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We present a quantum-optics approach for describing stimulated parametric down-conversion in the
two-type-I crystal “sandwich” configuration, which allows for parametric interaction of vector vortex
beams. We analyze the conditions for which phase conjugation of the seed vector beam occurs. We then
use two strategies for defining generalized Stokes parameters to describe phase conjugation of vector vor-
tex beams. These allow for geometrical representations, such as higher-order Poincaré spheres. Our results
are useful for the description and design of stimulated and spontaneous parametric down-conversion

experiments with vector vortex beams.
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I. INTRODUCTION

Parametric interactions are nonlinear processes that
describe energy exchange between oscillators [1]. In
the optical regime, they may describe energy exchange
between optical waves of different frequencies [2,3].
Among the optical parametric processes, much attention
has been paid to parametric down-conversion, particularly
in the spontaneous regime [4,5], known as SPDC. On the
other hand, when one of the down-converted modes is
seeded with a nonvacuum field such as a laser beam, stim-
ulated parametric down-conversion (StimPDC) occurs [6].
StimPDC can be used to explore interesting processes such
as phase conjugation [7], or produce nonclassical states of
light [8—11].

In SPDC, the quantum state of the down-converted pho-
tons can be engineered using different combinations of
sources. A widely employed example is the two-type-I
crystal “sandwich” source, which was conceived to pre-
pare postselection-free two-photon polarization states with
a variable degree of entanglement [12]. StimPDC in this
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two-type-I crystal configuration has been used to effi-
ciently probe the polarization entanglement of the source
in the spontaneous regime [13].

More recently, it has been shown that the two-crystal
sandwich source allows for StimPDC with vector vortex
beams (VVBs) [14], which can be used both as the pump or
the seed (stimulating) beam [15]. This is possible because
the two crystals mediate the coherent interaction for two
orthogonal polarization directions. Since these two orthog-
onal polarizations form a basis for the polarization state of
paraxial beams, each polarization component of the pump
and seed beams can participate in the down-conversion
process. StimPDC with VVBs is an interesting subject due
to the possibility of combining the broad range of applica-
tions of VVBs in fields such as optical communications
[16-25], metrology [26], imaging [27-29], and optical
simulation of quantum systems [30—33], together with fea-
tures such as phase conjugation [15,34] and frequency
conversion.

Phase conjugation of VVBs [15,35], in particular, is
useful for applications analogous to those using a scalar
phase-conjugated beam. For instance, correction of wave
front distortion [36] and high-resolution imaging [37] are
applications that can be directly generalized for the case
of VVBs and propagation through anisotropic distorting
media.

The purpose of this paper is to present a theoretical
approach based on a quantum-optics formalism that allows
for the description of two-type-I crystal StimPDC with
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VVBs, which to our knowledge has been lacking until now.
Previous descriptions of StimPDC of transverse spatial
modes [34,38,39] do not take into account the polarization
degree of freedom (DOF), where much of the interest-
ing and particular features lie. In Sec. III we first discuss
StimPDC of plane waves with this source, focusing only
on the polarization degree of freedom. We show how the
entangled state that the source would produce in SPDC
determines the polarization transformation from seed to
idler beam in StimPDC. In Sec. IV we provide a theoretical
quantum optics—based description of VVBs and then Stim-
PDC with VVBs. We determine both the density operator
and the detection probability (intensity) associated with the
stimulated idler beam, showing that these correspond to the
phase conjugation of the input seed VVB. In Secs. V and
VI we describe phase conjugation of VVBs using general-
ized Stokes vector formalisms. The first approach focuses
on cylindrically symmetric vector beams, and makes use of
a geometrical description based on the higher-order Stokes
parameters and the higher-order Poincaré sphere [40,41]
to visualize the phase conjugation of VVBs. The second
approach employs a general formalism analogous to two
qubits that is applicable to any vector beam. Conclusions
and avenues for future work are discussed in Sec. VII.

II. PRELIMINARY CONCEPTS

A. Phase conjugation of polarization states and Stokes
parameters

Optical phase conjugation [36,42] is a phenomenon that
becomes apparent when the complex representation is used
for the electromagnetic field. The complex conjugate of the
field is identical to it except for the minus sign in the phase
term. Physically, this means that the phase conjugate of
some light field is a replica that propagates backwards in
time. As a result, linear and both spin and orbital angu-
lar momenta are reversed. In the following, we analyze
the vector phase conjugation, which concerns only the spin
angular momentum or polarization.

Let us consider a generic polarization pure state writ-
ten with respect to the basis formed by |H) and |V),
representing horizontal and vertical polarization states,
respectively:

0 0
16, @) :cos§|H) + €' sin5|V). (1)

Mathematically, the conjugation of the above polarization
state is defined as its complex conjugate:

0 8
16, )* :cosEIH)+e "”sm5|V) =10,—¢). (2)

Note that, following this definition, the states |H), | V), |D),
and |4) (D and 4 standing for diagonal and antidiagonal
polarizations, respectively) are their own conjugates, while

the circularly polarized states [R) = (|H) +i|V))/ V2 and
LY = (|H) —i] V))/«/E are conjugates of one another.
Conjugation of the polarization state of light may
also be described in terms of the Stokes vector S =
(S0, S1, S, 83)T. The Stokes parameters S; are defined in the
following way: Sy = [ is the total intensity of the beam;
S] = IH — ]V, S2 = ID — IA, and S3 = IR — ]L, where ]5
stands for the remaining intensity after projection onto the
state |¢). We may assume that the beam intensity is nor-
malized to 1 (Sy = 1), so that the vector S = (51, 85,837 is
sufficient to characterize the polarization state. Under this
condition, the degree of polarization is the Euclidean norm

of S: p=,/S+5+ Sg. For pure states, such as Eq. (1),
the degree of polarization is maximum by definition, i.e.
p=1 R

Henceforth, we will refer to S as the Stokes vector, for
simplicity. For state |6, ¢), the Stokes vector reads

S = (cosB,sinb cos ¢, sin O sin )7, 3)
while, for the conjugate state |0, ¢)*, we have
St = (cos 6, sinf cos ¢, — sin O sin )’ @)

From Eq. (4), we can see that conjugation simply changes
the sign of the S3 (or R/L) component of the Stokes vector:
S* = (81,5, —S3)T. Therefore, in terms of the Poincaré
sphere of polarization, which has the |R) (|L)) state sit-
ting on its north (south) pole, conjugation corresponds to a
mirror reflection through the equatorial plane of the sphere
[15].

II1. VECTOR PHASE CONJUGATION IN StimPDC
AND BELL STATES

The Bell basis of entangled polarization states is com-
posed of four states. A SPDC source can be set in four
different manners that creates each of the Bell states, or
even produce superpositions of these states. Let us see how
the vector phase conjugation appears in those scenarios.

Consider the two-crystal type-I SPDC source, as shown
in Fig. 1(a), with an intense pump beam that has the polar-
ization state |0,,¢,). Let us assume that the fields are
sufficiently monochromatic so that the coherence length
is longer than the distance between crystals, and also
that the fields are single spatial mode. These conditions,
which can be achieved via pump engineering and filters,
are necessary so that photons produced in either crystal
are indistinguishable in all degrees of freedom besides
the polarization. In this simple scenario, the effective
SPDC Hamiltionian is proportional to cos(6, /2)a§,a§/+
exp(i¢,) sin(6, /2)aLaL, where aJ,r,(H) are creation opera-
tors in modes V(H), which creates two photons with the
same polarization. For SPDC, where the signal and idler
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FIG. 1. (a) SPDC with two type-I crystals generating polar-
ization entangled states. (b) StmPDC with two type-I crystals:
the seed laser polarization determines the idler polarization. NLC
denotes nonlinear crystal.

modes are initially in the vacuum state, it will produce the
state

0, . 0
|P) = sin fewp |H)s |H); + cos 7‘” MsV)is ()

where it is clear that the pump beam polarization deter-
mines the entangled state. We can also consider a source
that produce states of the form

0, . 0
|W) = sin 7’76"”” |H) V) + COS;” s 1H); = X |®),
(6)

where X; is the Pauli operator (half-wave plate at 45°) that
changes H <> V. The same two-crystal type-I source with
an additional half-wave plate can produce this state, or,
alternatively, type-II crossed cones [43] and Sagnac source
[44], for instance.

Now, let us rewrite the states of Egs. (5) and (6) in a
more general way using the following orthonormal basis
for the signal photons: {|6,¢),, |9,¢)Sl}. Here |6, ¢), is
defined as in Eq. (1) and

. es i 95
0,0) =10 — 7, ¢), = sin = |H), — e cos - |V);.

(7)
The results are
|®) = 16, 9), la); + 16, 6) 1B),; ®)
and
(W) = 10,¢), X la); + 10, 9); X; 1), ©)

where

.0 6 L 0, 6
|a)i=sm?pcos§|H),»+e i(®s ¢P)cos?psmzs|V)i

) 0, ) 0 O
1B); = sinip sinE |H); — e™"97%) cos Ep c0s - 7).

(10)

Suppose now that we have StimPDC with the seed beam
aligned to the signal arm, matched in path and frequency
to the photon s. Moreover, we assume that the intensity
of the seed beam is high enough so that the intensity of
the idler beam is dominated by the stimulated process and
the spontaneous emission contribution is negligible. In Fig.
1(b) we illustrate the StimPDC scheme. It has been shown
that the stimulation of the signal beam can be interpreted
as being equivalent to a state projection [45]. Therefore,
we can see from Egs. (8) and (9) that if the seed beam
is prepared in the arbitrary polarization state |6, ¢), then
the stimulated beam in the idler arm will leave the crystals
in polarization state |a); or X;|«);, depending on which
type of source is used. These results may be summarized
as X! |ov);, where ¢ = 0 (1) when the source produces a state
of type @ (V).

The effect of the Pauli operator X on an arbitrary Stokes
vector S is given by X[(S1,S,,83)7] = (=S1,S,, —S3)7,
since it interchanges both H <> Vand R <> L. In Ref. [15]
the Stokes vector was derived for StimPDC with source &
and a seed beam described by polarization state o). We
can generalize these results to include the W-type source.
Namely, the Stokes vector of the stimulated beam can be
written as

L D Sa =S
SpZSSZ - Sp3SS3 ) (1 1)
_(_1)I(SSZSp3 + SpZSSS)

where S,; and Sy; are the Stokes parameters for the pump
and seed beams, respectively, withj = 1,2, 3.

It is interesting to see what happens when the source
is set to produce the four Bell states |®*) and |¥*). For
StimPDC, the idler polarization for these four cases is

P = (S50, =S0), (12)
which is the usual vector phase conjugation;

ST = (S41, —Si2, S3), (13)

1

which is “phase conjugation” but with respect to the S,
axis; [15]

§?+ = (=581, 82, 53), (14)
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which is “phase conjugation” but with respect to the S,
axis; and
Sl\y = (_Ssla _Ss27 _Ss3)> (15)
which is a universal NOT operation, inverting the polar-
ization state, as has been observed at the single-photon
level [46,47], where the fidelity of the NOT operation is
reduced by the significant contribution of the spontaneous
emission.
Recalling that phase conjugation depends on the basis
chosen to represent the state, we interpret the results in Egs.
(12)~14) as phase conjugation in different bases.

IV. StimPDC AND PHASE CONJUGATION OF
VECTOR VORTEX BEAMS

In this section we construct a more complete and more
general theoretical description of StimPDC, which will
allow for the description of StimPDC with VVBs. First,
it will be useful to establish the quantum-optical descrip-
tion of coherent states and single-photon states in optical
modes describing vector beams. The experimental scheme
considered here is sketched in Fig. 2, where we show the
usual scheme with one crystal and plane waves (for sim-
plicity) in Fig. 2(a) and the two-type-I crystal scheme with
VVBs in Fig. 2(b). At the end of this section, we show that
this scheme allows for full phase conjugation of VVBs,
i.e., that the idler beam is conjugated with respect to the
seed beam’s spatial mode and polarization.

A. Quantum optical description of vector beams

In classical optics, a paraxial, monochromatic vector
beam can be written as

Y (qQ) = yeeu¥yu(q) + yrevyi(q), (16)

where the e; are unit polarization vectors in the j = H,V
directions, the y; are complex numbers obeying |yx|* +

(a) Single-crystal StimPDC

(b) Two-crystal StmPDC

Pump

Pump

Seed Seed

W

Xt
-« ->

- z \\ ES
W ¥ ¥ N
Idler Pump Signal Idler Pump Signal
Linear polarizations Vector beams
FIG. 2. Sketch of the StimPDC scheme for (a) the single-

crystal source and plane waves, (b) the two-type-I crystal source
and vector beams.

lyv|?> = 1, and the ¥; describe spatial modes in terms of
transverse momentum coordinates q.

Through quantization of Eq. (16), we can define the
operator

al, = VHaL,wH + VVaL,W, (17)

where ajT,]/,j creates a photon with polarization j and
transverse spatial mode ;.

A coherent state with mean photon number |«|?, pre-
pared in a vector beam mode, is denoted by |«),4,. This can

be written in terms of creation operators as

.
lot)yy = €~/ 2e% pac) . (18)

Using the operator of Eq. (17), the state of Eq. (18) can be
rewritten as
a2 yHaaLw Waa];,,,
o)y, =€ e VH e Vv |vac)

= |VH‘1>H,¢H |)’V°‘>V,¢Va (19)

where in the second line we used |yg|> + |yy|* = 1.
In a similar fashion, we can expand the transverse mode
operators in terms of plane-wave modes,

al, = V(@3 (20)
q
In this way, a coherent state of the form |n) i is

)., = € 2™ vac)

2 (Qal
= Hef‘"l 21 D% |yac)
q

=T @), 1)
q

Finally, using Eq. (21), we can write the vector beam of
Eq. (19) in terms of plane-wave modes as

by = [ levavn @) g levitv@) . (22)
q

Eq. (22) will be necessary for the next section.
Using the operator of Eq. (17), a single photon in a
vector beam mode is

)y = aly vac) = yu gy + 1710y, (23)
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which can be recast in terms of plane-wave modes using
Eq. (20) as

D = vu / dqyu(q) [1) g q + )’V/d‘l‘//V(Q) 1y
(24)

where we extend the summations to integrals. We can note
the key difference between the vector beam composed of a
single photon in Eq. (24) and the coherent state of Eq. (22)
written in the plane-wave basis. While the latter is clearly a
product state of all relevant modes, the single-photon state
of Eq. (24) is an example of mode entanglement.

For comparison with the next section, let us note that the
phase conjugate of this state is

1% = Vz?/dqtlfé(q) |Drq + Vf/k/dqw;(q) Dyg-
(25)

B. StimPDC of vector vortex beams

Let us now turn to StimPDC of vector beams using a
PDC source consisting of two type-I crystals as in Fig.
1(b). We assume that the monochromatic and paraxial
approximations are valid for all fields, and that higher-
order photon number terms (four or more SPDC photons)
are negligible. We first consider a single down-conversion
crystal that converts energy from a H polarized pump field
into down-converted fields with " polarizations. As usual,
we assume that the transverse width of the crystal is much
larger than that of the transverse width of the pump beam.
For our purposes, it is sufficient to consider the nonlinear
interaction term described by [48,49]

f / / day dg, dQF (@, 0. 48} Bq Arg.  (26)

where  F(q,qi,9p) = 3(qs + q; — qp)sinc[(kiqy/ky — ks
q;/k:)*d/4k,] is the phase matching function, d is the
length of the nonlinear crystal, and &, k;, and k, are the
wave numbers of the signal, idler, and pump fields, respec-
tively. Here we assume that the coupling between the
polarization and spatial or spectral degrees of freedom can
be ignored. This requires a thin crystal, or additional phase
compensation using birrefringent elements [50]. Applying
this operator to an intense pump beam that is described by
a VVB |a,),, as in Eq. (22), and noting that the coherent
pump beam is an eigenstate of the interaction (26), allows
us to write an effective Hamiltonian that acts only on the
down-converted modes. Explicitly, applying Eq. (26) to
Eq. (22) and tracing out the pump modes leads to

Hir ~ v / / da,dqVy (4. q)al g aby,  Q7)

where

q}()w(_i_).dk,- Kk \°

s> qi) = s )SIC| ———| ——qs — —(;

(45, q n(gs +q ral G
(28)

and {5 describes the angular spectrum of the pump beam.
In the two-crystal source, a second crystal converting the
V polarization component of the pump field to H-polarized
down-converted fields is used, for which expressions anal-
ogous to Egs. (27) and (28) can be written (with H < V).
Moreover, let us assume that these crystals are thin, with d
much smaller than the Rayleigh range of the pump beam,
and placed very close together, as shown in Fig. 1(b).
Under these conditions, the propagation effects between
crystals can be ignored. With the above approximations,
the effective Hamiltonian for parametric down-conversion
with the two-crystal source and a VVB pump beam is

H~yu / / dqsdqiq}H(qs:qi)aTV,anW;/,qi
— / / da,dq V(4 q)aly g (29)

Here we recall that yy and yy are complex coefficients
describing the horizontal and vertical polarization compo-
nents of the pump vector beam, respectively. In SimPDC
[38] with a vector beam as the seed signal beam, the
PDC Hamiltonian of Eq. (29) is applied to the initial state
lots) oy |vac), where

)y = [ [ 1s8ebr (@) 11q, 10s8r1(@)) g, (30)
qs

is the quantum optical description of the VVB of the form
of Eq. (16), where §gy and &y are the complex coefficients
of each polarization component, |8|*> + |8y|> = 1 and the
subscript sv stands for seed VVB.

With this we can follow the usual steps and calculate
the initial state using time-dependent perturbation theory
[48,49], resulting in

W) ~ lap )y, [vac)

+ CVH // dqsdqiq}H(an ql) |1)V,ql' a—l-/,qs |aS>sv

+Cw / / da,dq Yy (s, 4) 1)1, Bl7 g, 10
G1)

where C < 1 is a constant and |Co,| < 1 is required in
order to make higher-order terms in the expansion negli-
gible. This condition means that only a small fraction of
pump photons is down-converted, even in the presence of
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the stimulating seed beam, which increases the emission in
a given pair of modes.

From now on we assume that this state will be used
to determine photon-counting probabilities or intensities,
so that we can ignore the vacuum term and focus on the
nonvacuum contribution. In each term of Eq. (31), the
signal field is a multimode single-photon-added coherent
state that, under proper conditions, can exhibit nonclas-
sical [8,51] and non-Gaussian [10] behavior. To proceed
without loss of generality, we focus on the properties of
the stimulated idler field by calculating its reduced density
operator by tracing over the polarization and spatial state
of the signal beam. This gives

0i ~ / / / / dqgdq;dqidq; Z vivi Ui

Jk=H.,V

q;) (k,q|

X lIJ (an q;)‘p (qs: q,)sv<as|akqs ]Tq |aS>SV>
(32)

where ; is the orthogonal polarization to j, and in an effort
towards simplification we introduce the notation |/, q;) =
1), q, for single-photon states.

Applying the commutation relation to the term

(Sk ,qs-J>q5 +sv <aS| i qbak,qg. |as>sv

(33)

T
lots] B @) o 10)sy

we obtain two terms, where the first term is related to the
SPDC component and, using Eq. (30), the second term
results in

{018 g Bk g 10)sy = |87 8107 (@)dr(@). (34
The (unnormalized) density operator of the polarization
and spatial degrees of freedom of the idler field is

~SPDC 2A Stlm

0i=0; ~ +lasl°0 (35)
where the component arising from SPDC is
457 o / / / / da,daidqlda, S vyl a) (k)
Jok=HV
x U (qy, 4:) ¥} (q5, q)) (36)

and the component arising from StimPDC is

oM A~ //// dq,dq,dq.dq; Z vivg U qi) (k. qil

Jj.k=H,V

x 8785 (a5, 9) V7 (a5, 987 (A.) 9 (qy). (37)

Eq. (35) shows that the state of the idler beam is a con-
vex sum of an entangled state component coming from

the spontaneous emission and a separable state coming
from the stimulated contribution. Therefore, the degree of
entanglement depends on the stimulation strength given by
2.

To write the density operator in a more compact form,
let us define the single-photon states

= / / dq,dq;¥;(qs, 499 (45) I/, q:),  (38)

so that we can write the SimPDC component in terms of
these states as

'\Stlm
o' =)

Jk=H.,V

VviSsili, ®) th ®i. (39)

We note again that 65™ is not normalized. The idler states

defined in Eq. (38) and used to write the StimPDC con-
tribution are determined by the transverse mode functions
of the seed VVB, as well as the pump beam through the
two-photon amplitudes as defined in Eq. (28). This will be
discussed in more detail below.

C. Intensity distribution of the idler field

Before discussing phase conjugation, let us briefly relate
the above results to what is usually measured in the labora-
tory. In typical experiments, the VVB is observed by first
performing a polarization projection, and then measuring
the spatial distributions of each polarization state with a
detector or camera. Let us consider this scenario, with pro-
jection onto state |0, ¢) defined in Eq. (1). We note that
the total intensity can be obtained by simply summing the
intensities for two orthogonal polarization projections. To
determine the detection probability or intensity of the idler
field, we can then calculate

Io.p(r:) o ti[E™(r, NET (r;,1) (0,91 0:10,4)],  (40)

which can be rewritten in terms of spontaneous and stimu-
lated contributions using Eq. (35):

Ipg(r)) = ITEPC(r) + los P I " (ry). (41)

For paraxial propagation, the field operators correspond-
ing to detection at position r = (x,y,z) (assuming free
propagation from z = 0 to z) can be written as

E*(r) « / dqe 477/ q, (42)
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and we can calculate the StimPDC component
i 0
I35 (r0) = cos” 21yl 1u " |EF (1) |@])

., 0 *
+ sin? §|)/H|2|5V|2|E+(r) |3 17

e _ .
+ = sin 0y by (P51 E-(NE* () @)
eiid) . * * * - + *
+ - sinOyuyydudy (P E-()E™ (r) |D)) .

(43)

The first two terms are proportional to the intensity of the
modes @5 and &y at the transverse plane z and the last two
terms arise from interference between these two modes.

D. Phase conjugation of the seed vector beam

Let us determine conditions for which the idler field
can be considered to be the phase conjugate of the VVB
seed beam. First, let us consider an intense seed beam
log|? >> 1, so that the SPDC component can be ignored.
In this case, the output field corresponds to a pure state.
As observed in Sec. 111, the polarization of the pump beam
plays a crucial role in phase conjugation of the polarization
state of the seed beam. Following these results, choos-
ing the pump beam as linear-diagonally polarized so that
yu = vy, the idler field is described by

i) ~ 85y |H, ;) + 85 |V, @} . (44)
The presence of the complex conjugate of the polarization
coefficients &}, shows that this degree of freedom is con-
jugated with respect to the seed beam. We can also see
that the spatial modes ®7; ;, defined in Eq. (38) depend on
the phase conjugated amplitude of the seed. However, it
still depends on the pump beam amplitude. Inspection of
these states indicates that they correspond to phase con-
jugation of the transverse spatial modes in the limiting
case in which the pump beam can be approximated as a
plane wave, and the crystal is very thin, so that we have

U5 (qs, q:) = 3(qs + q0):

.o = [ dagi-arlar=b.6p). @)
Here the idler mode is mirror reflected (q; — —q;), which
can be absorbed into the definition of the coordinate
system. Then, the idler field is described by
Vi) ~ 8y |H, dp) + 83 1V, d7) - (46)
This is the phase conjugate of a single-photon vector beam

of Eq. (25), showing that the idler photon of Eq. (46)
is in a vector vortex mode that is exactly given by the

phase conjugate of the seed VVB mode. The condition
V5 (qs,q:) = 8(qs + q;) corresponds to a SPDC source that
produces maximal spatial entanglement [52—54], so it is
apparent that high-fidelity phase conjugation of the VVB
is obtained when the source is capable of producing both
high-quality polarization and spatial entanglement.

Let us further explore the phase conjugated output.
The thin-crystal approximation is valid when the crystal
length d < zg [55], where zg is the Rayleigh range of the
pump laser. Under these conditions, the two-photon ampli-
tudes are determined by the transverse spatial modes of
the pump beam: W;(qs, q;) = ¥;(qs + q;). Thus, the idler
states become

.9 = [ day (@) li.a) 47)
with the mode functions given by the convolution
s@ = [day@+ras@. @

Here we see that the conjugated spatial modes in Eq. (44)
can be tailored by manipulating those of the pump beam.
Under these conditions, the intensity distribution of the
phase conjugated output (yy = yy) after free propagation
and projection onto the |0,¢) polarization state can be
obtained from Eq. (43), giving

4 1,0
I§"(r) = 5 cos’ Z18ul?| Fua (o)’

1 0
+ 7 sin’ §|8V|2|fV(pi)|2

el¢ : * 3k

+ 7 sin 08y F 7 (pi) Fr (pi)
e

+ ——sin 08187 F 1 (pd) Fr(pi), (49)

where p = (x,),

k;
Fr(pi) =fde;;(p)UZ‘(p)exp[ilpi—plzg}, (50)

and Wi (p) and U (p) are the transverse mode profiles of
the pump beam and seed beam, respectively.

In Fig. 3 we present the outcomes obtained using Egs.
(49) and (50) to produce numerical simulations for the
intensity profiles and vector structure of simulated idler
beams, for a few combinations of pump and seed beams.
The dependence of the idler beam on both pump and seed
parameters is clearly present.

V. HIGHER-ORDER STOKES PARAMETERS AND
HIGHER-ORDER POINCARE SPHERES

Let us consider polarization states that are fully polar-
ized. They are completely characterized by their Stokes
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(a) [ =0(@D) [ =0(A) |l =1(azim.) [ =1 (rad.)
- @
[ =1 (azim.) [ =1 (rad.) [ =1 (azim.)

2

BHEEE

FIG. 3. Simulations of idler beams for a few combinations
of pump and seed beams. (a) Transverse profiles of pump (top
panel) and seed (middle panel) beams, and the corresponding
simulated idler beam profile at the crystal plane (bottom panel).
The seed is a vector vortex beam, while the pump takes linear
and vector polarizations. (b) For a radial seed beam, the pump
beam varies from radial (rad.) to azimuthal (azim.) with interme-
diate configurations. Both pump and calculated idler profiles are
shown. For all subfigures, the color scale indicates the intensity,
and the arrows, the polarization. The white scale bars represent
unit beam radii (arb. unit).

Pump

Idler

parameters, which describe the content of polarization in
each of the H/V, D/A, and R/L bases. These three param-
eters may be used as rectangular coordinates, locating the
state at the surface of a sphere of unit radius, called the
Poincaré sphere, with the R (L) state placed on its north
(south) pole.

In previous works, we have drawn a geometrical picture
of phase conjugation for scalar orbital angular momentum
(OAM) modes [34] and for polarization states [15], using
the Poincaré sphere. Let us now turn to a convenient for-
malism for visualizing phase conjugation of a special case
of VVBs using higher-order Stokes parameters (HOSPs)
and higher-order Poincaré spheres (HOPSs).

A. Cylindrical vector modes as two-dimensional
systems

Cylindrically symmetric vector (CSV) modes (propaga-
tion in the z direction) have the form

[Wesy) = vi IR, +) +w» L, =), (5D

FIG. 4.
y| = —, respectively, for (a),(b) / = +1 and (¢),(d) / = —1.

Intensity and polarization profiles for y; =y, and

where |R(L),[) represents a state with spatial mode carry-
ing a winding number / = 0,£1,+2, ... associated with
OAM. The complex coefficients y;, are subject to the
normalization condition (|y;|*> + |y2|> = 1). In most cases
the spatial component of the CSV modes is described
by Laguerre-Gaussian transverse modes (LGy,) with null
radial number p:

LGp(p,$,2) = Uy(p,z) e ™. (52)

Since Uy (p,z) does not depend on the sign of the OAM,
in a simplified picture the sets in Eq. (51) represent the
azimuthal phase and polarization modes:

IR, +1) ~ e (e, + ie,);

4 (53)
L, —I) ~ et (e, — ie,).
For /# 0, Eq. (51) defines two sets of states for each
order |/| depending on the sign of /. For example, for
|l| = 1, the set for / = +1 consists of rotationally symmet-
ric vector modes such as the radial (y; = y,) and azimuthal
(y1 = —y») modes of Figs. 4(a) and 4(b). This set of modes
are especially important for tighter beam focusing [28] and
alignment-free optical communications [17]. In Figs. 4(c)
and 4(d) we represent two antivortex modes (y; = y, and
y| = —y», respectively) contained in the / = —1 set.
One may note that, for a given /, the CSV modes con-
tained in the set can be spanned by a two-dimensional
basis

{100 = IR, 1), 1)) = |L, =D}, (54)
so that, ignoring the spatial amplitude Uy,
[¥resv) = cos (6/2) |0) 4 € sin (6/2) 1)) (55)

represents a general CSV mode of the set. It is important to
note that we need two distinct two-dimensional spaces to
describe all the CSV modes of a given order |/|, depending
on the sign of /. Of course, other bases can be constructed
by linear combinations of the basis states of Eq. (54).

B. HOSPs and HOPSs

In the formalism of density matrices, two-dimensional
CSV states of a given / can be spanned in terms of Pauli
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matrices (61 = 6, 62 = 6, and 63 = G,), i.e.,

3
1
Al s
p = 5 E_O SnO'n, (56)

weighted by the so-called higher-order Stokes parameters
[40,41]

S! = tr[p'6,], (57)

which reduce to the usual Stokes parameters for / = 0. In
terms of basis states of Eq. (54), these parameters are

So = 10l wresv)” + | (Lilvresy) s
St = 2Re({0r]resv)* (Ll ¥esv)), s
Sy = 2Im({0r]resv)* (Ll ¥esv)),
S5 = 10l wresv) I — | (Lilwesy) I

and, as usual, the degree of polarization is p =
JSI? 4 (8?2 + (8)? < 1, with the equality holding
only for completely polarized light.

The mapping of CSV modes in two-dimensional spaces
admits a geometrical representation in terms of HOPSs
[40,41,56], constructed by using S{, Sé, and Sg as Carte-
sian coordinates, or, equivalently, by spherical coordinates
defined by

St St
r=p, 0 =cos ' [= s = tan~! (—2)
» (Sé) 0 ;

(59)

Note that the HOPS representation is simply the Poincaré
sphere representation for states of Egs. (55) and (56). Of
course, two spheres are needed to represent the two sets of
modes of a given order |/|. In Fig. 5 the representation for
usual states with |/| = 1 is shown.

C. Phase conjugation on the HOPS

Let us now investigate the phase conjugation of CSV
modes and how we can interpret it geometrically on the
HOPS. Since the operation performed by our two-crystal
StimPDC source depends on the properties of the pump
beam, let us consider the more usual case where the phase
conjugation implies in changing / — —/[34,39] and R <
L [15]. We see from the expressions in Egs. (53) and (55)
that

0)* = ™™ (e, — ie,) = |1)),

. (60)
11)* = e ™ (e, +ie,) = 0).

C))

FIG. 5.
l=—1.

Higher-order Poincaré spheres for (a) / = +1 and (b)

Equation (60) shows that the conjugate counterpart of a
general CSV beam of Eq. (55) is given by

[Yesv)* = cos (8/2) 1)) + e ¥sin(6/2)10),  (61)
which in turn can be rewritten as
T —6 . (T =0
[¥csv)™ = cos ( 5 ) 107) + €' sm( ) 1) .
(62)
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Equation (62) shows that conjugate beams are connected
by reflection across the equatorial plane of the HOPS
(which can be seen as changing Sé — —Sé), which agrees
with the / = 0 case. Thus, we see that conjugate coun-
terparts belong to the same HOPS as the original CSV,
illustrating that vector beam conjugation does not alter the
nature of the correlations between spatial and polarization
degrees of freedom, since changing spheres would imply
changing correlation to anticorrelation and vice versa.
Moreover, we see that radially polarized beams [28] or
rotationally invariant (/ = 1) [17] beams do not lose their
interesting properties under phase conjugation.

VI. PHASE CONJUGATION OF VECTOR BEAMS:
GENERALIZED STOKES PARAMETERS

While describing CSV modes in two-dimensional
spaces gives us a practical geometrical tool for represent-
ing the modes and interpreting vector phase conjugation,
we cannot represent all possible CSV states for a given
order in this way, since we cannot represent a generic
statistical mixture or even a superposition of modes in
different two-dimensional subspaces as defined in the pre-
vious two sections. Moreover, we can also create a vec-
tor beam that is a superposition of modes with different
values of |/|. For a general description of phase conjuga-
tion of VVBs in terms of Stokes parameters, we employ
a description inspired by the generalized Bloch vector
for two qubits. First, since the polarization DOF is two
dimensional, Schmidt decomposition of a vector beam can
always be represented by a 2 x 2 system, in analogy with
the case of two qubits.

For a two-qubit system, the density operator can be
spanned as [57]

3
L1 .
P=7 E S;i (0, ® 7)), (63)
ij=0

which is equivalent to Eq. (56) generalized for a four-
dimensional system.

The first qubit corresponds to the polarization DOF and
the second to the transverse spatial mode. In this way, we
can write the Stokes matrix as

1 so1 So2 So3
Ky Ky Ky Ky
S — 10 11 12 13 (64)
§20 S21 S22 8§23
§30 831 832 833

where we used sgo9 = 1, corresponding to normalized com-
ponents. Note that so; and s;9 (j = 1,2,3) are the Stokes
vector components of the individual qubits, while the sj;
components contain the correlations.

Using the representations 6| = &,, 6, = Gy, and 63 =
4y, as in the previous section, phase conjugation of the vec-
tor beam changes the sign of the third component of both

(b) (©)s;

-1.0

FIG. 6. (a) Anisotropic CSV beam and (b) phase conjugate
beam. (c¢) Color bar for the S5 Stokes parameter for polarization.

qubits; thus,

1 So1 S02  —S03
s s s —s
S* — 10 1 12 13 (65)
$20 S S —S33
—830 —831 —832 833

For example, in Ref. [15] an anisotropic vector beam was
produced, which can be represented by

1Y) aniso = 1D, +II1) + 14, =11}, (66)
where |D(4)) = [|H) + (—) |V)]/\/§ are diagonal (antidi-

agonal) linear polarization states. In Fig. 6(a) we can see a
plot of this beam, which can also be represented as

S.amiso =

; (67)

(=l
S o~ O
— o O O
S~ OO

and the Stokes matrix of the conjugate beam [(Fig. 6(b)] is

1 0 0 0

" 0O 1 0 0

aniso — 0 0 0 1 (68)
0 0 -1 0

which agrees with the experimental results in Ref. [15].

VII. CONCLUSION

In conclusion, we introduce a theoretical approach for
the description of StimPDC including the use of vector
vortex beams, which is based on a quantum-optics for-
malism. In addition to general expressions showing the
interplay between the polarization and spatial degrees of
freedom of the pump and seed (signal) beam, we describe
the conditions for which the stimulated idler field is the
phase conjugate of the input seed beam. We also make use
of higher-order Stokes parameters and Poincaré spheres
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to provide a geometrical interpretation for phase conjuga-
tion of cylindrically symmetric vortex beams in StimPDC,
and provide a general Stokes matrix description of phase
conjugation that is applicable to any VVB.

The results presented here are a contribution to the field
of nonlinear optics with vectorial and structured light. We
note that recent work has studied polarization control and
transverse mode mixing in up-conversion with single type-
II crystals [58,59], as well as up-conversion of VVBs using
a type-II crystal entanglement source [60]. We believe
that both the combination of StimPDC and VVBs and
our theoretical approach are very useful for a broad range
of applications and experimental investigations. A possi-
ble application of our results is the enhanced analysis of
SPDC sources of entangled vortex modes or hyperentan-
gled states involving polarization and transverse modes
similar to that shown in Ref. [61], for instance, following
the lines of the fast and efficient entangled state tomog-
raphy using StimPDC, demonstrated in Ref. [13]. In a
similar way, our approach could be useful to improve the
characterization of symmetry properties of nonlinear crys-
tals using structured beams, as shown in Ref. [62], adding
StimPDC as a resource to speed up the measurements.
The nonclassical properties of the multimode output of
the signal beam could also be explored. Moreover, phase
conjugation of VVBs could be used to mediate detri-
mental propagation effects due to atmospheric turbulence
and other causes. An experiment exploring the capabili-
ties of StimPDC and VVBs is currently in progress in our
laboratory.
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