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A finite one-dimensional Su-Schrieffer-Heeger (SSH) chain exhibits “zero-energy” boundary-mode
solutions that are protected by chiral symmetry. The breaking of chiral symmetry leads to several important
consequences, including a shift of the boundary mode energies. Here, we systematically study the coupled
acoustic-cavity system (CACS), which is an important acoustic platform for realizing tight-binding mod-
els (TBMs). We find that the length and number of coupling waveguides not only affect hopping, but also
induce a perturbation to the onsite eigenfrequency, which can be attributed to the breaking of chiral sym-
metry in the TBM. The acoustic origin of these phenomena is discussed, and the conditions of the exact
realization of TBMs are identified. Meanwhile, we build an acoustic second-order topological insulator by
extending the SSH model to two dimensions and show that the frequency of the topological corner modes
is tunable by the same chiral-symmetry-breaking term. This finding is experimentally validated through
the demonstration of in-gap and in-band topological corner modes. Our study provides a detailed and accu-
rate understanding of the CACS and clarifies several important nuances for realizing tight-binding systems
in acoustics. These results solidify CACS as a foundation for future studies of topological acoustics and

non-Hermitian acoustics.

DOL: 10.1103/PhysRevApplied.14.024023

I. INTRODUCTION

Topological phases of matters are underpinned by
the consideration of the global properties of the eigen-
functions. These considerations are universal and have
brought revolutions across many disciplines of physics
[1-3]. As a scalar wave, sound is among the sim-
plest forms of waves. Compared with electromagnetic
waves and electrons, it lacks the spin degree of free-
dom and is inert to many interactions, such as the
response to a magnetic field, which are regarded as
fundamental to some topological phases. In spite of
these disadvantages, acoustic wave systems have nev-
ertheless emerged as a fertile ground for the study of
the fascinating novel properties of topological phases
of matter [4]. A rich variety of topological phases,
including the acoustic Chern insulator [5-8], the val-
ley Hall insulator [9], the pseudospin Hall insulator [10,
11], Weyl semimetals [12—14], and higher-order topo-
logical insulators [15—18], have been proposed and real-
ized. The success of topological acoustics exemplifies the
fundamental role of symmetry breaking in topological
phases. The system’s symmetry can often be encoded
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in a Hamiltonian with a mathematically simple form by
using a tight-binding model (TBM). In addition, the TBM
is also a foundation for the study of non-Hermitian physics
[19-21]. In acoustics, the coupled acoustic-cavity system
(CACS), due to its versatile tunability and ease of fab-
rication, is widely adapted for the realization of TBMs
[22-30]. The widespread use of CACSs demands a sys-
tematic study, which is also beneficial in revealing its full
potential.

Here, we investigate the CACS and its validity for
realizing TBMs. We find that the CACS can ideally
reproduce a TBM only with a specific set of geomet-
ric parameters that are determined by the ratio of the
lengths of the coupling waveguide and the depth of the
cavity. Away from these parameters, the coupling waveg-
uides induce a perturbation to the system’s onsite eigen-
frequency. We show with a Su-Schrieffer-Heeger (SSH)
model that this perturbation contributes to the breaking
of chiral symmetry, which causes a drift in the frequency
of zero-energy boundary modes. By further extending
to two-dimensional (2D) SSH lattices, we demonstrate
with experiments that the chiral-symmetry-breaking effect
becomes a degree of freedom for tuning the spectral posi-
tion of second-order topological corner modes relative to
the bulk bands.

© 2020 American Physical Society
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II. ANALYSIS OF THE CACS
A. Precise realization of TBM using CACS

A CACS consists of an array of acoustic-cavity res-
onators, typically made of solid materials and filled with
fluid, such as air. The cavities are connected by waveguides

with subwavelength cross sections. As such, the resonant
mode of the acoustic cavity plays the role of an onsite
orbital, and the waveguides provide an interchange of
energy among the cavities. We begin by considering a 2D
two-cavity system, as shown in Fig. 1(a). Here, the cav-
ity has a length Ly and width Dy, where we set Ly > Dy.
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(a) Schematic of a 2D CACS that can be described by a two-level TBM. Profiles of the coupled modes are shown, with
red, blue, and white indicating negative, positive, and zero pressure, respectively. (b) Calculated eigenfrequencies of the system near
the first resonant frequency, fy = ¢/2Ly, as functions of n and £. Frequency of the symmetric (antisymmetric) mode is plotted as the
red (blue) surface. Average of the two is plotted in green. Gray plane represents f;. Green and gray surfaces intersect at n = 0.5. Two
(c), three (d), four (e), and five (f) coupled cavities. Eigenfrequencies of each system are plotted in the lower panels as functions of
n. Blue dots are the results obtained from finite-element simulations and red dots are computed using the TBM [Eq. (3)]. (g) Onsite
perturbations as functions of . Number of coupling waveguides on one cavity also affects such perturbations. (h) Perturbations follow
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We choose the first cavity mode as the onsite orbital, with
a resonant frequency fy = c/2Ly, where c is the speed of
sound in the filling medium. The cavities are connected by
a narrow waveguide, providing hopping z. The system can
fo ¢t

t fo )0
which has symmetric and antisymmetric modes [Fig. 1(a)].
It is well known that the magnitude of hopping 7 is tunable
by the coupling waveguide’s width [21,22].

Here, we consider the influence of length L, of waveg-
uides, which has not been explored in previous studies. The
eigenfrequencies of the two-cavity system are functions
of n=1L,/Ly and & = D,,/ D, i.e., the length and width
ratios of the coupling waveguide and the cavity, as shown
in Fig. 1(b). The symmetric and antisymmetric modes are
represented by red and blue surfaces, respectively. Notably,
the symmetric mode is at a lower frequency, indicating that
t is negative. We also plot the average of the two eigenfre-
quencies as the green surface, and the gray plane is fy. First,
it is clear that the green and gray surfaces do not overlap,
indicating a deviation of the averaged frequency from f;.
This implies that, in general, the CACS does not exactly
realize an ideal TBM and that the coupling waveguides
generally introduce an additional perturbation to onsite
frequency.

Nevertheless, the green surface and gray plane inter-
sect near n = 0.5, and the CACS can be regarded as an
ideal TBM along the intersecting line [Fig. 1(b)]. To under-
stand this condition, we note that an ideal TBM yields
two coupled modes with opposite parity. To further elab-
orate, consider the extreme case of & = 1, i.e., when the
system becomes one long uniform cavity with length L, +
2Ly = L1 4 (2/n)], so the sum of the two neighboring
eigenfrequencies must equal 2fp, i. e.,

be modeled by a two-level Hamiltonian, H =

5 nc (n+ e < )
(Li +2Lo)

2L +2Ly) Ly

where n represents the nth eigenmode of the long uniform
cavity with length L, + 2L,. Equation (1) yields

3

n:n—z. (2)

Notably, the smallest positive value of  occurs when n =
2, which gives a minimum length of L; = 0.5Ly. Mean-
while, since we are considering only cavity modes that
have no variation in the transverse direction, the waveg-
uide’s width, D,,, has a negligible effect on the sum of
the two eigenfrequencies, when D,, is much smaller than
Lg. This is also seen for & = 0, at which the two cavities
become isolated, each with onsite frequency fj.

Figure 1(c) shows a realization of a 2D CACS using
realistic acoustic cavities. Notably, the coupling waveg-
uide and the cavities are perpendicular. However, their

relative orientation does not significantly impact the result.
Here, the coupling waveguide is much thinner than the
height of the cavity, to take advantage of the near-uniform
sound field near the ends of the cavities. The cavities have a
height of Ly = 120 mm and square cross section with a side
length of Dy = 24 mm. The simulation yields an onsite
eigenfrequency of 1429 Hz. The coupling waveguide has a
width D,, = 3 mm, which is much smaller than that of L.
The lower panel of Fig. 1(c) plots the two coupling modes’
eigenfrequencies as functions of 7. We can indeed see the
drift of the average frequency, which is aligned with our
analysis based on the 2D model [Figs. 1(a) and 1(b)].

A cavity is often connected to multiple neighbors to
form a lattice. Therefore, it is necessary to investigate the
possible effects of the number of coupling waveguides on
a single cavity. To do so, we examine several cases, as
shown in Figs. 1(c)}-1(f). The revised Hamiltonian can be
written as

Hy= 3" U + 476 miele)
+ 0, & el +Hel, (3)

where i labels the sites, i andj label the cavities that are
connected to the nearest neighbor by a waveguide(s); ciT
and ¢; are the creation and annihilation operators, respec-
tively; w(&, n) is the hopping coefficient of two connected
cavities; and f," (¢, ) is the frequency perturbation to the
onsite frequencies by the waveguides, where the super-
script m denotes the number of waveguides on a specific
cavity. Based on Eq. (3), we plot the eigenfrequency spec-
tra of the system with fixed D,, = 3 mm as functions of n
in Figs. 1(c)—1(f). The results from our model agree well
with the simulated results obtained using COMSOL Multi-
physics. In Fig. 1(g), we plot the onsite perturbations f,
as functions of n. We find that the perturbations satisfy
fim =mf,} = —23.9m(n — 0.5) Hz, as shown in Fig. 1(h),
indicating that the perturbations are linearly related to m,
which is the number of connecting waveguides. This rela-
tion is essential when considering the boundary modes in
SSH models, and when extending the model to 2D, which
is discussed later.

B. Tuning the sign of hopping

On the other hand, the sign of hopping, w, is tunable
via adjusting the length of the coupling waveguide. This
can be seen as follows. The increase of 1 by increasing
the waveguide length L;, while keeping the cavity height
Ly constant, results in a higher waveguide mode of fy. In
the example shown in Fig. 2(a), when 1 < 1, the symmet-
ric mode has no node inside the coupling waveguide and
is below the antisymmetric mode. As 5 approaches one,
the frequency of the symmetric mode drops drastically.
When n > 1, however, a higher symmetric mode with two
nodes inside the coupling waveguide appears near f;. In
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Sign of hopping can be tuned in CACS by tuning the length of the coupling waveguide. (a) In a two-cavity system, symmetry

types of the two modes near f; switch as n crosses unity. (b) Four-cavity system with three short coupling waveguides (L; = 0.5Ly)
and one long waveguide (L, = 1.5L). Four eigenmodes are doubly degenerate at f + +/2w.

other words, when > 1, the symmetric mode has a higher
frequency than that of the antisymmetric mode. In the
TBM, such a change in ordering of the eigenmodes can
be represented as [1, —sgn(w)], which indicates a change
in hopping at n = 1.

To further corroborate this point, we show another
example that is composed of four cavities, each connected
to its nearest neighbor. Here, three coupling waveguides
have a length of 0.5 (i.e., n = 1/2), whereas the fourth
waveguide’s length is 1.5Ly (n = 3/2). The system’s
eigenmodes are doubly degenerate, with eigenfrequencies
fo = ~/2w [Fig. 2(b)]. According to the TBM, this can only
be the consequence of one of the four hopping coefficients
having an opposite sign.

These results confirm that the length of the coupling
waveguides can tune the hopping sign in the system. Such
a degree of freedom plays an essential role in constructing
novel topological phases, such as topological quadruple
[18,31] or octupole insulators [32].

III. CHIRAL SYMMETRY BREAKING IN
ONE-DIMENSIONAL ACOUSTIC SSH MODEL

A one-dimensional (1D) periodic chain can be con-
structed by repeating the two-cavity system. As shown in
Fig. 3(a), each cavity in the bulk is connected to its nearest
neighbors by two waveguides with different side widths
D,, = 3mm and D, = 9mm to introduce staggered hop-
ping. The Hamiltonian of our 1D SSH model, accounting
for the onsite perturbation, can be written as

N
Hip = Zi:l [(Cﬂcﬁa + Cf};é‘,ﬂ)(fo +£ 0]
N
* Zi=1 (Wc;ilc;"ﬂ + ”Cﬂzcﬁl,a +H.c)

— (e} + On s )

where i labels the dimerized unit cell; @ and S each label
a site within a unit cell; and w and v are the hopping of two
nearest cavities, which are functions of & and 7, respec-
tively. /! and f,! denote the onsite perturbation induced by
one waveguide with side widths D,, and D,, respectively.

In an ideal TBM, the SSH system has two boundary
modes localized at two ends when |w/v| < 1. These two
modes have zero energy, which is protected by the chiral
symmetry > =0, ® 0. D ... Do, = ®Y 0, [33]. In our
case, Eq. (4) also has two boundary-mode solutions when
D,, < D,, as shown in Fig. 3(b). However, from the analy-
sis above, chiral symmetry is preserved only near n = 0.5,
where fv1 = 0, at which the last term in Eq. (4) vanishes.
Derivation of n = 0.5 significantly affects the frequencies
of both bulk bands, whereas the size of the band gap is
mostly unaffected. It also causes a small drift in the bound-
ary mode frequencies. These are schematically shown in
Fig. 3(a). The eigenvalues of Eq. (4) are plotted in Fig. 3(b)
as functions of 1. These outcomes can only be due to the
perturbation of the onsite eigenfrequency, which agrees
well with our theoretical model. To further validate these
results, we use finite-element simulations to compute the
eigenfrequencies of the CACS chain. The results are also
shown in Fig. 3(b). Good agreement with our theory is
seen.

IV. TWO-DIMENSIONAL ACOUSTIC SSH MODEL

We further extend our study to consider a 2D SSH
model [34-37], which is a 2D square lattice with each
unit cell having four coupled sites. The intracell and inter-
cell hopping between two nearest sites are denoted as v
and w, respectively. This model exhibits edge modes and
second-order topological corner modes in the topologi-
cally nontrivial phase when v > w, which is characterized
by a bulk topological invariant, i.e., nonzero quantized
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(a) Schematic of 1D CACS chain, wherein the coupling waveguides have staggered widths D,, = 3mm and D, = 9mm.

System is an acoustic SSH model. Right panel schematically shows the boundary mode’s position in the band gap is tunable by 7.

(b) Eigenspectrum of a 12-cavity acoustic SSH chain as functions of n with Ly =

120mm (blue dots), with excellent agreement with

the results from TBM theory (red dots). (c) Schematic of 2D CACS array, realizing a 2D SSH model. Position of the second-order
topological corner modes is tunable by 7. (d) Eigenspectra of a 12 x 12 CACS array, wherein blue (red) dots are the results from

finite-element simulation (TBM theory).

polarizations. The Hamiltonian of a finite-sized 2D SSH
lattice with N x N sites can be expressed as

Hop + foly2 = Hip ® I, + L, ® Hip, (5)
where HY, (H p) is the Hamiltonian of a 1D SSH
chain along the x (y) direction, Iy (Iy2) is an N(N?)-
dimensional identity matrix, ® denotes the Kronecker
product. Equation (5) implies that the eigenmodes of H;p
can be constructed from the eigenmodes in the 1D SSH
model [38—40], as shown in Table 1.

From Table I and the discussion of the 1D SSH model
in Sec. III, it is straightforward to see that, when chiral
symmetry exists in an ideal 2D SSH system, the four topo-
logical corner modes are degenerate at zero energy, which
corresponds to fy in the acoustic model. (Here, we con-
sider a sufficiently large lattice, so that the coupling among

corner modes vanishes.) In Fig. 3(d), we plot the eigen-
values of H,p as functions of 1. The simulated results of
a 2D acoustic SSH Ilattice are also shown together. It is
seen that the corner modes are indeed at f, when n = 0.5,
which is the point where the perturbation to onsite eigen-
frequency by the waveguides vanishes. In other words,
chiral symmetry exists for the 2D acoustic SSH lattice at
n =0.5.

On the other hand, by breaking the chiral symmetry,
the relative spectral position of the bulk bands and the
corner modes can be controlled by tuning 5. For exam-
ple, when 7 is near 0.5, the corner modes overlap with
the middle bulk bands, thereby becoming bound modes
in the continuum [41]. However, the corner modes can be
found inside a band gap when chiral symmetry is broken,
which is easily achieved by either reducing or increasing n

[Fig. 3(d)].

TABLE I. Construction rules of the 2D SSH model from the 1D SSH model.
Hip Boundary mode Bulk mode
) x, bound: x bulk ,x
HIVD ¢1D o al’y’fboundary ¢)ch ! fbulk
Boundary mode Corner modes: Edge modes:
, bound: ,bound und: d ,bound: Jbulk
¢)1)D o ary’fboundary q)g(])jmer = ¢y o ® ¢1D0 " ary’fl‘a)éundary +fl‘3£undary _ﬁ)' q);Dge = ¢y o ® ¢)chu fl‘aﬁundary +fl‘3ﬁ1k _ﬁ)'
Bulk mode Edge modes: Bulk modes:
bulk d Jbulk x,bound u Jbulk xbulk
)’ ’ fbulk e ge ¢y ' ® ¢1D0un w fboundary +fl‘)ulk f() qu 3 ¢y B ® ¢1Du fbulk +fb)1:1k _ﬁ)
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V. EXPERIMENTAL VALIDATION However, such a shift does not affect the phenomena we
aim to demonstrate.

We focus on two specific configurations. In configura-
tion 4, all cavities have a height of L, = 42 mm. In config-
uration B, all cavities have a height of Ly = 80 mm. Com-
paring the eigenfrequencies of 2D SSH models and those
obtained from simulations, we find that the two configura-
tions correspond to 14 & 0.48 and np ~ 0.27, respectively,
which are close to the values shown in Fig. 3(c). Therefore,
we expect the corner mode to overlap with the bulk con-
tinuum for configuration 4, and the corner mode to be in
the band gap for configuration B, as shown in Fig. 3(d).
We note that these values slightly differ from the ratios of
the actual geometric parameters in the acoustic lattice. The
discrepancies are attributed to two factors. First, the cav-
ities all have curved sides, which affect the length of the
coupling waveguides. Second, the depths of the coupling
waveguides are not infinitesimal.

We experimentally demonstrate the two cases with 4 =
0.5 and 5z = 0.3, as shown in Fig. 3(c). The correspond-
ing values of 1 are also marked in Fig. 3(d). The acoustic
lattice is machined from a block of aluminum, as shown
in Fig. 4(a). For the ease of fabrication, the cavities have a
circular cross section with a radius » = 12 mm and a height
of 120 mm. The distance between the two nearest cavi-
ties is a = 40 mm. The coupling waveguides have square
cross sections with staggered lengths of D,, = 3 mm and
D, = 9mm. A top plate covers and seals the lattice. There
are opening ports on the top of each cavity, which are used
for excitation and measurement. The coupling waveguides
all have the same length L;;  is, therefore, adjusted by tun-
ing the cavity height L. This is achieved by injecting water
to reduce the height of the cavities, since the impedance
mismatch between water and air is huge. Adjusting the
cavity height also shifts all onsite eigenfrequencies, f;.
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FIG. 4. (a) Photograph of a 2D CACS array with 11 x 11 cavities coupled by two types of coupling waveguides, one with a cross-
section width of D, = 9 mm, another has a side width D,, = 3 mm, as illustrated in the inset. (b) Eigenspectrum of configuration 4
with a cavity height L, = 42 mm. Topological corner mode is marked by blue dots. Bulk modes and edge modes are plotted in gray
and orange dots, respectively. Results show a largely symmetric distribution of eigenmodes near the frequency fyo = c¢/2L,4, indicating
the existence of chiral symmetry. (c) Measured pressure response spectra. Gray area represents bulk response, orange area represents
edge response, and blue curve is the corner response. Pressure fields are measured when the system is excited by a source located at
bulk (d); edge (e),(f); and corner (g), where blue stars indicate the respective source locations. Field distributions indicate bulk mode
(d); edge modes (e),(f); and corner modes (g). Excitation frequency in (d) and (g) is the same, indicating the corner mode in (g) is a
bound mode in the continuum.
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(a) Simulated eigenspectrum of configuration B, with cavity height Lg = 80 mm. Topological corner modes (blue dots) are

inside the first band gap. (b) Measured corner response (blue curve) has a peak localized in the bulk gap. Bulk (edge) response is the
gray (orange) shading. Pressure field distributions of the bulk (c); edges (d),(e); and corner (f). Blue stars indicate the source locations.

The simulated eigenspectrum for configuration A4 is
shown in Fig. 4(b). The edge modes appear in the gap,
and the corner modes are found embedded in the sec-
ond bulk band. Our measurement confirms our simulation
results. First, we excite the system with a loudspeaker to
excite the bulk. The measured response spectrum is shown
in Fig. 4(c) with gray shading. Three separate regions of
high-pressure responses are clearly observed. (It should
be noted that we perform multiple measurements at differ-
ent sites and select the result that best represents the bulk
bands. A similar procedure was done for the edge-response
measurements.) We further map out the distribution of
the sound field in all cavities at 4101 Hz, as shown in
Fig. 4(d), which clearly occupies the bulk. Next, we excite
the system at the edge and measure the response spec-
tra. Two peaks in the gap region are observed [orange in
Fig. 4(c)]. The corresponding field maps are localized at
the edge, indicating edge modes, as shown in Figs. 4(e)
and 4(f). When excited at a corner, only one response peak
is seen [blue in Fig. 4(b)]. The spatial map at the peak’s
frequency (4101 Hz) further confirms that the modes are
strongly localized at the corner and decay rapidly into the
bulk [Fig. 4(g)], which is characteristic of a corner mode.
Since the corner modes and bulk modes share the same fre-
quency, we reach the conclusion that the corner mode is a
bound state in a continuum.

Next, the system is tuned to configuration B, with ng =~
0.27. The simulated eigenspectrum is plotted in Fig. 5(a),
which shows that the corner modes are now located in the
first band gap. This is consistent with our prediction, since
chiral symmetry is broken for configuration B. In a simi-
lar manner, we experimentally obtain the bulk, edge, and
corner response spectra [Fig. 5(b)] and the corresponding

sound field distributions [Figs. 5(c)}-5(f)]. The results con-
firm that the corner mode is indeed inside the first band
gap.

The experimental results from the two configurations
demonstrate that the spectral position of the corner modes,
with respect to the bulk bands, is tunable by perturbation
of the onsite eigenfrequency induced by chiral-symmetry
breaking. These results also validate our analysis of TBM
realized by the CACS.

VI. CONCLUSION

Here, we present a thorough study on the CACS, which
is widely used as a platform to realize TBMs. We find that
the length and number of coupling waveguides of a cav-
ity not only tune hopping of the system, but also modulate
the onsite eigenfrequency. The condition required for the
onsite modulation to vanish is identified, which leads to a
precise realization of the TBM in acoustics. Also, we show
that the hopping sign is dependent on the length of the cou-
pling waveguide. We apply our findings to the 1D acoustic
SSH model and show that such modulation is equivalent to
breaking the chiral symmetry. As a consequence, boundary
modes with nonzero energy are found. By extending this to
a 2D SSH model, we show that chiral-symmetry breaking
can contribute as a degree of freedom for tuning the spec-
tral location of second-order topological corner modes. We
experimentally demonstrate such a capability by realizing
a corner mode as a bound mode in the continuum and an
in-gap corner mode.

Our work reveals multiple aspects of CACSs that have
been largely ignored in previous studies. The results fur-
ther cement CACSs as an important platform for the future
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study of TBMs in acoustics, such as topological acoustics
and non-Hermitian acoustics.
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