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Near-perfect anomalous reflection and refraction have been demonstrated using passive lossless meta-
surfaces and metagratings operating at microwave, infrared, and visible frequencies, while related studies
at terahertz frequencies are lacking. Here we propose low-index (with a refractive index of 1.57) 3D-
printed dielectric metagratings for efficient wide-band diffraction engineering at low terahertz frequencies.
A simplified analytical model reveals that the number of propagating waveguide modes inside the grat-
ing is a key factor in diffraction engineering, and is insufficient in a low-index design regardless of the
detailed dimensions in a period. Additional waveguide modes are introduced in asymmetric bilayer and
trilayer metagratings, providing sufficient degrees of freedom for efficient large-angle anomalous refrac-
tion and beam splitting. These metagratings are inherently wide-band, benefiting from low dispersion of
the waveguide modes. Three metagratings are designed, 3D printed, and tested experimentally at 0.14
THz for 70◦ refraction, 80◦ refraction, and ±70◦ beam splitting. The measured efficiency shows good
agreement with the design. The proposed metagratings, with simple structures and large feature sizes, can
be easily scaled to applications at higher terahertz frequencies.
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I. INTRODUCTION

Metasurfaces, composed of a thin layer of artificially
devised elements with subwavelength size and a dense
lattice distribution [1,2], have been developed to provide
a powerful boundary to control the direction of a beam
following a generalized Snell’s law [3–5]. However, it is
recognized that such local phase compensation is always
accompanied by parasitic scattering due to an impedance
mismatch between the incoming and target beams [6].
When the transmission (reflection) direction deviates by a
large amount from the incident (specular-reflection) direc-
tion, namely when one has large-angle anomalous refrac-
tion (reflection), an increased impedance mismatch leads
to inefficiency. Perfect beam deflection generally requires
metasurfaces to be implemented with undesired active ele-
ments [7,8], which complicates the design and fabrication.
Hence, tremendous efforts are being dedicated to achieving
full beam control via passive lossless metasurfaces.

Near-perfect large-angle reflection has been achieved
passively by exploiting the nonlocal effects of evanes-
cent [9,10] and leaky [11,12] modes. These evanescent
and leaky modes absorb energy in one place and release
it elsewhere so as to emulate gain and loss, while the
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average power over a macroperiod remains constant. An
alternative method of reflection manipulation is achieved
by using a conformal metasurface following a power-
conserved profile in order to avoid nonlocality [13]. On
the other hand, reflectionless large-angle refraction can
be achieved with an omega-type bianisotropic metasur-
face [14,15], which features magnetoelectric coupling and
simultaneously matches the input and output waves via an
asymmetric stack of impedance sheets.

Such layered impedance sheets have recently been fab-
ricated in printed-circuit-board (PCB) structures [16,17].
Experimental results demonstrate efficient and reflection-
less large-angle refraction around 20 GHz. Still, part of the
energy is absorbed due to loss in the material. The con-
stituent elements are chosen based on their responses in
a periodic array, and then are gathered together densely
to capture the fast-varying impedance profile. The inter-
coupling between adjacent elements is not accounted for
accurately [18]. Collective optimization of all the ele-
ments is usually needed in order to approach the theoretical
efficiency in practice [16,19].

Instead of implementing a rigorous surface-impedance
or polarizability profile with dense scatterers, the concept
of a metagrating offers an alternative solution to the prob-
lem of controlling the beam direction by concentrating
energy into one or a few nonzero diffraction orders [20].
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The scatterers in metagratings do not explicitly implement
an impedance profile and therefore are not limited to a sub-
wavelength scale and a dense distribution. Accordingly,
the merits of metagratings reside in relaxed fabrication
requirements and simplified design. For large-angle reflec-
tion, only two or three diffraction Bloch modes fall inside
the propagation region. The use of one or two scatterers
in a period backed by a ground plane has been proposed
in order to send the beam into a specific diffraction order
while annihilating the rest [21–24]. A metallic grating
with etched uniform grooves has been proposed in order
to achieve wide-band and wide-angle reflection control
[25]. We have also successfully demonstrated large-angle
reflection of a terahertz beam with low-index dielectric
metagratings [26,27]. The concept has been generalized
further to arbitrary control of n diffraction orders with
enough degrees of freedom [28,29].

For large-angle refraction, a metagrating has to can-
cel undesired diffraction on both the transmission and the
reflection side. This has been achieved at 20 GHz using
layered and laterally offset PCB conducting strips, with
an efficiency of 90% [30,31]. For operation in the visi-
ble and infrared bands, large-angle-refracting metagratings
are usually composed of optimized high-index dielectric
scatterers. TiO2 [32] and Si [33] periodic dimers have
been used to diffract visible light by more than 80◦ with
an experimental efficiency of 40%. Si free-form scatter-
ers [34] and Si bianisotropic scatterers [35] have achieved
75◦ beam refraction in the near IR and mid-IR with exper-
imental efficiencies of 75% and 95%. A TiO2 kissing-
dimer metagrating for broadband directional scattering has
also been demonstrated [36]. These all benefit from a
highly asymmetric radiation pattern and multiresonance
features.

Until now, large-angle refraction at terahertz (THz) fre-
quencies has rarely been reported, except for a simulated
design for trilayer metasurfaces operating at 1 THz [19].
Cascaded PCB metasurfaces operating at millimeter fre-
quencies may be pushed up to THz operation [37,38].
In addition, there are many THz-transparent polymers
[polystyrene, polyethylene, polypropylene, polylactic acid
(PLA), etc.] with a relatively low refractive index of
1.5–1.6 [39–41]. They have very low absorption coeffi-
cients, especially at sub-THz frequencies (0.1–0.3 THz).
The booming three-dimensional (3D) printing technique
can shape such polymers into complicated structures [42,
43]. Instead of scaling PCB structures from the microwave
range and scaling high-index designs from the visible
range, developing low-index 3D-printed metagratings is
well suited for filling the gap in the THz diffraction ele-
ments that are urgently needed for THz spectral-analysis
and imaging applications [44–46]. Here we focus on
achieving efficient wide-band large-angle refraction and
beam splitting at THz frequencies with 3D-printed poly-
mer metagratings.

We develop a simple analytical model to characterize
diffraction in dielectric metagratings by expressing the
fields in each layer via a few propagating Bloch modes.
This model provides physical insights into the degrees
of freedom in diffraction engineering, which are limited
mainly by the number of waveguide modes in the grat-
ing layer. We next show that the number of waveguide
modes is governed by the refractive index rather than the
geometry of the metagrating. There are not enough waveg-
uide modes in low-index (polymer) metagratings no matter
how the constituent scatterers are designed, leading to
very inefficient diffraction engineering at THz frequencies.
Bilayer and trilayer gratings are then proposed, to enrich
the waveguide modes and to achieve efficient and near-
perfect large-angle refraction and beam splitting. Such
metagratings, with a very sparse scatterer distribution (one
ridge per period per layer), are 3D printed and tested at
0.14 THz; they have high efficiency and a series of addi-
tional merits, such as a large feature size, low cost, fast
fabrication, and a simple design process. The simulated
bandwidth is much wider than that in reported results.

II. ANALYTICAL MODEL FOR DIFFRACTION
ENGINEERING WITH DIELECTRIC

METAGRATINGS

As shown in Fig. 1(a), we aim to control the beam
direction by concentrating the energy into one or a few
specific diffraction channels of the dielectric metagrating,
while suppressing spurious diffraction in other channels.
One functionality that a metagrating may have is anoma-
lous refraction, similar to that of a blazed grating. The
grating period � is related to the refraction angle θt by the
well-known Floquet theorem [47,48],

sin(θt) − sin(θi) = l
λ

�
, (1)

where λ is the operation wavelength and l is the diffraction
order. Normal excitation (θi = 0) with a TM polariza-
tion (x-polarized) is considered throughout this paper, but
the analysis can be extended to oblique excitation and
TE polarizations. The zeroth order corresponds to nor-
mal refraction. One can choose the period so that the
anomalous refraction matches the next diffraction order,
with l = 1, leading to a grating period � = λ/ sin θt with
a few ridges included [there are two ridges per period
in Fig. 1(b)]. When θt > 30◦, Eq. (1) implies that only
three propagating diffraction channels (l = 0, ±1) exist,
on both the transmission and the reflection side, with
the higher-order diffraction being evanescent. Hence, one
needs to block five channels to efficiently guide energy
into the first order in transmission, as shown in Fig. 1(a).
For small-angle anomalous refraction with θt < 30◦, the
complexity of the metagrating design increases as more
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FIG. 1. (a) Schematic illustration of a monolayer dielectric
metagrating for anomalous refraction through diffraction engi-
neering. (b) Geometry of a grating period, composed of two
asymmetric ridges. (c) Illustration of the waveguide modes
bouncing inside the grating and the diffraction Bloch modes
outside, which are coupled and matched at the top and bottom
interfaces.

diffraction channels appear, and a phase-gradient meta-
surface is a better choice. Here we focus on diffraction
engineering of the three transmission channels and pro-
hibiting the three reflection channels in order to achieve
large-angle anomalous refraction and beam splitting at low
THz frequencies.

To achieve this goal, we develop a simplified analytical
model by expressing the electromagnetic fields inside and
outside the metagrating as superpositions of plane-wave
Bloch modes and connecting them via boundary condi-
tions. By neglecting evanescent Bloch modes and keeping
propagating ones, this model provides a clear physical
interpretation of the conditions required to freely engineer
diffraction in dielectric metagratings and inspires a design
methodology in the case when the metagrating is made of
a low-index dielectric. Evanescent modes can be safely
ignored, as the skin depth is much smaller than the grat-
ing thickness. They do not communicate between layers.
This model has been applied to explain the high reflectiv-
ity of high-contrast subwavelength gratings [49]. Here we
extend it to analyze the diffraction behavior of dielectric

metagratings. The accuracy of such an analysis is checked
further with full-wave simulations later.

In the monolayer metagrating shown in Fig. 1(b), the
field distribution is divided into three layers (below, in,
and above the grating). With TM-polarized excitation, the
nonzero field components are Ex, Hy , and Ez. The fields in
each layer can be written as a summation of Bloch modes
as in Eqs. (2)–(4), with a periodicity of �:

Hyi(x, z) =
M∑

m=1

hyim(x)(a+
ime−j βim(z−zi) − a−

imej βim(z−zi)),

(2)

Exi(x, z) =
M∑

m=1

exim(x)(a+
ime−j βim(z−zi) + a−

imej βim(z−zi)),

(3)

Ezi(x, z) =
M∑

m=1

ezim(x)(a+
ime−j βim(z−zi) − a−

imej βim(z−zi)).

(4)

Here, i denotes the ith layer, as shown in Fig. 1(b); m is
an integer index of the Bloch modes ranging from 1 to
M , where M denotes the number of propagating Bloch
modes in the ith layer, and evanescent modes are neglected.
The rationality of the mode cutoff is discussed further in
Sec. IV. zi is the position of the top interface of the ith
layer and is 0 for the last layer. The output of the grating is
always located at z = 0. hyim, exim, and ezim are the lateral
mode profiles, and a+

im and a−
im stand for the mode coef-

ficients for forward and backward propagation in the ith
layer in Fig. 1(c). βim is the propagation constant of each
Bloch mode along the z direction.

The lateral magnetic field profiles hyim are given next,
and the electric components exim and ezim can be derived
from Maxwell’s equations, which are not shown for sim-
plicity. For a homogeneous layer with relative permittivity
εi = 1, such as layers i = 1, 3 in Fig. 1(b), hyim can be
written as

hyim(x) = e−j (2π/�)mx, (5)

and βim can be calculated from

βim =
√

k2
0 −

(
2π

�
m

)2

. (6)

For an inhomogeneous grating layer, the lateral field pro-
file is a waveguide mode propagating along z. hyim can be
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expressed in segments as

hyim(0 < x < W1) = Am cos
[

kam

(
x − W1

2

)]

+ Bm sin
[

kam

(
x − W1

2

)]
, (7)

hyim(W1 < x < W2) = Cm cos
[

kbm

(
x − W1 + W2

2

)]

+ Dm sin
[

kbm

(
x − W1 + W2

2

)]
,

(8)

hyim(W2 < x < W3) = Em cos
[

kam

(
x − W2 + W3

2

)]

+ Fm sin
[

kam

(
x − W2 + W3

2

)]
,

(9)

hyim(W3 < x < �) = Gm cos
[

kbm

(
x − W3 + �

2

)]

+ Hm sin
[

kbm

(
x − W3 + �

2

)]
.

(10)

When more ridges are included in a period, the lateral field
profile can be expressed with additional segments. Here
βim is related to the lateral wave vectors kam and kbm by

βim =
√

k2
0 − k2

am =
√

εdk2
0 − k2

bm, (11)

where εd is the relative permittivity of the dielectric ridge.
hyim and ezim should be matched at x = 0, W1, W2, W3, and
� as follows:

hyim(�−) = hyim(0+), ezim(�−) = ezim(0+), (12)

hyim(W−
1 ) = hyim(W+

1 ), ezim(W−
1 ) = ezim(W+

1 ), (13)

hyim(W−
2 ) = hyim(W+

2 ), ezim(W−
2 ) = ezim(W+

2 ), (14)

hyim(W−
3 ) = hyim(W+

3 ), ezim(W−
3 ) = ezim(W+

3 ), (15)

where the superscript minus and plus signs mean that the
value is approached from the left and the right side, respec-
tively. By combining Eqs. (11)–(15), one can write the
coefficient matrix of the unknowns Am, Bm, . . . , Hm. The
dispersion equation of the waveguide modes is obtained
by setting the determinant of the coefficient matrix to zero;
this is implicitly governed by W1, W2, W3, and �.

Having the lateral field profile, we next analyze the
mode coefficients a+

im and a−
im in each layer. a+

1m is known
from the excitation, and a−

3m is 0 as no reflection exists
in the last layer. a−

1m and a+
3m are the unknown diffraction

coefficients to be solved for on the reflection and trans-
mission sides, and are finally determined by matching the
tangential fields at the layer interfaces.

We call the Bloch modes diffraction modes in layers
i = 1, 3, and waveguide modes in layer i = 2. Large-
angle anomalous refraction limits the number of diffrac-
tion modes to M = 3 (m = −1, 0, 1), while the number
of waveguide modes N is determined by the material
and geometry of the metagrating. Matching the tangential
fields at the layer interfaces gives the relation between the
diffraction modes and waveguide modes, and the degree
of freedom that governs this relation. Continuity of Hy at
z = 0 leads to

M∑
m=1

hy3m(x)a+
3m =

N∑
n=1

hy2n(x)(a+
2n − a−

2n), (16)

when M diffraction modes and N waveguide modes are
supported in the third and second layer, respectively. Mul-
tiplying both sides by h∗

y3m = ej (2π/�)mx and taking the
average over a period, we can write a+

3m explicitly as

a+
3m =

N∑
n=1

1
�

∫ �

0
hy2n(x)h∗

y3m(x) dx(a+
2n − a−

2n). (17)

By writing the mode coefficients as a vector, such as �a+
3 =

(a+
31 a+

32 · · · a+
3M )T, Eq. (17) can be generalized to

�a+
3 = H32(�a+

2 − �a−
2 ), (18a)

�a+
3 = E32(�a+

2 + �a−
2 ), (18b)

where H32 (E32) is the overlap integral matrix for the mag-
netic (electric) fields in the third and second layers. The
matrix elements are defined purely by the lateral field
profiles as

H32(m, n) = 1
�

∫ �

0
hy2n(x)h∗

y3m(x) dx, (19a)

E32(m, n) = 1
�

∫ �

0
ex2n(x)e∗

x3m(x) dx. (19b)

Further, we define a reflection matrix ρi relating the for-
ward and backward mode coefficients by

�a−
i = ρi�a+

i , (20)

so that Eq. (18) can be rewritten as

�a+
3 = H32(I − ρ2)�a+

2 , (21a)

�a+
3 = E32(I + ρ2)�a+

2 . (21b)

ρ2 can be calculated from Eq. (21).
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Intermediate
parameters

FIG. 2. Flowchart of the simplified analytical calculation of the diffraction coefficients from the geometric parameters for a
monolayer metagrating.

Next, Hy and Ex are matched between the first and
second layers at z = −h as follows:

�a+
1 − �a−

1 = (I − ρ1)�a+
1 = H12(φ

−1 − φρ2)�a+
2 , (22a)

�a+
1 + �a−

1 = (I + ρ1)�a+
1 = E12(φ

−1 + φρ2)�a+
2 , (22b)

where φ = diag[exp(−j β2nh)] is a diagonal matrix
describing the accumulated phase factor when each waveg-
uide mode propagates from z = 0 to z = −h.

In order to extract the diffraction coefficients a+
3m and

a−
1m (denoted by tm and rm for simplicity) from the given

geometric parameters [W1, W2, W3, h in Fig. 1(b)], we fol-
low the flowchart in Fig. 2. Firstly, the lateral distributions
hy2n and ex2n (n = 1, . . . , N ) of the waveguide modes in
the grating layer are solved for from the width parame-
ters (W1, W2, W3) following Eqs. (7)–(15), while the lateral
distributions of the diffraction modes in air (hy1m = hy3m,
ex1m = ex3m, m = −1, 0, 1) are irrelevant to the geometry
and are fixed as in Eq. (5). Hence all the overlap integral
matrices H32, H12, E32, and E12 are solved for following Eq.
(19). Note that although each overlap integral matrix has
3 × N elements, one cannot change each element indepen-
dently. The definition in Eq. (19) shows that there are only
N independent physical parameters (hy21, hy22, . . . , hy2N or
ex21, ex22, . . . , ex2N ), which is the number of waveguide
modes. And all four matrixes are totally determined by
the N physical parameters. Then ρ2 is solved for from Eq.
(21) based on the above known quantities, and ρ1 is solved
for from Eq. (22) by introducing the thickness parameter h
into the phase factor φ. From ρ1, the diffraction coefficients
[r−1 r0 r1]T (�a−

1 ) are calculated. �a+
2 is then solvable

by revisiting Eq. (22), and finally the diffraction coeffi-
cients [t−1 t0 t1]T (�a+

3 ) are obtained by revisiting Eq.
(21). As indicated in Fig. 2, the input geometric parameters
(W1, W2, W3, h) are translated into independent physical
parameters (hy2n, n = 1 · · · N , and φ). After intermediate
calculations, they finally determine the output diffraction
coefficients.

Following the flowchart, we define the calculation as
a function with appropriate input and output parameters
(geometric and diffraction parameters). Optimization of the
grating geometry is done by minimizing an appropriately
defined figure of merit (FOM) based on a gradient-descent

algorithm. For large-angle refraction, the FOM is equal to
−|t1|2, and for beam splitting into orders ±1, the FOM
is

∣∣|t1|2 − |t−1|2
∣∣ /|t1|2. The lower limit of the ridge width

is set at 0.3 mm, considering the fabrication resolution of
our current 3D printer. The thinnest possible structure is
chosen to ensure light weight and compactness. The opti-
mization implicitly helps to find the best grating geometry,
in which the waveguide modes are constructively coupled
into the desired diffraction order while they are destruc-
tively cancelled in other orders. All the metagratings con-
sidered throughout this paper are optimized following this
rule in the simplified analytical model. However, their
performance is verified with full-wave finite-difference
time-domain (FDTD) simulations using the commercial
software package Lumerical FDTD Solutions, and all the
simulation results in the plots are from FDTD simulations
for accuracy if not otherwise mentioned.

Figure 2 shows that the degrees of freedom in diffrac-
tion engineering are directly governed by the number of
physical parameters (waveguide modes in the grating layer
and the propagation phase factor), and indirectly related
to the number of geometric parameters. Eventually, one
needs a sufficient number of geometric parameters to con-
trol the waveguide modes and the diffraction. The number
of physical parameters may not be equal to the num-
ber of geometric parameters, and the smaller of the two
determines the degrees of freedom in diffraction engineer-
ing. Arbitrary control of the six diffraction parameters
means six nonlinear constraints in the optimization prob-
lem. The conservation of power sets the last diffraction
coefficient deterministically once the first five have been
found. Accordingly, the minimum number of geometric
and physical parameters should be five.

III. LIMITATIONS OF MONOLAYER LOW-INDEX
METAGRATINGS

The grating material, the period, and the geometry of the
constituent ridges together define the number of waveg-
uide modes, the mode profiles, and the mode coefficients.
We next show that the number of waveguide modes is
determined mainly by the period and the refractive index
rather than by the geometry of the grating ridges. When a
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FIG. 3. (a),(b) Number of propagating waveguide modes in a
monolayer dielectric grating for different refractive indices and
periods (corresponding to different refraction angles on the right
y axis) when (a) two random ridges and (b) four random ridges
are included in a period. (c) Number of propagating waveg-
uide modes in a PLA metagrating (refractive index 1.57) with
a period of 1.02λ for 80◦ refraction when different numbers of
ridges are included in a period. (d) Number of waveguide modes
and diffraction modes when the grating period is an integer mul-
tiple of �0 = 1.02λ for higher-order diffraction engineering of
monolayer PLA metagratings. All results are obtained from the
simplified analytical model.

low-index dielectric (such as the polymer PLA at THz fre-
quencies) is used, the number of waveguide modes in the
metagrating is insufficient to fully control the diffraction
pattern, leading to inefficient anomalous refraction.

Figures 3(a) and 3(b) summarize the number of waveg-
uide modes N calculated from the simplified analytical
model as functions of the period � (corresponding to dif-
ferent bending angles θt) and the refractive index, when the
grating period contains two [Fig. 3(a)] or four [Fig. 3(b)]
randomly distributed ridges. The similarity of the two fig-
ures demonstrates that N is insensitive to the detailed
geometry of the grating, but is mainly determined by the
refractive index and period. N decreases with decreasing
period and refractive index.

When the refractive index is 3.5 (i.e., Si), N is not less
than 5 for all bending angles up to 80◦, enough to con-
trol six diffraction coefficients. However, for a PLA grating
with a refractive index of 1.57, N decreases from 6 to
3 as the period shrinks. Figure 3(c) shows that adding a
greater number of ridges in a period (with a fixed � =
1.02λ for 80◦ refraction) does not increase the number of
waveguide modes, although this provides additional geo-
metric parameters. Increasing the degrees of freedom is
not feasible in a denser grating. Additionally, by increas-
ing the grating period from �0 to an integer multiple of
�0 (where �0 = λ/ sin 80◦), one can align the refraction
with a higher diffraction order (l > 1) rather than the first

FIG. 4. Maximized first-order diffraction efficiency of mono-
layer (dots), bilayer (stars), and trilayer (squares) PLA metagrat-
ings for different refraction angles at 140 GHz. The efficiency of
bilayer metagratings with unified thickness parameters for dif-
ferent refraction angles from 30◦ to 80◦ is added for comparison
(diamonds).

order, following Eq. (1). Figure 3(d) shows the numbers of
diffraction modes and waveguide modes in PLA gratings
with different periods. The numbers of diffraction modes
and waveguide modes increase simultaneously. One still
does not have enough degrees of freedom to fully control
the diffraction.

As a result, one can find a silicon bipartite grating com-
posed of two ridges per period for 70◦ refraction, with an
efficiency of 87% due to appropriate interaction of the five
waveguide modes (the dimensions are given in Table I,
row 1). In contrast, the efficiency of anomalous refraction
drops with refraction angle for a bipartite PLA grating, as
shown by the line of dots in Fig. 4, indicating an efficiency
of 89% for 30◦ refraction (six waveguide modes) and
only 24% for 80◦ refraction (three waveguide modes). The
dimensions of the 30◦ and 80◦ PLA gratings are shown in
Table I, in rows 2 and 3, respectively. These findings reveal
the limitations of low-index metagratings for diffraction
engineering due to the insufficient number of waveguide
modes. Next we propose a solution to increasing the num-
ber of waveguide modes by using bilayer and multilayer
configurations.

IV. BILAYER AND TRILAYER UNIFORM
METAGRATINGS FOR ARBITRARY

DIFFRACTION ENGINEERING

A. Large-angle anomalous refraction

Here we propose a bilayer uniform PLA metagrating
[Fig. 5(a)] for large-angle anomalous refraction. The top
and bottom PLA gratings, with only a single ridge in a
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TABLE I. Geometric parameters of refracting and splitting metagratings with normal excitation.

Material
Angle
(deg)

Fig.
No.

�

(mm)
W1

(mm)
W2

(mm)
W3

(mm)
h1

(mm)
hsub1
(mm)

h2
(mm)

hsub2
(mm)

h3
(mm)

Efficiency
η (%)

Bandwidth
(90% of η)

(%)

1 Si 70 1(b) 2.28 0.22 0.55 1.49 1.25 . . . . . . . . . . . . 87 3
2 PLA 30 1(b) 4.28 0.62 1.64 3.73 3.98 . . . . . . . . . . . . 89 . . .

3 PLA 80 1(b) 2.18 0.44 0.82 0.94 2.17 . . . . . . . . . . . . 24 . . .

4 PLA 70 5(a) 2.28 1.36 0.77 . . . 2.04 3.59 5.76 . . . . . . 94 7
5 PLA 80 5(a) 2.18 1.13 0.66 . . . 1.95 2.82 5.85 . . . . . . 82 2
6 PLA 70 5(b) 2.28 1.72 1.06 0.58 2.23 1.48 2.50 2.39 2.39 99.5 7
7 PLA 80 5(b) 2.18 1.57 0.90 0.57 1.81 1.62 2.41 1.72 2.42 94 2
8 PLA 70 5(a) 2.28 1.14 0.52 . . . 2.00 2.10 3.10 . . . . . . 88 21
9 PLA 80 5(a) 2.18 0.97 0.37 . . . 2.00 2.10 3.10 . . . . . . 71 25
10 PLA ±70 5(a) 2.28 0.98 0.95 . . . 2.00 2.10 3.10 . . . . . . 80 25

period, are separated by a uniform PLA slab. The field dis-
tribution is divided into five layers, as shown in Fig. 5(a).
The simplified analytical model presented in Sec. II can
be generalized to analyze multilayer grating configura-
tions. The general field expressions are still given by Eqs.
(2)–(4), where the lateral field profiles and dispersion rela-
tions of the waveguide modes are governed by matching
of the boundary conditions at constant-x interfaces, and
the forward and backward propagation coefficients along
z can be derived by matching the boundary conditions at
constant-z interfaces. Here we omit the details, and instead
give a set of key equations governing the relation between
the diffraction modes and waveguide modes as follows:

�a+
5 = (t−1 t0 t1)T = H54(I − ρ4)�a+

4 , (23a)

�a+
5 = (t−1 t0 t1)T = E54(I + ρ4)�a+

4 , (23b)

H34(φ
−1
4 − φ4ρ4)�a+

4 = (I − ρ3)�a+
3 , (24a)

E34(φ
−1
4 + φ4ρ4)�a+

4 = (I + ρ3)�a+
3 , (24b)

H32(I − ρ2)�a+
2 = (φ−1

3 − φ3ρ3)�a+
3 , (25a)

E32(I + ρ2)�a+
2 = (φ−1

3 + φ3ρ3)�a+
3 , (25b)

(I − ρ1)�a+
1 = (r−1 1 − r0 r1)

T

= H12(φ
−1
2 − φ2ρ2)�a+

2 , (26a)

(I + ρ1)�a+
1 = (r−1 1 + r0 r1)

T

= E12(φ
−1
2 + φ2ρ2)�a+

2 . (26b)

A flowchart for the analysis of a bilayer metagrating is
shown in Fig. 6. The independent geometric parameters are
W1, W2, h1, hsub, h2. They are used to calculate N + M +
3 independent physical parameters: N waveguide modes
in the bottom grating layer, M waveguide modes in the
top grating layer, and three thickness-determined phase
factors. From the analysis in Sec. III, N = M ≥ 3 for low-
index bilayer metagratings, and N + M + 3 is enough to
control six diffraction coefficients. Given the input geomet-
ric parameters and related physical parameters, it is easy
to conclude from Eqs. (23) and (26) that [t−1 t0 t1]T

is mainly determined by the waveguide modes in the top
grating layer, and [r−1 r0 r1]T by the bottom grating
layer. Note that the modes in the top (i = 4) and bot-
tom (i = 2) grating layers are not completely independent,
and they still need to match the field in the middle layer

FIG. 5. Schematic illustration of (a) bilayer and (b) trilayer PLA metagrating. The dashed box depicts a period. The metagrating is
composed of one ridge per period per layer, separated by uniform PLA slabs. To break the symmetry of the diffraction pattern, all the
ridges are aligned with their right edges.
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FIG. 6. Flowchart of simplified analytical calculation of diffraction coefficients from the geometric parameters of bilayer metagrat-
ings.

(i = 3) at two interfaces (z = z2 and z = z3) following Eqs.
(24) and (25). If the slab in the third layer is removed,
the top and bottom waveguide modes experience stronger
constraints since they have to be matched at the same
interface. In contrast, such constraints are relaxed with
an increased number of grating layers, and the waveguide
modes in the first and last grating layers become more inde-
pendent, allowing one to freely control the diffraction in
transmission and reflection. We next show that the bilayer
metagrating in Fig. 5(a) is already efficient for large-angle
anomalous refraction, while the trilayer design in Fig. 5(b)
offers near-perfect refraction.

We choose the minimum number of ridges in each grat-
ing layer, only one per period (uniform grating), to relax
the fabrication requirements and to simplify the design pro-
cess. The top and bottom ridges are forced to be aligned
with their right edges. Such a sparse simple structure
breaks two types of symmetry in a way necessary for
efficient anomalous refraction: input and output symme-
try along the ±z directions, and diffraction symmetry in
the ±1st orders. For a specific bending angle θt, the opti-
mization is done to minimize the FOM −|t1|2. During each
iteration, the FOM is evaluated following the flowchart in
Fig. 6 with a given set of [W1, W2, h1, hsub, h3].

The efficiency of the optimized bilayer uniform PLA
metagratings for different refraction angles is shown by the
line of stars in Fig. 4, and is 94% and 82% for 70◦ and 80◦
refraction, respectively (the dimensions are given in Table
I, rows 4 and 5). The bilayer design significantly improves
the efficiency for large-angle refraction because of the
increased number of waveguide modes. Because of the
weak constraints on the waveguide modes in the top and
bottom layers following Eqs. (24) and (25), the efficiency
is not unity. In order to further improve the large-angle
efficiency towards unity, trilayer designs (three layers of
gratings separated by two slabs) are optimized [Fig. 5(b)],
so that the top and bottom gratings gain more degrees of
freedom to allow one to independently match the desired
diffraction pattern in transmission and reflection. The effi-
ciencies of the trilayer designs are 99.5% and 94% for 70◦

and 80◦ refraction, respectively (the dimensions are given
in Table I, rows 6 and 7).

An appropriate combination of different-angle metagrat-
ings may lead to more complicated devices for wavefront
shaping such as tight-focusing lenses [33]. In order to keep
a planar profile for further applications, we also investi-
gate the bending efficiency when the thickness parameters
are the same for all θt. To find a suitable set of unified
thickness parameters for all refraction angles, the FOM for
the optimization is defined as −[|t1(70◦)|2 + |t1(75◦)|2 +
|t1(80◦)|2]. The unified thickness parameters impose a
restriction that leads to a decrease in efficiency beyond
50◦ (line of diamonds in Fig. 4). In the trilayer design,
the geometric parameters are surplus, such that the unified
thickness has no impact on the efficiency (not shown). In
particular, we find that bilayer metagratings with the uni-
fied thickness sacrifice some efficiency but gain a wide
bandwidth, as will be detailed later. To reconcile simplic-
ity of structure, efficiency, and bandwidth performance, we
finally choose bilayer metagratings with unified thickness
parameters to achieve 70◦ and 80◦ refraction in the follow-
ing simulation and experimental study (the dimensions are
given in Table I, rows 8 and 9).

The efficiencies for all diffraction orders of the bilayer
metagratings for 70◦ and 80◦ refraction at 140 GHz are
shown in Fig. 7(a). The results from the simplified ana-
lytical model (SAM) and from FDTD simulations are in
reasonably good agreement. Figure 7(b) depicts the field
pattern of Hy in the optimized 80◦ metagratings calcu-
lated from the SAM and from FDTD simulations. The
uniform wavefront indicates high diffraction efficiency
towards the target direction. The magnitude is approx-
imately 1/

√
cos 80◦. The detailed near-field comparison

between the SAM and FDTD simulations in Fig. 7(b)
shows that the field above the grating is the same, while
the field inside the grating shows some dissimilarity,
especially around the layer interfaces. This indicates that
evanescent modes inside the grating are indeed excited, but
they decay so that they have negligible coupling with adja-
cent layers due to the large thickness, hardly contributing
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(a) (b) (c)

FIG. 7. (a) Efficiencies for all diffraction orders in transmission and reflection for optimized 70◦ and 80◦ refracting metagratings
(with unified thickness for 140 GHz). The diamonds and circles show results from the SAM and from FDTD simulations, respectively,
with reasonably good agreement. (b) Field distribution of Hy in (−3.4λ < z < 0) and above the optimized 80◦ metagrating (z > 0).
The left and right panels are calculated from the SAM and from FDTD simulations, respectively. The dashed lines depict the interfaces
between adjacent layers. (c) Poynting vector along x and z directions at the output interface and at 2.7λ away from the metagrating.

to the diffraction pattern outside the grating. To further val-
idate the negligible contribution of the evanescent modes
outside the grating, we plot the Poynting vector along the
x and z directions (Px and Pz) at two propagation dis-
tances in Fig. 7(c), one at the top interface and the other
at 2.7λ away. One can safely ignore the evanescent diffrac-
tion modes, as the two Px curves almost overlap, and so do
the Pz curves.

Hence, the SAM solves the problem of the diffraction
of the grating with enough accuracy, while offering a clear
physical insight into the degrees of freedom for implemen-
tation of metagratings. In order to show clearly how the
waveguide modes in a bilayer metagrating lead to efficient
first-order diffraction in transmission, we simplify Eq. (23)
further to

(t−1 t0 t1)T = X �a+
4 , (27)

where X = E54(I + ρ4) represents the coupling matrix
between the diffraction modes and waveguide modes. Then
each diffraction coefficient can be decomposed into three
components as follows:

t1 = t(1)

1 + t(2)

1 + t(3)

1

= X(3,1)a+
41 + X(3,2)a+

42 + X(3,3)a+
43. (28)

The remaining five diffraction coefficients can be written
similarly as superpositions of three components. Figure 8
shows how the three components are superimposed (the
three black arrows) in the final diffraction-coefficient vec-
tor (red arrows), with each part of the figure correspond-
ing to a diffraction order of the optimized 70◦ refracting
metagrating at 140 GHz. Evidently, the large magnitude
of t1 originates from the constructive superposition of
the three waveguide modes in the top grating layer in

Fig. 8(a), while destructive superposition is observed in
all the remaining parts of the figure, leading to very weak
spurious diffraction. The parts of the figure are enlarged to
different levels for clarity.

The frequency response of the first-order efficiency is
plotted in Fig. 9(a) for 70◦ and 80◦ metagratings. When
an efficiency above 90% of the maximum is considered
[31,50], the bandwidth is 32 GHz, from 138 to 170 GHz,
for 70◦ refraction, leading to a relative bandwidth of
21% (25% for 80◦ refraction). The beam direction can be
scanned efficiently from 50.7◦ to 72.5◦ by changing the
operation frequency. In contrast, currently reported meta-
surfaces and metagratings for large-angle refraction show
a bandwidth of a few percent, as listed in Table II. Hence,
the low-index metagrating proposed here is indeed a wide-
band anomalous refractor. To explain the bandwidth, the
dispersion of each waveguide mode inside the 70◦ grat-
ing obtained from the SAM is plotted in Fig. 9(b). Below
177 GHz, there are three modes in the bottom grating
(solid lines). The mode with the largest mode index is
the fundamental mode. The cutoff frequencies (85 and 96
GHz) of the second and third modes are much less than
the target frequency, 140 GHz. Hence, all three modes
show very low dispersion behavior, and the same is true
for the modes in the top layer (dashed lines). The higher-
order modes with strong dispersion above 177 GHz are
the main reason for efficiency deterioration, and set an
upper limit on the operation frequency. The lower limit
of the bandwidth originates from the cutoff of the first
diffraction order. In fact, low dispersion and a wide band-
width are unique merits of low-index metagratings. To
prove this, we plot the bandwidth [Fig. 9(c)] and mode
dispersion [Fig. 9(d)] of a high-index (n = 3.5) monolayer
metagrating for 70◦ refraction at 140 GHz (Table I, row
1). The peak efficiency is 87%, but the bandwidth is much
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FIG. 8. (a)–(c) Superposition of the three waveguide modes in
the top grating layer in the diffraction-coefficient vector on the
transmission side [t1 (a), t0 (b), and t−1 (c)]. (d)–(f) Superposition
of the three waveguide modes in the bottom grating layer in the
diffraction coefficients on the reflection side [r1 (d), r0 (e), and
r−1 (f)]. Each part is obtained from the SAM and is enlarged to
different levels for better comparison. The radius of each circle is
added in the upper right corner.

narrower. Five waveguide modes in the grating layer show
stronger dispersion, so that efficient first-order diffraction
occurs tightly around the design frequency only.

B. Large-angle beam splitting

To further demonstrate the freedom of diffraction engi-
neering in bilayer low-index metagratings, an efficient
large-angle beam splitter is designed, which splits the
incoming beam into −1st and +1st orders (±70◦ at 140
GHz) evenly, as shown in Fig. 10(a). The geometry of the
bilayer metagrating is optimized in the analytical model
with the aforementioned FOM

∣∣|t1|2 − |t−1|2
∣∣ /|t1|2 and

the variables W1 and W2. The thickness parameters (h1,
h2, hsub) are still consistent with the previous refracting

FIG. 9. (a) Bandwidth for 70◦ and 80◦ anomalous refraction in
PLA metagratings. (b) Mode dispersion neff = βi/k0 of waveg-
uide modes in 70◦ metagrating. The solid lines depict the mode
dispersion in the bottom layer, and the dashed lines for the top
layer. (c) Bandwidth of a monolayer 70◦ refracting metagrating
made of silicon. (d) Dispersion of five waveguide modes inside
the monolayer silicon metagrating.

metasurfaces. The top and bottom ridges in the optimized
bilayer metagrating have very similar widths due to the
symmetry of the ±1st orders, but they have different thick-
nesses in order to match the input and output waves (the
dimensions are given in Table I, row 10). The efficiency for
each diffraction order at 140 GHz is shown in Fig. 10(b),
with values of 40% for the ±1st orders and 3% for the
zeroth order, and the rest of the energy is dominated by
specular reflection.

The near-field distribution at 140 GHz is calculated from
FDTD simulations and is shown in Fig. 10(c) for Gaussian
beam illumination. One finds that the light propagates in
extremely well-separated directions efficiently. Although
it is designed for a single frequency, the bandwidth of the
beam splitter is wide, as shown in Fig. 10(d). The diffrac-
tion efficiencies for the ±1st orders are equal from the
cutoff frequency of 131.5 GHz to 150 GHz, and have a
small difference up to 200 GHz except for an undesired res-
onance at 172.1 GHz in both diffraction orders. This beam
splitter is efficient, with a wide bandwidth and a wide range
of splitting angle tunable by frequency.

V. Experimental results

To experimentally validate the performance of the
bilayer low-index metagrating, samples made of PLA for
70◦ refraction, 80◦ refraction, and ±70◦ splitting at 140
GHz are fabricated with a 3D printer (Raise 3D N2) using
a fused-deposition modeling method. The nozzle diame-
ter is 200 μm. The samples are built layer by layer along
a uniform y direction. The temperatures of the supporting
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TABLE II. Summary of metasurfaces and metagratings for large-angle anomalous refaction.

Reference θi/θt Frequency Material
Num. of elements

per period

Min.
feature

size Thickness
Efficiency

η (%)

Bandwidth
(0.9 × η)

(%)

This work 0/70 140 GHz PLA 2 vertically stacked λ/4 3.4λ Sim.: 88 Expt.: 82 21
This work 0/80 140 GHz PLA 2 vertically stacked λ/5.5 3.4λ Sim.: 71 Expt.: 55 25
Ref. [16] 0/70 10.5 GHz PCB 6 λ/57 λ/9.4 Sim.: 92.3 Expt.: 90.5 ∼ 3.3

Ref. [17] 0/71.8 20 GHz PCB 10 λ/197 λ/11
Sim.: 67 (with

loss) Expt.: 57.6 ∼ 2

Ref. [18] 0/80 10 GHz PCB 6 λ/150 λ/12
Sim.: 76.6 (with
loss) Expt.: 70 . . .

Ref. [19] 0/70 1 THz PCB 4 . . . . . . Sim.: 91.4 ∼ 2
Ref. [30] 10/−70 20 GHz PCB 3 vertically stacked λ/197 λ/1.8 Sim.: 95.7 . . .

Ref. [31] 10/−60 20 GHz PCB 2 above 2 below λ/10 λ/10 Sim.: 89 Expt.: 90 ∼ 3
Ref. [32] 0/82 532 nm TiO2 1 (fishlike) λ/7.6 λ/1.7 Sim.: 50 Expt.: ∼ 40 ∼ 7
Ref. [33] 0/82 715 nm Si 2 λ/14.3 λ/2.9 Expt.: 35 (p) Expt.: 32 (s) ∼ 2.5

Ref. [34] 0/75 1050 nm Si 1 (free-form) λ/14.2 . . .

Sim.: 79 (TE) &
86 (TM) Expt.: 74
(TE) & 75 (TM) ∼ 2.5

Ref. [35] 0/85 6.5 μm Si 2 λ/8.1 λ/1.78 Sim.: 92 ∼ 0.6
Ref. [36] 0/65 650 nm TiO2 2 λ/4.1 λ/1.9 Sim.: 84 ∼ 16.7

base plate and printing nozzle are set to 60 ◦C and 215 ◦C,
respectively. The printing speed has a constant value of 60
mm/s. A full view of the printed sample for 80◦ refraction
is shown in Fig. 11(a); its size is 130 mm × 80 mm (61λ

long and 37λ wide in terms of the design wavelength at 140
GHz). Enlarged top, bottom, and side views are included
in the inset of Fig. 11(b).

The experimental setup is shown in Fig. 11(b). The
source is a continuous-wave IMPATT diode with a fre-
quency of 140 GHz. The beam is collimated by a Teflon
convex lens with a focal length of 151 mm and a diame-
ter of 4 inches. As the source is y-polarized, a 3D-printed
half-wave plate [51] is used to convert the light into the x
polarization so that one can measure the angular response
in the horizontal plane. A polarizer is inserted between the
sample and the HWP to further purify the polarization. A
Schottky-diode detector is moved around the sample at a
radius R = 27 cm (126λ away) with a step size of 2◦ to

detect the far-field angular distribution of the diffracted
light. A lock-in amplifier (Stanford Research System SR-
830) [not shown in Fig. 11(b)] is connected to the laser and
the detector for modulation and lock-in detection.

The intensity distribution of the beam without a meta-
grating is first measured and is shown as as the black
curves in Fig. 12, which show a Gaussian-like intensity
distribution centered at 0◦. Then the diffracted intensities
after the three metagratings are measured and are shown
in Figs. 12(a)–12(c). All the results are normalized to the
measured peak intensity of the source. The beam spot after
collimation, with a beam waist of rb = 25 mm, covers 23
periods. The finite beam width results in broadening of the
diffraction over a certain angular range.

For better comparison of the simulation and experi-
ment, the intensity distribution is simulated using two-
dimensional FDTD simulations where the source is a
Gaussian beam with a beam waist of 25 mm, as shown

(b) (c) (d)(a)

FIG. 10. (a) Schematic illustration of a large-angle splitter (±70◦ at 140 GHz) made from a bilayer uniform PLA metagrating. (b)
Simulated efficiency of each diffraction order at 140 GHz. (c) Field distribution (Hy ) of the splitter with Gaussian beam excitation. (d)
Bandwidth performance of each diffraction order. The results in (b)–(d) are from FDTD simulations.

014064-11



XIPU DONG et al. PHYS. REV. APPLIED 14, 014064 (2020)

(a)

(b)

FIG. 11. (a) Full view of the 3D-printed PLA metagrating for
80◦ refraction. (b) Experimental setup for measuring the diffrac-
tion pattern of a metagrating. The inset depicts an enlarged top
view, back view, and side view of the 80◦ metagrating. L, lens;
HWP, half-wave plate; P, polarizer.

by the green curves in Fig. 12. The simulation domain is
large enough to avoid edge effects. A perfectly-matched-
layer boundary condition is applied in all directions. A
linear monitor is placed 0.14λ after the sample to detect
electromagnetic components, and then a near-to-far trans-
formation is implemented to obtain the angular distribution
at a distance of 27 cm, which is consistent with the
experimental configuration.

For 70◦ refraction, the measured peak is located at 72◦,
with little difference compared with the design and the
simulation result. For 80◦ refraction, the position of the

intensity peak agrees well with the design. We next cal-
culate the diffraction efficiency for the first order while
taking into account the beam-broadening effect. The input
power is obtained by integration of the source intensity
from −90◦ to 90◦. The power diffracted into the desired
direction is integrated from null to null (around −25 dB).
The refraction efficiency is defined as the power in the
desired diffraction order over the incident power [17,18],
and is a total efficiency taking reflection and absorption
into account. The measured efficiencies are 82% and 55%
for 70◦ and 80◦ refraction, respectively. The simulated effi-
ciencies are similarly calculated as 85% and 61%. The
experimental and simulation results generally agree, with
a slight difference due to fabrication errors. The efficiency
degradation as compared with the case of an infinite-period
grating [88% and 71% for 70◦ and 80◦ refraction, respec-
tively, in Fig. 7(a)] is due to the finite illumination area.
Taking 80◦ refraction as an example, the simulated effi-
ciency is 67% if a Gaussian beam with a beam waist of
44 mm is used, and 70% with a beam waist of 85 mm,
gradually approaching the theoretical limit of 71%. There-
fore, by increasing the beam size and the sample size, one
can match the measured efficiency better to the theoretical
prediction. As the source frequency cannot be tuned, the
bandwidth performance is not yet measured.

For the 70◦ splitter, the experimental results agree well
with the simulations shown in Fig. 12(c). The measured
peaks lie between −72◦ and +72◦ at the working fre-
quency of 140 GHz. The measured efficiencies are 40% for
both the −1st and the first order, and their total is 80% of
the input power. The simulated total diffraction efficiency
is 80% as well.

VI. Discussion and conclusion

We compare our low-index metagratings with exist-
ing large-angle refracting metasurfaces and metagratings
in Table II from different points of view. The layered
PCB metagratings described in Refs. [30,31] and the lay-
ered dielectric metagratings here show some similarity in
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FIG. 12. Measured and simulated angular intensity distributions for different metagratings at 140 GHz. (a) 70◦ refraction, (b) 80◦
refraction, (c) ±70◦ splitting. The measured intensity distribution of the source is superimposed on each plot for comparison.
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their structure, both requiring asymmetry among the lay-
ers so as to match the different wave impedances of the
input and output waves. To achieve the same function-
ality, the PCB structures are designed to implement the
desired impedance sheets, and the dielectric metagratings
are designed to implement the desired waveguide modes
in the grating layer, with an experimental demonstration
at THz frequencies. The choice of a low-index dielectric
and the 3D-printing fabrication method avoid the chal-
lenges that arise when microwave and visible solutions
are scaled to the THz range (insufficient PCB resolu-
tion and limited etching depth in microfabrication and
nanofabrication techniques). References [16–19] describe
metasurfaces with more elements in a period to implement
continuous impedance profiles, while the rest can be clas-
sified as metagratings with a smaller number of elements
per period for diffraction engineering. Our design is among
those with the most sparse element distribution, leading
to a minimum feature size of around λ/5, which relaxes
the fabrication requirements and promises applications at
higher THz frequencies. Our metagratings show a rela-
tively high efficiency among the reported results as they
do not incur strong reflection and absorption, due to the
low index and low loss. In term of bandwidth (90% of
maximum), PCB elements relying on LC resonances are
inherently narrowband. Increased mode dispersion places
restrictions on the bandwidth of the high-index dielec-
tric scatterers described in Refs. [33–36]. The low-index
design here is indeed wide-band, benefiting from a low
mode dispersion. The drawback is that it is much thicker
than other designs (PCB metasurfaces can be as thin as
λ/10).

To summarize, we derive from a simplified analytical
model the result that the number of waveguide modes
inside a metagrating is a key factor governing diffraction.
A low-index dielectric metagrating with a refractive index
of 1.57, suitable for 3D printing and for terahertz applica-
tions, shows limited capability for diffraction control due
to an insufficient number of waveguide modes. Bilayer
and trilayer metagratings with only one ridge per period
per layer are proposed in order to enrich the waveguide
modes and to gain enough degrees of freedom for effi-
cient large-angle anomalous refraction and beam splitting.
Because of the low dispersion of the waveguide modes in
the ridges of the low-index gratings, such diffraction engi-
neering is wide-band, with a simulated relative bandwidth
of 21% for 70◦ refraction. To demonstrate this methodol-
ogy, metagratings for 70◦ refraction, 80◦ refraction, and
±70◦ splitting are 3D printed and tested at 140 GHz, with
measured efficiencies of 82%, 55%, and 80%, respectively,
consistent with simulations with negligible material loss.
Therefore, the proposed bilayer low-index metagratings,
with a simple configuration and low-cost fabrication, show
great flexibility in beam-direction control and are well
suited for challenging THz applications.
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