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Parity-time Symmetry Based on Time Modulation
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We leverage aperiodic temporal modulations and nonreciprocity to realize PT-symmetric phenomena
without the need for gain and loss provided by external mechanisms. We develop our approach using a gen-
eral coupled-mode framework, and verify our results via detailed simulations in a conservative electronic
circuit, demonstrating wave phenomena such as scattering PT-phase transition and anisotropic transmis-
sion resonances in a Hermitian system. Our concept opens the possibility of implementing PT-symmetric
phenomena without gain, with applications in sensing, communications, and a broad range of quantum
physics.
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Introduction—Symmetry plays a central role in our
modern understanding of the physical world. Systems
respecting the combined parity (P) and time-reversal (T)
symmetry have been extensively studied since the work
of Bender et al., who proposed a formulation of quantum
mechanics based on systems with energy levels all real and
positive [1–3]. So far, PT-symmetric systems have relied
on the delicate balance between gain and loss, which cre-
ates fundamental challenges in their actual experimental
realization and implementation in quantum settings [4–
6]. It is, therefore, not surprising that significant attention
on PT symmetry has been devoted in the framework of
classical physics [7–11], where gain and loss can be con-
trolled, enabling the observation of exciting phenomena
like unidirectional invisibility [12,13], sensing enhance-
ment [14–16], laser absorbers [17,18], to name a few.
Many of the above functionalities can be traced back to the
unique scattering features associated with PT symmetry
[19,20]. An intriguing question arises on whether we can
emulate the response of PT-symmetric structures, such as
broken PT-symmetric phase and unidirectional scattering,
in a conservative system, and thus remove the fundamental
obstacles, such as gain-induced noise and instabilities, for
the experimental investigation of PT symmetry in classical
and quantum platforms.

Recent attempts to address this challenge have relied
on nonlinear phenomena [21] and on time-periodic
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modulations [22,23], in the context of significant work
in the broad area of magnet-free nonreciprocal responses
driven by periodic modulations [24–26]. To some extent,
both approaches succeed to replace material gain and
loss with either wave mixing or parametric oscillations
[27]. However, they still heavily rely on some form of
external energy and open systems, suffering from instabil-
ities and making it impossible to translate these concepts
to quantum settings. In recent years, interesting oppor-
tunities have been shown considering slow nonperiodic
modulations in time, establishing wave phenomena like
energy accumulation in lossless structures [28,29] in some
ways related to optical trapping enabled by slow light
[30], and reconfigurable transport tuning from ballistic to
localized [31].

In this paper, we propose a radically different strat-
egy to realize PT-symmetric scattering without gain and
loss using aperiodic temporal modulations, inspired by the
approach in Ref. [29] to enable energy accumulation in a
lossless cavity. Our design for time modulation does not
pump energy either in or out of the structure. The gen-
erally nonunitary scattering features of PT systems are
permitted by suitable energy storage and release in the sys-
tem controlled by nonperiodic time-modulation dynamics.
We demonstrate our concept using two coupled resonators
under the time-dependent coupled-mode framework. We
verify our proposal via detailed numerical simulations, in
which we verify the fundamental scattering signatures of
PT-symmetric systems, including scattering PT-symmetric
phase transitions and anisotropic transmission resonances
(ATR).
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Modulation-Induced PT-Symmetric Scattering.—We
model the time-dependent scattering of wave inputs from
two ports α = L, R, with flux-normalized amplitudes
s+
α (t), when impinging on our system of two coupled

resonators, each supporting a single mode with energy-
normalized mode amplitudes ψn, n = 1, 2. The internal
dynamics of the system are dictated by an effective time-
dependent Hermitian Hamiltonian H0(t) = H+

0 (t). We
assume that the coupling between the ports and the system,
given by a time-dependent real matrix D(t), is reciprocal
at each time instant. Correspondingly, the wave output of
flux-normalized amplitudes s−

α (t) can be obtained from the
temporal coupled-mode equation [32,33]

d
dt |�〉 = [j H0(t)− �(t)]|�〉 + DT(t)|s+〉,

|s−〉 = −|s+〉 + D(t)|�〉, (1)

where |s±〉 =
(

s±
L

s±
R

)
, |�〉 =

(
ψ1
ψ2

)
, and�(t) = 1

2 D+(t)D(t),

which ensures an (energy) conservative structure. Indeed,
we can show from Eq. (1) that

d
dt

〈�|�〉 = 〈
s+|s+〉 − 〈

s−|s−〉
, (2)

ensuring the energy balance within the scatterer and at all
ports. In other words, the slow temporal modulation nei-
ther injects nor extracts energy into/out of the full setup.
Yet, we prove in the following that a suitable nonperiodic
modulation of H0(t) and D(t) can make this conservative
system PT symmetric.

To this end, we consider monochromatic wave inputs
s+
α ∝ ejω0t, ω0 ∈ R, and assume for simplicity that

D(t) =
(
κ+(t) 0

0 κ−(t)

)
, which means that port L (R) is

coupled only with the first (second) resonator via the cou-
pling κ+(t) [κ−(t)] [see Fig. 1(a)]. We employ inverse engi-
neering to synthesize a PT-symmetric scattering matrix.

(a) (b)

(c)

FIG. 1. (a) Schematic of a nonreciprocal coupled-mode system
without gain and loss. Slow time modulation in the coupled res-
onators and in the coupling to the ports enable a PT-symmetric
scattering response for monochromatic impinging waves. The
response corresponds to the equivalent static PT-symmetric setup
(b) with balanced gain (−j γ ) and loss (j γ ). (c) Physical real-
ization of (a) using an electronic lossless circuit with time-
dependent gyrator G(t) and two π -networks couplers (within
dashed boxes).

Specifically, we set the output |s−〉 = S(ω0)|s+〉 with scat-
tering matrix S(ω0) given by

S(ω0) = −I2 + jd
1

h0 + j 1
2 d2 − ω0

d, (3)

where I2 denotes the 2 × 2 identity matrix, the time-
independent 2 × 2 Hamiltonian h0 = PTh0PT describes
an effective static PT-symmetric target consisting of two
coupled single-mode resonators without driving, and the
effective time-independent direct coupling between the
resonators and their nearby port are equal in strength, and
denoted by the parameter d. We define the parity oper-

ator P ≡
(

0 1
1 0

)
and T operator to perform complex

conjugation.
Generally, we can use our setup Eq. (1) to mimic the PT-

symmetric response (3) of an arbitrary Hamiltonian h0 =(
ω0 + j γ κc

0
(κc

0)
∗ ω0 − j γ

)
, γ ∈ R, κc

0 ∈ C. The scatter-

ing phenomenon dictated by the effective S(ω0) matrix is
univocally determined by the two dimensionless param-
eters γ̂ ≡ γ /d2 and κ̂c

0 ≡ κc
0/d

2 [34]. The required time
modulation for our structure is found to be [35]

H0(t) =
(

ω0 κ̃c(t)
[ κ̃c(t)]∗ ω0

)
, κ̃c(t) = κ̂c

0 κ+(t)κ−(t)

(4)

and

κ±(t) = 1/
√
κ−2

± (0)± 2γ̂ t (5)

as the driving function for the coupling between the
scatterer and the ports. Remarkably, the normalized gain
and loss strength γ̂ for the effective PT-symmetric tar-
get is associated with the changing rate of the cou-
plings, although the driving itself does not provide or
extract energy, as pointed out above. Physically, effec-
tive steady-state dissipation and amplification mechanisms
are induced by the temporally varying quality factor of
the resonators [35]. As time evolves, Eq. (5) ensures that
the coupling between the modes and the connected ports
changes in time with the same evolution as the stored
energy in the resonators, resulting in “absorption” and
“amplification” of the impinging signals from the ports.

The time-dependent coupled mode Eq. (1) are PT sym-
metric, considering Eqs. (4) and (5) and assuming κ+(0) =
κ−(0) for the initial coupling values. Indeed, we can
show that {|s̃−〉, |s̃+〉, |�̃〉 } = PT{|s+〉, |s−〉, |�〉} also sat-
isfy Eq. (1) for any given solution {|s+〉, |s−〉, |�〉}. Notice
that in the time domain the T operator sets t → −t in addi-
tion to performing complex conjugation. PT-symmetric
scattering manifests itself from the effective PT-symmetric
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S(ω0) matrix in Eq. (3), which obeys the fundamental
relation [19]

PTS(ω0)PT = S−1(ω0). (6)

Surprisingly, the PT-symmetric scattering dictated by
Eq. (6) does not depend on the initial assumption κ+(0) =
κ−(0), see Eq. (3). The generally nonunitary scattering
enabled by Eq. (6) originates from Eq. (2). The seeming
violation of energy conservation is remedied by the ini-
tial conditions of the resonators, and in particular by the
stored energy within them at t = 0. Indeed, in order to
observe the scattering phenomena obeying PT symmetry,
the initial state |�(0)〉 for the system has to be properly
prepared: from the second subequation in Eq. (1), we need
|�(0)〉 = D−1(0)[I2 + S(ω0)]|s+(0)〉 [35]. In contrast with
conventional stationary scattering processes, where the
impact of initial states on the scatterer decays exponen-
tially as steady state is reached and thereafter the modes
have constant average stored energy, in our scheme the
stored energy continuously interplays with the excitation
as the resonators change in time and never reach steady
state. The initial configuration of few modes correlating
with the excitation can be implemented in a reconfigurable
way without altering the structure, for instance, by feeding
the ports in a short preparation setup before t = 0.

Consider the specific scenario when κc
0 = j κ0, κ0 ∈

R, which requires nonreciprocal coupling between the
two resonators [see Fig. 1(b)]. This is of special interest
because it implements the conditions for PT-symmetric
scattering, and nicely connects with the recent inter-
est in the interplay between non-Hermiticity and non-
reciprocity [39–41]. From Eq. (4), the required driving
for the internal coupling of our system is κ̃c(t) = j κ̃(t),
κ̃(t) = κ̂0 κ+(t)κ−(t) with κ̂0 = κ0/d2 [see Fig. 1(a)]. This
example can be readily implemented in the electronic
circuit studied in the following, where the nonrecipro-
cal coupling is provided by a gyrator, see Fig. 1(c) and
Ref. [35]. The required initial state |�(0)〉 is obtained by
a preparation signal |sP

+(t)〉, t ≤ 0, which, for simplicity, is
considered to be monochromatic with frequency ω0, i.e.,
|sP

+(t)〉 = ejω0t|sP
+(0)〉. We assume that, before time t = 0,

the driving is absent and the system parameters satisfy
D(t ≤ 0) = D(0) and H0(t ≤ 0) = H0(0). Consequently,
associated with an arbitrary input |s+(0)〉 for the obser-
vation of PT scattering, the amplitudes of the preparation
wave |sP

+(0)〉 are given by

|sP
+(0)〉 =

[
I2 − γ̂

γ̂ 2 − κ̂2
0 − 1/4

×
(
γ̂ − 1/2 κ̂0
κ̂0 γ̂ + 1/2

)]
|s+(0)〉. (7)

The required initial states |�(0)〉 depend on the couplings
κ+(0) and κ−(0), but interestingly they do not affect the

preparation wave |sP
+(t)〉, as seen in Eq. (7). This property

is also true for the static scattering matrix SP(ω0) in our
preparation stage, which is given by

SP(ω0) =

⎛
⎜⎜⎜⎝

−1 + 2
1 + 4 κ̂2

0
− 4κ̂0

1 + 4 κ̂2
0

4κ̂0

1 + 4 κ̂2
0

−1 + 2
1 + 4 κ̂2

0

⎞
⎟⎟⎟⎠ . (8)

After time t = 0, the scattering satisfies PT symmetry for
the input |s+(t)〉 = ejω0t|s+(0)〉, dictated by the effective
PT-symmetric scattering matrix S(ω0) in Eq. (3). While
in this setup PT symmetry is strictly observed only at the
design frequency, it may also be possible to generalize this
scheme to operate for a discrete set of frequencies [42].

PT Scattering Using Conservative Circuits.—We val-
idate our analysis considering a lossless circuit imple-
mentation. The system is composed of two identical LC
resonators, whose complex mode amplitude ψn, n = 1, 2
in Eq. (1) is defined in terms of the voltage vn and its
derivative with respect to time v̇n as ψn = √

C/2 [vn +
v̇n/(jω0)], where ω0 = 1/

√
LC is the resonant frequency.

The nonreciprocal coupling between the two resonators
[see Fig. 1(a)] is implemented by a time-dependent gyra-
tor characterized by conductance G(t) ≡ ĝ(t)× 2ω0C. The
left and right ports are modeled as two identical transmis-
sion lines (TLs) of equal impedance Z0 = r̂

√
L/C. The

port voltages vα , α = L, R can be decomposed into the

FIG. 2. PT-symmetric phase transition. Semilog plot of the
scattering intensity due to S(ω0) matrix versus effective gain
and loss strength γ̂ when κ̂0 = 1 for the eigenvector inputs |λ±〉
(black solid line) and equal-intensity input |sEI

+ (t)〉 ∝
( 1

ejφ
)

with φ = φmin (green dashed line). Insets: time-domain simula-
tions for the electronic setup in Fig. 1(c), showing the total power
in and out Pin/out(W) versus time t(2π/ω0) after proper initial
preparations at t = 0, for γ̂ = 0.5, 1.07, 1.6 (marked by differ-
ent symbols), and, respectively, for voltage inputs corresponding
to equal-intensity input |sEI

+ (t)〉 with relative phase φ = φ+, φmin,
and φmin. Other parameters are Z0 = 50�, ω0 = 2π × 1 MHz
and ε̂1(0) = ε̂2(0) = 0.01, r̂ = 1, φ0 = −π/2.
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input v+
α and output v−

α as vα = v+
α +v−

α , and similarly
iα = v+

α /Z0 − v−
α /Z0 for the port currents iα . Furthermore,

the voltage input and output v±
α is associated with the

power wave amplitude s±
α (t) in Eq. (1) via the relation [35]

v±
α = ± j

√
Z0/2[s±

α−(s±
α )

∗]. (9)

We control the coupling between the scatterer and the
left and right ports with two π networks n = 1, 2, where
the inductances Lcn(t) = 1/[ω2

0Ccn(t)] and capacitances
Ccn(t) = [ε̂n(t)/

√
r̂]C. Figure 1(c) shows a schematic of

the electronic setup.
In order to demonstrate PT-symmetric scattering, we

consider the proper order of magnitudes r̂ = O(1), ε̂n(t) =
O(ε̂) and ĝ(t) = O(ε̂2), ensuring weak coupling among
resonators and TLs, and employ slow modulation such
that the time derivatives ˙̂εn/ω0 = O(ε̂3), ¨̂εn/ω

2
0 = O(ε̂5),

and ˙̂g(t)/ω0 = O(ε̂4), etc, where ε̂ → 0 is a small num-
ber. Under these assumptions, the coupled-mode model (1)
describes our circuit [35] and we can identify the required
coupling κ̃(t) = ω0ĝ(t) and κ+/−(t) = √

ω0ε̂1/2(t). The
specific driving functions are ĝ(t) = κ̂0ε̂1(t)ε̂2(t) and

ε̂1/2(t) = 1/
√
ε̂1/2(0)−2 ± 2γ̂ ω0t. The π -network cou-

plers and gyrator coupling ensure that the resonant fre-
quency ω0 in Eq. (4) is minimally affected by the surround-
ing network [29]. We are now ready to illustrate the PT-
scattering properties of the circuit. Specifically, we show
that our circuit, despite being purely Hermitian, supports
a PT-symmetric phase transition and ATR, which follow
directly from the fundamental relation Eq. (6) describing a
PT-symmetric scattering matrix.

Scattering PT Phase Transition.—Associated with the
eigensystem {λ±, |λ±〉} of the effective scattering matrix
S(ω0), i.e., S(ω0)|λ±〉 = λ±|λ±〉, Eq. (6) indicates that
PT|λ±〉 are also its eigenvectors with corresponding eigen-
values 1/λ∗

±. The eigenvectors may merge together with
their eigenvalues at the exceptional point when S(ω0)

loses one dimension in its eigenspace. Otherwise, when
PT|λ±〉 ∝ |λ±〉 yielding |λ±|2 = 1, the system supports a
symmetric phase. Alternatively, broken-symmetry phase
emerges when PT|λ±〉 ∝ |λ∓〉 and thus λ± = 1/λ∗

∓. For
the circuit, the phase transition can be controlled by tuning
γ̂ for fixed κ̂0, as seen observing log10|λ±|2 versus γ̂ when
κ̂0 = 1 in Fig. 2. Indeed, we can parametrize the matrix
S(ω0) in Eq. (3) as

S(ω0) ≡
(

rL tR
tL rR

)
= 1

a

(
c 1

−1 b

)
, (10)

where the real parameters a = (−1 + 4γ̂ 2 − 4κ̂2
0 )/(4κ̂0),

b = κ̂0 + (−1 − 4γ̂ − 4γ̂ 2)/(4κ̂0) and bc = a2 − 1. An
eigenvalue analysis of Eq. (10) shows that symmetry
phases emerge when |γ̂ /κ̂0| < 1, while for the broken-
symmetric phase, we have |γ̂ /κ̂0| > 1.

The PT-symmetric phase transition can be probed by
considering (normalized) equal-intensity inputs |sEI

+ (t)〉 =
(1/

√
2)

( 1
e jφ

)
ejφ0ejω0t, where φ0 is an arbitrary initial

overall phase [19]. Generally, a broken-symmetry phase
leads to amplification of the signal for any relative phase
φ, namely Pout = |S(ω0)|sEI

+ (t)〉|2 > 1. For the symmetric
phase, in contrast, both net amplification and dissipa-
tion can arise. Furthermore, when the relative phase φ
has values φ± corresponding to the eigenvectors |λ±〉 ∝( 1
ejφ±

)
, we observe a conserved process. In our spe-

cific circuit, i.e., S(ω0) in Eq. (10), after fixing κ̂0 = 1,
we obtain the total outgoing power Pout = (25 − 8γ̂ 2 +
16γ̂ 4 + 32γ̂ cosφ)/(5 − 4γ̂ 2)2, which has a minimum
value Pmin

out for each γ̂ > 0 when the relative phase φ =
φmin = π . In terms of minimum scattering, the circuit
experiences dissipation for symmetric phase, while ampli-
fication in the broken-symmetric phase, see log10 Pmin

out
versus γ̂ in Fig. 2. We emphasize that dissipation and/or
amplification in our circuit are due to the energy exchange
between signals and the stored energy in the resonators at
any instant in time, as the system is still Hermitian and
conservative and no energy is provided by or to the mod-
ulation network, as shown with a numerical example in
Ref. [35]. Given that the system is not time invariant, how-
ever, the stored energy in the resonator is not constant at
every period, hence resulting in effective dissipation or
amplification of the impinging signals.

We perform realistic simulations of the proposed
electronic circuit in Fig. 1(c) using Advanced Design
System (ADS). In Fig. 2, we show the simulation
results for the instantaneous total power in and out
of the system Pin/out(t) = ∑

α=L, R
[v+/−
α (t)]2/Z0 as a func-

tion of time. We consider various sets of parameters
(γ̂ ,φ) = (0.5,φ+),(1.07, φmin), and (1.6,φmin) in both
symmetry and broken-symmetry phases, while the other
parameters for the simulations are fixed as Z0 = 50�,
ω0 = 2π × 1 MHz, ε̂1(0) = ε̂2(0) = 0.01, φ0 = −π/2,
and r̂ = κ̂0 = 1. The results match nicely with our CMT
prediction Eq. (10), indicated by different symbols in
Fig. 2, and the detailed simulation results including
scattering in preparation stages before time t = 0 are given
in Ref. [35].

Nonreciprocal ATR.—Our electronic scattering system
involves nonreciprocal coupling between the resonators
induced by the gyrator, leading to the response Eq. (3)
of effective PT-scattering nature with breaking of left-
right transmission symmetry, i.e., tL �= tR. Considering
tL = −tR = −t ∈ R in our scenario, Eq. (6) for PT scatter-
ing yields the generalized unitarity relation rLrR = 1 − t2

and rL, rR ∈ R. Subsequently, in the case the transmittance
T = |t|2 = 1, and the reflectance RL = |rL|2 or RR = |rR|2
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(a) (b)

FIG. 3. Demonstration of ATR using the conservative circuit
in Fig. 1(c). Input and output voltage signals v+

α (V) and v−
α (V)

as a function of time t(2π/ω0) at the port α = L, R when
the wave impinges only from the left port (a) and right
port (b) after t = 0, corresponding respectively to |s+(t)〉 =
ejφ0 ejω0t

(1
0
)

and ejφ0 ejω0t
(0

1
)

, t > 0. In both subfigures, we also
show the scattering during the preparation stage t < 0. Here
Z0 = 50�, ω0 = 2π × 1 MHz, ε̂1(0) = ε̂2(0) = 0.01, r̂ = κ̂0 =
1, φ0 = −π/2 and γ̂ = 3/2.

vanished, we get a flux-conserving scattering process for
a single-side incident wave, which together with tL �= tR
leads to nonreciprocal ATR. In our circuit, for example,
when γ̂ = (1/2)(1 ± 2κ̂0), we have rL = 0, rR = −2 ∓
(1/κ̂0) and t = ±1 from Eq. (10).

In Fig. 3, we show simulation results for the incom-
ing and outgoing voltage signals when γ̂ = 3/2. As
expected, we observe nonreciprocal ATR after time
t = 0 when the temporal variations turn on. Specifi-
cally, in Figs. 3(a) and 3(b), respectively, we get a
flux-conserving process {v−

R = v+
L , v−

L = 0} for left inci-
dence {v+

L �= 0, v+
R = 0}, and a nonconserving scatter-

ing process {v−
L = −v+

R , v−
R = 3v+

R } for right incidence
{v+

L = 0, v+
R �= 0} with very small frequency detuning [35].

In both cases, we also show the scattering response in
the corresponding preparation stages when t < 0, which
precisely matches the theoretical result obtained from
Eqs. (7)–(9) [35].

Conclusions.—In this letter, we show that slow ape-
riodic driving of a coupled resonator system can enable
PT-symmetric scattering phenomena in purely Hermitian
systems, without the need for gain and loss. Noncon-
servative scattering processes generally expected in PT-
symmetric systems are allowed by the initial energy stored
in the modes. Our study generalizes the concept of PT
symmetry in time domain to control the release of stored
energy in coupled cavities and its interplay with impinging
signals to exhibit exotic scattering properties. We imple-
ment our proposal in a conservative electronic circuit, and
demonstrated phenomena like PT-symmetric phase transi-
tions and (nonreciprocal) ATRs. Our approach sheds light
on the investigation of PT-symmetric systems and may

enable their practical implementation in quantum mechan-
ical settings for which Hermiticity is required. Even more
opportunities may be offered by considering a larger
number of resonant modes, higher dimensions, including
synthetic ones, and/or anti-PT-symmetry in conservative
time-modulated structures.
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