equal to 0.5. Notably, the crossflow term
in Eq. (3) is positive, indicating that crossflow increases
the threshold capillary number and suppresses invasion
of the coarse stratum. This is due to the fact that cross-
flow here moves the nonwetting fluid from the fine stratum
to the coarse stratum, reducing the overall viscous dis-
sipation; therefore, one has to increase Ca even further
for viscous effects to become comparable to capillarity.
A detailed analysis of how Ca∗ depends on the geomet-
rical characteristics of the strata is given in the Appendix.
We use our experimental measurements to test this pre-
diction again. Remarkably, we find excellent agreement
between the experimental results and Eq. (3), with the
transition between invasion behaviors arising at approxi-
mately Ca∗, as shown in Fig. 3(c). This close agreement
demonstrates the validity of our theory and indicates that
crossflow between strata impacts imbibition in stratified
porous media.

IV. SECONDARY IMBIBITION

Many key processes, such as oil or gas recovery,
groundwater remediation, and geological CO2 seques-
tration, involve secondary imbibition—imbibition in a
medium with pre-existing residual wetting films [66–78].
Such films are thought to impact the invasion dynamics,
although investigations of this behavior are woefully lack-
ing; scattering of light from the film surfaces typically
precludes direct characterization of their structure and their
impact on the flow. Our experimental platform overcomes
this challenge due to the close match between the refractive
indices of the wetting fluid, the nonwetting fluid, and the
glass beads. To generate residual wetting films, we inject
the nonwetting fluid at a large flow rate Qnw = 500 mL/h
into media that are initially saturated with the wetting fluid.
At this large flow rate, the nonwetting fluid invades the
pore space of both strata [41], within which it is surrounded

by residual films of the wetting fluid that remain trapped in
the crevices and along the solid surfaces of the medium
[26,27,67–78]. A magnified 3D reconstruction is shown in
Fig. 4(a): thick pendular rings are formed at the contacts
between beads, while thinner films of thickness h coat the
surfaces of the beads.

We then commence secondary imbibition by reinjecting
the wetting fluid into the medium. Again, we observe dif-
ferent invasion behaviors at different Ca: at small Ca, the
fluid preferentially invades the fine stratum, as exemplified
by Fig. 4(b), while at sufficiently large Ca, we find that both
strata are invaded at comparable speeds, as exemplified by
Fig. 4(c). However, unlike in primary imbibition, we do
not observe preferential invasion into the coarse stratum at
the largest Ca tested. Instead, as summarized in Fig. 4(d),
the presence of residual wetting films extends the transition
between invasion behaviors by a factor of approximately
2.5, to Ca � 5 × 10−5.

To describe this behavior, we examine the alteration to
the flow dynamics caused by the residual wetting fluid.
The hydraulic properties of a bead packing are thought
to be controlled primarily by the geometry of the pore
throats, the narrow polygonal constrictions between the
surfaces of adjacent beads [37]. We therefore focus on
the alteration caused by the thin wetting films that coat
the bead surfaces and reduce the inscribed radii a of the
pore throats. In particular, we use a standard capillary
bundle model of the pore throats (see the Appendix) to esti-
mate the modified nonwetting-fluid permeability down-
stream of the wetting-fluid–nonwetting-fluid interface, and
the modified capillary pressure within each stratum i,
as k′

i ≈ ki (μnw/μw)
[
2 − (2 − μw/μnw) (1 − hi/ai)

2] and
p ′

c,i ∼ γ / (ai − hi), respectively. Applying these modified
parameters in Eqs. (2)–(3) thus yields the threshold value
of Ca for secondary imbibition, which we denote Ca∗∗.
Our 3D visualization indicates that hi � 600 nm, the
diffraction limit of our imaging. Consistent with this mea-
surement, we find that the transition between invasion
behaviors arises at approximately Ca∗∗ with h ∼ 100 nm,
as shown in Fig. 4(d); this value of h is in reasonable agree-
ment with previous theoretical analysis of the interplay
between capillary stresses, viscous stresses, and disjoin-
ing pressure in the formation of these films [79,80]. Thus,
the theoretical framework presented here can capture the
heterogeneous dynamics of both primary and secondary
imbibition. Unraveling how the wetting film thickness
depends on flow behavior and the physicochemical inter-
actions between the fluids and the medium will be a useful
direction for future work.

V. DISCUSSION

Our experiments reveal the heterogeneous-invasion
behaviors that can arise in stratified porous media dur-
ing forced imbibition. Using direct visualization in 3D

054009-5



NANCY B. LU et al. PHYS. REV. APPLIED 14, 054009 (2020)

(a) (b)

(c)

(d) (e)

FIG. 4. The wetting films alter invasion behavior during secondary imbibition. (a) A 3D reconstruction of the residual wetting
films, shown in white, in a fine stratum. The beads are rendered transparent for ease of visualization; the wetting fluid surrounds the
nonwetting fluid, also rendered transparent, which fills the rest of the pore space. The residual wetting fluid forms thick pendular rings
at the contacts between beads and thin films of thickness h coat the rest of the bead surfaces. The scale bar denotes 50 μm. (b),(c)
Optical sections through the entirety of two stratified porous media, obtained a time t after the wetting fluid begins to invade each
medium. The red region shows the invading wetting fluid, the white shows pre-existing residual wetting fluid and the black shows
the undyed nonwetting fluid in the rest of the pore space. The imposed flow direction is from left to right. At a low capillary number
Ca, the wetting fluid preferentially invades the fine stratum, as shown in (b), while at a sufficiently large Ca, the wetting fluid instead
invades both strata, as shown in (c). The scale bars denote 1 mm. (d) A summary of the secondary-imbibition experiments performed
at different Ca; the green points indicate preferential invasion into the fine stratum while the yellow points indicate that both strata are
invaded at similar speeds. (e) Our analysis predicts a transition between invasion behaviors at Ca = Ca∗∗, where Ca∗∗ is calculated as
described in the main text, in good agreement with the experimental data. The symbols are as described in the caption to Fig. 2, with
the addition of the “×” indicating Ac/Af ≥ 1.5 and 1.4 ≤ � < 2.0 cm.

media, we show that this behavior is sensitive to the
imposed Ca: at small Ca, the wetting fluid preferentially
invades the fine stratum, while above a threshold Ca,
the wetting fluid instead preferentially invades the coarse
stratum. These findings thus complement our previous
work investigating forced drainage, the converse process
in which a nonwetting fluid displaces a wetting fluid, in a
stratified porous medium [41], for which heterogeneous-
invasion behaviors also can arise. However, the pore-scale
physics of drainage are fundamentally different from those
underlying imbibition [28], leading to completely different
fluid-displacement behaviors and threshold Ca marking the
transition between these behaviors.

Our experiments provide qualitative verification of a
previous conjecture [43], which has been developed by
analyzing the balance between capillary and viscous forces
in an averaged multiphase form of Darcy’s law. However,
this averaged treatment does not explicitly treat the cap-
illary pressure difference across the sharply moving inter-
face between the wetting and nonwetting fluids; nor does it
explicitly treat the viscous pressure gradients in each fluid
and in each stratum. Hence, we construct a model of the
flow that explicitly incorporates these physics. The linear
stability analysis of this model presented in the Appendix
captures the transition between invasion behaviors when

crossflow between the strata is considered. More detailed
studies of this crossflow will be an interesting direction
for future work. Importantly, our analysis quantifies how
the threshold Ca depends on the permeabilities, pore sizes,
and cross-section areas of the strata, the fluid viscosities
and interfacial tension, the thickness of residual wetting
films in the pore space, and the length of the overall
medium. Our work therefore provides quantitative guide-
lines to predict and control the heterogeneous dynamics of
imbibition in diverse stratified porous media over a range
of length and time scales. Hence, we anticipate that our
findings will help motivate both fundamental and applied
work managing or even harnessing stratification in energy,
environmental, and industrial applications.

For example, these results could provide insight into
the pathways taken by fluids during oil or gas recov-
ery from a stratified reservoir or from microporous media
[37,38,40,81,82]—an increasingly important application
given society’s rising energy demands. Another opera-
tionally similar application of our work will be to inform
strategies for injecting fluid to recover nonaqueous con-
taminants from a stratified porous groundwater aquifer
[37,83]—another critical application due to the increas-
ing need for water security. Models of these processes
often treat a stratified reservoir or aquifer as a nonstratified

054009-6



IMBIBITION IN STRATIFIED MEDIA... PHYS. REV. APPLIED 14, 054009 (2020)

homogeneous medium, using a strata-averaged permeabil-
ity. Our work demonstrates that such averaging can lead to
misleading results: for example, imbibition in a nonstrati-
fied homogeneous medium with a strata-averaged perme-
ability proceeds uniformly across the medium, while our
work reveals that the wetting fluid instead preferentially
enters certain strata, potentially leading to incomplete non-
wetting fluid recovery from the medium and necessarily
reaching the outlet of the medium after a shorter time
than in the homogeneous case. Thus, in some circum-
stances, averaged models may incorrectly predict both the
fluid distribution and the rate of fluid displacement dur-
ing oil or gas recovery from a stratified reservoir or during
contaminant removal from a stratified aquifer. By con-
trast, our theoretical framework provides a way to more
accurately predict these quantities, given the structural
properties of the medium, fluid properties, and injection
conditions.

Our results could also impact the use and design of
building materials, which are often composed of multi-
ple layers of materials with different structural properties
and permeabilities [19–21]. These differences can strongly
impact moisture retention, with potentially severe conse-
quences. For example, our work suggests that moisture
may seep into specific layers preferentially (e.g., during
heavy rainfall), potentially leading to localized water dam-
age, compromised structural integrity, and harm to health.
Our findings may help guide efforts to mitigate or prevent
such deleterious effects—for example, by indicating layers
that would benefit from additional mechanical reinforce-
ment or wettability treatment. Similarly, our work may
help guide efforts to control moisture wicking in layered
microporous fabrics [84–86]—for example, by indicating
how layers of different permeabilities can be designed to
concentrate wicking in one area, potentially improving
thermal comfort [87]. Finally, we anticipate that our results
may find use in the emerging field of paper microfluidics
[18,88–90], in which microporous cellulose-based materi-
als are used to guide liquids through imbibition. In some
cases, these materials are made of layers with different
microstructures and permeabilities—heterogeneities that
have been found to give rise to different amounts of fluid
mixing. Our results help rationalize how such structural
heterogeneities impact fluid distributions and mixing and
could be used to guide future efforts to direct fluid deliv-
ery in paper microfluidics by designing strata of different
permeabilities.
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APPENDIX: THEORETICAL MODEL OF
IMBIBITION IN STRATIFIED POROUS MEDIA

To understand the complex flow behavior that arises
during imbibition, we analyze the distribution of pressures
in each fluid and each stratum, inspired by conventional
“pore-doublet” models of heterogeneous porous media
[58–60], as sketched in Fig. 3(a).

Mass conservation. Because the strata are in contact
with each other over their entire length, mass conservation
implies that

Q = Qc + Qf (A1)

with

Qc = Acφ
dxc

dt
+

∫ xf

0
qcf(x′) dx′ (A2)

and

Qf = Af φ
dxf

dt
−

∫ xf

0
qcf(x′) dx′; (A3)

here, xc(t) and xf (t) represent the longitudinal positions of
the wetting-fluid–nonwetting-fluid interface in the coarse
and fine strata, respectively, and φ is the porosity, taken to
be equal for the different strata because they are both dense
packings of spherical beads. We assume hereafter that the
interface in the coarse stratum is ahead of the interface in
the fine stratum, although revising this derivation with the
opposite assumption yields the same results. Further, we
assume that crossflow only occurs within a given fluid, i.e.,
there is no crossflow across different fluid phases.

Distribution of fluid pressures. The pressure gradient in
each stratum and fluid is described by Darcy’s law,

∂pi

∂x
= −μj Qi

kiAi
, (A4)

where x represents the distance from the inlet, i ∈ {c, f }
denotes the stratum, j ∈ {w, nw} denotes the fluid phase,
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and Qi is the volumetric flow rate in each stratum of cross-
section area Ai. The flow rate can vary along the length
of each stratum due to crossflow. Further, at the inter-
face between the fluids, the pressure in the wetting fluid
is reduced by the capillary pressure pc,i ≡ 2γ /ai compared
to the nonwetting fluid [61–65].

Integration if Darcy’s law in the coarse stratum from
the inlet to the outlet results in an expression for the total
pressure drop across the medium:

pinlet − poutlet

=
∫ xf

0

μw

kc

(
Qc − ∫ x

0 qcf(x′) dx′

Ac

)

dx

+
∫ xc

xf

μw

kc

(
Qc − ∫ xf

0 qcf(x′) dx′

Ac

)

dx

+
∫ �

xc

μnw

kc

×
(

Qc − ∫ xf
0 qcf(x′) dx′ + ∫ x

xc
qfc(x′) dx′

Ac

)

dx

− pc,c. (A5)

Repetition of this procedure for the fine stratum results in
another expression for the total pressure drop across the
medium:

pinlet − poutlet

=
∫ xf

0

μw

kf

(
Qf + ∫ x

0 qcf(x′) dx′

Af

)

dx

+
∫ xc

xf

μnw

kf

(
Qf + ∫ xf

0 qcf(x′) dx′

Af

)

dx

+
∫ �

xc

μnw

kf

×
(

Qf + ∫ xf
0 qcf(x′) dx′ − ∫ x

xc
qfc(x′) dx′

Af

)

dx

− pc,f . (A6)

Because the fluid pressure is equal across the strata at the
inlet and outlet, we can subtract Eq. (A5) from (A6):

μw

∫ xf

0

[(
Qf + ∫ x

0 qcf(x′) dx′

kf Af

)

−
(

Qc − ∫ x
0 qcf(x′) dx′

kcAc

)]

dx

+ μnw

∫ xc

xf

[(
Qf + ∫ xf

0 qcf(x′) dx′

kf Af

)

− μw

μnw

(
Qc − ∫ xf

0 qcf(x′) dx′

kcAc

)]

dx

+ μnw

∫ �

xc

[(
Qf + ∫ xf

0 qcf(x′) dx′ − ∫ x
xc

qfc(x′) dx′

kf Af

)

−
(

Qc − ∫ xf
0 qcf(x′) dx′ + ∫ x

xc
qfc(x′) dx′

kcAc

)]

dx

− (
pc,f − pc,c

) = 0. (A7)

Crossflow between the strata. Motivated by Darcy’s law,
we introduce the ansatz that a difference in pressures in
the strata at a given longitudinal position x drives a trans-
verse crossflow between the strata: qij (x) = αij [pi(x) −
pj (x)], where αij is a proportionality constant. Specifi-
cally, a pressure difference pi(x) − pj (x) across the strata
drives a transverse volumetric flow rate Qij (x) from stra-
tum i to j ; thus, the transverse volumetric flow rate
per unit length along the medium qij (x) ≡ Qij (x)/	x,
where 	x is a fixed differential length along the imposed
flow direction. Applying Darcy’s law to describe this
transverse flow in each stratum yields pi(x) − pj (x) =
[μqij (x)/h]

(
�i/ki + �j /kj

)
, where μ is the fluid viscosity,

h is the lateral width of the medium, and {�i, �j } and {ki, kj }
are the crossflow lengths and the permeabilities of stratum i
or j , respectively. Thus, αij = h/μ

(
�i/ki + �j /kj

)
. Finally,

assuming for simplicity that �i and �j can be approximated
by a characteristic crossflow length scale of approximately
h/C yields the final estimate of αij ≈ C/μ

(
k−1

f + k−1
c

)
,

where C = 0.5 acts as an empirical fitting parameter.
Future extensions of our work could explicitly derive and
incorporate the specific values of �i and �j , which would
improve the accuracy of our prediction and potentially
circumvent the use of C as an empirical parameter.

To obtain the crossflow, we then integrate Darcy’s law
up to some arbitrary distance x and simply subtract the
pressures obtained in each stratum at that location. This
procedure yields the following integral equations for the
crossflow in the wetting and nonwetting fluids, respec-
tively, where αcf and αfc reflect the different directions of
crossflow in the different fluid phases, as indicated in Fig.
3(a):

qcf

αcfμw
−

(
1

kcAc
+ 1

kf Af

) ∫ x

0

(∫ ξ

0
qcf(x′) dx′

)
dξ

=
(

Qf

kf Af
− Qc

kcAc

)
x, (A8)
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qfc

αfc
= −μw

∫ xf

0

[(
Qf + ∫ ξ

0 qcf(x′) dx′

kf Af

)

−
(

Qc − ∫ ξ

0 qab(x′) dx′

kcAc

)]

dξ

− μnw

∫ zc

zf

[(
Qf + ∫ xf

0 qcf(x′) dx′

kf Af

)

− μw

μnw

(
Qc − ∫ xf

0 qcf(x′) dx′

kcAc

)]

dξ

− μnw

∫ z

zc

[(
Qf + ∫ xf

0 qcf(x′) dx′ − ∫ ξ

zc
qfc(x′) dx′

kf Af

)

−
(

Qc − ∫ xf
0 qcf(x′) dx′ + ∫ ξ

zc
qfc(x′) dx′

kcAc

)]

dξ

+ (
pc,f − pc,c

)
. (A9)

Linear stability analysis. Solution of the six coupled inte-
gral equations Eqs. (A1)–(A3) and (A7)–(A9) would pro-
vide a full description of the evolution of the wetting-
fluid–nonwetting-fluid interface position in each of the two
strata. At low flow rates, capillarity dominates the viscous
effects and we therefore expect the wetting fluid to imbibe
faster into the fine stratum, for which the capillary suction
∝ 1/ai is stronger. By contrast, at larger flow rates, viscous
effects become comparable and eventually dominate capil-
larity and we therefore expect the wetting fluid to imbibe
faster into the coarse stratum, for which the permeability
ki ∝ a2

i is larger and thus the viscous pressure drop ∝ 1/a2
i

is lower.
To test this hypothesis, we use a linear stability analysis

to probe the dynamics of this system [91,92]. Specifically,
we assume that the wetting-fluid–nonwetting-fluid inter-
faces in the two strata are at the same location, xc = xf ,
and then perturb the interface position in the coarse stra-
tum by a small amount, xc = xf + ε, where ε/� � 1. We
then probe the subsequent motion of these two interfaces
to determine whether this initial infinitesimal perturbation
grows or decays in time: a growing perturbation implies
that the wetting fluid would preferentially imbibe into the
coarse stratum, whereas a decaying perturbation indicates
stable propagation together. The boundary between these
two scenarios therefore determines the threshold flow rate.

Specifically, we rearrange the mass conservation Eqs.
(A1)–(A3) to express the interface speed in terms of the
perturbation ε:

dxc

dt
= Q/φ + Af

dε
dt

Ac + Af
, (A10)

dxf

dt
= Q/φ − Ac

dε
dt

Ac + Af
. (A11)

At the beginning of the experiment, both interfaces are
near the inlet, i.e., xf → 0 and xc → ε. We can there-
fore neglect the crossflow terms in the invading wetting
fluid and simply relate the flow rate in each stratum to the
interfacial motion at the onset, i.e., Qc = Acφ (dxc/dt) and
Qf = Af φ

(
dxf /dt

)
. Substituting these back into Eq. (A7),

we then arrive at the following expression for the growth
of a perturbation:

β
dε

dt
= (

pc,c − pc,f
) + μnwQ�

A

(
1
kf

− 1
kc

)

− μnw

(
1

kcAc
+ 1

kf Af

) ∫ �

0

∫ ξ

0
qfc(x) dx dξ ,

(A12)

where β ≡ (μnwφ�/A)
(
Ac/kf + Af /kc

)
> 0. The first

term on the right-hand side represents the contribution of
capillarity, the second term represents the viscous flow
contribution, and the last term shows the influence of the
crossflow. To determine whether the perturbations grow
or decay, we then need to know the sign of dε/dt and
therefore the sign of the right-hand side of Eq. (A12).

Absence of crossflow. In the absence of crossflow, qfc =
0, simplifying the analysis of Eq. (A12). In this case, for
perturbations to grow, i.e., for the wetting liquid to imbibe
the coarse stratum faster, we need to have

(
pc,c − pc,f

) +
(μnwQ�/A)

(
1/kf − 1/kc

)
> 0, which can be expressed as

Ca > Ca∗
0, where the threshold capillary number is given

by

Ca∗
0 = (μw/μnw)

(
pc,f − pc,c

)

γ �
(
1/kf − 1/kc

) , (A13)

which is equivalent to Eq. (1). This expression reflects
the above arguments regarding the competition between
viscous and capillary effects, which is ultimately modu-
lated by the geometric features of the medium, i.e., the
differences in the permeabilities and pore sizes of the strata.

Inclusion of crossflow. Equation (A9) is an integral
equation for the crossflow in the nonwetting fluid. Using
the conservation of mass equation (A11) and taking the
limit of xf → 0 and xc → ε as done above yields a
simplified form of Eq. (A9):

qfc(x)
αfc

= β
(x
�

) dε

dt
+ μnwQx

A

(
1
kc

− 1
kf

)

+ (
pc,f − pc,c

)

+ μnw

(
1

kcAc
+ 1

kf Af

)∫ x

0

∫ ξ

0
qfc dx′ dξ .

(A14)

Substituting for the dε/dt term from Eq. (A12) into Eq.
(A14) yields a more simplified explicit equation for the
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crossflow term:

qfc(x)
αfc

= (
pc,f − pc,c

) (
1 − x

�

)

+ μnw

(
1

kcAc
+ 1

kf Af

) (∫ x

0

∫ ξ

0
qfc dx′ dξ

−x
�

∫ �

0

∫ ξ

0
qfc dx′ dξ

)
, (A15)

which can be solved analytically to obtain the following
expression for the crossflow term:

qfc(x) = αfc
(
pc,f − pc,c

)
(1 − x/�)

1 + αfc (μnw/2)
(

1
kcAc

+ 1
kf Af

)
x(� − x)

. (A16)

In the limit as x → 0, the crossflow term further simplifies
to qfc = αfc

(
pc,f − pc,c

)
, which indicates that the pressure

difference between the two strata right next to the inter-
faces is due to the Laplace pressure difference. In the other
limit of x → �, the crossflow term vanishes and this is con-
sistent with the fact that both strata experience the same
pressure at the outlet.

We can now substitute the expression for the crossflow,
Eq. (A16), back into the right-hand side of Eq. (A12) to
obtain the threshold capillary number:

Ca∗ = (μw/μnw)

γ l
(
1/kf − 1/kc

)

[
(
pc,f − pc,c

)

+μnw

(
1

kcAc
+ 1

kf Af

) ∫ �

0

∫ ξ

0
qfc(x) dx dξ

]
,

(A17)

(a) (b)

(c) (d)

FIG. 5. The dependence of the predicted threshold Ca∗ on the geometric characteristics of the strata, as shown by the blue curves.
All parameters except the one being varied are held fixed using values representative of our experiments. The orange dashed lines
show comparisons to asymptotic power-law scaling behaviors. (a) The dependence on the length of the medium, �, normalized by
the characteristic transverse dimension

√
A. For small �, Ca∗ only decreases weakly with increasing �, eventually asymptoting to

the approximately �−1 scaling shown by the orange dashed line. Our experiments only probe �/
√

A varying in a narrow range from
approximately 5 to 17, for which the predicted Ca∗ does not vary appreciably and is in good agreement with the experimentally
determined threshold. (b) Ca∗ only varies slightly with the area fraction Ac/Af . Thus, despite our experiments having Ac/Af varying
from approximately 0.2 to 4, the predicted Ca∗ does not vary appreciably and is in good agreement with the experimentally determined
threshold. (c) Ca∗ decreases with an increasing pore-throat ratio ac/af , eventually asymptoting to the approximately (ac/af )−1 scaling
shown by the orange dashed line. (d) Keeping the pore-throat ratio ac/af fixed but proportionally increasing both ac and af increases
Ca∗ linearly, as shown by the comparison with the approximately ac scaling shown by the orange dashed line.
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which is equivalent to Eq. (2). Since the crossflow term
in Eq. (A16) is positive, it is therefore clear that presence
of crossflow increases the threshold capillary number and
suppresses invasion of the coarse stratum. This is due to
the fact that crossflow here moves the fluid from the fine
stratum to the coarse stratum, reducing the viscous dissi-
pation. Therefore, one has to increase the flow rate even
further to make viscous forces become comparable to cap-
illary forces, causing the invading fluid to preferentially
imbibe into the coarse stratum. To aid with general appli-
cation of our results, we highlight the dependencies of the
threshold Ca∗ on the different geometric characteristic of
the medium in Fig. 5. An exploration of these dependen-
cies over a broad range of the geometric parameters will
be a useful direction for future work.

Primary versus secondary imbibition. Our imaging
reveals the structure of the residual wetting fluid after non-
wetting fluid injection, prior to secondary imbibition: we
observe thick pendular rings at the contacts between beads,
with thinner films of thickness h coating the surfaces of
the beads in between. Because the hydraulic properties
of a bead packing are thought to be controlled primarily
by the geometry of the pore throats, the narrow polygo-
nal constrictions between the surfaces of adjacent beads
[37], we focus on the alteration to the flow dynamics
caused by the thin wetting films that coat the bead surfaces
and reduce the inscribed radii a of the pore throats. This
pore-throat reduction alters two key features of each stra-
tum: the capillary pressure and the permeability. Because
cos θ ≈ 1, where θ ≈ 0 is the contact angle, the modified
capillary pressure within each stratum i can be approx-
imated as p ′

c,i ≡ 2γ / (ai − h). To estimate the modified
permeability of each stratum, we use a standard capillary-
bundle model of the pore throats, as described further
below.

Consider a capillary tube, representing a pore, coated
with thin films of the wetting fluid as shown in Fig.
6. In the absence of these thin films, it is straightfor-
ward to solve the Stokes equations, which lead to a
Poiseuille flow of nonwetting fluid through the tube:
dp/dx = −8μnwQnw/(πa4), where Qnw is the volumet-
ric flow rate of nonwetting fluid through the tube and
μnw is the nonwetting-fluid dynamic shear viscosity. Using
Darcy’s law as given in Eq. (A4), we can then write the
absolute permeability of the cylindrical tube as k = a2/8.

In the presence of thin films, we need to solve
the Stokes equations in both fluids and impose con-
tinuity of velocity and shear stress on the inter-
face between the two fluids. Doing so then leads
to the following relationship between the pressure
drop and flow rate of the nonwetting fluid: dp/dx =
−μnwQnw/(π(a − h)2k′), where Qnw = ∫ a−h

0 unw(2πr) dr,
unw = (1/4μwμnw)(dp/dx)

[−μnwa2 + μwr2 + (a − h)2

(μnw − μw)
]
, and μw is the wetting-fluid dynamic shear

viscosity. We therefore obtain the following expression for

FIG. 6. The schematics of a cylindrical pore throat covered
with thin films of the wetting fluid. a represents the initial radius
of the pore throat, h represents the thickness of the thin wetting
films, and a − h represents the radius of the nonwetting fluid.

the permeability of the tube to the nonwetting fluid:

k′ = k
(

μnw

μw

) [

2 −
(

2 − μw

μnw

) (
1 − h

a

)2
]

. (A18)

Assuming that the permeability of the overall stratum can
be described as a bundle of such capillaries in parallel [37]
and assuming that the stratum permeability is primarily
controlled by the pore-throat size (with minimal change to
the porosity due to the residual fluid), we thus apply the
expression given by Eq. (A18) to describe the permeability
of each stratum, k′

i. Substitution of the expressions for p ′
c,i

and k′
i in Eq. (A17) then yields Ca∗∗, the threshold value

of Ca for secondary imbibition. We note, however, that
for simplicity we have assumed that the thin wetting films
are stable and uniform. The real picture, however, can be
more complex: these wetting films can become unstable to
perturbations, which lead to a Rayleigh–Plateau-type insta-
bility of the film and can eventually lead to the formation
of bridges across the pore [93–96], disrupting the flow and
making it a simultaneous two-phase flow [97]. The inves-
tigation of how these complexities alter the dynamics of
secondary imbibition will be an interesting direction for
future work.
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