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Orbital angular momentum (OAM) carried by acoustic vortex attracts extensive research interests due
to the possible application such as acoustic tweezer and communications. The OAM in the conventional
symmetric acoustic vortex is generally determined by topological charge l. Here, we provide the beam
symmetry as an alternative factor to manipulate the OAM beyond the topological charge. We propose a
nondiffractive asymmetric acoustic vortex beam, which can be generated by an acoustic metasurface and
modulate the OAM to arbitrary values. Rather than the radially symmetric distribution, the intensity of the
asymmetric acoustic vortex is characterized with a crescent shape controlled by the asymmetry parameter
α. The ratio between axial OAM and sound energy on the transverse plane depends on the asymmetry
parameter and thus is not quantized by the ratio of topological charge l to wave angular frequency ω
as in conventional vortex beam. Moreover, we present the realization of the proposed vortex beam by
designed metasurface, and reveal the nondiffractive nature of the asymmetric acoustic vortex beam. Our
work expands the family of acoustic vortex and demonstrates an alternative route to control acoustic OAM.
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I. INTRODUCTION

Vortex beams are helical waves with the screw-phase
dislocation and an amplitude null at the core [1,2], which
have been widely investigated in both acoustic [3–8] and
optical fields [9–13]. The vortex beams have an azimuthal
phase dependence exp(ilϕ) with topological charge l and
carry orbital angular momentum (OAM). In acoustic vor-
tex, the carried OAM leads to intriguing properties, which
shed light on promising applications such as particle
manipulation [7,8,14–18] and acoustic communications
[19–21]. Conventionally, acoustic vortex is radially sym-
metric with bright rings of high intensity. The OAM
carried by this symmetric vortex is known to be character-
ized with topological charge l, and transferring the OAM
from acoustic beam to the illuminated object results in a
radiation torque, where the ratio of the OAM transfer to
the energy absorption is given by the ratio of topological
charge l to the angular frequency ω [4,5,22]. Therefore,
the OAM for acoustic waves with the given frequency
and energy density can only be controlled by changing the
topological charge.

In this work, we explore the beam symmetry as an alter-
native factor to modulate acoustic OAM beyond the topo-
logical charge. The asymmetry-based modulation stems
from the extrinsic OAM, which generally relates to the
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lateral displacement of the vortex [23], yet no shift from
the center of each symmetric Bessel mode is required in
our design. Whereas the asymmetry of acoustic vortex
beams can arise from the inhomogeneity of media [24], the
asymmetry of the vortex beam in a homogeneous media
has to be produced using a proper source. The asymmetry
can extend application of vortex; for example, manipula-
tion of nanodroplets via a nonuniform focused acoustic
vortex [25].

Here we introduce the asymmetry to acoustic vortex
beam in a homogeneous media by the superposition of
symmetric Bessel modes on the source plane. We realize
the modulation based on the theoretical design of non-
diffractive asymmetric acoustic vortex beam, and present
the generation with acoustic metasurface. We reveal that,
besides topological charge l, the OAM also depends on
the asymmetry of the vortex beam, which acts as an alter-
native factor to manipulate the acoustic OAM. We gain
insight into the rich singularity behavior of the asym-
metric acoustic vortex. Besides the ordinary singularity
corresponding to the topological charge l in the beam
center, the asymmetric vortex beam acquires additional
singularities on the x axis, which always come with pairs
and show opposite winding numbers. Thus, the effective
topological charge of the asymmetric vortex, resulting
from the average of multiple vortices, can be noninteger.
However, all the topological charges in each superim-
posed Bessel modes are still integer, which is different
from the fractional topological charge studied in previous
works [26,27].
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II. GENERAL FORMULA OF ASYMMETRIC
ACOUSTIC VORTEX

We start by considering the Helmholtz equation for the
complex velocity potential � in cylindrical coordinate
system, (∇2 + k2)� = 0, where k = 2π/λ is the wave
number of acoustic wave with wavelength λ and angular
frequency ω. The Helmholtz equation has a solution in the
form of Bessel mode [28]:

�l(r,ϕ, z) = exp(iκz + ilϕ)Jl(μr), (1)

with κ and μ being the axial and radial wave number
(κ2 + μ2 = k2), and Jl being the lth-order Bessel function
of the first kind. According to the superposition principle,
any linear combination of �l is also the solution of the
Helmholtz equation. We propose the asymmetric acoustic
vortex beam based on linear superposition of the Bessel
modes in Eq. (1), with the velocity potential in the initial

plane (z = 0) expressed as follows:

ψl(r,ϕ, z = 0;α) =
∞∑

m

αm exp(ilϕ + imϕ)
m!

Jl+m(μr).

(2)

Here, the constant α is a continuous value and assumed to
be real and positive, which is shown to govern the asym-
metry degree of the vortex. We can reduce Eq. (2) based
on the integral [29]:

∞∑

k=0

tk

k!
Jk+ν(x) = xν/2(x − 2t)−ν/2Jν(

√
x2 − 2tx). (3)

Consider the beam propagation in free space, the resulting
acoustic beam at any distance z follows:

�/(r,ϕ, z;α) =
[

μr
μr − 2α exp(iϕ)

]l/2

Jl

{√
μr[μr − 2α exp(iϕ)]

}
exp(ilϕ)exp(iκz). (4)

Equation (4) is the analytic expression of the asymmet-
ric acoustic vortex beam studied in our work. It is observed
in Eq. (4) that the asymmetric vortex beam is character-
ized with the same spiral phase exp(ilϕ) and the lth-order
Bessel function as in ordinary symmetric vortex. However,
the amplitude distribution and argument in the Bessel func-
tion are modified by the dimensionless quantity α, which
is referred to as the asymmetry parameter. In addition to
exp(ilϕ), the azimuthal distribution is also controlled by
α, resulting in a nonlinear dependence of the phase on
azimuthal angle. The modulation of the argument in the
Bessel function gives rise to the asymmetry and unusual
singularity behavior discussed in the following.

Figures 1(a) and 1(b) are the intensity and phase distri-
butions of the proposed asymmetric vortex on the initial
plane (z = 0) with l = 1 and different asymmetry param-
eter α. Throughout the paper, the intensity is normalized
with the respective maximum value. Compared to the
radially symmetric vortex (α = 0), the intensity of the
asymmetric vortex features the crescent shape, with the
bright spot shifted along x direction while elongated along
y direction. As predicted in our theory, the asymmetry of
the vortex increases with α. Intensity profiles along the x
axis in Fig. 1(a) are plotted on the bottom. In the phase
patterns [Fig. 1(b)], there is an expected singularity with
topological charge l located at the beam’s center, denoted
by the black circles in the insets (enlarged view), with the
position x0

sin = 0. In addition, several anomalous pairs of

isolated intensity zeros are readily seen, generating acous-
tic vortices pairs on the x axis (denoted by white circles),
all of which bear the unit topological charge with opposite
chirality on different sides of the origin [30]. These extra
singularities induce additional angular momentum in the
asymmetric acoustic vortex beam, which renders the asym-
metry as a new tuning knob for the modulation of OAM
beyond the topological charge.

III. SINGULARITY BEHAVIOR

The intriguing singularity behavior of the proposed
beam can be explained from the theoretical analysis. The
asymmetric vortex beam described in Eq. (4) has a finite
number of isolated intensity nulls when the Bessel function
is zero, namely,

μr[μr − 2α exp(iϕ)] = γ
p
l (p = 0, ±1, . . .), (5)

where γ p
l is the pth root of the lth-order Bessel function:

Jl(γ
p
l ) = 0. The isolated intensity nulls generate acoustic

vortices, corresponding to the singularities of the beam.
We can obtain the real solution of Eq. (5) when the
azimuthal angle is equal to ϕ = mπ(m = 0, 1, . . .), which
indicates that the singularities only locate on the x axis.
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(a)

(b)

FIG. 1. (a) Normalized intensity and (b) phase distributions of the asymmetric acoustic vortices with the same topological charge
l = 1 but different asymmetry parameter (α = 0, 2, 10). The intensity distributions of the asymmetric vortices are featured with the
crescent shape, and the asymmetry is increased with the parameter α. Intensity profiles along the horizontal lines are plotted in the
bottom of (a). Besides the ordinary singularity at the origin, the asymmetric vortex acquires several pairs of extra singularities on the
x axis, with the opposite chirality on different sides of the origin. The insets in (b) are the enlarged views of the phase patterns with
labeled singularities.

The positions of the extra singularities are calculated to be

x + p
sin = α +

√
α2 + γ p

l
2

μ
(ϕ = 2pπ),

x−p
sin = α−

√
α2 + γ p

l
2

μ
[ϕ = (2p + 1)π ].

(6)

Significantly, for α �= 0, all the extra singularities give
rise to acoustic vortices with unit topological charge and
opposite signs on different sides of the origin [31]. When
α = 0, there are no isolated intensity nulls except for the
one at the origin with topological charge l. Instead, the
zero intensity is distributed along the concentric circum-
ferences. Locations of the first pair of extra singularities
x±1

sin are illustrated in Fig. 2(a) as functions of l and α.
In addition, from Eq. (6), the singularities are asymmet-
rically distributed on the x axis since |x+

sin| > |x−
sin|. The

asymmetry is growing with α, agreeing with the results

in Fig. 1(a). The asymmetry can also be characterized by
the shift of intensity peak. According to Eq. (4), the posi-
tion of the intensity peak is approximated to be xmax ≈
(l + α)/μ, as illustrated in Fig. 2(b), which verifies the
positive correlation between the asymmetry degree and the
parameter α.

IV. IMPLEMENTATION WITH ACOUSTIC
METASURFACE

We design acoustic metasurface for practical implemen-
tation of the asymmetric vortex beam. Acoustic metasur-
face has been extensively studied in the generation of con-
ventional symmetric vortex based on the physically spiral
structures [6,26,27,32–36]. In principle, the expression in
Eq. (5) should be satisfied both in aspects of amplitude and
phase for the perfect generation. However, the simultane-
ous manipulation of amplitude and phase is challenging
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(a) (b) FIG. 2. (a) Positions of the
first pair of the extra singulari-
ties x±1

sin in the asymmetric vor-
tex beam as functions of topo-
logical charge l and asymmetry
parameter α. x+1

sin (x
−1
sin ) indicates

the extra singularities on right
(left) of the origin with opposite
chirality. (b) Maximum intensity
position of the asymmetric vor-
tex as functions of l and α.

[37]. Research on acoustic conventional symmetric vortex
show that the phase modulation plays a more important
role than amplitude in the generation [3,6]. Therefore, we
employ a feasible strategy for the implementation with
the phase-only modulation metasurface [38–42], which has
been proven to have good performances in many cases
[43–45]. The metasurface is made of grooves with differ-
ent depths to provide the phase delay in the reflected wave
to satisfy the phase requirement in Eq. (5). Figure 3(d)
shows the photograph of the metasurface sample fabricated
by three-dimensional (3D) printing technology, and the
schematic of the implementation is illustrated in Fig. 3(e).

Throughout this paper, we carry out the numerical sim-
ulations based on COMSOL Multiphysics software. Without
losing generality, we consider the airborne sound of fre-
quency 4000 Hz (λ = 8.6 cm) propagating in air. Acoustic
intensity patterns on the transverse plane (x-y plane) of the
asymmetric vortex beams (l = 1,α = 2) generated by the
metasurface are demonstrated in Fig. 3(c), compared with
the results for the ideal source and the phase-only source
[Fig. 3(a) and 3(b)]. It is readily observed that the intensity
preserves the crescent shape from near field (z = 0.1λ) to
far field (z = 7λ) in Figs. 3(a) and 3(b), and the profiles
along the x axis [Fig. 3(f)] agree well with the theory. In
the generation with metasurface, the intensity evolves from
the ambiguous distribution in the near field (z = 0.1λ) into
the clear crescent shape when z ≥ 2λ [Fig. 3(c)].

We then discuss the nondiffractive nature of the asym-
metric vortex. Theoretically, a single Bessel beam with
the infinite energy is nondiffractive in free space [46].
Therefore, the proposed asymmetric vortex described by
the Bessel function with the complex argument [Eq. (5)]
should possess the same nondiffractive feature. Figure
3 shows that the intensity preserves the crescent shape
from the very near field (z = 0.1λ) to far field (z = 8λ),
which unambiguously proves the nondiffractive nature of
the asymmetric vortex. Moreover, the intensity peaks shift
by identical offsets in different propagating distances, con-
sistent with the theoretical predictions. The discrepeancy
between the theory and simulation results may result from

the phase-only control of the metasurface. The progress on
acosutic metasurface with the effective manipulations of
both phase and amplitude contributes to the genration of
perfect asymmetry vortex beam.

V. MODULATION OF OAM WITH ASYMMETRY

We further investigate the acoustic OAM carried in the
asymmetric vortex beam. The OAM density per unit power
projected onto the beam axis is given by [4,47,48] jz =
ωε Im[�(∂�∗/∂ϕ)], and the sound-energy density is ς =
ω2ε��∗, where ε = ρ0/c2

0. The total OAM and sound
energy of the asymmetric vortex beam on the transverse
planes are calculated to be

Mz = Im
(∫ ∞

0

∫ 2π

0
ωεψ

∂ψ∗

∂ϕ
rdrdϕ

)
, (7)

E =
∫ ∞

0

∫ 2π

0
ω2ε��∗rdrdϕ. (8)

The total OAM Mz and sound energy E are conservative
during propagation, therefore, we can calculate the values
in the initial plane. Substituting Eq. (2) into Eqs. (7) and
(8), one obtains

Mz = 2πωε
∞∑

m=0

α2m(l + m)
(m!)2

∫ ∞

0
J 2

l+m(μr)rdr, (9)

E = 2πω2ε

∞∑

m=0

α2m

(m!)2

∫ ∞

0
J 2

l+m(μr)rdr. (10)

Employing the reference integrals [49]
∫

J 2
p (μr)rdr = r2

2
[J 2

p (μr)− J 2
p−1(μr)J 2

p+1(μr)], (11)

and the asymptotic forms of the Bessel function at large
argument, we deduce the ratio between the total OAM and
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(a) (b) (c) (d)

(e)

(f)

(g)

FIG. 3. Intensity distributions of the asymmetric acoustic vortex beams generated by (a) ideal source (b) phase-only source (c)
metasurface on x-y planes in different distances z = 0.1λ, z = 2λ, and z = 7λ, with l = 1, α = 2. (d) Photograph of the metasurface
sample. (e) Schematic of acoustic reflection metasurface. (e)–(f) Intensity profiles along the x axis for ideal source and metasurface.

sound energy on the transverse cross section into

ωMz

E
= l +

∞∑

m=0

α2mm
(m!)2

( ∞∑

m=0

α2m

(m!)2

)−1

= l + α
I1(2α)
I0(2α)

,

(12)

where In(x) is the modified Bessel function.
Equation (12) gives alternative insights of the OAM-

to-energy ratio in the asymmetric acoustic vortex, which
reveals the following features: (i) The OAM-to-energy
ratio of the asymmetric vortex is not described by the
ratio l/ω as for the conventional symmetric vortex; (ii)
The OAM is linearly increased with topological charge
l, following the same behavior as the symmetric vortex;
(iii) The asymmetry parameter α contributes to the OAM
as well. The larger asymmetry leads to the larger OAM;
(iv) Counterintuitively, the asymmetric beam with topo-
logical charge l = 0 can be endowed with finite OAM; (v)
The effective topological charge of the asymmetric vor-
tex, defined as l̃ = l + αI1(2α)/I0(2α), can take both the
integer or fractional values [26,27].

These features are demonstrated in Fig. 4, showing the
value of ωMz/E as a function of asymmetry parameter α.
As predicted, the total axial OAM on the transverse plane
of the beam is linearly proportional to l, and can be well
controlled by α, which provides an additional degree of
freedom for acoustic OAM modulation.

VI. SUMMARY

We report the theoretical proposal and numerical inves-
tigation of the asymmetric acoustic vortex beam based on
the superposition of Bessel modes. We design the phase-
only acoustic metasurface with satisfying performance for

FIG. 4. Ratio between the total axial OAM Mz and sound
energy E on the transverse plane, as functions of topologi-
cal charge l and asymmetry parameter α. The ratio is linearly
dependent on l, in accordance with the conventional symmetric
vortex. For a given l, the axial OAM Mz grows with α as well,
demonstrating an alternative factor for modulating the OAM.
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the beam generation, which provides an effective proto-
type for the implementation in practical applications. We
further find the anomalous singularity behavior of the
asymmetric vortex with additional pairs of intensity nulls.
Significantly, we reveal that the OAM of the asymmet-
ric vortex is linearly proportional to topological charge l
as the conventional vortex, but also depends on the beam
asymmetry. Our work introduces the symmetry as an alter-
native factor for the acoustic OAM modulation beyond
the topological charge l, which will be useful for appli-
cations of acoustic vortex in communications and particle
manipulations.
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