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We evaluate the fundamental performance of a fiber-optic gyroscope (FOG) design that is enhanced by
the injection of a quantum-optical squeezed vacuum. In the presence of fiber loss, we compute the optimum
attainable enhancement below the standard quantum limit in terms of the angular velocity estimator vari-
ance from a homodyne measurement. We find that currently realizable amounts of single-mode squeezing
are sufficient to access the maximum quantitative improvement, but that this gain in maximum rotation
sensitivity is limited to a marginal constant factor. We then propose an entanglement-enhanced FOG
design that segments a fixed amount of available fiber into multiple fiber interferometers and feeds this
sensor array with a multimode-entangled squeezed vacuum resource. Our design raises the fundamental
improvement in sensitivity to an appreciable factor of e &~ 2.718.
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I. INTRODUCTION

Quantum-enhanced sensing [1-3] is a rapidly growing
field and one of the tangible near-future quantum technolo-
gies. In the domain of optical sensing, quantum-enhanced
systems utilize nonclassical states of light and/or nonclas-
sical optical detection schemes to improve the quantifiable
performance of various sensing tasks. Among these non-
classical optical effects, squeezing and entanglement are
two key backbones that are known to produce major per-
formance enhancements in many emerging optical sensing
applications [4—11].

Quadrature-squeezed light is a well-established non-
classical resource dating to pioneering works of Caves,
Shapiro, Yuen, and others [12—15]. Squeezing refers to
a controllable phenomenon where quantum uncertainty
is allocated asymmetrically between two noncommuting
observables (e.g., the orthogonal quadratures of the com-
plex field amplitude for an optical mode), while obeying
the fundamental uncertainty relationship that lower bounds
the product of their variances [16,17]. Squeezed vacuum
(SV) states of light can be generated using spontaneous
parametric down-conversion (SPDC), and experimental
squeezing capability is steadily improving: vacuum states
with quantum noise reduction of 10—15 decibels (dB)
in a given quadrature has been achieved in recent years
[18,19]. Quadrature squeezing is now routinely utilized in
physical experiments relating to quantum information and
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sensing, most notably in the famous Laser Interferometer
Gravitational-Wave Observatory (LIGO) [4,5].

On the other hand, quantum entanglement, i.e., cor-
relations that are stronger than and cannot be described
by classical probability theory, is still being explored for
enhancement of optical sensing systems. Recent theoreti-
cal and experimental works have established that entangle-
ment can enable superior precision for quantitative sensing
tasks, including target detection [6,7], positioning [8],
digital memory readout [9,10], and magnetometry [11].

More recently, entanglement has been shown to give an
advantage in measuring global features of a signal using a
sensor network, a topic termed “distributed quantum sens-
ing” [20-27]. One such idea is a continuous-variable (CV)
distributed quantum sensing protocol [20,28] that gener-
ates a multimode entangled optical probe by a splitting
single-mode squeezed vacuum using a passive beam split-
ter network. CV distributed quantum sensing, which has
been experimentally validated [29,30], is especially attrac-
tive from the experimental standpoint due to robustness
against optical losses. The core idea in Ref. [20] has led
to applications such as optical beam-displacement tracking
[31] and quantum-enhanced machine learning for optical
sensor—based signal classification [32] and has potential
for other sensing contexts.

The fiber-optic gyroscope (FOG) is a high preci-
sion, compact solution for precision navigation in GPS-
denied environments, ultraprecise platform stabilization,
and other inertial sensing applications [33]. FOGs leverage
the Sagnac principle [34], i.e., that light traveling along
one branch of a rotating interferometer will undergo a
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detectable phase shift with respect to the light in the other
branch. With kilometers of fiber needed for high sensitiv-
ity, fiber loss is a significant factor in FOG performance.
Recent developments for FOGs include hollow core fiber
coils [35], integrated optical sources and homodyne detec-
tors, and laser-driven FOGs that bypass the conventional
requirement for temporally incoherent sources [36,37]. In
addition, quantum enhancement has recently been consid-
ered to boost rotation sensitivity [38—45], and preliminary
experimental works on quantum-enhanced FOGs have
demonstrated improvements via injection of squeezed vac-
uum states [39] and entangled NOON states [43].

In this paper, we first establish the fundamental sensi-
tivity achievable by the squeezing-enhanced FOG design
proposed in Ref. [39], for which a single-mode SV is
injected to boost sensitivity. Our quantifying figure of
merit for sensitivity is the estimator variance from sens-
ing a small rotation. Then, inspired by recent theoretical
work on distributed quantum sensing [20—22], we pro-
pose and analyze the fundamental performance of a CV
entanglement-enhanced FOG design that uses a stacked
array of multiple identical interferometers, where one part
of an entangled optical state is distributed to each.

The main results of our investigation are the follow-
ing.

(a) Squeezing-enhanced FOG. In Sec. II we analyze
a classical FOG (termed design C), i.e., a fiber Sagnac
interferometer read by a laser, as a baseline sensor design
(Fig. 2). In Sec. III we calculate the rotation sensitivity
achievable with the squeezing-enhanced FOG (design S)
reported in Ref. [39]. Ignoring losses, design S achieves a
Heisenberg-limited scaling advantage in sensitivity [1-3];
with fiber loss, the quantum advantage falls to a constant
factor that depends on the amount of squeezing. Optimiz-
ing design S over the fiber length, we find that squeezing
beyond 10—15 dB yields diminishing returns in sensitiv-
ity (Fig. 3), so currently existing technology could access
the quantum advantage. However, in Sec. V we show that
design S provides at best a small improvement factor of
1.196 over an optimized design C, capping its practical
potential.

(b) CV entanglement-enhanced FOG. In Sec. IV we
propose a CV entanglement-enhanced FOG (design E),
in which a single-mode SV is split into an M-mode
entangled state and injected into M parallel fiber interfer-
ometers (Fig. 4). We compare its sensitivity to that of a
product-state squeezing-enhanced FOG (design P), which
is equivalent to M parallel copies of design S, each with
an independent squeezer, and a baseline distributed classi-
cal FOG (design D), which is M independent copies of
design C. Assuming a constant dB/km of fiber loss, we
evaluate these designs in two contexts.

(1) Unconstrained total fiber length. With optimized
total fiber lengths, design P improves upon design D in

sensitivity under a per-fiber power constraint, but it uses
M single-mode squeezers to do so. Our resource-efficient
design E leverages both distributed sensing and quantum
sensing to achieve this same performance with just a single
squeezer, requiring the generation of M -fold less squeezed
energy (Fig. 5). Design E surpasses design S in sensitiv-
ity by a factor of M, mirroring the M-fold improvement of
design D over design C. Still, in Sec. V we show that the
improvement of design E over an optimized design D is
again limited to 1.196.

(i1) Constrained total fiber length. If the total fiber
length is held fixed under a weight or payload requirement,
design E again outperforms designs D and P when M is
optimized for each (Fig. 6). Unlike with an unconstrained
fiber length, design E attains a notable sensitivity improve-
ment over design D that is independent of both the fiber
loss (dB/km) and the total fiber length. We find in Sec. V
a maximum improvement factor of e & 2.718 in the limit
of infinite squeezing (Fig. 8). Most of this benefit is attain-
able with 10—15 dB of squeezing, so our design E could
provide an appreciable real-world sensitivity enhancement
in the near future.

II. CLASSICAL FOG

A. Sagnac interferometry

A Sagnac interferometer measures angular velocity via
the optical path delay induced in counterpropagating paths
around a rotating loop (Fig. 1). For a laser-driven FOG, the
resulting relative phase shift is given by [46]
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FIG. 1. Fiber-optic gyroscope. Input and output mode pairs,
identified by field operators ajy, Em, dout, and Bout, are spatially
colocated at the external ports of the coupling beam splitter.
Adapted from Ref. [33]. Inset: Mach-Zehnder interferometer
with conjugate phases £¢. The input and output modes can be
conceptually mapped to those of the FOG.
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where w is the optical center frequency of the laser, m is the
number of fiber loops in the coil, A is the directed area of a
single fiber loop, 2 = Q7 is the directed angular velocity
of rotation with magnitude 2 € R and unit-norm direction
vector 71, and ¢ is the speed of light in a vacuum. If / is the
fiber length of a circular coil and d is its diameter, then the
integer number of fiber loops in the coil m = [/(wd) lin-
early scales the total effective area of the gyroscope. “The
indices of refraction of the core and the cladding, the phase
or group velocities, the dispersion of the medium or of the
waveguide have no influence” on the nonreciprocal phase
delay accumulated by the counterpropagating beams [46].
Equation (1) is valid to first order in d<2/c, corresponding
to the standard regime of slow rotations compared with the
speed of light [34].

In a realistic FOG system, the principal source of optical
loss is the transmission loss accumulated over the length
of the fiber due to scattering from imperfections and/or
evanescent coupling. We use n to denote the effective
transmissivity of each branch around the Sagnac interfer-
ometer. For a fiber with a length of / km, this transmis-
sivity is given by n = 107%/1°, where b is a wavelength-
dependent fiber loss coefficient with a typical value of
b~ 0.5 dB loss per km at 1550 nm.

B. Conjugate phase sensing with quantum optics

A Sagnac interferometer can be conceptually equated
to a phase conjugate Mach-Zehnder interferometer (MZI)
where ¢ = £A¢/2 are the conjugate phases accumu-
lated on the two optical paths due to the physical rotation
of the sensor (Fig. 1 inset). In a FOG setup, the two input
ports and the two output ports of the conceptual Mach-
Zehnder interferometer are spatially overlapped on a single
beam splitter (Fig. 1) and can be separated using a Fara-
day rotator, for example [39]. In quantum terminology, we
define (ain, Gou) and (lAam, lAyout) as pairs of quantum field
(annihilation) operators of spatially overlapping optical
modes with opposite propagation directions (Fig. 1).

A homodyne measurement can be used to estimate the
conjugate phase ¢ and subsequently the angular veloc-
ity Q = 2¢/T, with scale factor T = 4wl(4 - #)/(wdc?).
In Appendix A we derive the measurement statistics
obtained by a quantum-noise-limited homodyne mea-
surement performed along the imaginary quadrature of
mode Z)out. Letting Bom designate the output random vari-
able from such a homodyne measurement, the mean of

bout is

<Eout> = <Im(l;0ut)>
= /nlsin() (Re(@in)) — cos(¢) (Im(bin))]  (2)

and its variance is

(AB2,) = (ATm(boy)?)

= n[sin(¢)*(ARe(ain)?) + cos(¢)*(AIm(bin)?)]

1= 3
+— A3)

For a given FOG modality, we identify an unbiased esti-
mator with a mean equal to the true angular velocity €.
The estimator variance will depend on (boy) and ( Aggut),
where the expectation values of the corresponding quan-
tum field operators are taken over the quantum states |,)

and |¥) injected at the two input ports.

C. Classical FOG sensitivity

In a conventional laser-driven FOG setup (design C),
the conceptual input mode a;, is fed with a laser, while
mode by, is physically overlapped by the output mode Bout
and has no input [Fig. 2(a)]. The joint input across the
two ports can be modeled using the two-mode quantum
state |v,)|¥p) = |a)|0), a tensor product between a coher-
ent state with mean photon number N, = (¥, |&;rn&in |V,) =
a? and a vacuum state (o« € R without loss of general-
ity). In the small rotation regime (¢ < 1), the homodyne
measurement statistics become

(bow) = /Nsin(@)a — cos(¢) 0] ~ ¢ /7,

n n

3 _ 4)
(Aby,) = z[sin<¢>2 + cos(¢)?] + 1=

1
4 4
Note that the mean is scaled by ,/n while the variance
arises from quantum noise and does not depend on loss.

Thus, Q¢ = 2130ut/ (T\/na) is an unbiased estimator of
the unknown parameter €2. The sensitivity to rotation is
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FIG. 2. (a) Classical FOG (design C) with coherent state in
the a;, mode and vacuum in the 131,1 mode followed by homodyne
detection of the by mode. (b) Squeezing-enhanced FOG (design
S) with a single-mode SV injected at mode 131,1. The Bout mode is
coupled to the homodyne detector using a Faraday rotator [39].
The local oscillators used for homodyning are not shown.
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quantified by the estimator variance

... L1

(ASe) ’na®  T2nN,’ )
This so-called standard quantum limit (SQL), which sets
the best possible estimator variance for any sensor using
purely classical probes and detectors, is characterized by
inverse scaling with the total probe energy N = N,. In
terms of the fiber loss parameter b and the total fiber length
L = [ used in the FOG, the estimator variance is

- 1 1
2\
(AQ) ~ V-2N, [210-bL/10”

(6)

where we define V= 1/T = wdc? /[4w(A - 7)] to clarify
the dependence of the FOG sensitivity on fiber length.

I11. SQUEEZING-ENHANCED FOG

In this section, we compare the sensitivity attained
by classical and squeezing-enhanced FOGs as a function
of input energy. The squeezing-enhanced FOG utilizes a
single-mode SV, for which squeezing is typically quanti-
fied in decibels of quantum noise reduction in the squeezed
observable with respect to a vacuum. The squeezing
parameter » and mean photon number N, of an ideal
single-mode SV state are related to o, the amount of
squeezing in units of decibels, by » = ¢ In(10)/20 and
N, = sinh*[o In(10)/20] [12,17].

A. Squeezing-enhanced FOG sensitivity

A simplified squeezing-enhanced FOG design (design S)
is shown in Fig. 2(b), which is functionally equivalent to
the design demonstrated in Ref. [39]. The vacuum input
of design C is replaced by a vacuum that is squeezed
along its imaginary quadrature, i.e., |¥,) = |0;—r),
r > 0, where the mean photon number of the SV state is
given by Ny = (3|b! bin|ts) = sinh?(r) [12]. Consider-
ing the same ideal homodyne measurement as in design
C in the presence of loss and in the ¢ < 1 regime,

{bow) = /lsin(@)ar — cos(¢) 0] ~ p/nat,
(AD%,) = g[sin(qﬁ)z + cos(¢)’e > + ITT" )
ne ¥ +1—np
~ —
In terms of the photf)n—unit~probe energies N, and N, the
unbiased estimator 25 = 2bou/(T\/na) has variance

’,’672}' + 1— n
T?no?
1 U
= +1—-n]).
21Ny \ (V/1+ N, + /Ny)?

(AQY) ~

®)
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FIG. 3. (a) Normalized estimator variance for design C (gray)
and design S (blue) for different fiber transmissivities 1. With-
out loss, design S exhibits Heisenberg limited scaling, whereas
loss results a constant-factor improvement compared with the
SQL. Solid lines indicate n = 1. Dotted lines from top to bot-
tom indicate n = 0.9, n = 0.99, and n = 0.999. (b) Fiber length
dependence of the FOG rotation estimator variance with inde-
pendent laser power and squeezing constraints, and with » = 0.5
km/dB of fiber loss. Gray line indicates design C. Blue dashed
lines from top to bottom indicate design S with 5 dB squeezing,
10, 15, oo dB. The descending solid blue parametric curve indi-
cates the design S estimator variance with optimized fiber lengths
as the squeezing is increased.

If the total input mean photon number N = N, + N; is
constrained, the probe energy can be allocated between the
laser and the SV to minimize the estimator variance. After
some algebra, this minimum variance is found as

2(1 —p)?
?n[1 +2(1 —n)N —z]’

(A Qé) |Ns :Nx,opt ~ (9)

where z = /1 +4n(1 — n)N, and the corresponding SV
mean photon number is Ny oo = 27°N?/[1 +z 4+ 27N (2 —
n + z)]. In the absence of loss, i.e., n = 1, the minimized
estimator variance becomes limnﬁl{(Afzéﬂ Ny=Ngopt] =
1/[T*N (N + 1)]. This inverse quadratic scaling with input
energy, known as the Heisenberg limit (e.g., (AQ2)
1/N?), is a fundamental improvement over SQL scaling
and is a unique advantage of quantum-enhanced sens-
ing [1-3]. In Fig. 3(a) we show the difference in scaling
with input energy between the classical and squeezing-
enhanced FOGs if loss is ignored. However, in the realistic
case where n < 1, Heisenberg scaling is lost; for high
input energy, the minimized estimator variance limits to
limy 0o {{AQ2) [Ny=Ny o} = (1 — 1)/ (T*nN). In this case,
inverse scaling with probe energy is retained for design S
(i.e., <A§2§> x (AQ%) « 1/N), yielding a constant factor
improvement over the SQL of design C [Fig. 3(a)].

A more appropriate approach to the optimization of
design S is to independently constrain »,, the mean photon
number from the laser, and Ny, the mean photon number of
the injected SV. This distinction accounts for the fact that
in practice squeezed light is more challenging or energy
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inefficient to produce than classical laser light, such that
energy in a squeezed vacuum state is regarded as more
“expensive” than energy in a coherent state. A full anal-
ysis constraining the total “wallplug” power required to
pump the SPDC and the laser would be insightful but is
not included here.

For a lossless (n = 1) squeezing-enhanced FOG in the
high squeezing regime (N; > 1, or o > 7.66 dB), the rota-
tion estimator variance [Eq. (8)] scales inversely with the
product of the mean photon numbers from the two optical
inputs (i.e., (AQ%) o 1/N,Ns), an alternative formulation
of the Heisenberg limit. As before, optical loss restores
SQL scaling (i.e., (AQ2) o (AQZ) oc 1/N,), resulting in a
constant factor sensitivity improvement over the SQL for
a given N;. We quantify this improvement using the sen-
sitivity ratio Rg = (AQ%) /(Afl%), where a smaller ratio
means a greater improvement in quantum-enhanced per-
formance over the SQL. The best achievable constant
factor improvement for a given transmissivity n occurs
with infinite squeezing and is easily calculated to be
thS%oo{RS} =1- .

B. Squeezing-enhanced FOG sensitivity with
optimized fiber length

In Fig. 3(b), we plot the estimator variances for designs
C and S to compare their performance as a function of
fiber length. Applying the fiber loss model with / = L, the
estimator variance for design S [Eq. (8)] becomes

1 1
V—zNU 1210-5L/10

10~2L/10
X
((\/ 1+ N, + +/Ny)?

(AQY) ~

+1- 10—bL/1°) :
(10)

The relative performance gap can apparently be widened
simply by cutting the total fiber length to suppress loss.
However, this lowers the effective area of the interferome-
ter [Eq. (1)], reducing absolute sensitivity to rotation.

Because of this balance and the convexity of (AQ@) and
(AQ%), it is possible to find optimal total fiber lengths that
minimize the estimator variances for designs C and S when
there is no prior constraint on L. FOGs are often designed
with shorter total fiber length than the optimal value in
order to boost the dynamic range in angular velocity and to
reduce the size and weight of the device [33]. Still, the opti-
mal fiber length will yield the best possible sensitivity to
small rotations, a desirable feature of a quantum-enhanced
FOG.

To minimize the estimator variance for design C
[Eq. (6)], we solve 3<A§~Z%) /0L = 0 and find the solution

Lo _ 20 8686
P In(10)b b’

(11)

which is the fiber length known to optimize the signal-to-
noise ratio of a classical FOG given a dB/km loss speci-
fication of b [33]. Assuming that b = 0.5 dB/km at 1550
nm, Loy A~ 17.372 km. The optimized estimator variance
is

1 €*In(10)%p?

A | iep =
(AR imton = Joan 400

(12)

For the minimized estimator variance of design S
[Eq. (10)], solving d(AQ2)/dL = 0 yields the solution

102 + A(Ny)]

Low = — 0 (13)
where
AG) = W<4[x — «/e);(l —f—x)]) (14)

and W(y) is the principal value of the Lambert /7 function.
This corresponds to a minimized variance of

1 AN In(10)25?
V=2N, 200[2 + A(Ny)]

(AQE) =Ly = (15)

The parametric curve in Fig. 3(b) shows that SV injec-
tion boosts the optimal FOG sensitivity while reducing the
length of the fiber needed for a desired performance. For
example, while a classical FOG achieves its optimal esti-
mator variance with 17.37 km of 0.5 dB/km fiber, a 10.24
km FOG with 5 dB of squeezing exhibits the same sensi-
tivity with more dynamic range and a lower payload. Fur-
thermore, experimentally feasible single-mode squeezing
(1015 dB) achieves nearly the full constant-factor quan-
tum advantage; more squeezing yields diminishing returns.
This indicates that a fully realized squeezing-enhanced
FOG is a near term attainable technology.

IV. ENTANGLEMENT-ENHANCED FOG

In this section we consider distributed sensing, where
multiple identical Sagnac interferometers are simultane-
ously employed in parallel orientations on a single spool to
measure the same physical rotation. Using M to denote the
number of fiber-optic interferometers being used, the fiber
length allocated to each interferometer becomes / = L/M,
so V' = L/(MT). For distributed FOGs, it may be appro-
priate to constrain not the total mean photon number N, of
the laser light, but the per-mode mean photon number n, =
N, /M, or, equivalently, a per-mode laser power constraint,
to account for the peak power permitted by an optical fiber
before the onset of adverse nonlinear effects [47]. This
constraint introduces an immediate benefit in sensitivity
via an increased total laser power budget, and, addition-
ally, the smaller scale factor for each Sagnac interferometer
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increases the FOG dynamic range [33]. We investigate the
additional enhancement in sensitivity that is possible when
squeezed light is injected into a distributed FOG. While
CV entanglement does not provide a significant sensitiv-
ity advantage over an optimized classical system when
the total fiber length is unconstrained, we find that it can
yield an appreciable improvement under a total fiber length
constraint.

A. Distributed FOG modalities

In Fig. 4 we show three distributed FOG configura-
tions. In all three cases, the M interferometers are fed
by modes ain;,j € [1,M], in coherent states |, ;) =
|/ V/M). These coherent states could be sourced from a
single laser driving the coherent state |{,) = |«) in mode
a, ; with mean photon number N, = (¢a|2’$,12’{n,1 Vo) =
«?, where this laser light is equally split M ways using
a balanced beam splitter array (B in Fig. 4). An iden-
tical beam splitter array recombines the M symmetric
output modes ZA)out j» and a single homodyne measurement
is performed on mode B;ut’l [32]. The statistics of the out-

put variable l;;ut’ , from a quantum-noise-limited, lossless,
imaginary-quadrature homodyne measurement are calcu-
lated in Appendix B for each of the three configurations.
A distributed classical FOG (design D) is depicted in
Fig. 4(a). The bin j mode on each interferometer is in a
vacuum state [) = |0), and the joint quantum state is
|V ) W)Y, with @M denoting a tensor product. Since
coherent states and vacuum states remain pure through pas-
sive linear optical transformations such as the beam splitter
arrays B, the light effectively undergoes the same evolution
as that of design C, with homodyne output statistics given
by Eq. (4). If n is the optical transmissivity of each iden-
tical interferometer, the variance of the unbiased estimator

b:)ut.l

B b:mm?
L d
L]
" L]

bin, 1 . in,]
b, Ve 1 A
y out, /2 .
Design D outM " |Design P

FIG. 4.

bout,l

Qp = ZZ;gut’l /(T /na) is given by

= .. L1 M
T T2 T V2p, [210-PL/10M

(16)

In the simplest squeezing-enhanced, distributed FOG
(design P), identical SV states |i) = |0; —r) are intro-
duced independently into each of the M interferom-
eters [Fig. 4(b)]. The optical input to this system is
again in the product state |V, )|v,)®Y, where the total
mean photon number from the squeezed light is Ny =

oI (WblbY, ;Biny 1) = M sinh®(r). The mean and vari-
72

ance of the homodyne output variable Z;out,l take the same
form as that of design S [Eq. (7)], with the variance
depending on the squeezing parameter » of just one of
the M SV states |;) (Appendix B). Using the unbiased

estimator Qp = 2bgut’l/(T\/ﬁa),

AR~ M
(ALp) ~ V—2p, [210~bL/10M

10—bL/10M
) <w1 TN M+ /N M)

+ 1— lobL/IOM) .
17)

Finally, in Fig. 4(c) we show the design of our proposed
CV entanglement-enhanced FOG (design E). Entangled
light is generated by symmetrically splitting a single-mode
SV state with mean photon-unit energy equal to N, =
(Y |IA)$’IZA)§H’1 l¥) = sinh?(r) using another balanced beam
splitter array B [20], the output of which is distributed to
the M interferometers. The resulting i)in j modes exhibit
mutual quantum entanglement and cannot be written as a
tensor product of quantum states. In Appendix B we show
that @, , and l;;n’l evolve into a;,, ; and Z):)ut,l via the exact

P 15
bout,l bouLl
L i
bont.? b(mt.Q

. .

. .

. .
Y in, 2
bout.M = boum\!
— Design E —

(a) Distributed classical FOG (design D) with each interferometer fed by the same laser. (b) Product-state squeezing-

enhanced FOG (design P) with separable SV inputs generated using M single-mode squeezers. (¢) Entanglement-enhanced FOG
(design E) with a SV from one squeezer distributed to the M interferometers. While the Sagnac loops are drawn as separated in space,
in practice they could be mounted on the same fiber spool with independent fiber couplers.

034065-6



QUANTUM-ENHANCED FIBER-OPTIC GYROSCOPES...

PHYS. REV. APPLIED 14, 034065 (2020)

same mathematical relationships as for design S, so the
mean and variance of the homodyne measurement out-

put Z):)ut,l are given by expressions equivalent to Eqs. (2)

and (3). The unbiased estimator (AQ2) = 2]3;%1 /(T /na)
has a variance of

&2y 1 M
(AQE) ~ V-2p, [210-bL/10M

107bL/10M

) (wl TN N

1— 10—bL/10M> )
(13)

Comparing Egs. (17) and (18), the sensitivity achieved by
design E depends on the entire squeezed energy budget
N, whereas the effective contribution to the sensitivity of
design P is only 1/M of the total squeezed light.

B. Quantum-enhanced distributed FOG sensitivity
with unconstrained total fiber length

For design D with n = 1072/1° minimizing the estima-
tor variance [Eq. (16)] over the total fiber length by solving
d(AQ3)/IL = 0 gives the optimal total length

20M 8.686M
Lopt = ~ 5
In(10)b b

(19)

which equals the optimal total length for design C
[Eq. (11)] scaled by M. The minimized variance is then

1 €2In(10)%p?
V-2Mn, 400

(AQE) =L = (20)

a factor of M reduced from (AQ%H L=Loy [EQ. (12)], since
n, is equal to N, when using a single interferometer.

Optimizing the total fiber length for design E reveals
a similar relationship with respect to design S. Solving
d(AQ2) /L = 0 using Eq. (18) gives

10[2 + AN IM
In(10)p  °’

Lopt - (2 1)

the optimal fiber length for design S [Eq. (13)] scaled by
M. This is evidence that design E is the true distributed
sensing analog for a squeezing-enhanced FOG. Likewise,

1 A0 In(10)262
V=2Mn, 200[2+ AN,)]’

(AQE) |1oroy = (22)

equivalent to (1/M)(AQ3)|,—1,, [Eq. (15)].

For design P, the equation 8(AS~2§) /0L =0 can be
solved using Eq. (17) to obtain

10[2 + A(N,/M)IM

Lopt = 23
or In(10)b )
The optimized estimator variance is
B 1 eZ—t—A(Ns/M) ln(10)2b2
(D) =Ly = (24)

V=2Mn, 200[2 + A(N;/M)]’

which has no simple relationship with (Afzé) | L=Lopt-

In Fig. 5 we compare the sensitivity of these three dis-
tributed FOG modalities when the total available fiber
length L is optimized for each case. Since the input laser
power scales with M, distributed sensing yields an imme-
diate advantage independent of squeezing, as seen for
design D (black bars). Given a fixed total energy budget
from squeezed light N, design E (cyan bars) increasingly
outperforms design P (red bars) as M increases. Alterna-
tively, the per-mode energy n, of each injected SV state
could be held fixed; this is the case if all available single-
mode squeezing sources generate SV states at ¢ dB of
squeezing, for example. In this case, design P (magenta
bars), for which ny, = N;/M, matches the sensitivity of
design E, for which n; = Nj, for all values of M. However,
to match this performance, design P requires M physical
single-mode squeezers, each producing the same amount
of squeezing as that of the one squeezer used for design E
(Fig. 4). This result showcases the value of entanglement-
enhanced sensing in terms of resource efficiency: using

Design C
;— Designs
0.020 ‘ Design D
_ /11111 Designp  |0.0015
& Design E
20,010 ot
S
= 0.0013
alu“ 0.005
=
C\lc
40.002
0.001
1 2 4 8 16
M
FIG. 5. Normalized rotation estimator variance of distributed

FOG modalities with optimized total fiber length and b = 0.5
dB/km of loss. Black bars indicate design D. Red bars indi-
cate design P with total squeezed-light energy equivalent to the
energy from a single 10 dB squeezer. Magenta bars indicate
design P with M 10 dB squeezers. Cyan bars indicate design
E using a single 10 dB squeezer. Numbers within bars indicate
the number of single-mode squeezers required to implement the
FOG design. Inset: Magnified view of results for M = 16.
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CV quantum entanglement, a single SV source enables the
same quantitative performance as that achieved by several
of the same SV sources placed in parallel, which collec-
tively generate M-fold more squeezed photons. Still, the
additional improvements arising from an injected SV for
designs P and E over design D are only marginal regardless
of M.

C. Quantum-enhanced distributed FOG sensitivity
with constrained total fiber length

Gyroscopes are often employed in navigation or iner-
tial tracking contexts with strict requirements on the total
allowable payload and/or a maximum size restriction for
the device. For a FOG with a fixed diameter, these weight
and size constraints will dictate a maximum total fiber
length L allowed for the gyroscope, assuming that fiber
couplers, beam splitters, and integrated optical sources
and detectors account for a relatively small footprint. For
each of the three distributed FOG modalities depicted in
Fig. 4, the design parameter M can be tuned to optimally
balance the input coherent state amplitude o = /Mn,,
the fiber transmissivity n = 1072/1%" ' and the number of
area-contributing fiber loops for each interferometer m =
L/QnrM).

Using Eq. (16) for design D and solving 9 (AQZD)/E)M =
0, the optimal number of distributed interferometers
depends on the fiber length constraint L and is given by

bL1In(10
o = 206938 25)
10
Consequently, the optimized estimator variance is
~5 ben(10)
(AQD) M=Mop = oL (26)

For design E, the equation 0 (AQ%) /oM = 0 can be solved
using Eq. (18) to obtain

e e e
and
(AQE) =t = W, (28)
where
T(x) = W(Z[x — M]) (29)
e

A similar optimization for design P can be performed
numerically. Since (AQ3), (AQ3), and (AQ3) are convex,
the optimal multiplexing configuration for each design can

15 km fiber 20 km fiber

0.10

10 km fiber
. F 0.10
Design C ,° _-'.

g
5_4/0.05/ Cof 0.05 ! 0.05

—~0.10
q

| o '- o M ‘ ... H O... /
~ 0.02 I\.\ 0.02* ¢ = 0.02 o
~ ! N o ® .

a Design S AL .

c: ——

an

= Design D LN
\<]/0401 = Design P 0.01 0.01
Design E
12 51020 12 51020 12 51020
M M M

FIG. 6. Normalized rotation estimate variance as a function of
M for design D (gray), design P FOG (red), and design E (cyan)
with given total fiber length constraints. In each case, b = 0.5 dB
loss/km of fiber. The design E results use 10 dB of squeezing. For
the design P results, the mean photon number N, from all injected
SVs is equal to that of a single-mode SV with 10 dB squeezing.
The descending solid parametric curves give rotation estimate
variances with optimized M as the squeezing is increased.

be obtained by rounding M, either down or up to the
nearest positive integer, whichever yields the lower estima-
tor variance. If this procedure yields My, = 1, distributed
sensing offers no benefit; design D becomes design C, and
designs P and E both equate to design S.

The effect of this trade-off on rotation sensitivity is visu-
alized in Fig. 6 for three fixed total fiber lengths and 10 dB
of squeezing. As the available fiber length is increased, the
sensitivity achieved by all three distributed FOG designs
improves, as expected. We find that adding one or two
sensors will only improve design D over design C in the
case of very long total fiber lengths, whereas designs P and
E obtain a greater benefit in sensitivity from multiplexing
several interferometers. Design E reaches the best rotation
sensitivity, with an optimal number of interferometers M
that increases both with the total fiber length and with the
amount of squeezing, but remains a reasonable M, ~ 5
for 10 dB of squeezing. The resulting decrease in the fiber
length of each Sagnac interferometer also increases the
unambiguous dynamic range of the FOG [33]. The sen-
sitivity of design P is worse than that of design E when the
total squeezed energy N is held fixed. As seen in Fig. 5,
design P again matches the performance of design E if the
per-mode squeezed energy #; is consistent between the two
designs, but it does so at the cost of using M single-mode
squeezers and additional pump energy.

V. COMPARISON OF QUANTUM-ENHANCED
AND CLASSICAL FOG SENSITIVITY

While none of the FOG modalities described here
exhibit a Heisenberg scaling advantage in the presence
of fiber loss, in this section we identify circumstances
under which quantum enhancement can still enable notable
constant-factor improvements over the SQL. We define
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rotation estimator variance ratios Rg = (AQ%) / (AQ%),
Rp = (AQ3)/(AQR), and Rg = (AQ2)/(AQE) of designs
S, P, and E against the corresponding classical FOGs using
Egs. (6), (10), (16), (17), and (18). We stress that the
baseline comparison for designs P and E is design D, so
the M-fold reduction in estimator variance gained from
increased laser power is canceled out in Rp and Rg. As a
result, the estimator variance ratios isolate the advantage
arising from quantum enhancement.

A. Sensitivity comparison for 15 km fiber

As an example, in Fig. 7 we plot the three estimator
variance ratios Rg, Rp, and Rg for a realistic total fiber
length requirement of L = 15 km. While squeezing with
a single interferometer (design S) provides some improve-
ment over the single-mode SQL (design C), adding multi-
ple distributed sensors augments the benefits of quantum
enhancement. Comparing the quantum-enhanced FOG
designs, the greatest performance gap between our design
E and the design P occurs with five or more multiplexed
interferometers and 5-15 dB of single-mode squeez-
ing, which are reasonable design parameters for a next-
generation quantum sensing system. Moreover, while the
high-squeezing behavior limy, , o {Rs} = limy, .o {Rp} =
limy, oo {RE} = 1 — 7 is recovered, design E converges to
this performance with a much lower energy requirement
for squeezed light compared with design P.

B. Estimator variance ratios for optimized CV
entanglement-enhanced FOGs

Lastly, we focus on the performance of our CV
entanglement-enhanced FOG design compared with the
SQL. We analytically calculate the estimator variance

M — Design S Design E

s 1510 51 M DesignP m1-n

1.0

. 10 15
Squeezing (dB)

20

FIG. 7. Estimator variance ratios Rs (blue parametric curve),
Rp (red surface), and Rg (cyan surface) as a function of squeezing
and the number of interferometers for » = 0.5 dB loss/km fiber
and a total fiber length constraint L = 15 km. For the Rp results,
the mean photon number N, from all injected squeezed states is
equal to that of a single-mode SV state with squeezing given by
the x axis. The purple surface shows 1 — 5 = 1 — 1072¢/M)/10
for reference.

ratios for optimized sensor configurations under two sce-
narios: when the total fiber length is not constrained and
when it is constrained to a fixed length. Additionally, we
consider here the system loss accumulated in a real FOG
from fiber coupling and homodyne detection and model
the aggregate transmissivity from these sources using «.
For the derivations in the main text, we assume that
k = 1, while analytical results for x < 1 are derived in
Appendix C.

If the total fiber length is unconstrained and can be opti-
mized, Reli—roy = (AQE) 110/ (A2E) =Ly gives the
ratio between the estimator variance of design E [Eq. (22)]
and that of design D [Eq. (20)], where each estimator
variance is calculated with optimized fiber length. Inter-
estingly, this ratio is found to be

2eA(Ns)

RE|1=1oy = T AN’

(30)

which depends on neither n,,, b, nor M, but is determined
solely by the squeezing in the injected SV. In particular,
since Rg| L=Lopt is the same for all M including M = 1, itis
equivalent to the variance ratio Rs|.L,, of a single-mode
squeezing-enhanced FOG (design S) compared with the
single-mode SQL (design C). In the high-squeezing limit,
the variance ratio converges to

2W(=2/)

T x0.836 31
2+ W(=2/e) » GD

lim {Rg|;= =
Ns—>oo{ E|L—L0pt}

which lower bounds the constant-factor drop in estimator
variance below the SQL with unconstrained fiber length.

When the total fiber length L is constrained to a fixed
value, Relu=moy = (AQE) =pop/ (AQD) =ty gives
the ratio between the estimator variances of designs E
[Eq. (28)] and D [Eq. (26)]. The resulting ratio

Re|v—ptoy = € ™ (32)

depends only on Ny, not on n,, b, nor L. Since the variances
are optimized with M, > 1, in general, this advantage is
not achieved by design S and requires the use of distributed
sensing. Remarkably, the high-squeezing limit gives the
simple lower bound

i {Re L} = e 2~ 0.368, (33)

the fundamental reduction in rotation estimator variance
below the multimode SQL that is achievable with our
entanglement-enhanced FOG design.

In Fig. 8 we plot the estimator variance ratios for our
entanglement-enhanced design in these two cases, while
in Table I we give the constant-factor improvement, i.e.,
the inverse of the variance ratio, that can be achieved with
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FIG. 8. The ratio Rg between angular-velocity estimator vari-

ances for entanglement-enhanced and classical FOGs as a func-
tion of single-mode squeezing. Results are independent of b.
Design E with unconstrained fiber length achieves a best sensi-
tivity ratio of 0.836 compared with the SQL (design D). Design E
achieves a minimum ratio of e~! & 0.368 under a fixed total fiber
length constraint. System loss (thinner lines from bottom to top
indicate k = 0.9, k = 0.8, x = 0.7) results in tempered quantum
advantage.

respect to the SQL. With unconstrained fiber length, which
is when the variance ratio for design E conforms to that
for design S, a currently realizable 10—15 dB of squeezing
attains a constant-factor improvement nearly equal to the
fundamental maximum factor of 1.196. However, this best-
case constant-factor improvement is practically negligible,
so the system demonstrated in Ref. [39] has limited useful
potential for reducing the rotation estimate variance below
the SQL.

On the other hand, under the realistic constraint of fixed
fiber length with an optimized number of interferometers,
an appreciable advantage over classical sensing is possi-
ble, as the constant-factor improvement for our design E
over design D in this case is upper bounded by e = 2.718.
CV entanglement is required to access this gain in perfor-
mance (Fig. 6), which holds regardless of the total fiber

TABLE I. Constant-factor improvement in rotation sensitivity
(given k = 1) for the entanglement-enhanced FOG over the SQL
under a total fiber length optimization (first row) or a total fiber
length constraint with an optimized number of interferometers
(second row).

Squeezing (dB)

5 10 15 20 00

Relly,, = Rslply, 1116 1168 1187 1.193 1.196
1435 1.837 2.154 2375 2718

-1
RE|M:Mop‘

length requirement or the characteristic fiber loss but is
degraded somewhat by realistic system losses. The max-
imum improvement for a given amount of system loss « is
achieved only at infinite squeezing, but most of this gain is
attainable at 1015 dB of squeezing (Fig. 8). As a result,
our CV entanglement-enhanced FOG design could reach
meaningfully sub-SQL rotation precision with currently
existing squeezing technology.

VI. DISCUSSION

Our work expands upon the use of quadrature squeez-
ing to show that CV entanglement further improves peak
performance in a high-precision sensing application under
realistic conditions. Our proposed design E is an appli-
cation of recent theoretical works on CV entanglement-
enhanced sensitivity for interferometric sensors [20,23—
27], which emphasize the achievability of Heisenberg
scaling in sensitivity. Our results show that entanglement
can provide the additional benefit of matching the quan-
tum advantage of nonentangled quantum sensors with
a lower quantum resource (i.e., squeezing) requirement.
While the optimal per-photon performance for such sys-
tems is achieved with just a SV input [23], Heisenberg
scaling in sensitivity is also known to be possible using
the SV and coherent state probes considered here, a
configuration which also enables high laser power [20,
27]. Notably, the quantitative enhancement from entan-
glement depends on the parametric model of the spe-
cific physical system [27,30]. For example, the improve-
ment factors over classical FOGs that we report here
result from the characteristic balance between scale fac-
tor and fiber loss for fiber Sagnac interferometers; CV
entanglement may benefit other sensing applications even
more.

While none of the sensor designs evaluated here achieve
Heisenberg-limited scaling in sensing performance due to
fiber loss, we have shown that FOG rotation sensitivity
can be boosted beyond the SQL by useful constant fac-
tors using CV quantum entanglement that are not possible
with a single squeezing-enhanced Sagnac interferometer.
Our analysis considers currently feasible specifications on
single-mode squeezing, optical gyroscope, and homodyne
detection technologies; in fact, our results indicate that
additional improvements in single-mode squeezing capa-
bilities would yield diminishing returns in rotation sensi-
tivity. We conclude that an entanglement-enhanced FOG is
a promising near-term technology that could both demon-
strate the benefits of quantum sensing and potentially
provide useful improvements to high-sensitivity inertial
tracking systems under practical, real-world constraints,
such as size or payload limitations.

A key advantage of our CV entanglement-enhanced
FOG design is access to quantum-enhanced distributed
sensing with only one single-mode squeezer. While a
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squeezing device could add to the total weight of a FOG
setup, the ability to generate squeezed vacuum states
would reduce the footprint compared with the optical fiber,
although potentially at the cost of increased fiber cou-
pling loss. An additional possibility could be generation
of squeezed light inside of a cavity or within the optical
fiber itself to reduce coupling losses. Finally, nonrecipro-
cal phase accumulation due to scattering [48], polarization
nonreciprocity, and nonlinear Kerr effects [33] can be a sig-
nificant source of error for FOG technologies and should
be taken into account in future work.

The role of distributed sensing could be impactful for
future technologies including FOGs. Indeed, entangle-
ment could improve the performance of a FOG in iner-
tial sensing contexts, such as terrestrial, naval, aircraft,
and space-based navigation. Additionally, for coordinated
movements with distant FOG systems, preshared entan-
glement could be used to register individual gyroscopes
to each other. An experimental demonstration of our
scheme is within reach and would make progress toward
yet another increase of real-world technological capability
using quantum-enhanced sensing.
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APPENDIX A: CONJUGATE PHASE SENSING
THEORY

Here, we derive the output statistics of a quantum-noise-
limited, lossless homodyne measurement when the two
arms of a conjugate phase sensing MZI are symmetrically
affected by pure optical loss with transmissivity n on each
arm. In a conjugate phase sensing setup, such as a FOG of
design C or S, the optical field operators a;, and IA)in evolve
through the system via unitary dynamics in the Heisenberg
picture. The unitary transformation applied by the quantum
circuit in the inset of Fig. 1 is

1 1 1]fe” o] 1 [1 1
wo =54l el A
| cos(¢) —isin(¢)
- |:i sin(¢p) — cos(¢):| ’ (A1)
where i = «/—1. Equation (A1) holds for both discrete-
variable and CV quantum states.

Assuming symmetric loss processes that impose equal
transmissivities 17 on the two opposing paths around

the fiber coil, we model fiber loss with the pure-loss
channel

]\ _ [ + ~T= 112,
CDVI ([Bln]) - [ﬁ[}in + méb} 5 (A2)

where ¢, signifies an ancillary vacuum mode that is asso-
ciated with the optical mode lAcin. For any Gaussian state, a
pure-loss channel with equal loss for each mode commutes
with any passive unitary operation, so the loss channel @,

can be applied directly on the input modes a;, and bin. The
output field operators for a FOG become

&out Z\Zin
] = oo ([32])

cos(¢)[y/Nain + /T — néd]
—i8in(@) [\/1Din + /1T — nép]

isin(@)[/Nain + /1 — néa]
—cos(P)[/1bin + /1 — nép]

(A3)

A homodyne measurement on the imaginary quadrature
of mode Bout is sufficient to estimate ¢ for given input states
|Y,) and |13). If the homodyne measurement is quantum-
noise limited, the classical random variable boy will inherit
the statistics of Im(lsout). Its mean is

(bow) = (Im(bou))
= sin(@)[/7(Re(@n)) + v/ — 1(Re(&,))]
— cos(P)[y/n(Im(bi)) + /1 — n(Im(&;))]
= /nsin(¢) (Re(@in)) — cos(¢)(Im(bin))]  (A4)

and its variance is

(AB%,) = (Im(bow)?) — (Im(bou)?)
= sin(¢)*[n(Re(@in)?) + (1 — ) (Re(@)*)]
+ cos(@)?[n{Im (b)) + (1 — n)(Im(&)*)]
— sin(¢)*[n(Re(@n))* + (1 — 1) (Re(&,))?]
— cos(¢)*[n(Im(bin))* + (1 — n)(Im(&y))*]
= n[sin(¢)*(ARe(@i)?) + cos(@)* (Alm(bin)?)]

l—n
+—

(A5)
Quantum vacuum state quadratures exhibit a zero mean
field [(Re(e,)) = (Im(ep)) = 0] but nonzero variance
[(ARe(e,)?) = (Alm(éy)?) = 1/4], the latter being a
direct consequence of the quantum uncertainty principle.
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APPENDIX B: DISTRIBUTED CONJUGATE
PHASE SENSING

Since the output modes lAyout j of each MZI are all identi-
cal due to the symmetry across all M modes, a balanced
beam splitter array will fully recombine all of the light
into mode bgu” Additional optimization of the recombi-
nation step [25,26] would not provide any benefit for any
of our three distributed FOG designs. A distributed FOG
with separable inputs to each interferometer (e.g., designs
D and P) can be thought of as a series of conjugate phase
sensors. After recombination, we have

A quantum-noise-limited homodyne measurement on the
imaginary quadrature of mode 4/ , | then has mean

(Bluy) = (Im(B), 1)

= sin(@) [ /i (Re(@,) +

M (Bin,)) + /1= n(Im(@,))]

—n(Re(@, )]

M

cos(¢
o3

= /1| sin(¢)(Re(@, )) —

M
cos(¢) Z Im(bm,) i|
J

b = i5in(@) (V1 + V1= 1n2,,)) E2)
COS(P) o, s
- NI ;(\/ﬁbin,j ++/1—=ne;). (Bl and variance
(ABZ, 1) = (Im(Bl, )?) — (Im(Bl, )
= sin(¢)*[n(Re (@}, )*) + (1 — n)(Re(@4,1)*)]
2 M
+ C"j‘(f) /Z[n(lm(bm,ff) + (1= ) (Im(@y,)%)]
— sin(¢)’[n(Re (@, ,))* + (1 — n)(Re(@4,1))’]
2 M
= °°5A(f) ;[n(lm(binJ)>2 + (1= n)(Im(@s,))?]
. . COS(¢)2 1-
zn[sm@)%ARe(am,l)% 7 > (AIm(biy) >} T” (B3)

If the separable quantum states injected into each mode
bin ,j are identical, the quadrature variance has a nearly
identical form to that from a single-mode interferometer
[Eq. (AS5)], except the first variance contribution comes
from the state |{,) and the second is the variance of one
copy of the state |v).

The injected SV in design E cannot be written as a
series of separable quantum states. The input-output field
operator relationship in this case is given by

By = isin(@) (VT + /1 — &,

— cos(¢) (b, + (B4)

1 - 77%,1):
which has the exact same form as the single-interferometer

case [Eq. (A3)]. Since mode Ein , is the only SV state and
has a mean photon number of Ny, the situation is identical

J

(

to the development for design S (Sec. III A), and the same
results for homodyne measurement statistics [Eqs. (A4)
and (A5)] can be used, where l;out should be replaced with
b and by, with b/

out,1° aln Wlth Cl in,1*

in,1°

APPENDIX C: ESTIMATOR VARIANCE RATIOS
WITH SYSTEM LOSS

In addition to fiber loss, losses can occur in a laser-
driven FOG from fiber coupling, homodyne detection, and
other nonidealities. Assuming that these sources of sys-
tem loss are identical across all optical modes in a FOG
system, these losses can be mathematically commuted to
act as an aggregate system loss « along with the fiber loss
n. The result is an overall pure-loss channel @, that acts
directly on the input modes of the FOG. Replacing n with
k1, the estimator variances for designs D [Eq. (16)] and E
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[Eq. (18)] become
1 M
~ V=2, L2k 10-bL/10M”
o1 M
~ V=2, L2k 10~bL/10M

Klobe/IOM

8 (wl TN+ N

+1-— Klo—bL“OM) )
(C1)

When the total fiber length is not constrained, the rota-
tion estimator variance can be optimized using the fiber
lengths

I 20M  8.686M
10y~ b
(C2)
_10[2 + A(Ng; 1) IM
o In(10)h
for designs D and E, respectively, where
dic[x — /x(1
Al ) = W( <lx f( +x)]>. (C3)
e

The optimized fiber lengths yield estimator variances of

1 €2 In(10)2p?

(AQE) 1oty =

V-2Mn, 400k 4y
x5 1 2209 In(10)2h2
(AQE)  i=Loy = 75 —
V=2Mn, 200«[2 + A(N;; k)]
resulting in the variance ratio
2eAWsi)
Reletyy = ———————, C5
ElL=Lopt 2+ A6 (C5)

which depends only on N, and « and has the x-dependent
lower bound

2 eW(—ZK/ez)

RPN TE T S

N}EHOO{RE |Z=Lopt}

If the total fiber length is constrained to L km, the

optimal numbers of interferometers for designs D and E
are

opt = w = 0.23bL,
_ bLIn(10) €7
TTI0[1 + TNy )]’
where
(k) = W<2K[x — «/ex(l —f—x)]). C8)

The resulting optimized estimator variances are

belIn(10)
10kL ~
be! T W59 1n(10)
10k L ’

(AQD) MMt =

(C9)

(AQE) =ty =

and the estimator variance ratio

" (Ns;k)

(C10)

Re|m=moy = €
depends only on N; and « with a lower bound of

W(—«k/e)

{Relv=mop} = € (C11)

lim
Ng—00

These estimator variance ratios are plotted in Fig. 8.
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