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Acoustic Radiation Force on a Spherical Fluid or Solid Elastic Particle Placed
Close to a Fluid or Solid Elastic Half-Space
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The acoustic radiation force acting on a spherical particle placed close to the interface of two infinite
half-spaces that is excited by a normally incident traveling wave is investigated using the finite element
method (FEM). The medium surrounding the particle is water, whereas different material models are used
for the particle itself and the second half-space. Recently, acoustic force spectroscopy has been developed,
a technology that uses acoustic forces to measure the mechanical properties of small filaments. If acoustics
are used to manipulate particles that are placed very close to an interface then the acoustic interactions
between the particle and interface lead to an acoustic interaction force. This interaction force was neglected
in previous studies and is included in the total acoustic radiation force obtained by our FEM model.
Comparing our results to the primary radiation force that can be obtained using the Gor’kov potential, we
found that, for cells (red blood cells or fat cells) immersed in water and placed close to a PMMA, glass,
or silicon domain, the magnitude of the acoustic interaction force can exceed 10% of the magnitude of the
primary radiation force. In other cases, the acoustic interaction force can be even larger in amplitude and
of opposite sign than the primary force.
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I. INTRODUCTION

The earliest experimental investigations of the acous-
tic radiation force acting on particles close to interfaces
focused on bubbles, because in this case the acoustic radi-
ation force can be easily observed at small excitation
amplitudes. In 1965, Howkins et al. [1] measured the res-
onant frequency of a bubble near a rigid boundary. In
1981, Shima et al. [2] investigated the interaction between
bubbles and solid walls experimentally. More recent exper-
imental investigations by Zhao et al. [3,4] and Payne et
al. [5] focused on bubbles and contrast agents attached to
walls. Garbin et al. [6] used high-speed imaging to mea-
sure the microbubble dynamics near a boundary. Doinikov
et al. [7] investigated the scattering of a bubble close to
a wall of finite thickness and density both experimen-
tally and theoretically. The early experimental works were
accompanied by theoretical investigations. Because of the
complexity of the full problem, researchers have devised
a number of simplifications, such as neglecting the shape
oscillations of the particle, assuming the particle or wall
to be perfectly rigid, or a cylindrical shape of the parti-
cle, which significantly simplify the problem and allow
for analytical solutions [5,8–13]. Doinikov et al. provided
analytical calculations for spherical bubbles and contrast
agents close to an elastic half-space [14], a fluid layer of

*baasch@imes.mavt.ethz.ch

finite density and thickness [15], an elastic wall of finite
thickness [16], and two parallel elastic walls [17].

Numerical investigations focused, to our knowledge,
either on single isolated particles [18,19] or on particle
interactions with rigid walls [11,20,21].

Examples of recent applications that use the acoustic
radiation force to manipulate particles and bubbles placed
close (at the order of the diameter) to interfaces are the
acoustic force spectroscopy [22,23] and acoustic tweezing
cytometry [24]. In acoustic force spectroscopy, a microm-
eter sized bead attached to a channel wall by a biological
filament is moved by acoustic forces. The displacement
of the bead in combination with the Gor’kov potential
[25] used to model the acoustic radiation force then yields
the mechanical stiffness of the biological filaments. In
this case, the acoustically manipulated beads are placed
at a distance comparable to the particle diameter from the
channel walls. The use of Gor’kov’s potential theory is
questionable as it is only valid in the free field far from
interfaces.

We numerically investigate the acoustic radiation force
acting on a particle placed in water close, i.e., at a dis-
tance d of the order of the particle radius a, to a half-space
of different material (denoted domain 2), while keeping
the wavelength λ much larger than the particle radius a.
Although, we focus our investigation on wavelengths λ
much larger than the particle radius a, this is not a lim-
itation of the technique. Both the particle and half-space
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are modeled as elastic solid, inviscid fluid and several ide-
alized materials. The inviscid assumption is expected to be
a good approximation as long as the gap between the par-
ticle and the interface sufficiently exceeds the size of the
viscous boundary layer. Special emphasis is put on com-
paring the acoustic radiation force that acts on a particle
placed close to an interface to that acting on a particle in
the absence of the second half-space. Thus, we establish
when the Gor’kov potential is a good approximation to cal-
culate the acoustic radiation force acting on a particle close
to an interface.

II. METHODS

The finite element model (COMSOL Multiphysics 5.4)
consists of the particle placed in a water domain sepa-
rated from domain 2 by the interface at z = 0, as sketched
in Fig. 1(a). Thedomains are surrounded by a perfectly
matched layer to absorb all outgoing radiation, so that our
water domain and domain 2 behave approximately like
infinite half-spaces. Domain 2 and the particle are mod-
eled as an elastic solid as well as an inviscid fluid. The
system is excited by plane waves traveling in the positive
z direction. The incident and reflected plane waves prop-
agate in the water domain and the transmitted plane wave
propagates in domain 2. Together, these three plane waves
constitute the background field. At the particle-water and
water-domain 2 interfaces we impose continuity for the
stresses and velocities in the normal direction. The com-
plete problem is axially symmetric, which we exploited in
our simulations.

In the right panel of the Fig. 1 the “no domain 2” (ND2)
setup is shown. The ND2 model consists of the particle
and water domain surrounded by a perfectly matched layer
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FIG. 1. We use two different setups in our simulations. The
model with domain 2 (left) consists of the particle placed in the
water domain that is separated from domain 2 by the interface.
The model without domain 2 (ND2) is composed of the particle
and the water domain only.

without a domain 2. The ND2 model is excited by incident
and reflected plane waves, such that the particle experi-
ences the same background field as in the model with
domain 2. The ND2 setup is further explained in Sec. II E.
In the scattering simulation for the ND2 model, we used
the background field as given by Eq. (16). The ND2 model
provides free-space reference values for the acoustic radi-
ation force that converge asymptotically to the results
obtained from the model with domain 2 when increasing
the separation distance between the particle and interface.
Although we use the finite element method (FEM) to cal-
culate the acoustic radiation force in the ND2 setup, it is
also possible to get an approximate analytical solution; see
Sec. II E.

A. Modeling the fluid and solid domains

Assuming an inviscid fluid of density ρ and time har-
monic fields with radial frequency ω and time harmonic
factor eiωt, we can model the first-order dynamics using the
Helmholtz equation [26] for the (complex-valued) velocity
potential φ:

∂j ∂jφ + k2φ = 0. (1)

Here we used the tensor notation and the Einstein sum-
mation convention, shortened the notation for the partial
derivative ∂/∂xi to ∂i, and used k = ω/c to denote the wave
number. The (real-valued) velocity vi and pressure p fields
can then be calculated by vi = Re(∂iφ eiωt) for i = 1, 2, 3
and p = Re(−iρωφ eiωt), respectively.

Assuming linear kinematics and time harmonic fields
in the elastic solid domains, the motion of a linear elastic
solid can be described by

∂j ∂jφ
′ + k′2

p φ
′ = 0, (2)

∂j ∂jψ
′
i + k′2

s ψ
′
i = 0 for i = 1, 2, 3, (3)

and ∂iψ
′
i = 0, (4)

where the prime is used to denote the fields and constants
in the solid elastic domain that, depending on the setup,
can be the particle, domain 2, or both. Note that materials
of the particle and domain 2 are not necessarily the same.
Here, the respective wave numbers are defined for a con-
stant angular frequency ω by k′

p := ω/c′
p and k′

s := ω/c′
s,

where c′
p and c′

s are the primary (P) and secondary (S)
wave speeds in the solid. In the solid, the velocity field v′
is derived from the potentials by v′ = Re(∇φ′ · eiωt + ∇ ×
ψ ′ · eiωt). At all interfaces, we impose continuity of normal
stresses and normal velocities.
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B. Acoustic radiation force

The radiation force acting on a particle in an inviscid
fluid is given by [27,28]

Fi = −
〈 ∫

∂�

[(
1
2

1
ρc2 p2 − ρ

2
vj vj

)
δik + ρvkvi

]
nkda

〉

for i = 1, 2, 3, (5)

where the angled brackets denote time averaging 〈�〉 :=
(1/T)

∫
T �dt and the nk denote the components of the out-

ward pointing normal vector to the fixed surface ∂�. It
is not necessary that the integration surface ∂� coincides
with the particle boundary. Any fixed surface encom-
passing the particle can be chosen as long as no other
singularities are included. Because of the axial symmetry
of our setup, the only nonzero component of the acoustic
radiation force is in the interface normal direction, i.e., z
direction. By convention, a positive force is acting in the
positive z direction, as defined in Fig. 1.

C. Acoustic scattering

One typical method to solve for the scattered acous-
tic fields is to exploit the linearity of the Helmholtz
equation. The total field φ can then be decomposed into
the background φb and scattered φs fields:

φ = φb + φs. (6)

By the superposition principle, if the background field φb

and the scattered field φs are solutions to the Helmholtz
equation then their combination will also be a solution. The
addition of the scattered field then allows the total field to
fulfill the boundary conditions at the particle surface.

D. Reflection and transmission of normally incident
waves at an interface

For the background fields, we consider the reflection and
transmission of plane waves at a fluid-fluid or fluid-solid
interface under normal incidence. In the case of normal
incident waves, no mode conversion occurs at the fluid-
solid interface and only a single mode propagates in each
domain. For two semi-infinite domains and plane prop-
agating waves, analytical solutions can be found in the
literature; see, for example, the books by Blackstock [29]
and Ewing [30]. We assume the incident wave to be prop-
agating in the water domain in the positive z direction.
Thus, the reflected wave propagates in the water domain
and a transmitted wave propagates in domain 2. The veloc-
ity potentials of the incident φin and reflected φrefl waves

are given by

φin = Ae−ik1z (7)

and φrefl = RAeik1z (8)

in the water domain. In domain 2 the fields are given by

φtr = TAe−ik2z (9)

for a fluid and by

φ′tr = T′
1Ae−ik′

p z (10)

and ψ ′tr = T′
2Ae−ik′

sz = 0 (11)

for a solid.
The reflection and transmission coefficients (R and T)

for normal incidence are found by applying the boundary
conditions of continuous normal stresses and velocities at
the interface. They are given by

R = Z2 − Z
Z2 + Z

, T = T′
1 = ρ

ρ2

2Z2

Z + Z2
, (12)

where Z, Z2 and ρ, ρ2 are the characteristic acous-
tic impedance and density in the water domain and
domain 2, respectively. Note that the characteristic acous-
tic impedance for a fluid of density ρ and speed of sound
c or an elastic solid of density ρ ′ and primary wave speed
cp is calculated by Z = ρc or Z = ρ ′cp , respectively. In the
case of normal incident waves, no mode conversion occurs
and T′

2 is zero. However, the field scattered by the particle
is not normal incident at the interface. Thus, we observe
S waves in our numerical simulations, even if they are not
present in the background fields.

E. Analytical approximation of the setup without
domain 2

In our numerical simulations, all particle shape modes
are included due to the nature of the FEM method. In
the limit of a very small particle radius a to wavelength
λ ratio, i.e., ka � 1, the acoustic radiation force acting
on the particle can be approximated by considering the
monopole and dipole radiations only [25,31,32]. Neglect-
ing viscous and thermal effects, the acoustic radiation force
can be calculated using Gor’kov’s formula [25] for given
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TABLE I. The properties of the used materials. The particle and domain 2 columns indicate where the material was used inside the
particle or domain 2, respectively. The S wave speed for PMMA is calculated using values for the density, Poisson ratio, and P wave
speed given by Selfridge [34].

Density P wave S wave Contrast f0 f1 Particle Domain 2

Material Tag (kg m−3)
speed

(m s−1)
speed

(m s−1) factor (–) (–) (–) material material

Fluid soft FS 500 500 −5.91 −17 −0.5 Fig. 4 Fig. 5
Fluid hard FH 2000 3000 0.4917 0.86 0.4 Not applicable Fig. 5
Solid soft SS 500 1000 500 −2.1667 −5.8 −0.5 Figs. 5, 6 Fig. 6
Solid hard SH 2000 5000 3000 0.5045 0.9 0.4 Figs. 5, 6 Fig. 6
Very soft solid 1 T1 50 50 25 Not applicable Fig. 11
Very soft solid 2 T2 150 180 90 Not applicable Fig. 11
Very soft solid 3 T3 200 240 120 Not applicable Fig. 11
Very soft solid 4 T4 400 500 250 Not applicable Fig. 11
Shear soft solid T5 500 500 10 Not applicable Fig. 12
Shear soft solid T6 500 500 50 Not applicable Fig. 12
Shear soft solid T7 500 500 200 Not applicable Fig. 12
Red blood cell [35,36] RBC 1100 1600 0.0982 0.2 0.06 Figs. 7, 8, 15 Not applicable
Fat cell [37] FC 930 1450 −0.075 −0.15 −0.05 Figs. 7, 8, 15 Not applicable
Polystyrene [34] PS 1050 2400 1150 0.17 0.46 0.03 Figs. 9, 10 Not applicable
PMMA [34] PMMA 1180 2610 1065 Not applicable Figs. 7–10,15
Glass [34] Glass 2240 5640 3280 0.54 0.94 0.54 Figs. 4, 9, 10 Figs. 7–10,15
Silicon [34] Si 2340 8430 5840 Not applicable Figs. 7–10,15
Limit soft LS 0 0 0 −∞ Fig. 3 Fig. 3
Limit hard LH ∞ ∞ ∞ 5/6 Figs. 3, 11–12 Figs. 3, 4

background pressure pb and velocity vb
i , i = 1, 2, 3, fields:

U = 2πa3ρ

(
1
3

〈pbpb〉
ρ2c2 f0 − 1

2
〈vb

i v
b
i 〉f1

)
, (13)

F = −∇U, (14)

f0 = 1 − κp

κ
, f1 = 2(ρp − ρ)

2ρp + ρ
. (15)

Here we used the monopole f0 and dipole f1 scattering
coefficients. The monopole and dipole coefficients are
functions of the particle density ρp and compressibility κp ,
as well as, the water density ρ and compressibility κ .

The background pressure field is chosen to be the sum
of an incident and reflected wave,

pb = pin[R cos(kz + ωt)+ cos(ωt − kz)], (16)

TABLE II. The standard settings used in the simulations.

Standard settings Value

Particle radius 10 μm
Frequency 1 MHz
Water density 1000 kg m−3

Water speed of sound 1500 m s−1

Pressure amplitude of incident wave pin 100 kPa

with the corresponding velocity field

vb = kpin

ωρ
[cos(ωt − kz)− R cos(kz + ωt)]. (17)

The background pressure given in Eq. (16) is also used
as a background field in our scattering simulations using
the ND2 model. Using the Gor’kov potential, we arrive
at the analytical approximation for the ND2 force in the z
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FIG. 2. The mesh study for our finite element model. The ref-
erence mesh is denoted by 1 and has the most degrees of freedom
(DOF). Each scatter point represents the performance of a certain
mesh number for a given combination of material models. The
value of the error percentage (E) results from a comparison with
the reference mesh. In our simulations, we use a mesh of quality
equal to or better than mesh number 6, for which the resulting
error is smaller than one percent with respect to the reference
mesh.
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FIG. 3. The acoustic radiation force for acoustically soft (LS) and hard (LH) limit cases. The solid and dashed lines correspond to
the models with and without domain 2, respectively. In the cases of a hard particle with hard domain 2 (LH LH) the interaction force is
negligible. For a soft particle placed close to a soft domain 2 (LS LS), the relative difference already exceeds 20%. For a soft particle
close to a hard domain 2 (LS LH) and a hard particle close to a soft domain 2 (LH LS), the interaction force even exceeds the primary
force.

direction, given by

FGK = 4πa3 p2
in

c2ρ
kR� sin(2kz) (18)

with acoustic contrast factor � := 1
3 f0 + 1

2 f1.

F. Analytical approximation of the setup with a
perfectly rigid domain 2

Assuming a perfectly rigid domain 2, i.e., as in the limit
hard case of Table II, allows for an analytical approxima-
tion of the interaction force, even if the particle is elastic,
as long as the particle radius a is much smaller than the
acoustic wavelength λ, i.e., ka � 1. Setting the reflection
coefficient R to 1, the background fields reduce to a stand-
ing wave (SW). The background pressure field is then
given by

pBSW = 2pin cos(kz) cos(ωt) (19)

with the corresponding velocity field

vBSW = 2kpin

ωρ
sin(kz) sin(ωt). (20)

Note that the pressure amplitude of the standing wave is
2pin. The ND2 force is given by

FGKSW = 4πa3 p2
in

c2ρ
k� sin(2kz). (21)

The interaction force F ISW for a compressible particle can
be derived using the methodology proposed in Ref. [33]
and the mirror source concept. For particles at distances d
away from the interface and much smaller than the wave-
length λ, the results can be expanded in rising orders of the
small parameter ε = dk, and up to second-order accuracy
we have

F ISW = π

36
a6

d4 ε
2 p2

in

ρc2 (8f 2
0 − 12f0f1 + 9f 2

1 ). (22)

The coefficient � = (8f 2
0 − 12f0f1 + 9f 2

1 ) is the analogue
of the acoustic contrast factor for the acoustic force inter-
actions of a particle with a rigid domain 2. The total
analytical approximation of the force FLH on a particle at
a distance d to a perfectly hard domain 2 is then the sum of
the primary force FGKSW and interaction force F ISW, i.e.,

FLH = FGKSW + F ISW. (23)
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FIG. 4. The acoustic radiation force for a
soft fluidic (FS) and a glass particle placed
close to a rigid (limit hard) domain 2. The
solid and dashed lines correspond to the
models with and without domain 2, respec-
tively. The analytical solution FLH is marked
by crosses. We observe good agreement
between the proposed theory and the numer-
ical results.
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FIG. 5. The acoustic radiation force for a solid particle placed close to a fluid domain 2. The solid and dashed lines correspond to
the models with and without domain 2, respectively. For a soft solid particle placed close to a hard fluid domain 2 (SS FH) and a hard
solid particle placed close to a hard fluid domain 2 (SH FH), the relative difference is in the order of 10%. A much stronger interaction
force is observed for the SS FS and SH FS combinations. For the hard solid particle with soft fluid domain 2 (SH FS) combination, the
interaction force can even induce a sign change.

III. MATERIAL PROPERTIES

The material properties of the used solids and fluids are
listed in Table I and our standard settings for the water and
acoustic actuation are shown in Table II.

At the interface between the water and the limit soft
domain 2 we impose the pressure release boundary con-
dition φ = 0 and at the interface between the limit hard
domain 2 and the water we impose the hard wall boundary
condition ni∂iφ = 0.

IV. MESH STUDY

If we assume the standard settings from Table II then
the acoustic force is uniquely defined for a given mate-
rial combination, particle distance to the domain 2 d and
mesh number m. The mesh number m relates to the num-
ber of degrees of freedom, as shown in Fig. 2. We denote
the force in this chapter by F(d, m). In our mesh study,

we varied the particle position, material parameters, and
mesh quality. For one combination of material parameters
in domain 2 and the particle, the distance of the parti-
cle center to the interface is varied from 1.2 to 3 times
the particle radius in at least ten equidistant steps. This
yields a set of acoustic radiation force values per material
parameter combination and mesh quality, which we denote
by F = F(dj , m) for j = 1, . . . , J > 2. Let m1 denote the
mesh with number one that has the most degrees of free-
dom and highest quality. The error percentage of a mesh
mk for a given material combination and a specific model
dimension is defined as

E(mk) := meanj

[∣∣∣∣F(dj , m1)− F(dj , mk)

F(dj , m1)

∣∣∣∣ 100
]

. (24)

Many E values can be generated for a given mesh number
by simply choosing multiple material model combinations
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FIG. 6. The acoustic radiation force for a solid particle placed close to a solid domain 2. The solid and dashed lines correspond to
the models with and without domain 2, respectively. For the soft solid particle combined with a hard solid domain 2 (SS SH) and the
hard solid particle with a hard solid domain 2 (SH SH) combinations, the relative difference exceeds 20% if the particles are placed
close to domain 2. The acoustic interaction force, which we define as the difference between the models with and without domain 2, is
large for a soft and hard solid particle placed close to a soft solid domain 2 (SS SS and SH SS). We even observe a sign inversion of
the acoustic radiation force between models with and without domain 2 in the case of a soft solid particle placed close to a soft solid
domain 2 (SS SS).
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FIG. 7. The acoustic radiation force
acting on cells (red blood cells and fat
cells) placed close to a PMMA, glass, or
silicon domain 2. The solid and dashed
lines correspond to the models with
and without domain 2, respectively. Our
model predicts a relative difference in
the order of 1% for cells placed close to a
silicon or glass domain 2. If the cells are
placed close to a PMMA domain then
the relative difference can exceed 20%.

for the particle and domain 2. Each data point in the scatter
plot of Fig. 2 corresponds to such an E value. For all our
consecutive simulations, we chose a mesh of quality better
than or equal to 6 to get a good trade-off between perfor-
mance and speed. This way the difference in the acoustic
radiation force with respect to the reference mesh is below
one percent for all models.

V. RESULTS

Before presenting the results, a comment regarding the
nomenclature should be made. We abbreviated the labels
as shown in Table I. In most of our plots, every label is
valid for two data lines inside the plot, one solid line, refer-
ring to the simulation with domain 2, and one dashed line,
referring to simulations without domain 2. In order to fit
all the data on the same scale, we introduced a scaling
factor s and we always scaled the data with (solid line)
and without (dashed line) domain 2 with the same factor.
The material combination is determined by the material
inside the particle and the material of domain 2, as the
particle is surrounded by inviscid water in all our simula-
tions. The plot line labeling follows the “particle material,”
“domain material,” “scale factor” scheme. For example,
FS SH s = 3 pN means that the particle material corre-
sponds to the soft fluid, the domain 2 material is the hard
elastic solid, and the values need to be multiplied by 3 pN
to get the force in Newtons.

To better quantify the differences between the acoustic
radiation force calculated using the model without domain
2 (FND2) and the model with domain 2 (FWD2), we define

the (signed) acoustic interaction force as

FI = FWD2 − FND2 (25)

and the relative difference (RD) as

RD =
∣∣∣∣ FI

FND2

∣∣∣∣ . (26)

Both of these values are extracted a posteriori from the
simulations.

A. General considerations

In our setup, the inclusion of domain 2 leads to addi-
tional effects with respect to the standard case where the
water domain is assumed to be of infinite extent in all
directions. The total acoustic radiation force acting on the
particle is composed of the primary acoustic radiation force
due to the background field, i.e., the no domain 2 force and
the acoustic interaction force (FI ) due to the interaction
between the particle and the wall. Equation (18) is our ana-
lytical approximation to the ND2 force. This force can be
positive or negative depending on the material properties
of the particle (�) and the material properties of domain
2 (R). Note that both � and R can be either positive or
negative.

The interaction force (FI ) can act in the same or in the
opposite direction as the ND2 force. We found that the
presence of shear waves in domain 2 can influence and
even determine the sign of the interaction force, which
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FIG. 8. The relative difference in percent for
the acoustic radiation force between the ND2
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cells (red blood cells and fat cells) placed close
to experimentally relevant half-spaces (PMMA,
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FIG. 9. The acoustic radiation force
acting on standard beads (polystyrene
and glass) placed close to a PMMA,
glass, or silicon domain 2. The solid and
dashed lines correspond to the mod-
els with and without domain 2, respec-
tively. The acoustic force interactions
lead to a sign inversion when a glass
particle is placed close to a PMMA
domain.

is investigated in Sec. V G. We speak of a sign inversion
when the interaction force acts in the opposite direction
as the ND2 force and is larger in amplitude. The increase
or decrease in the interaction force and the occurrence
of a sign inversion is the result of the complex interplay
between the particle and domain material parameters. An
example for this complex interplay is the case of an acous-
tically hard particle placed close to an acoustically soft
domain 2, i.e., the LH LS case from Fig. 3. Equation (18)
reveals that FGK is positive, because the sign of sin(2kz) is
negative, � is positive, and R is negative. This is shown
by the dashed line in Fig. 3. However, the total acous-
tic radiation force, shown by the solid line, is negative if
the particle is placed close to the interface. In this case the
interaction force is negative and much larger in amplitude
than the primary force, thus inducing the so-called sign
inversion.

B. Limit cases

First, we investigate the simplest case: the soft and hard
limit cases for the particle and domain 2. Our results for
this setup are shown in Fig. 3. It can be observed that
the interaction force FI is quite weak for a hard particle
placed close to a hard domain 2 (LH LH), for which the
RD remains below 5%. In the case of a soft particle placed
close to a soft domain 2 (LS LS) the RD can exceed 20%
and decays very slowly with an increasing particle to wall
distance. The interaction force FI is strong if the particle
and domain 2 are of different material models, i.e., for the
combinations of soft particle hard domain 2 (LS LH) and

hard particle soft domain 2 (LH LS). In these cases, the
interaction force FI is larger in amplitude and of opposite
sign with respect to FND2, thus inducing a sign change with
respect to the model without domain 2.

C. General fluids and solids

In Fig. 4 we investigate the interaction of glass and
soft fluidic particles with a rigid wall. The analytic results
derived in Sec. II F are in good agreement with the finite
element solution.

The case of solid particles close to a fluidic domain 2 is
shown in Fig. 5. In the case of a hard or soft solid particle
placed close to a hard domain 2 (SH FH and SS FH) we
observe a RD up to 10% for small separation distances of
around 1.2 times the particle radius. The RD for a soft (solid
elastic) particle placed close to a soft (fluidic) domain 2
(SS FS) exceeds 80% for small separation distances. The
interaction force FI for a hard elastic particle placed close
to a soft fluidic domain 2 (SH FS) is negative, which is in
line with the the LH LS case from Fig. 3. In this case (SH
FS), the interaction force even induces a sign change.

The complexity of the model can be further increased
by allowing shear waves in domain 2. This is analyzed in
Fig. 6, where we investigate the acoustic force interactions
between a solid elastic particle and a solid elastic domain
2. In the case of soft-hard (SS SH) and hard-hard (SH SH)
material combinations the RD is between 20% and 30% if
the particles are placed close to domain 2.

A strong positive interaction force FI is observed for
both cases with a soft solid domain 2 (SS SS or SH SS). In
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FIG. 10. The relative difference in percent for
the acoustic radiation force between the ND2
model and the model with domain 2 included
for standard beads (polystyrene and glass) placed
close to a PMMA, glass, or silicon domain 2.
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FIG. 11. The acoustic radiation force acting on an acoustically hard particle placed close to a very soft solid domain 2 (LH T). Here
T1 is the softest material and T4 is the least soft material. It can be observed that changing the softness of the material will change the
sign of the interaction force; for LH T1, the force is negative, as we expect from the SH FS and LH LS models. Increasing the stiffness
of the domain 2 material will yield a positive acoustic interaction force (LH T3 and LH T4), which is in agreement with the SH SS
model.

the case of a soft solid particle placed close to a soft solid
domain 2 (SS SS) the interaction force FI even induces a
sign change. In the case of a soft fluidic domain 2 (SS FS or
SH FS of Fig. 5), we observe a negative interaction force
FI . Thus, the FI is of opposite sign in the SH SS setup with
respect to the SH FS or LH LS setup, which is discussed in
Secs. V F and V G.

D. Cells

The acoustic radiation force acting on cells (fat cells
and red blood cells) close to PMMA, glass, and silicon
is shown in Fig. 7. A closeup view is shown in Fig. 15.
The biological cells in Fig. 7 are modeled as fluids. This
assumption was previously used in scattering simulations
by Hahn et al. [38] and Baasch et al. [39]. In Fig. 8 we
show the RD (in percent) for the cells close to PMMA,
glass, and silicon interfaces, which corresponds to the

setup from Fig. 7. The RD can exceed 20% for both types
of cells if they are placed close to a PMMA domain 2. If
the cells are placed close to a glass or silicon domain 2 the
RD is close to one percent.

E. Beads

The acoustic radiation force acting on solid elastic beads
(polystyrene and glass) close to PMMA, glass, and sili-
con is shown in Fig. 9. The RD for beads placed close to
a PMMA, glass, or silicon domain 2 is shown in Fig. 10.
The RD is largest for a glass bead placed close to a PMMA
domain 2 and even exceeds 100%. The other material com-
binations show a lower but still significant RD of around
10 to 20% for small separation distances. Very close to
interfaces the Gor’kov potential cannot thus be applied
and more precise methods, such as numerical simulations,
should be applied to calculate the acoustic radiation force.
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FIG. 12. The acoustic radiation force acting on an acoustically hard particle (LH) placed close to a shear soft solid elastic domain
2 (T5–T7). Here, T5 has the lowest and T7 has the highest S wave speed. The solid and dashed lines correspond to the models with
and without domain 2, respectively. The dashed lines are the same for the three simulations and coincide. As shown in our analytical
approximation in Sec. II E, the S wave speed inside domain 2 does not contribute to the ND2 force. If the S wave speed of the domain
2 material is low enough, i.e., for LH T5, then the solid half-space behaves as a fluid and the interaction force is negative. This effect
is also observed in the SH FS case of Fig. 5. If the S wave speed is large enough, i.e., for LH T6 and LH T7, then the interaction force
is positive, as observed in the SH SS case of Fig. 6.
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FIG. 13. The acoustic radiation force acting on an acoustically hard particle placed close to a very soft solid domain 2 (LH T3).
Here T*1 is the softest material and T*4 is the least soft material. It can be observed that changing the softness of the material will
change the sign of the interaction force; for LH T*1, the force is negative, as we expect from the SH FS and LH LS models. Increasing
the stiffness of the domain 2 material will yield a positive acoustic interaction force (LH T*4), which is in agreement with the SH SS
model. The materials T* all have a Poisson ratio ν of 0.1.

F. Very soft materials in domain 2

In Fig. 11 we investigate the acoustic force interactions
of a acoustically hard particle (LH) with very soft solid
materials (T1–T4). The materials T1–T4 all have the same
Poisson ratio (0.3̄) as the ratio between the P and S wave
speeds is constant. This Poisson ratio corresponds approx-
imately to steel and is discussed in Sec. V H. It can be
observed that in the limit of extremely soft solid mate-
rials (T1) the interaction force FI is negative. This is in
line with the limit case LH LS of Fig. 3. However, if the
solid is sufficiently hard, i.e., has a high enough density
and low enough compressibility (such as T3 and T4), then
the acoustic interaction force FI between the particle and
domain 2 is positive, which is in line with the SH SS case
of Fig. 6.

G. Influence of the S wave speed of domain 2

In Sec. V A we found that the interaction force F I is pos-
itive for a hard particle placed close to a soft solid (SH SS
case of Fig. 6). However, for a hard elastic particle placed
close to a soft fluid, we found the interaction force FI to
be negative (SH FS case of Fig. 5). The main difference
between the fluid and solid elastic material models are the
S waves, which are present in the solid but not in the fluid.
In Fig. 12 we investigate the acoustic radiation force act-
ing on a hard particle (LH) placed close to a soft elastic
half-space with low S wave speed. If the S wave speed of

the domain 2 material is low enough, i.e., for LH T5, then
the solid half-space behaves as a fluid and the interaction
force is negative. This effect is also observed in the SH FS
case of Fig. 5. If the S wave speed is large enough, i.e., for
LH T6 and LH T7, then the interaction force is positive, as
observed in the SH SS case of Fig. 6.

H. Influence of the Poisson ratio

The materials T1–T4 all have the same R value and thus
the same Poisson ratio of ν = 0.3̄. In order to see if the
effect changes for another value of the Poisson ratio, we
added Fig. 13. Here we used other materials denoted by
T*, which all have a Poisson ratio of 0.1. The respective
P and S wave speeds and densities for materials T*1–T*4
are given in Table III. Note that the Poisson ratio ν of a
material can be expressed as a function of the ratio between
the P and S wave speeds q := cp/cs by

ν = q2 − 2
2(q2 − 1)

. (27)

In Fig. 13 we can observe the same effect that is present
in Fig. 11, i.e., there the interaction force FI undergoes a
sign change by going from soft solid materials to extremely
soft solid materials in domain 2. This effect is not to be tied
to the Poisson ratio of the T1–T4 materials.

TABLE III. The table shows the material properties for the 0.1 Poisson ratio materials used in Fig. 13.

Material Density P wave speed S wave speed Poisson ratio ν

units Tag (kg m−3) (m s−1) (m s−1) (TB)
Very soft solid 1* T*1 50 50 2/3 × 50 0.1
Very soft solid 2* T*2 150 180 2/3 × 180 0.1
Very soft solid 3* T*3 200 240 2/3 × 240 0.1
Very soft solid 4* T*4 400 500 2/3 × 500 0.1
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Enlarged view
Interface

Particle
Water
domain

FIG. 14. A closeup view of the mesh that we
use to discretize the particle and its near sur-
roundings. We use a refined rectangular mesh
at the particle boundary (right panel) and at
the interface between the water domain and the
half-space. The near surroundings of the parti-
cle are discretized using a triangular mesh (left
panel). Further away (not shown in the pan-
els), we use a rectangular mesh for efficient
meshing.

VI. CONCLUSION

In several cases we observe a strong acoustic interac-
tion force FI . This effect is more pronounced if the particle
is placed close to the interface. For particles placed far
enough from the interface, we find the acoustic interaction
force FI to be negligible. We find a strong acoustic interac-
tion force FI for very hard particles placed close to a soft
domain 2, such as LH LS (Fig. 3), SH SS (Fig. 6) and SH
FS (Fig. 5), or even in the experimentally relevant setup of
a glass particle placed close to a PMMA domain 2 (Fig. 9).
For the LH LS (Fig. 3), LS LH (Fig. 3), SH FS (Fig. 5),
SS SS (Fig. 6), and glass PMMA (Fig. 9) cases the inter-
action force is of higher amplitude and opposite sign than
the force without domain 2 and induces a sign change in
the acoustic radiation force if the particle is placed close
enough to the interface.

We find that, for hard particles (LH, SH) placed close to
a soft domain 2, the sign of the interaction force F I depends
on the softness and the S wave speed inside domain 2.
If the material of domain 2 is soft enough and has small
enough S wave speed then we find the interaction force to
be negative, as shown in the LH LS (Fig. 3), SH FS (Fig.
5), LH T1 (Fig. 11), LH T5 (Fig. 12), and LH T*4 (Fig.
13) setups.

In the practically relevant cases of Figs. 7 and 9 the RD
is small only for cells placed close to a silicon or glass
domain 2, in all other cases the RD exceeds 10% close

to domain 2. In the case of a glass particle placed close
to a PMMA domain 2, the RD even exceeds 100% and
the interaction force FI is strong enough to induce a sign
inversion.

Gor’kov’s formulation does not give reliable results for
the acoustic radiation force acting on particles close to
a half-space and more accurate models, i.e., numerical
models, are needed to correctly assess the acting acous-
tic force. In experimental works such as the acoustic force
spectroscopy [22,23] and the acoustic tweezing cytometry
[24] good care needs to be taken regarding the material
combinations and the modeling, such that the acoustic
interactions are minimized or modeled correctly.

APPENDIX A: CLOSEUP OF THE MESH

A view of our mesh close to the particle is shown in Fig.
14. We use a smaller rectangular mesh close at the particle
boundary (right panel) and the interface between the half-
spaces. The near surroundings of the particle, which are
shown in the left panel, are discretized using a triangular
mesh. Further away, which is not shown in the Fig. 14, we
use rectangular mesh elements.

APPENDIX B: CLOSEUP OF FIG. 7

A closeup view of Fig. 7 is shown in Fig. 15.
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FIG. 15. A closeup view of Fig. 8.
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