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To optimize the opto-electronic properties of compound semiconductors, a detailed understanding and
control of compositional gradients forming during their synthesis is crucial. A common fabrication pro-
cess for Cu(In, Ga)Se2 (CIGS) thin-film solar cells uses annealing at high temperatures, which—contrary
to what could be expected from simple Fickian diffusion—results in the formation of steep and stable Ga
gradients, deviating from the optimal Ga profile for high-efficiency CIGS absorbers. Here, we show that
the formation of elastic stresses inside the material during the interdiffusion can have a profound effect on
the final Ga distribution, resulting in persistent Ga gradients inside CIGS absorber layers. A comparison of
numerical diffusion and stress-formation calculations with real-time synchroton-based energy-dispersive
x-ray diffraction data acquired in-situ during selenization of CIGS thin films demonstrates that the model
can reproduce the stagnation of In-Ga interdiffusion. We discuss that a detailed understanding of the inter-
play between stress and diffusion processes in thin films may open alternative fabrication strategies for
generating desired stable compositional gradients to improve the opto-electronic properties of compound
semiconductors, such as chalcopyrite, kesterite, and perovskite solar cell absorbers for solar cells.
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I. INTRODUCTION

Compound semiconductors containing isovalent atomic
pairs are among the most interesting materials for thin-
film solar cell absorbers [1–4]. Their bandgap can usu-
ally be affected by the formation of compositional gradi-
ents during synthesis. For Cu(In, Ga)Se2 (CIGS) thin-film
solar cells, the out-plane Ga gradient—more specifically,
the [Ga]/([Ga]+[In]) ratio (GGI ratio)—over the absorber
layer is one of the key features determining the device effi-
ciency, requiring careful tuning to achieve optimal device
parameters [5–8]. A widely used production method for
CIGS solar cells is sequential processing, which comprises
the annealing of a metallic precursor in a Se-containing
atmosphere [9]. Devices manufactured in the sequential
fabrication process usually exhibit a strong and stable GGI
gradient increasing towards the back contact [8]. This
gradient forms during the selenization due to increased
In diffusivity, which leads to In migration towards the
absorber’s front, while the Ga remains at the absorber’s
back contact. This segregation often results in two almost
pure phases after the selenization: a Ga-rich phase (roughly
CuGaSe2) at the back contact and an In-rich phase (roughly
CuInSe2) near the surface [10–12]. Although a moderate
GGI increase towards the back of the thin film can have
beneficial effects due to reduced recombination losses, low
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Ga concentrations in the front and middle part of the layer
will lead to below optimum bandgap values and thus to
reduced conversion efficiencies [7].

In and Ga share the same lattice sites in the CIGS lat-
tice; therefore, they can be expected to interdiffuse in the
presence of intrinsic concentration gradients, as found after
the selenization of the film. In-Ga interdiffusion is indeed
observed during and after the selenization phase in the
sequential fabrication process [10,13,14]. At low tempera-
tures In-Ga segregation would be expected in equilibrium
due to a positive In-Ga mixing enthalpy [15]. However,
at typical CIGS fabrication temperatures between 500 and
600 ◦C the mixing entropy overcompensates the positive
mixing enthalpy and hence a complete homogenization
of the In and Ga distribution by interdiffusion can be
expected. Interestingly, it is found that a strong GGI gra-
dient remains [8] and a detailed understanding of the
reasons for the persistence of the gradient is essential
for opening adjustment strategies of this crucial device
parameter.

In most descriptions of the diffusion process in CIGS
a standard Fickian diffusion is assumed to take place
[13,16,17]. This means that, in terms of the Gibbs free
energy, the only driving force for the diffusion process is
changes in the entropy. However, the persistence of a GGI
gradient is inconsistent with this explanation. It is a well-
established fact that besides mixing entropy and enthalpy,
stresses can have a profound effect on diffusion processes
[18–20].
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In this work we model In-Ga interdiffusion taking into
account the elastic work that has to be performed on the lat-
tice as well as the changes in enthalpy due to the breaking
and building of atomic bonds. In CIGS, in-plane stresses
can be expected to form during In-Ga interdiffusion due
to differing effective radii of Ga and In inside the lat-
tice in combination with the rigidity of the much thicker
soda-lime glass substrate. By modeling the effect of stress
formation on the In-Ga interdiffusion and comparing them
with synchrotron-based real-time energy-dispersive x-ray
diffraction (EDXRD) during CIGS synthesis we show that
those stresses are not negligible and may be suitable can-
didates in explaining the persistence of the observed Ga
gradients in CIGS. To obtain theoretical predictions of
the encompassing effects, we developed an interdiffusion
model using the thermodynamics of elastically stressed
crystals. Using density functional theory calculations of
the enthalpy of mixing in CIGS systems and measured
values for different material properties from the litera-
ture, we show that our model predicts a stagnation of the
interdiffusion process.

Understanding the exact interplay between stress forma-
tion and interdiffusion in thin films may reveal alternative
possibilities to design deposition procedures that can help
control compositional material gradients. Application for
such an understanding is not limited to Ga-In interdiffu-
sion in CIGS solar cells, but also has potential applica-
tions in Se-S interdiffusion in Cu(In, Ga)(S, Se)2 (CIGSSe)
[21,22], in kesterites, Cu2ZnSn(S, Se)4 (CZTSSe) [23–25],
and in other light absorbing structures, e.g., perovskites
[26,27].

II. STRESS-HAMPERED INTERDIFFUSION

A CIGS film with a steep Ga gradient, as typically
found shortly after selenization of In-Ga-Se precursor films
[10,11], is schematically shown in Fig. 1(a), with the cor-
responding GGI gradient shown in Fig. 1(b) and without
in-plane stress [Fig. 1(c)]. The In and Ga concentration
gradients impose a driving force for In-Ga interdiffusion,
which leads to a decrease of the gradient during further
annealing [Figs. 1(d) and 1(e)]. During the diffusion pro-
cess, differently sized In and Ga ions interchange places
and hence expand or contract the local lattice. Because
in-plane expansions and contractions of the thin film are
inhibited by the much thicker SLG substrate, stress forms:
compressive stress forms at the bottom part of the film,
where bigger In ions replace smaller Ga ions in the crys-
tal structure, whereas tensile stress forms at the upper part,
where smaller Ga ions replace bigger In ions [Fig. 1(f)].
To build up stress inside the system, the diffusion cou-
ple has to perform elastic work. This elastic work leads
to a reduction of the diffusion potential gradient—the
driving force behind the interdiffusion process—and hence
hampers In-Ga interdiffusion.

(a) (b) (c)

(d) (e) (f)

FIG. 1. Schematic drawing of a CIGS film together with the
Ga distribution x (GGI) and in-plane stress distributions over the
layer depth. The situations at the onset of interdiffusion and at the
end are depicted in the images in the upper [(a)–(c)] and lower
[(d)–(f)] rows, respectively.

In the following, we determine the elastic stress depend-
ing on the initial and resulting composition distribution and
derive the resulting diffusion equation that takes formation
of stress into account.

A. Stress formation

In Fig. 1(b) we schematically show the initial state of
the GGI distribution x as a function of film depth z at
the onset of the interdiffusion, x(t = 0, z) = x0(z), and in
Fig. 1(e) we show a more intermixed state at some later
time t, x(t, z). Consider a volume of Cu(In,Ga)Se2 where
a Ga ion [filled circle in Fig. 1(d)] is replaced by an In
ion (open circle). If the initial volume (solid line square)
is not constrained, it would expand to a larger size (dashed
line square), with an edge length dr(x) (where r indicates
the nonconstrained, relaxed state). However, since the film
is attached to a rigid substrate, the size of the volume in
the in-plane direction is constrained to its original in-plane
extension dr(x0) [red line rectangle in Fig. 1(d)], resulting
in an out-plane strain deforming the volume.

The role of the substrate for the formation of stress
inside the thin film can also be understood from Fig. 2 [28].
In Fig. 2(a) we depict two thin layers of equal in-plane
dimensions consisting of pure CIS and CGS, respectively,
as present at the onset of interdiffusion. If the two layers
are not attached to each other, the exchange of Ga and
In (depicted by filled spheres) would lead to an expansion
of the lower layer and a contraction of the upper, as seen
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(a) (b)

(c) (d)

FIG. 2. (a)–(d) Schematic drawing of stress formation in thin
films. See the text for details.

in Fig. 2(b). If the layers stay attached to each other, the
expansion and contraction will lead to a concave bend-
ing of the thin film, as seen in Fig. 2(c). However, the
thin film is not free to bend but rigidly attached to a thick
SLG/Mo substrate (approximately 3 mm), which is three
orders of magnitude thicker than the thin film (approx-
imately 2 μm). The rigidity of the substrate results in
forces acting throughout the thin film, inhibiting bending
of the thin film and resulting in tensile and compressive
stresses [Fig. 2(d)]. The total system consisting of thin film
and substrate might still be subject to bending according
to Stoney [29,30]. However, the curvature of bending is
proportional to the ratio of the thin film and substrate thick-
nesses and is thus negligible. This is in accordance with our
observation that no bending of the sample is visible.

We note that the influence of the 1 μm thick Mo layer
between the glass substrate and the CIGS film on the resid-
ual stress in the CIGS film is negligible, since for a system
consisting of multiple stacked thin films rigidly attached to
a thick substrate, it can be shown that the stress developing
in each film solely depends on the imposed misfit strain
between this film and the substrate [31–34].

Correspondingly, we define the in-plane elastic strain on
a given sublayer of the thin film at position z by the local
change in unit-cell dimensions:

ε‖[x(z)] = dr[x(z)] − dr[x0(z)]
dr[x(z)]

. (1)

Because the film is composed of many differently ori-
ented crystallites, we assume that on average the material is
isotropic and that dr(x) is proportional to 3√VUC(x), where
VUC(x) is the unit cell volume as a function of composition
x (see Sec. II D for details).

The stress state of the film can then be described by two
independent components, the in-plane stress σ‖ = σxx =
σyy and the out-plane stress σ⊥ = σzz. The resulting in-
plane stresses are given by Hook’s law that, for a thin film,

takes the form [32,35]

σ‖[x(z)] = Y
1 − ν

ε‖[x(z)]. (2)

Here, Y is Young’s modulus and ν is the Poisson ratio
of the material. Because the film is not constrained in
the out-plane direction, the out-plane stress vanishes [35]:
σ⊥ = 0.

An in-plane stress acting on a thin film will, follow-
ing Poisson’s relation, result in out-plane strains, ε⊥(σ‖).
Hook’s law for σ⊥ together with σ⊥ = 0 relates the out-
plane strain to the in-plane stresses,

ε⊥ = −2ν

Y
σ‖. (3)

B. The diffusion equation

To consider the effect of stress on the interdiffusion, we
need to express the diffusion equation in terms of a gener-
alized diffusion potential. Fick’s second law connects the
change in time of the Ga density, ρG, inside a given volume
of our system to the inflow and outflow into and from this
volume. Denoting the net Ga flux by J , assuming lateral
homogeneity and a compositional gradient in the out-plane
z direction, this can be written as

∂ρG

∂t
= −∂J

∂z
. (4)

Since Ga and In are assumed to be the only diffusing
species, their net flux must vanish and the In flux must be
of equal size and opposite direction than J . In order for that
to be possible, the tracer-diffusion coefficients of In, D�

I ,
and Ga, D�

G, have to be equal: D� := D�
I = D�

G [36]. While
Cu vacancies provide the primary diffusion path for In and
Ga in CIGS [37] and therefore influence the magnitude of
the diffusion coefficient, they are present only in negligible
numbers relative to In and Ga and can thus be neglected as
an independent diffusing species in a first approximation.
See Sec. II D for details.

The Ga flux can be expressed by generalized thermody-
namic forces or by the spatial gradients of the correspond-
ing potentials [38]. The potential in the case of diffusion
in a crystal is called the diffusion potential, denoted by M
[39], and describes the energy change when interchanging
an In for a Ga atom. In a system comprised of a diffusion
couple with negligible vacancy concentration, Onsager’s
relations dictate the functional dependence between J and
M [40],

J = −L
∂M
∂z

, (5)

where L is the phenomenological coefficient of the system.
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Using diffusion kinetics in crystals, it can be shown that
the flux is connected to the intrinsic diffusion coefficient,
DI , and the tracer-diffusion coefficient, D�, by [36]

J = −DI ∂ρG

∂z
= −D�α(x)ρ

∂x
∂z

. (6)

Here ρ is the combined density of In and Ga inside the
material such that ρG = xρ. Furthermore, ρ is calculated
with respect to a constant reference volume and is thus
also constant (see Sec. II D). The effect of driving forces
other than the concentration gradient on the interdiffusion
is incorporated into the thermodynamic factor, α. Express-
ing M as a function of x(z) allows us to reformulate Eq.
(5) in terms of a spatial gradient of composition x, equat-
ing the result with Eq. (6) to obtain the phenomenological
coefficient

L = D�

kT
x(1 − x)ρ. (7)

(See Appendix D for a more detailed derivation.) The
diffusion equation (4) can then be written as

∂x
∂t

= ∇z

{
D�

kT
x(z)[1 − x(z)]∇zM [x(z)]

}
. (8)

The effect of stress formation on interdiffusion can be
incorporated into the dependence of the diffusion potential
on x, as derived in the next section.

C. Diffusion potential

Finally, we need to find an analytical expression for the
diffusion potential M in Eq. (8) to determine the influence
of stress on the interdiffusion. Diffusion is driven by the
minimization of the Gibbs free energy of the total system.
The total differential of the Gibbs free energy density, g, for
a binary, crystalline system under nonhomogeneous stress
can be written in the form [39]

dg = −sdT − εij dσij + Mρdx. (9)

Here, s is the entropy density, ε and σ are the elastic strain
and stress, and T is the temperature. In terms of the chem-
ical potentials of the single species, μi, i ∈ [In,Ga], M is
given by

M = μGa − μIn. (10)

Because we work in an isothermal environment we set
dT = 0 in Eq. (9). Integrating the appropriate Maxwell
relation for Eq. (9) from the stress-free state to the actual
state then allows us to derive an equation for M ,

M (x, Y, ν) = M 0(x) + 2
ρ

∂ε‖(x)
∂x

σ‖(x, Y, ν) (11)

with the in-plane strain ε‖ and stress σ‖ from Eqs. (1) and
(2), where the composition x = x(z) is a function of film

depth z. Note that the strain and stress also depend on the
initial composition x0 and that M 0 is the diffusion potential
in the stress-free state, σij = 0, which according to Eq. (9)
is

M 0(x) = 1
ρ

∂g0(x)
∂x

. (12)

Here g0 is the Gibbs free energy density for a system not
subject to any stresses and strains:

g0 = −Ts + h (13)

with h the enthalpy density. [See Appendix C for more
details on the derivation of Eq. (11) and Sec. II E for the
exact functional form of g0.]

D. Further modeling assumptions

In and Ga occupy the same lattice sites in the tetragonal
crystal structure of CIGS and the number of those lattice
sites is N UC = 4 per unit cell.

The total number of lattice sites N0 is assumed to stay
constant throughout the interdiffusion since no phase tran-
sitions occur and so the crystal structure, especially the Se
and Cu sublattices, stays unaltered. Furthermore, all lattice
sites of the In-Ga sublattice are to be occupied by either Ga
or In atoms, which leads to

N0 = NG + NI , (14)

⇒ dx = −dxI , (15)

where NG and NI are the numbers of Ga and In atoms
in the absorber, respectively, and xI = 1 − x is the ratio
[In]/([Ga]+[In]).

Relation (15) holds for the sample as a whole as well
as for the GGI in a single sublayer and states that only
In and Ga take part in the diffusion process. The num-
ber of vacancies is considered negligible in comparison to
the number of host atoms and they are considered to be in
thermal equilibrium throughout the process, maintained by
constant creation and destruction at the surface of the thin
film and at dislocations and point defects [41].

The influence of Cu vacancies on the elastic proper-
ties can be estimated by positron-annihilation experiments
measuring the density of Cu mono- and divacancies [42]
in CIGS. These measurements report densities of around
0.5 × 1018 per cubic centimeter at room temperature. We
can then estimate the Cu vacancy fraction at the process
temperature of 600◦C by calculating the vacancy forma-
tion enthalpy from the reported measurements [41]. This
results in a Cu vacancy fraction of approximately 0.02 at
process temperature that may, to a good approximation,
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be neglected in determining the stress state of the mate-
rial. Furthermore, since the Cu vacancies are the dominant
diffusion path of Ga and In in CIGS [37], their diffusion
coefficient will be proportional to the defect density. The
diffusion coefficient in turn influences the time scale of the
problem but not, as shown in Appendix E, the steady-state
Ga distribution, which depends on the diffusion potential
and thus on the elastic parameters of the problem.

The stress-free, or relaxed, state of the material is
defined as the state in which every unit cell is allowed
to expand and contract freely according to its GGI. In
this state we suppose that the lattice parameters follow
Vegard’s law [43], i.e., the dependence of the lattice
parameters on the GGI, x, reads

a0(x) = aGx + (1 − x)aI , (16)

c0(x) = cGx + (1 − x)cI , (17)

where aG, cG and aI , cI denote the lattice parameters for
pure CGS and CIS, respectively, and a0 and c0 denote
the resulting lattice parameters at room temperature, T0.
Because the annealing and the measurement are performed
at an ambient temperature of T = 600 ◦C we have to take
into account the thermal expansion of the material. The
resulting lattice parameters in the stress-free state, a and
c, at temperature T can be calculated using

a(x) = a0(x)[1 + αa(x)	T], (18)

c(x) = c0(x)[1 + αc(x)	T]. (19)

Here, αa(x) and αc(x) denote the coefficients of thermal
expansion (CTE) for the lattice parameters a and c, respec-
tively, at a given GGI of x and 	T = T − T0. We assume
that the CTEs follow a linear dependence on x in the range
of interest and define alloyed CTEs by

αa(x) = αCGS
a x + (1 − x)αCIS

a , (20)

αc(x) = αCGS
c x + (1 − x)αCIS

c . (21)

The coefficients αCGS/CIS
a/c denote the CTEs for the a and c

lattice parameters for CIS and CGS, respectively, and are
given in Table I.

Since we do not take into account neither the microstruc-
ture of the thin film nor the exact unit-cell alignments over
an entire layer, we use an effective in-plane lattice param-
eter, a‖, as indicator for the in-plane strains. We define this

lattice parameter as

a‖(x) := 3
√

VUC[a(x), c(x)] = 3
√

a(x)2c(x), (22)

where VUC is the unit-cell volume. We use a‖ to calculate
the elastic strain in a layer of given composition from Eq.
(1), so a‖ ≡ dr.

Finally, we do not consider initial stresses to be present
in the absorber, assuming that, during the phase transi-
tions of the selenization process, any initial stress field is
sufficiently reduced.

E. Numerical modeling of interdiffusion with stress
formation

To predict the effect of stress on the In-Ga interdiffu-
sion in a CIGS film with an initial composition gradient as
depicted in Fig. 1(a), we solved the diffusion equation (8)
with the diffusion potential given by Eq. (11) numerically
using an explicit finite difference discretization scheme. To
this end, we split the system depicted in Fig. 1(a) into NL
equally sized layers of thickness d0 = d/NL and calculated
for each the diffusion potential and corresponding fluxes
according to Eqs. (11) and (5) and their spatial derivatives
by means of central differences. The spatial flux deriva-
tives then allow for the solution of the explicitly discretized
version of the diffusion equation.

The input parameters for the modeling are taken from
the literature and are given in Table I. Note that the litera-
ture values for the diffusion coefficient D� for In-Ga inter-
diffusion in CIGS vary widely, from 10−11 to 10−14 cm2/s
[13,16,17,49,50]. (Numerical values for diffusion coeffi-
cients given here represent the arithmetic means of Ga and
In diffusivities determined in the references.)

Xue et al. [48] determined g0 from Eq. (13) using DFT
calculations for the intermixing of a CGS and a CIS phase
at a specific Ga content x:

g0(x) = −Ts(x) + h(x), (23)

s(x) = −kρ[x ln x + (1 − x) ln(1 − x)], (24)

h(x) = x(1 − x)ρ
(x), (25)


(x) = αx2 + βx + γ . (26)

Here s and h are the entropy- and enthalpy density, respec-
tively, k is the Boltzman constant, and α, β, and γ are
phenomenological constants, which are given in Table I.

Generally, Young’s modulus Y will depend on com-
position, which will give rise to additional terms in the
diffusion potential, Eq. (11) (see Appendix C for a detailed
derivation). If this dependence is sufficiently small, these
additional terms can be neglected. The literature is not
unambiguous with regard to the variation of elastic
parameters with composition. Reported measurements and
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TABLE I. Parameters used for all interdiffusion simulations.

Parameter Value Ref.

Lattice parameter aG 0.5614 nm [44]
Lattice parameter aI 0.5781 nm [44]
Lattice parameter cG 1.1031 nm [44]
Lattice parameter cI 1.161 nm [44]
Poisson ratio ν 0.3 [45]
CTE αa

CIS 11.4 × 10−6 1/K [46]
CTE αc

CIS 8.6 × 10−6 1/K [46]
CTE αa

CGS 13.1 × 10−6 1/K [47]
CTE αc

CGS 5.2 × 10−6 1/K [47]
Enthalpy coefficient α 0.1261 eV [48]
Enthalpy coefficient β −0.1091 eV [48]
Enthalpy coefficient γ 0.1018 eV [48]
Measured average diffusion coefficients of In and Ga D (10−11 − 10−14) cm2/s [13,16,17,49,50]
Young’s modulus of CIGS Y 68.9 GPa [51]
Process temperature T 600 ◦C . . .

Integral GGI of sample λ 0.27 . . .

Diffraction angle 2� 6.08 . . .

calculations of the elastic coefficients of CIS and CGS
imply differences in elastic parameters between 2 and 20
GPa [51–56]. However, as argued in Appendix C, even a
difference of 20 GPa may be approximately neglected, as
done subsequently. In the following simulation we used
a diffusion coefficient of D = 8.8 × 10−12 cm2/s and a
Young modulus of Y = 68.9 GPa.

The results of the modeling of In-Ga interdiffusion under
the influence of stress formation based on these literature
data are shown in Fig. 3. For each quantity, the distribu-
tion over the layer depth is shown for different simulation
times.

It can be seen in Fig. 3(a) that a significant gradient in
the GGI composition prevails if the formation of stress is
regarded in the In-Ga interdiffusion process. In Fig. 3(b)
we present the depth-dependent stress that forms during
the interdiffusion process—leading to compressive stress
in the Ga-rich bottom part of the film and tensile stress in
the In-rich part. Although after 15 min a composition gra-
dient is still present [blue line in Fig. 3(a)] that on its own
would drive further interdiffusion, the contribution by the
stress gradient in Fig. 3(b) leads to a flat gradient of the
total diffusion potential M [Fig. 3(c)], resulting in a steady
state without further interdiffusion. The diffusion poten-
tial comprises the energy released due to changes in the
entropy and enthalpy of mixing as well as the change in
elastic strain energy.

Note that the shape of the final Ga distribution does
not depend on the size of the diffusion coefficient D�,
which, due to the linearity in t of the diffusion equation
(8), only determines how fast this steady-state distribution
is approached. The final form of the Ga distribution, i.e.,
the step size of the final GGI distribution, is determined by
the magnitude of Young’s modulus.

We note that plastic deformations are not included in
the model. The yield stress for CIGS is reported to be
σY ≈ 1.1 GPa (Ref. [51]) and, from Fig. 3(a), it can be
seen that the predicted maximum stress inside the thin
film is of the same order of magnitude. If the elastic
stress exceeds the yield stress, plastic deformation, e.g.,
by grain boundary migration or formation of disloca-
tions, would be expected to take place, hence limiting
the magnitude of the maximal stress in the sample. In
comparison to the simulation shown in Fig. 3, the maxi-
mum stress would then be smaller, which—according to
Eq. (11)—will lead to a smaller stress-dependent term in
the diffusion potential and thus to an increased interdif-
fusion. Furthermore, the reported elastic parameters, e.g.,
the yield stress and Young’s modulus, are temperature- and
composition- dependent quantities. Because we work at an
elevated process temperature we would expect a decrease
in the magnitudes of those quantities, also leading to an
increased interdiffusion due to the decrease of diffusion-
potential terms that depend on stress. However, plastic
deformation will not completely compensate the effect of
stress-hampered interdiffusion since an elastic stress on the
level of the yield stress will remain.

III. REAL-TIME ANALYSIS OF INTERDIFFUSION

To compare the modeled interdiffusion with experimen-
tal data, we performed in-situ EDXRD measurements dur-
ing the selenization of metallic Cu-In-Ga precursors with
subsequent annealing. Similar to standard angle-dispersive
x-ray diffraction, EDXRD is sensitive to lattice plane dis-
tances and hence to expansions or contractions of the
lattice caused by compositional changes, allowing us to
make conclusions about the extent of interdiffusion and
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(a)

(b)

(c)

FIG. 3. Modeling of In-Ga interdiffusion under the influence
of stress formation based on input parameters from the literature.
(a) Ga distribution, x = [Ga]/([Ga]+[In]). (b) In-plane stress
distribution, σ‖(z). (c) Diffusion potential, M (z). Each quantity
is plotted for different simulation times. The dashed line in (a)
shows the analytical steady-state solution. See Appendix E for
details.

thus about the evolution of Ga and In profiles along the
layer thickness over time.

A. Experimental details

Real-time EDXRD analysis is performed at the energy
dispersive diffraction (EDDI) beamline at the synchrotron
facility BESSY II at the Helmholtz-Zentrum Berlin, Ger-
many [57]. An in-situ reaction chamber is used to per-
form the selenization process [24] of a metallic Cu-In-
Ga multilayer precursor [58] and to survey the subse-
quent interdiffusion inside the resulting CIGS absorber
layer. The multilayer Cu-In-Ga precursor film consisting
of 22 In/Cu-Ga/In triple layers with total thickness of

700 nm and a composition of [Cu]/([In] + [Ga]) = 0.87
and [Ga]/(In] + [Ga]) = 0.27 is deposited by dc sputter-
ing onto a Mo-covered soda-lime substrate. The substrate
has a thickness of 3.1 mm and the Mo layer a thickness of
1 μm. The selenization of the Cu-In-Ga precursor resulted
in a CIGS film with a thickness of about 2 μm. The sub-
strate temperature is controlled by a thermocouple above
the substrate and raised to 600 ◦C with a heating rate of
200 K/min. The temperature is held constant for 12 min at
600 ◦C [see Fig. 4(a)]. EDXRD data is recorded with an
energy-dispersive high-purity Ge detector with a time res-
olution down to 3 s per spectrum under a diffraction angle
of 2θ = 6.08. For more details on the setup, see Ref. [59].

The two CIGS 112 reflections visible in the spectra
are fitted to Gaussian functions using simulated annealing
[60].

B. Selenization and interdiffusion

Color-coded EDXRD intensities as a function of photon
energy and process time recorded during selenization of a
Cu-In-Ga precursor and subsequent annealing are plotted
in Fig. 4(b). The evolution of temperature during the pro-
cess is shown in Fig. 4(a). The measurement starts with
the onset of the heating of the precursor together with ele-
mental Se, followed by a transition of the initial metallic
phases (not shown) to binary selenide phases and finally to
the chalcopyrite CIGS phase. For a detailed description of
the phase formation, see Ref. [10]. At t0 ≈ 11 min [verti-
cal dotted line in Figs. 4(a)–4(c)] the selenization process
of the absorber is finished. This is indicated by observing
that the simultaneously recorded Se Kα fluorescence sig-
nal [Fig. 4(c)]—after a steep rise—stays constant beyond
that point in time. At t0, two distinctive 112 reflections
can be discerned [Figs. 4(a) and 4(d)], which coincide with
the expected positions of the CIS (CuInSe2) 112 and CGS
(CuGaSe2) 112 diffraction signals at 600◦C (see Appendix
A for details). Since CIS has a larger unit cell than CGS
[44], the diffraction signal of CIS 112 lies at lower photon
energies than CGS 112.

The 112 signals in Fig. 4 can be seen to initially con-
verge over time, which can be explained by In-Ga interdif-
fusion [61]. Eventually, however, the convergence slows
down considerably after some minutes and the signals
remain separated by a constant energy difference, which
indicates stagnation of the In-Ga interdiffusion.

C. Fitting the model to real-time data

To compare the interdiffusion model to the experimen-
tal data, we calculated the EDXRD signals for the Ga
distributions predicted by the model for each time step.
The resulting CIGS 112 signal is the superposition of the
attenuated signals emerging from the different layer depths
(see Appendix A for details). The energy of the result-
ing intensity maxima of the Ga- and In-rich signals is
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(a)

(b)

(c)

(d)

FIG. 4. (a) Process temperature over time. (b) Normalized
color-coded EDXRD intensities as a function of process time and
photon energy as measured during selenization of a Cu-In-Ga
precursor layer with an integral GGI of 0.27. The dashed hor-
izontal lines show the expected energies of the 112 diffraction
at 600◦C of pure CIS and CGS phases (ECIS = 34.74 keV and
ECGS = 36.06 keV). (c) Simultaneously measured Se Kα fluo-
rescence intensity. (d) EDXRD intensities as a function of photon
energy at process time t0.

then compared to the measured position of the intensity
maxima of the In- and Ga-rich CIGS 112 signals, which
are extracted from measured spectra using a double-peak
Gauss-curve fit.

The energies of the In- and Ga-rich 112 maxima
extracted from the measured real-time EDXRD data
[Fig. 4(b)] are depicted in Fig. 5(a) as open circles. The red
lines represent the expected evolution assuming pure Fick-
ian diffusion, fitted to the data between the two vertical
lines (t0 = 11 min and t1 = 14 min). The used parame-
ter values can be found in Table I, with Young’s modulus
set to Y = 0 GPa and the diffusion coefficient used as a

(a)

(b)

FIG. 5. (a) Comparison of measured (black) and simulated
CIGS 112 peak positions using a standard Fickian-type diffusion
model (red) and the stress-comprising diffusion model (blue).
Vertical lines indicate the measurement interval between t0 = 11
min and t1 = 14 min used to fit the standard Fickian diffusion
model to the data. (b) Ga distribution over the absorber layer
thickness for different times corresponding to the simulation with
the stress-comprising diffusion model. The dashed line shows the
analytical steady-state solution.

fit parameter. While at the beginning of the interdiffusion
a good fit between pure Fickian diffusion and the exper-
imental data can be obtained, beyond the vertical line at
t1 the model strongly deviates from the data. The dif-
fusion coefficient resulting in the best fit is found to be
DF ≈ 9.76 × 10−12 cm2/s.

A Fickian diffusion process is characterized by the inter-
diffusion being solely driven by intrinsic concentration
gradients in the thin film. This leads to the process carrying
on until a complete intermixing of Ga and In is achieved.
Because the unit-cell volume of CIGS is assumed to
depend on the local GGI value, a uniform Ga distribu-
tion leads to a uniform unit-cell volume throughout the
absorber. Consequently, the simulation will predict a single
112 signal after a sufficient annealing time. The constant
separation of the measured In-rich and Ga-rich CIGS 112
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signals in Fig. 5(a) can therefore not be explained by
standard Fickian diffusion.

Better agreement between observation and model can be
achieved using the interdiffusion model comprising build-
up of in-plane stresses [Eqs. (8) with (11)]. We assume
that after film growth—that is, at the onset of interdiffu-
sion—the absorber is in a stress-free state. Subsequently
developing in-plane stresses will, due to the Poisson rela-
tion, lead to out-plane strains that also have to be consid-
ered when predicting the emergent EDXRD signals (see
Appendix A for details).

Fitting of the model comprising stress [blue curve in
Fig. 5(a)] to the measurement [open circles in Fig. 5(a)]
is done using the tracer-diffusion coefficient D� of In and
Ga and additionally Young’s modulus, Y, as free param-
eters. All other parameters are fixed to the values given
in Table I. It can be seen from Fig. 5(a) that the stagna-
tion of the convergence of the In-rich and Ga-rich CIGS
112 signals is well reproduced by the model. The cor-
responding Ga gradient ultimately converges to a steady
and nonflat state, as is shown in Fig. 5(b). In Fig. 5(b) we
also show (dashed black line) the approximate steady-state
solution to the interdiffusion problem comprising build-
up of stress found in Appendix E. It can be seen that the
analytical approximation very well reproduces the final Ga
distribution.

The parameter optimization yields a Young modulus
of YO = 231 GPa and a tracer-diffusion coefficient of
D�

O = 1.9 × 10−11 cm2 s−1. [The resulting relative peak
differences are shown in Fig. 6(a).] We recall that the lit-
erature values for the tracer-diffusion coefficients of In
and Ga vary greatly over different orders of magnitude,
from 10−11 to 10−14 cm2 s−1 [13,16,17,49,50]. The diffu-
sion coefficient D�

O lies within this expectable range. The
predicted Young modulus, however, is significantly higher
then previously reported values, Y = 68.9 GPa [51].

The deviation of the determined Young modulus from
reported values is influenced by the assumed enthalpy
of mixing. With a higher enthalpy of mixing leading to
smaller predicted Young’s moduli. Moreover, further sim-
plifications that are employed when developing the inter-
diffusion model can affect its predictions. For example, we
neglect influences by the microstructure—such as grain
boundaries, lattice misfits, or lateral inhomogeneities—as
well as the influence of vacancies on the diffusion process.
Vacancies will enter the picture because of differing acti-
vation energies for the migration of Ga and In in CIGS.
The migration barrier for In in CGS is predicted to be
lower then the migration barrier for Ga in CIS [8]. This
results in larger diffusion coefficients for In than for Ga.
These deviating diffusion coefficients will, in effect, lead
to a net flux of vacancies. A smaller diffusion coefficient
for Ga in CIS can also be expected to lead to a slower
increase of the In-rich 112 signal and hence to an improved
fit between the simulated and measured In-rich 112 peak

(a)

(b)

FIG. 6. (a) Relative differences, δ(D�
0, Y), for the full model

comprising out-plane strain according to Eq. (3) as a function
of Young’s modulus. A minimum occurs at YO = 231 GPa and
D�

O = 1.9 × 10−11 cm2/s. (b) Relative differences for the simu-
lation using the averaged in-plane stress, 〈σ‖〉, in Eq. (3) instead
of σ‖. A minimum is reached at Y

〈σ‖〉
O = 60 GPa and D

�,〈σ‖〉
O =

9.32 × 10−12 cm2/s.

positions in Fig. 5(a). However, the vacancies are not
expected to have a large effect on the predicted Young
modulus due to vacancies only being present in relatively
low numbers (see Sec. II D), and because the vacancies
themselves are expected to be close to chemical equilib-
rium due to the presence of grain boundaries, surfaces, and
interfaces [41].

Furthermore, we neglect the anisotropy of the material,
although CIGS crystalizes in the tetragonal crystal struc-
ture and is thus anisotropic [55,62]. This anisotropy will
lead to nontrivial average values for the material param-
eters, dependent on the texture of a specific sample [63].
The EDXRD measurement only probes crystallites with
the 112 plane oriented parallel to the sample surface. The
Young modulus in 112 direction—95 GPa for CGS and 77
GPa for CIS, as calculated by Voigt and Reuss methods

024063-9



STEFAN SCHAFER et al. PHYS. REV. APPLIED 14, 024063 (2020)

[63] from the elastic coefficient tensor [55,62]—is larger
than the mean Young modulus (approximately 70 GPa)
used for the modeling.

The surface of the thin film as well as the interface
between the In-rich and Ga-rich regions are expected to
exhibit roughness [10]. This means that the Ga gradient
and hence the direction of the diffusion-induced stress is
not everywhere parallel to the normal of the 112 plane
probed by the EDXRD measurement. Hence, the effect
of the calculated out-plane strain on the 112 peak posi-
tions could be overestimated. Furthermore, the interface
between CIGS and Mo thin films may not be perfectly
coherent and exhibit gaps that might lead to further stress
reduction and, in an extreme case, to delamination, which,
however, is not observed here.

Also, the elastic material parameters may be differ-
ent at grain boundaries in comparison to their bulk val-
ues. However, because the volume of grain boundaries is
much smaller then the bulk volume, this influence may be
neglected in a first approximation.

If the stress becomes so large that it induces microstruc-
tural changes, such as grain boundary migration or forma-
tion of dislocations, i.e., plastic deformation takes place,
the assumptions of linear elasticity are no longer valid,
which will influence numerical predictions, as discussed
in Sec. II E.

Additionally, we would like to mention that if the out-
plane strain is calculated in dependence of the averaged
in-plane stress over the thin film, 〈σ‖〉, in Eq. (3) in place
of σ‖, the fit of the model to the experimental data results
in Y

〈σ‖〉
O = 60 GPa, lying slightly below the reported value

of approximately 70 GPa.

IV. DISCUSSION

Our model enables us to calculate the stress formed by
the interdiffusion of differently sized atomic species in thin
films constrained by a rigid substrate. By considering the
elastic work that needs to be performed in this process on
the crystal lattice we show how this build-up of stress ham-
pers interdiffusion. For the In-Ga interdiffusion in CIGS,
our results show that the interplay of stress formation
and interdiffusion results in a stable composition gradient.
This gradient cannot be further reduced by a prolonged
annealing time, but only by intentionally designing the
conditions for chemical equilibrium that establish inside
the thin film. One way to achieve this is by altering the
state of stress of the sample. While in the case of sequential
processing of Cu(In,Ga)Se2, the stagnation of the In-Ga
interdiffusion at very steep GGI gradients is undesirable,
establishing and maintaining compositional gradients for
an optimal bandgap profile is a general problem occurring
with a whole range of thin-film light-absorbing struc-
tures. The values employed for the calculations in this
work are specific for CIGS. However, the equations of

the presented model are general for all thin-film com-
pounds containing differently sized isovalent atomic pairs
deposited on rigid substrates. Therefore, our model has the
potential to provide a better understanding of the intercon-
nection between interdiffusion of differently sized atoms
and the formation of stresses for various materials. For per-
ovskites, it is known that material gradients and strains
are interconnected [64] and influence the charge carrier
dynamics and energy band bending [26,27], as well as
charge collection and recombination [65]. Also, the Se-to-
S ratio in Cu(In,Ga)(S,Se)2 (CIGSSe) solar cell absorbers
is known to influence the device parameters and is reg-
ularly designed by interdiffusion processes of Se and S
[21,22]. Furthermore, the structural and electronic prop-
erties of Cu2ZnSn(S,Se)4 kesterites are also well known
to be composition dependent [23,66] and compositional
gradients are often obtained by exploiting interdiffusion
processes of Se and S [24,67,68] and Ge and Sn [25].
Through changing fabrication techniques and substrates,
stress-hampered interdiffusion may be exploited to inten-
tionally design stress fields that lead to stable and optimal
composition gradients.

V. CONCLUSIONS

We show that the persistent character of nonoptimal Ga
and In gradients inside CIGS absorber layers produced in
the sequential fabrication process can be explained by the
formation of stress induced by the thin film’s rigid sub-
strate during the interdiffusion of differently sized Ga and
In atoms. This build-up of stress hampers interdiffusion
since elastic work needs to be performed on the crystal
lattice. The resulting stable composition gradient cannot
be further reduced by extended annealing time, but, e.g.,
by influencing the yield stress via a change in tempera-
ture, affecting the stress state of the material. In the case of
Cu(In,Ga)Se2, but also for other materials, a stagnation of
interdiffusion at nonoptimal gradients is undesirable, and
understanding the interplay between stress and interdiffu-
sion may be exploited to intentionally design stress fields
that lead to optimized and stable compositional gradients.
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APPENDIX A: SIMULATION OF IN-SITU EDXRD
DATA

Because we measure the 112 diffraction peaks in an
energy-dispersive setting, the unit cells producing these
signals are oriented with their 112 planes perpendicular to
the out-plane direction of the sample. As such, any effec-
tive out-plane strain has to be applied to the 112 plane
distances. That is, if we denote the distance of the 112
planes in the stress-free state by d′

112(x) then the 112 plane
distance in the actual state, d112, after application of the
effective out-plane strain, can be calculated by

d112 = d′
112(1 + ε⊥), (A1)

d′
hkl = VUC√

(hac)2 + (kac)2 + (la2)2
, (A2)

where a(x) and c(x) are given by Eqs. (18) and (19).
The diffraction energy E(x) for a layer with GGI x then

follows using the energy dispersive Bragg formula with
the lattice spacing given by Eq. (A1) and the 2� angle as
in Table I:

E(x) = hc
2d(x) sin(�)

. (A3)

Here E(x) is the energy at which the diffracted signal is
maximal and c and h are the velocity of light and Planck’s
constant, respectively.

The resulting signal intensity distribution is modeled
as a Gauss curve centered around E(x). Such determined
signals emerging from the different sublayers are then
attenuated according to their depth in the thin film, since
the layers on top will absorb part of the diffracted signal,
depending on the atomic cross sections of the material.
The resulting signals are superimposed and the detector
broadening is taken into account, producing the simulated
EDXRD signal [69].

This method produces two distinct 112 diffraction sig-
nals, one belonging to the signal emergent from layers with
a high GGI and one to layers with low GGI. The energies
at which the maximal diffraction intensities occur for those
two signals are then extracted, resulting in the simulated
112 signal peak positions for the Ga- and In-rich parts of
the layer, Ek

S with k ∈ [Ga,In].

APPENDIX B: PARAMETER OPTIMIZATION

Obtaining the peak positions Ek
S of both simulated reflec-

tions and the measured peak positions Ek
M allows for

comparison of simulation and measurement by introduc-
tion of the relative peak position difference, δ(D�, Y), as a

cost function:

δ2(D�, Y) = 1
2NS

∑
(t,k)

(
Ek

M − Ek
S

Ek
M

)2

. (B1)

The sum in Eq. (B1) runs over both 112 reflections,
counted by k ∈ [Ga,In], and over all recorded spectra, t ∈
[1, NS].

The cost function will depend on both Y and D� since
they are the only free parameters. By minimizing δ, we can
then find optimal parameter values. The diffusion equation
is numerically solved for a Young modulus and then a
best-fitting diffusion coefficient is searched for by minimiz-
ing δ. Because of the linearity of the underlying diffusion
equation, (8) only needs to be solved for one pair (Y, D�)

to produce all solutions for (Y, λD�), λ ∈ R
+.

We implemented a simulated annealing scheme [60]
comprising an exponential cooling to effectively search the
available parameter space for optimal values for a given
measurement.

APPENDIX C: DIFFUSION POTENTIAL

We follow the derivation of Voorhees et al. [39] and
show Eq. (11) in detail from the differential of the Gibbs
potential, Eq. (9). First, we set dT = 0 in Eq. (9), giving

dg = −εij dσij + Mρdx. (C1)

The Maxwell relation for (C1) reads

∂εij

∂x

∣∣∣
σ

= −∂Mρ

∂σ

∣∣∣
x
. (C2)

The subscript next to the partial derivatives indicates
which variable is to be held constant. We now have to
find a relation connecting the strain to the stress. For that
purpose, we write down Hook’s law in general form,

σij = Cijkl(εij − εE
ij ). (C3)

We employ the Einstein notation, summing over any index
appearing twice in a term. Here εE

ij denotes the eigenstrain,
that is, the strain that has to be applied to the system to
transform it into a stress-free state, and Cijkl is the stiffness
tensor, whose inverse, Sijkl, is called the compliance tensor.
Inverting Eq. (C3) gives

εij = Sijklσkl + εE
ij . (C4)

Inserting Eq. (C4) into Eq. (C2) and remembering that the
stress is to be held constant during the derivative gives

∂Sijkl

∂x
σkl + ∂εE

ij

∂x
= −∂(Mρ)

∂σ

∣∣∣∣
x
. (C5)
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Next, we integrate Eq. (C5) from the stress-free state to the
stress state σij , giving

M (σij ) = M 0 − 1
ρ

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

=:MS︷ ︸︸ ︷
∂Sijkl

∂x
σij σkl +

=:Mε︷ ︸︸ ︷
∂εE

ij

∂x
σij

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

. (C6)

Here, M 0 is the diffusion potential for vanishing stress,
given by Eq. (12), and M S and M ε are the diffusion poten-
tial contributions from variable elastic parameters and
variable strain, respectively.

If we assume that the elastic coefficients to not depend
on composition then M S vanishes. Furthermore, the only
nonvanishing stress components are in the in-plane direc-
tion, σ‖. In this direction the eigenstrain is connected to the
in-plane strain ε‖ by

εE
‖ = −ε‖. (C7)

Because there are two independent in-plane directions, we
can finally transform Eq. (C6) to

M (σ ) = M 0 + 2
ρ

∂ε‖
∂x

σ‖. (C8)

This is equivalent to Eq. (11). To determine M 0, the dif-
fusion potential in the stress-free state, we use dσij = 0 in
Eq. (9) and calculate

M 0(x) = 1
ρ

∂g(x, σij = 0)

∂x
= 1

ρ

∂g0(x)
∂x

. (C9)

Here g0 is the Gibbs free energy density for a CIGS system
not subject to any stresses and strains.

We conclude this section by estimating the magnitude
of the additional diffusion potential term that results if
the elastic coefficients depend on composition. The mate-
rial is assumed to be isotropic and the elastic compliance
tensor can be written as S = (1 − ν)/Y. Furthermore, we
assume that the elastic parameters Y and ν depend linearly
on composition x:

Y(x) = Y1x + (1 − x)Y2 = Y2 +
=:Y1−Y2︷︸︸︷

	Y x, (C10)

ν(x) = ν1x + (1 − x)ν2 = ν2 + 	ν︸︷︷︸
=:ν1−ν2

x. (C11)

We can then estimate the relative magnitude of M S to be

M ε

M S = 2
εx

Sx

1
σ

= 2
1 − ν

Y
Y2

	νY + (1 − ν)	Y

= − 2
	ν/(1 − ν)︸ ︷︷ ︸

=:xν

+	Y/Y︸ ︷︷ ︸
=:xY

= − 2
xν + xY

. (C12)

Measurements of the elastic material parameters for CIS
and CGS usually give a range of Young’s moduli of
between 2 and 20 GPa and a relative change of Pois-
son’s ratios of around 0.01 [54–56]. This results in rel-
ative differences M ε/M S of the diffusion potential con-
tributions of approximately 70 to 10, respectively. This
further confirms that to a good approximation the influ-
ence of compositional-dependent elastic parameters can be
neglected in this study.

APPENDIX D: PHENOMENOLOGICAL
COEFFICIENT

We will derive Eq. (7) for the phenomenological coeffi-
cient of diffusion in a binary system comprising the effects
of stress formation.

Manning [36] showed that the equation for the flux of a
species i, Ji, in a diffusing system composed of two com-
ponents that are under the influence of driving forces other
than the concentration gradient and that have the same
tracer-diffusion coefficient, D�, is given by

Ji = −D� (1 + xi

xi,z

∂ ln γi

∂z
)

︸ ︷︷ ︸
=:α

ρxi,z. (D1)

The symbol xi,z indicates the partial derivative of xi with
respect to z, α is the thermodynamic factor, and γi is the
activity coefficient of species i. The activity coefficient is
defined as the part of the chemical potential not arising
from the entropy of mixing. For example, the chemical
potential of species i, μi, is given by

μi = μ0
i + kT ln(γixi), (D2)

where μ0
i is the constant chemical potential for pure

species i, which can be omitted in the following since we
deal with derivatives of chemical potentials.

We first calculate a relation between the spatial gradients
of the activity coefficients for different species. This rela-
tion will then help us to bring Eq. (5) into the form (D2),
resulting in an equation for L.
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With the help of the Gibbs-Duhem equation for a two-
component system, we calculate

x1dμ1 + x2dμ2 = 0,

⇒ x1
∂μ1

∂z
+ x2

∂μ2

∂z
= 0. (D3)

With Eq. (D2) we derive a relation for the spatial gradient
of μi,

∂μi

∂z
= kT

(
∂ ln γi

∂z
+ 1

xi
xi,z

)
. (D4)

Using Eq. (D4) together with Eq. (15) in Eq. (D3) finally
gives

x1
∂ ln γ1

∂x1
= −x2

∂ ln γ2

∂x2
. (D5)

We now evaluate Eq. (5) using the definition of M given by
Eq. (10) and the spatial gradients of the chemical potential
μi given by Eq. (D4). This results in

Ji = −L∇zM

= −LkT
{

1
x1

x1,z − 1
x2

x2,z + ∂ ln γ1

∂z
− ∂ ln γ2

∂z

}
. (D6)

In the next step we make use of the relations x1 + x2 = 1,
Eq. (D5), and x1,z = −x2,z. The result reads

Ji = −LkT
(

1 + x1

x1,z

∂ ln γ1

∂z

)
1

x1x2
x1,z. (D7)

From Eq. (D5) and x1,z = −x2,z it is easily seen that

xi

xi,z

∂ ln γi

∂z
:= x1

x1,z

∂ ln γ1

∂z
= x2

x2,z

∂ ln γ2

∂z
. (D8)

Using this result in Eq. (D7), we arrive at

Ji = −LkT
(

1 + xi

xi,z

∂ ln γi

∂z

)
1

x1x2
xi,z. (D9)

Comparison of Eq. (D9) with Eq. (D1) results in the
phenomenological coefficient

L = D�ρ

kT
x1x2 = D�ρ

kT
x1(1 − x1). (D10)

APPENDIX E: APPROXIMATE STEADY-STATE
SOLUTION

We show how to find the approximate steady-state solu-
tion to the diffusion equation (8) and start by noting that a
steady state is characterized by a vanishing flux. The flux is

given by Eq. (5), the vanishing of which is equivalent to the
vanishing of the spatial gradient of the diffusion potential
M (x, x0) [Eq. (11)]:

Mz = Mx(x∞, x0)x∞
z + Mx0(x

∞, x0)x0,z = 0. (E1)

Here, x∞(z) denotes the steady-state solution after an infi-
nite amount of time. This equation has to hold for all
layer depths z. As in the previous section, a subscript indi-
cates a partial derivative with respect to the corresponding
variable, e.g., Mz ≡ ∂M/∂z.

Using the decomposition of M into stress-independent
and stress-dependent parts, M 0(x) and M σ (x, x0), accord-
ing to Eq. (11) gives

0 = (M 0
x + M σ

x )x∞
z + M σ

x0
x0,z. (E2)

We assume that the initial Ga distribution is a step function,
so that the derivative x0,z takes a delta-function form:

x0,z ≡ dx0

dz
= 	x0δ(λd − z). (E3)

Here d is the thickness of the system, λ is the total GGI of
the sample, and 	x0 is the initial GGI difference between
the Ga- and In-rich parts of the absorber, that is, the step
size of the initial GGI distribution.

Now, if the initial Ga distribution is of step function type
then so is the steady-state solution x∞(z). To see this, eval-
uate Eq. (E2) at some z̄ �= λd such that x0,z(z̄) = 0. If we
suppose that x∞

z �= 0 then, in order for Eq. (E2) to vanish,
we must have

M 0
x [x∞(z̄)] = −M σ

x [x∞(z̄), x0(z̄)]. (E4)

In the small strain approximation the strain, Eq. (1), can,
to a good approximation, be written as a linear function of
(x − x0), that is,

ε = ε1 + ε2(x − x0), (E5)

where ε1 and ε2 are some constants determined by the
used stress model. The function M σ therefore also depends
linearly on x and the derivative M σ

x is a constant. Con-
sequently, solving Eq. (E4) will lead to a solution of the
form x∞(z̄) = const for all layer depths. However, such
a solution is in disagreement with the stress leading to
a nonuniform final Ga distribution. As such, in order for
Eq. (E2) to vanish at a point z̄ with x0,z(z̄) = 0, we must
have x∞

z (z̄) = 0 and, for z̄ = λd, we have x0,z(z̄) �= 0 and
x∞

z (z̄) �= 0. This is equivalent to x∞(z) having step func-
tion form. Denoting the final GGI step size of the sample
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as 	x∞, we can write

dx∞

dz
= 	x∞δ(λd − z). (E6)

Substituting Eqs. (E6) and (E3) into Eq. (E2) and integrat-
ing over the layer thickness gives

	x∞ = − M σ
x0

(x̄∞, x̄0)

M 0
x (x̄∞) + M σ

x (x̄∞, x̄0)
	x0

≡ −�(x̄∞)	x0. (E7)

Here x̄∞ and x̄0 denote the GGI at the point z̄ = λd for
the steady state and the initial solution, respectively. We
now denote the GGI values in the Ga- and In-rich parts of
the layer in the initial state by x0

G and x0
I and in the steady

state by x∞
G and x∞

I . Because x̄∞ and x̄0 are evaluated at
the jump point of the step functions, they can be chosen as
the average GGI values between the In- and Ga-rich layers,
that is,

x̄0 = 1
2 (x0

G + x0
I ), (E8)

x̄∞ = 1
2 (x∞

G + x∞
I ), (E9)

where x̄0 is given by the initial GGI distribution, but x̄∞,
on the other hand, is not known a priori.

To proceed, we can express the mass conservation with
the help of the so far introduced quantities. The total GGI
λ is given as the weighted sum of the GGI values in the
In - and Ga-rich layers, which are (1 − λ)d and λd thick,
respectively. So we have

λ = λx∞
G + (1 − λ)x∞

I . (E10)

After some algebra, Eq. (E10) together with 	x∞ = x∞
G −

x∞
I leads to

x̄∞ = λ + 1
2 (1 − 2λ)	x∞. (E11)

We can now substitute Eq. (E7) into Eq. (E11) to obtain

x̄∞ = λ − 1
2 (1 − 2λ)�(x̄∞)	x0. (E12)

In Eq. (E12) x̄∞ appears on the left- and right-hand sides
and closed-form solutions are only possible for certain
functional dependencies of �(x̄∞). In general, numerical
root-finding algorithms have to be used to solve for x̄∞. On
the other hand, inspection of the equation suggests that the
right-hand side of Eq. (E12) is, in the parameter space of
interest, a contracting mapping, thus making it possible to
apply the Banach fixed-point theorem and use the relation
to obtain an iterative solution.

A good first guess for the average GGI value at the jump
point is the total GGI value of the sample, x̄∞

0 = λ, since
this is the value approached for vanishing Young’s moduli.
The iterative procedure can be explicitly stated as

x̄∞
i+1 = λ − 1

2 (1 − 2λ)�(x̄∞
i )	x0. (E13)

Eq. (E13) leads already after the first iteration to very good
agreement with the solutions obtained from numerically
solving the differential diffusion equation.

The full solution, x∞(z), in dependence of x̄∞ is then
found by solving Eqs. (E9) and (E11) for x∞

G and x∞
I :

x∞(z) =

⎧⎪⎪⎨
⎪⎪⎩

2(1 − λ)x̄∞ − λ

1 − 2λ
if z ≤ λd,

λ
1 − 2x̄∞

1 − 2λ
if z > λd.

(E14)
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