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Stimulated adiabatic passage, as an efficient energy transfer in correlated systems, was intensively stud-
ied in condensed matter physics and quantum optics. Recently, a paradigm shift has been made to bring
up quantum-classical analogs, giving rise to the acoustic version of stimulated Raman adiabatic passage
and others. In this work, we focus on the adiabatic propagation of sound under topological protection,
i.e., topological-pumping-based acoustic adiabatic propagation. We first study the topological pumping
of sound in a two-state multicavity chain lattice, including the Su-Schrieffer-Heeger model, in which the
acoustic energy is adiabatically transferred between the two topological end states under specific coupling
interactions. Then, we consider the adiabatic propagation of sound via a dark mode in a three-state sys-
tem. The three states correspond to two end states and one interface state in a heterostructured multicavity
chain lattice, which is topologically protected. In a finite system, the three states strongly hybridize with
the threefold energy degeneracy lifted. The hybridized states reside in the band gap of the systematic
Hamiltonian spectrum in the topological pumping process, leading to a strong robustness against nona-
diabatic perturbation, which allows for a faster and more efficient topological adiabatic propagation of
acoustic waves.
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I. INTRODUCTION

In the 1990s, researchers found a powerful technique,
stimulated Raman adiabatic passage (STIRAP) [1–9], that
enabled complete and selective population transfer in the
three-level systems by means of two overlapping interac-
tions with counterintuitive action sequences. For STIRAP,
a particularly interesting feature is that population transfer
between the initial state and final state does not suf-
fer any losses from the intermediate radiative state. The
physics behind this is that the transfer is completed via
a dark mode that does not involve intermediate states in
the dynamic process. The intriguing properties of STI-
RAP, such as robustness against small variations of the
interaction and intermediate radiative damping, have stim-
ulated researchers to extend this scheme from atomic
and molecular physics [10–13], quantum information [14–
16], and solid-state physics [17–20] to classical physics
[21–26]. In acoustics, an analog of STIRAP was proposed
recently, where the cavities and pseudo-time-varying cou-
pling actions act as discrete states and the laser pulses
in a quantum system, respectively [26]. The technique of
STIRAP can be extended into multilevel systems. For the
acoustic counterpart of STIRAP, it thus requires multicav-
ity chain systems with time-varying coupling interactions.
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Previous studies have shown that the acoustic adiabatic
energy transmission via a dark state can be implemented
only when the number of cavities is odd [26–30]. To real-
ize acoustic STIRAP in an odd-number cavity chain, it is
crucial that the evolution of the system needs to satisfy
the adiabatic limit. A sufficient condition for the adiabatic
evolution is Δε = |εn − εm| � |ψ̇n(t)ψm(t)| [3,6,26–30],
where εn, εm, ψn(t), and ψm(t) are adjacent eigenen-
ergies and corresponding eigenstates of the systematic
Hamiltonian, and the overdot indicates differentiation with
respect to time. In general, the eigenenergy difference,Δε,
between the adiabatic transfer state, ψn(t), and its adjacent
eigenstate, ψm(t), is very small. Therefore, to satisfy the
adiabatic limit, the time evolution of the adiabatic trans-
fer state should be very slow due to a trivial Δε. Thus, if
we want to relax the adiabatic limit condition, it is intu-
itive to increase the eigenenergy difference, Δε, to form a
nontrivial band gap in the Hamiltonian spectrum. For effi-
cient and robust acoustic adiabatic propagation, it is more
interesting to make the adiabatic transfer state in a band
gap topologically nontrivial. By combining topological
insulators [31–45] with the acoustic adiabatic passage, we
can realize robust excitation transfer among topologically
protected end states, which is also termed as topological
pumping. As aforementioned, in topological pumping, we
purposefully make the topological transfer state away from
the continuum bands over the whole adiabatic process,
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which otherwise will result in the degradation of transfer
efficiency.

Here, we first analyze acoustic adiabatic passage in an
odd-number cavity chain with randomly distributed time-
varying coupling coefficients. In this case, the eigenenergy
difference between the adiabatic transfer state and its adja-
cent eigenstates is very small. Thus, an extremely slow
evolution is required to complete the adiabatic propaga-
tion of sound from the first cavity of the system to the
last one. In the next step, we focus on the topological
propagation of end states in the one-dimensional (1D)
Su-Schrieffer-Heeger (SSH) cavity chain lattice, where
the staggered time-varying coupling coefficients κ1(t) and
κ2(t) are applied. For 1D SSH cavity chain lattices, the
eigenenergies of the system are divided into two parts
with a band gap of width 2|κ1(t)− κ2(t)|. The topologi-
cally protected end states reside in the band gap, except
for the critical point at κ1(t) = κ2(t). Finally, we study the
effect of topological STIRAP, where two end states and
one interface state under topological protection are con-
structed by splicing two types of SSH cavity chains. In the
heterostructured SSH cavity chain, the three topologically
protected states hybridize with each other and the corre-
sponding eigenenergies are lifted. It should be pointed out
that the hybridized states remain in the band gap of the
Hamiltonian spectrum during the overall adiabatic inter-
action. By combining STIRAP with topological pumping,
the adiabatic transfer of sound energy can be both efficient
and robust.

II. ACOUSTIC ADIABATIC PROPAGATION IN AN
ODD-NUMBER MULTICAVITY CHAIN SYSTEM

For an acoustic cavity chain with odd-numbered cavities
(N = 2n + 1), as shown in Fig. 1(a), the adiabatic

evolution of sound, as a result of slowly varying couplings,
can be well described by a Schrödinger-type equation [46]

i
d
dt
ψ(t) = H(t)ψ(t), (1)

where ψ(t) and H(t) denote the transient state function
and time-dependent Hamiltonian of the system, respec-
tively. The transient state functionψ(t) can be mapped into
the parameter coordinate space of {ϕ1,ϕ2, · · · ,ϕN } and be

expressed as ψ(t) =
N∑

i=1
ai(t)ϕi, where ai(t) is the sound

amplitude in each cavity. According to the tight-binding
approximation, the systematic Hamiltonian, H(t), can be
written into a matrix of

H(t) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 c1,2(t) 0 · · · 0 0
c1,2(t) 0 c2,3(t) · · · 0 0

0 c2,3(t) 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 0 cN−1,N (t)
0 0 0 · · · cN−1,N (t) 0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(2)

where ci,j (t) is the coupling coefficient between two adja-
cent cavities, and all cavities are identical and lossless.
By solving Eq. (2), there exists an adiabatic transfer state,
φ0(t), corresponding to the zero eigenenergy, i.e., ε = 0.
This adiabatic transfer state connects the first cavity of the
system with the last one, for which the normalized form
is [26]

φ0(t) = α(t)(1, 0,χ1, 0,χ2χ1, 0, · · · ,
n∏

i=1

χi)
T, (3)

(a)

(b) (c) (d)

FIG. 1. (a) Schematic of the odd-number cavity chain with coupling interactions between adjacent cavities. (b) Time evolution of
coupling coefficients randomly taking values in the range of ci,j (t) ∈ [0, 1]. (c) Time evolution of the Hamiltonian spectrum of the
multicavity chain system. (d) Normalized sound intensities in cavities 1 (red solid) and N (blue solid), when the coupling interaction
satisfies the adiabatic limit. In numerical calculations, the number of cavities is N = 21.
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where α(t) is the normalization factor and χk(t) =
−c2k−1,2k(t)/c2k,2k+1(t), in which k = 1, 2, · · · , n. From
Eq. (3), we can clearly see that the ratio between the sound
amplitudes in the odd-numbered cavity, 2k + 1, and the
first cavity, 1, is

a2k+1(t)
a1(t)

= χ1(t)χ2(t) · · ·χk(t). (4)

By setting k = n, we eventually obtain the ratio between
the sound amplitudes in the last cavity, N, and the first
cavity, 1

aN (t)
a1(t)

= χ1(t)χ2(t) · · ·χn(t). (5)

Without loss of generality, we assume that all time-
varying coupling coefficients are changed in the range of
ci.j (t) ∈ [0, 1] and are randomly combined, as shown in
Fig. 1(a). From Eqs. (3)–(5), we find that, when the cou-

pling interaction is set at χ1(t)χ2(t) · · ·χn(t)
t→0−→ 0 and

χ1(t)χ2(t) · · ·χn(t)
t→T−→ +∞, the sound energy will be

transferred from the initially excited cavity, 1, to the last
cavity, N, along the adiabatic transfer state, φ0(t). Fig-
ures 1(b) and 1(c) show the time evolution of the coupling
coefficients ci,j (t) over the interaction and the correspond-
ing evolution of the Hamiltonian spectrum. In numerical
calculations, the cavity number is N = 21. In Fig. 1(c), we
can see that the Hamiltonian spectrum is irregular, except
for the zero-value eigenenergy (blue circles). The eigenen-
ergy difference, Δε, between the zero-eigenenergy (or
adiabatic) transfer state and its adjacent eigenstate is very
small during the interaction. Thus, in light of the adiabatic
limit, to realize the adiabatic transmission of sound energy
from the initial cavity to the last one, we need to guarantee

that the evolution of the systematic Hamiltonian, H(t), is
extremely slow. In other words, the interaction time, T, of
the acoustic adiabatic passage should be very long. Here,
we show the calculation results of the acoustic adiabatic
passage under the adiabatic limit in Fig. 1(d), where the
time evolution of the normalized sound intensities in cav-
ities 1 and N are calculated by solving Schrödinger-type
Eqs. (1) and (2). Figure 1(d) shows that the sound energy
can be completely transferred from cavity 1 to cavity N
after the adiabatic interaction.

III. TOPOLOGICAL-PUMPING-BASED
ADIABATIC PROPAGATION IN THE ACOUSTIC

TWO-STATE SYSTEMS

A. Model and theory

In this section, we consider a special situation in Eq. (5),
i.e., χk(t) ≡ χ(t), k = 1, 2, · · · , n. In this case, the acous-
tic multicavity chain becomes a truncated SSH model,
where each unit cell consists of two sites: A and B. As
shown in Fig. 2(a), the staggered coupling coefficients
κ1(t) = c2k−1,2k(t) and κ2(t) = c2k,2k+1(t) denote the intra-
cell and intercell coupling coefficients, respectively. At the
limit of N → +∞, the physical properties of the SSH
cavity chain lattice should depend on the bulk instead of
the boundary condition. Imposing the Born-von Karman
boundary condition on the SSH cavity chain lattice, the
bulk Hamiltonian H(t) can be expressed as

H(t) =
n∑

m=1

(κ1B̂†
mÂm + κ2Â†

m+1B̂m + H .c.), (6)

where Â†
m(Âm) and B̂†

m(B̂m) are the creation (annihilation)
operators at sites A and B, respectively, on unit cell m.

(a)

(b) (c) (d)
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FIG. 2. (a) Schematic of the finite SSH cavity chain with staggered coupling coefficients κ1 and κ2. Eigenenergy spectra of the SSH
cavity chain lattice for three different coupling coefficients of κ1 < κ2 (b), κ1 = κ2 (c), and κ1 > κ2 (d).
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Performing the Fourier transformation, we obtain

Âk = 1√
n

∑
m

e−ikmaÂm, (7a)

B̂k = 1√
n

∑
m

e−ikmaB̂m, (7b)

where a is the lattice constant. Thus, we can derive an
alternative form of the systematic Hamiltonian in k space

H =
∑

k

ψ
†
k Hkψk, (8)

where ψk = (Â†
k , B̂†

k)
T and Â†

k , B̂†
k are the creation operators

on sites A and B, respectively, at wave number k. For each
wave number k, the bulk momentum-space Hamiltonian
Hk can be expressed as

Hk =
(

0 κ1 + κ2e−ika

κ1 + κ2eika 0

)
, (9)

with k ∈ [−π/a,π/a]. By solving Eq. (9), we obtain the
eigenenergies of the bulk momentum-space Hamiltonian
Hk

ε−(k) = −
√
κ2

1 + κ2
2 + 2κ1κ2 cos(ka), (10a)

ε+(k) =
√
κ2

1 + κ2
2 + 2κ1κ2 cos(ka). (10b)

The corresponding eigenstates are

ϕ−(k) = 1√
2

(
1

−κ1 − κ2eika

)
, (11a)

ϕ + (k) = 1√
2

(
1

κ1 + κ2eika

)
. (11b)

Analyzing Eqs. (10a) and (10b), we can clearly see that
the eigenenergy spectrum of the system is divided into two
bands, i.e., the negative eigenenergy band ε−(k) and the
positive eigenenergy band ε+(k). Figures 2(b)–2(d) show
the bulk dispersion relations of the SSH cavity chain lat-
tices with three different coupling coefficients, κ1 < κ2 in
Fig. 2(b), κ1 = κ2 in Fig. 2(c), and κ1 > κ2 in Fig. 2(d).

For the case of κ1 = κ2 in Fig. 2(c), we observe that the
band gap is closed at the boundaries of the first Brillouin
zone (k = ±π/a). The SSH chain is more like a “conduc-
tor.” In Figs. 2(b) and 2(d), there exists a band gap with
width 2|κ1 − κ2|, separating the positive eigenenergy band

ε+(k) from the negative eigenenergy band ε−(k), where
the staggered coupling coefficients κ1 �= κ2. It is noted that
the band gaps at κ1 > κ2 and κ1 < κ2 are topologically triv-
ial and nontrivial, respectively, which can be proved by
calculating the Zak phase of the eigenstate ϕ−(k) [33,34]

γ =
∫ π/a

−π/a
[ϕ†

−(k)i∂kϕ−(k)]dk. (12)

Substituting Eq. (11a) into Eq. (12), we obtain the Zak
phases γ = π and γ = 0 for the cases of κ1 < κ2 and
κ1 > κ2, respectively. In the topologically nontrivial phase
(κ1 < κ2), the SSH cavity chain sustains robust end states
for an open boundary truncated at the intercell coupling
channel [33,34]. However, for a finite SSH chain with odd-
numbered cavities N = 2n + 1, the right-side end is cut
at the intracell coupling channel and the whole chain is
asymmetric. Therefore, there will be only one topologi-
cally protected end state in the band gap. From Eq. (3),
the end state can be expressed as

φ0(t) = α(1, 0,χ , 0,χ2, 0, · · · ,χn)T, (13)

where χ = −κ1/κ2. Since χn n→+∞−−−−→ 0, the end state is
thus localized on the left-side cavities from Eq. (13). Here,
we define the end state as φ0 = φL. At the limit χ →
0, the end state φL is completely localized at the first
cavity of the system. According to the normalization con-
dition 〈φL|φL〉 = 1, we further express the topologically
protected end state as

φL = αL(1, 0,χ , 0,χ2, 0,χ3, 0, · · · )T, κ1 < κ2, (14)

where the normalization factor is αL=
√
(1−χ2)/(1−χ2n+2).

In another case, for coupling coefficients κ1 > κ2, the SSH
cavity chain is flipped, with the end state localized on the
right-side cavities. We define the end state as φ0 = φR,
which can be expressed as

φR = αR(· · · , 0, η3, 0, η2, 0, η, 0, 1)T, κ1 > κ2, (15)

where η = −κ2/κ1 and the normalization factor is αR =√
(1 − η2)/(1 − η2n+2). Thus, the adiabatic transfer state

of the system can take the evolution from φ0
κ1<κ2−−−→

φL to φ0
κ1>κ2−−−→ φR. In the limits of φL

κ1/κ2→0−−−−−→ ϕ1 and

φR
κ2/κ1→0−−−−−→ ϕN , we eventually realize the topological-

pumping-based adiabatic propagation of sound in an
acoustic SSH cavity chain by φ0(t) = ϕ1 → ϕN with
κ1(t)/κ2(t) = 0 → +∞.

To quantitatively describe the topologically protected
adiabatic propagation of sound in a SSH cavity chain lat-
tice, we consider the time-varying coupling coefficients
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κ1(t) and κ2(t) as follows:

κ1(t) = κ0[1 − cos(π t/T)], (16a)

κ2(t) = κ0[1 + cos(π t/T)], (16b)

where κ0 = 0.5 and κ1(t), κ2(t) ∈ [0, 1]. Figure 3(a) shows
the changing curves of the time-varying coupling coeffi-
cients κ1(t) and κ2(t) during the interaction time. The time
evolution of the instantaneous energy spectrum of the sys-
tematic Hamiltonian H(t) is shown in Fig. 3(b), where the
cavity number is N = 21. From Fig. 3(b), we can clearly
observe that the topologically protected adiabatic transfer
states (the blue line) reside in the band gap of the Hamil-
tonian spectrum. Comparing Fig. 3(b) with Fig. 1(c), we
conclude that the topological adiabatic propagation in the
SSH cavity chain is much more robust and efficient due
to the existence of the nontrivial band gap between the
adiabatic transfer state and its adjacent bulk states. How-
ever, at the thermodynamic limit of N → +∞, the band
gap is closed at t = T/2, where κ1 = κ2. An example is
given in Fig. 3(c) with the cavity number N = 1001. As
a result, the local adiabatic limit condition cannot always
be fulfilled during the interaction, since the energy differ-
ence between the adiabatic transfer state and its adjacent
eigenstates �ε = 0 at the transition point κ1 = κ2. Figure
3(d) shows the normalized sound intensities in cavities
1 (red line) and N (blue line) during interaction time T,
by numerically solving Eqs. (1) and (2). After one adi-
abatic cycle, the sound energy is completely transferred

from cavity 1 of the system to cavity N. Figures 3(e)–3(i)
display the normalized sound-intensity distributions of the
adiabatic transfer state at five different times of t = 0,
t = T/3, t = T/2, t = 2T/3, and t = T, respectively. The
results show that the end state is localized on the left-side
cavities of the SSH cavity chain for κ1 < κ2 and is com-
pletely captured in the first cavity at the limit κ1/κ2 → 0,
as shown in Figs. 3(e) and 3(f). When the coupling coef-
ficients are tuned to be κ1 > κ2, the end state becomes
localized on the right-side cavities of the SSH cavity chain
and is completely captured in the last cavity at the limit
κ2/κ1 → 0, as shown in Figs. 3(h) and 3(i). It is noted that,
in Fig. 3(g), the sound energy is fully delocalized into the
bulk at κ1 = κ2.

B. Design of coupling coefficients between neighboring
cavities

The design of coupling coefficients is pivotal for the
experimental realization of topological adiabatic propaga-
tion of sound in the multicavity chain system. For a rect-
angular cavity, eigenmode frequencies can be expressed as
fm = mc0/2h, where m is the order of eigenmodes in the
height direction, and c0 = 343 m/s is the speed of sound
in air. Figure 4(a) shows the sound-intensity profile of the
second-order eigenmode in a single cavity, which is an
even mode with maxima located at the center and two
ends of the cavity. For a two-cavity system, as shown in

(a) (b) (c) (d)
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FIG. 3. (a) Changes of the coupling coefficients κ1(t), κ2(t) versus time t. (b), (c) Eigenenergy spectra of the systematic Hamiltonian
H(t), where the number of cavities N = 21 (b) and N = 1001 (c). (d) Normalized intensities in the cavities 1 (the red line) and N (the
blue line). Normalized intensity distributions of the adiabatic transfer state at five different times of t = 0 (e), t = T/3 (f), t = T/2 (g),
t = 2T/3 (h), and t = T (i).
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Fig. 4(b), the systematic Hamiltonian H can be written as

H =
(
δ0 c
c δ0

)
, (17)

where c denotes the coupling coefficient between two iden-
tical cavities, and δ0 is the eigenmode frequency of a single
cavity. By solving Eq. (17), we obtain the eigenvalues

ε1 = δ0 − c, (18a)

ε2 = δ0 + c. (18b)

Then, the coupling coefficient can be expressed as

c = (ε2 − ε1)/2. (19)

From Eq. (19), we can obtain the coupling coefficient c
by calculating the difference in eigenenergies of the two-
cavity system. For high-order modes in the two-cavity
system, the coupling coefficient between cavities is related
to the size of the coupling channel and is proportional to
the product of pressure amplitudes at the two ends of the
coupling channel [47,48].

Figures 4(c) and 4(d) show the numerical calculation of
coupling coefficients in different cases, where the width
and height of the cavities are set to be d = 30 mm and
h = 100 mm, respectively. In Fig. 4(c), the coupling chan-
nel is fixed at y = 0 mm and the length is l = 20 mm,

while the width w is changed from 0.1 to 20 mm. The
result shows that the coupling coefficient enlarges as
the width w increases. Fixing the size of the coupling
channel (l = 20 mm and w = 10 mm), the coupling coef-
ficient can also be tuned by moving the coupling channel
along the y direction in the range of y ∈ [−25, 25] mm,
as shown in Fig. 4(d). Because of the even symmetry
of the second-order eigenmode, the coupling coefficient
should be an even function with respect to y. Our result
shows that the coupling curve can be accurately fitted
by a cosine-type function, c(y) = c0[1 + cos(2πy/D)],
where c0 = 76.3 s−1 and D = 50 mm. Figure 4(e) shows
the sound-intensity profiles in the two-cavity systems that
correspond to three different structures of (w = 5 mm, y =
0 mm), (w = 10 mm, y = 0 mm), and (w = 10 mm, y =
10 mm). To realize a time-varying coupling coefficient,
we further assume that the coupling channel moves lin-
early and slowly in time, by following y = v0t + y0 and
y ∈ [−25, 25] mm, where v0 and y0 are the preset mov-
ing speed and initial position, respectively. We eventually
obtain the time-varying coupling coefficient c(t) = c0{1 +
cos[2π(v0t + y0)/D]}. In practice, the coupled multicavity
system with sliding connective channels can be imple-
mented as shown in Fig. 5, where the coupling channel is
schematically located at y = −D/2, y = 0, and y = D/2
in Figs. 5(a)–5(c), respectively. Here, D is half of the cavity
height. Therefore, we can obtain a time-varying coupling
coefficient by linearly and slowly moving the coupling
channel in the range of [−D/2, D/2].

(a)

(e)

(b) (c) (d)

FIG. 4. (a) Sound-intensity profile of the second-order eigenmode in a single cavity. (b) Schematic of the two-cavity system. (c)
Coupling coefficient versus the width (w) of the air channel, where the air channel is fixed at y = 0 mm, with other structural parameters
of h = 100 mm, d = 30 mm, and l = 20 mm. (d) Coupling coefficient versus the coupling position y, where the channel width is set
at w = 10 mm. (e) Sound-intensity profiles in three different two-cavity systems, which correspond to sets of (w = 5 mm, y = 0 mm),
(w = 10 mm, y = 0 mm), and (w = 10 mm, y = 10 mm), with the eigenfrequencies appended below.
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(a) (b) (c)

FIG. 5. Schematic of the coupling interaction in a two-cavity acoustic system. correspond to cases that the coupling channel locates
at y = −D/2 (a), y = 0 (b), and y = D/2 (c).

C. Topological-pumping-based acoustic adiabatic
propagation

The topological adiabatic propagation in a designed
acoustic system is demonstrated via the pressure acoustic
module of the COMSOL MultiphysicsTM 5.3a program. In
full-wave simulations, the structural parameters of the cav-
ities are chosen to be those in case 1 of Fig. 4(e). By mov-
ing the coupling channels, we obtain the cosine-shaped
time-varying coupling coefficients κ1(t) and κ2(t)

κ1(t) = κ0[1 − cos(π t/T)], (20a)

κ2(t) = κ0[1 + cos(π t/T)], (20b)

where κ0 = 41.5 s−1.
Figure 6(a) presents the designed time-varying coupling

coefficients κ1(t) and κ2(t) versus time t. The correspond-
ing eigenenergy spectrum of the systematic Hamiltonian
H(t) is shown in Fig. 6(b), where the cavity number is
N = 21. The result reveals that the topological adiabatic
states reside in the band gap of the Hamiltonian spec-
trum. Figure 6(c) shows the sound-intensity distributions
of the adiabatic transfer state in the designed structure at
five different times of t = 0, t = T/3, t = T/2, t = 2T/3,
and t = T. We find that the adiabatic transfer state is local-
ized on the left-side (right-side) cavities of the system for
κ1 < κ2 (κ1 > κ2). Specifically, at t = 0 (κ1/κ2 = 0), the
adiabatic transfer state is completely captured in the first
cavity. At t = T/2 (κ1 = κ2), the sound energy spreads
into the full SSH cavity chain. At t = T (κ2/κ1 = 0), the
adiabatic transfer state is completely captured in the last
cavity. The numerical simulation results agree well with

the above theoretical analyses. In addition, by mapping the
time dimension (t axis) into an orthogonal space dimension
(for example, z axis), the topologically protected adia-
batic transfer of sound energy can also be realized in the
coupled waveguide systems, in which the time-varying
coupling coefficients are replaced by position-dependent
coupling coefficients that are adiabatically changed along
the direction of sound propagation [26].

IV. TOPOLOGICAL-PUMPING-BASED
ADIABATIC PROPAGATION IN ACOUSTIC

THREE-STATE SYSTEMS

A. The construction of topological end states and
interface state

In this section, we utilize two different SSH cavity
chains to construct two end states and one interface
state, which are under topological protection [35,45].
Figures 7(a) and 7(b) show two types of the interfaces
that correspond to weak and strong coupling combina-
tions, respectively. Here, the number of cavities is N =
2n + 1. The time-varying coupling coefficients are τ1(t)
and τ ′

1(t), with constant τ2 and τ1(t), τ ′
1(t) < τ2. The inter-

face can also be considered as a domain wall between
two SSH cavity chains with different topological invari-
ants. As schematically shown in Figs. 7(a) and 7(b), the
domain walls support a single-cavity mode and a trimer-
cavity mode, respectively. For the case of the single-cavity
domain wall in Fig. 7(a), we define the topologically pro-
tected states as φI

L(t), φ
I
C(t), and φI

R(t), which can be
written as

φI
L(t) = αI

L(t)(1, 0,χ(t), 0,χ2(t), 0,χ3(t), 0, · · · )T, (21a)

014043-7



YA XI SHEN et al. PHYS. REV. APPLIED 14, 014043 (2020)

(a)

(c)

(b) FIG. 6. (a) Designed time-
varying coupling coefficients κ1(t)
and κ2(t) over the interaction
time in a designed cavity chain
system. (b) Eigenenergy spectrum
of the systematic Hamiltonian
H(t), where the cavity number
is N = 21. (c) Sound-intensity
distributions of the adiabatic
transfer state at five different
instants of time t = 0, t = T/3,
t = T/2, t = 2T/3, and t = T.

φI
C(t) = αI

C(t)(· · · ,χ2(t), 0,χ(t),

0, 1, 0, η(t), 0, η2(t), · · · )T, (21b)

φI
R(t) = αI

R(t)(· · · , 0, η3(t), 0, η2(t), 0, η(t), 0, 1)T, (21c)

where the variables are χ(t) = −τ1(t)/τ2
and η(t) = −τ ′

1(t)/τ2, and the normalization fac-
tors are αI

L(t) =
√
(1 − χ2)/(1 − χn+1), αI

C(t) = 1/√
(1 − χn+1)/(1 − χ2)+ (1 − ηn+1)/(1 − η2)− 1, and

αI
R(t) =

√
(1 − η2)/(1 − ηn+1), with n being an odd num-

ber. Since
〈
φI

i (t)|φI
j (t)

〉
= δij , i, j ∈ {L, C, R}, the three

topologically protected states, φI
L(t), φ

I
C(t), and φI

R(t), are
normalized and orthogonal. At the limit of N → +∞, the
topologically protected states φI

L(t), φ
I
C(t), and φI

R(t) are
exactly the eigenstates of the systematic Hamiltonian H(t)
with degenerate eigenenergies. In a finite-cavity system,
the topologically protected states hybridize with each other
and the eigenenergies are lifted. However, the hybridized
states remain in the band gap of the instantaneous Hamilto-
nian spectrum during the adiabatic interaction. At the limit
of τ1(t)/τ2 → 0, τ ′

1(t)/τ2 → 0 (i.e., χ(t), η(t) → 0), the
topologically protected states φI

L(t), φ
I
C(t), and φI

R(t) are
completely localized in cavities 1, n + 1, and N, respec-
tively. For the case of the trimer-cavity domain wall
in Fig. 7(b), the topologically protected states can be

(a)

(b)

FIG. 7. (a) Schematic of the
heterostructured SSH cavity chain
with a single-cavity domain wall.
(b) Schematic of the heterostruc-
tured SSH cavity chain with a
trimer-cavity domain wall.

014043-8



ACOUSTIC ADIABATIC PROPAGATION BASED . . . PHYS. REV. APPLIED 14, 014043 (2020)

expressed as

φII
L (t) = αII

L (t)(1, 0,χ(t), 0,χ2(t), 0,χ3(t), 0, · · · )T, (22a)

φII
C(t) = αII

C(t)(· · · ,χ2(t), 0,χ(t), 0, 1, 0, 1, 0, η(t),

0, η2(t), · · · )T, (22b)

φII
R (t) = αII

R (t)(· · · , 0, η3(t), 0, η2(t), 0, η(t), 0, 1)T, (22c)

where the variables are χ(t) = −τ1(t)/τ2 and
η(t) = −τ ′

1(t)/τ2, and the normalization fact-
ors are αII

L (t) =
√
(1 − χ2)/(1 − χn), αII

C(t) = 1/√
(1 − χn)/(1 − χ2)+ (1 − ηn)/(1 − η2), and αII

R (t) =√
(1 − η2)/(1 − ηn), with n being an even number.

Here, the topologically protected states φII
L (t), φ

II
C(t), and

φII
R (t) are also normalized and orthogonal, and thus,〈
φII

i (t)|φII
j (t)

〉
= δij , i, j ∈ {L, C, R}. In a finite acoustic sys-

tem, these states hybridize and the hybridized eigenener-
gies remain in the band gap. Different from the case in
Fig. 7(a), the topologically protected interface state φII

C(t)
is localized in the cavities n and n + 2 at the limit of
τ1(t)/τ2 → 0 and τ ′

1(t)/τ2 → 0.

B. Acoustic analog of the topological STIRAP

For the three-state acoustic systems, we can employ the
technique of STIRAP to implement the adiabatic propaga-
tion of sound energy. We first consider the case in Fig. 7(a).
By using the localized states at the cavity domain walls
to construct a subspace {φI

L(t), φ
I
C(t), φ

I
R(t)}, we approxi-

mately express the transient state in the subspace under the
adiabatic elimination of the other eigenstates as follows:

ψ(t) ∼= aLφ
I
L + aCφ

I
C + aRφ

I
R. (23)

In the subspace, we obtain the coupling relations
〈
φI

L(t)|H(t)|φI
L(t)

〉 = 〈
φI

C(t)|H(t)|φI
C(t)

〉

= 〈
φI

R(t)|H(t)|φI
R(t)

〉 = 0, (24a)

〈
φI

L(t)|H(t)|φI
R(t)

〉 = 〈
φI

R(t)|H(t)|φI
L(t)

〉 = 0, (24b)

〈
φI

L(t)|H(t)|φI
C(t)

〉 = 〈
φI

C(t)|H(t)|φI
L(t)

〉 = CL(t), (24c)

〈
φI

C(t)|H(t)|φI
R(t)

〉 = 〈
φI

R(t)|H(t)|φI
C(t)

〉 = CR(t), (24d)

where the effective coupling coefficients between the adja-
cent topological states are CL(t) = αI

Lα
I
C{[(n + 1)/2]τ1

χ(n−1)/2 + [(n − 1)/2]τ2χ
(n−1)/2} and CR(t) = αI

Rα
I
C{[(n + 1)/2]τ ′

1η
(n−1)/2 + [(n − 1)/2]τ2η

(n−1)/2}. The effec-
tive systematic Hamiltonian H(t) of the topological three-
state system can be written as

H(t) =
⎛
⎝

0 CL(t) 0
CL(t) 0 CR(t)

0 CR(t) 0

⎞
⎠ . (25)

Solving Eq. (25), the eigenvalues are

ε−(t) = −
√

C2
L(t)+ C2

R(t), (26a)

ε0(t) = 0, (26b)

ε+(t) =
√

C2
L(t)+ C2

R(t). (26c)

The corresponding eigenstates are

φ−(t) = sin θ(t)√
2
φI

L − 1√
2
φI

C + cos θ(t)√
2

φI
R, (27a)

φ0(t) = cos θ(t)φI
L − sin θ(t)φI

R, (27b)

φ+(t) = sin θ(t)√
2
φI

L + 1√
2
φI

C + cos θ(t)√
2

φI
R, (27c)

where θ(t) = arctan[CL(t)/CR(t)]. In the effective topolog-
ical three-state system, the adiabatic transfer state φ0(t)
can be considered to be a dark state, since the topological
interface state φI

C is not excited during the whole propaga-
tion process. When the cavity chain system is well tailored
to satisfy CL(t)/CR(t)

t→t0−→ 0 and CL(t)/CR(t)
t→T−→ + ∞,

the parameter θ(t) varies from zero to π/2, as the time
t changes from t0 to T. Under the adiabatic limit, from
Eq. (27b), we find that the adiabatic transfer state φ0(t)
transits from the topological end state φI

L to an intermediate
superposition of the topological states φI

L and φI
R and, in the

end, is completely transferred to the topological end state

φI
R. In addition, since the end states are φI

L
τ1(t)/τ2→0−−−−−−→ ϕ1

and φI
R
τ ′

1(t)/τ2→0−−−−−−→ ϕN , we eventually realize the topolog-
ical adiabatic propagation in the system of φ0(t) = ϕ1 →
ϕN via a dark state. To quantitatively investigate the topo-
logical adiabatic propagation in the heterostructured SSH
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FIG. 8. (a) Coupling coefficients τ1(t), τ ′
1(t), and τ2 versus time t, where τ1(t), τ ′

1(t) ∈ [0, 1], and τ2 = 1.01 > τ1(t), τ ′
1(t). (b)

Effective coupling coefficients CL(t) and CR(t), which are obtained via the approximate three-state description. (c) Instantaneous
eigenenergy spectrum of the systematic Hamiltonian H(t). In the calculation, the cavity number is N = 19. (d) Hybridized eigenen-
ergies based on the approximate three-state description. Normalized sound intensities in cavities 1 (red line) and N (blue line), which
are calculated by solving the Schrödinger-type equation (e) and by the approximate three-state description (f).

cavity chain systems, we assume that the time-varying
coupling coefficients τ1(t) and τ ′

1(t) are

τ1(t) = τ0

[
1 − cos

2π(t −Δt)
T

]
, (28a)

τ ′
1(t) = τ0

[
1 − cos

2π(t +Δt)
T

]
, (28b)

where Δt = 0.05T, τ0 = 0.5, τ1(t), τ ′
1(t) ∈ [0, 1], and τ2 =

1.01 > τ1(t), τ ′
1(t). Figure 8(a) shows the time-varying

coupling coefficients τ1(t), τ ′
1(t), and τ2 versus time t,

where a counterintuitive interaction is applied with τ ′
1(t)

preceding to τ1(t). The corresponding effective coupling
coefficients CL(t) and CR(t) are plotted in Fig. 8(b) and also
manifest a counterintuitive interaction with CR(t) preced-
ing to CL(t). Figure 8(c) shows the instantaneous energy
spectrum of the systematic Hamiltonian H(t), where the
cavity number is N = 19 in the numerical calculation.
In Fig. 8(c), we find that a band gap exists with three
hybridized topological states residing inside, which is
expected to provide strong robustness against the nonadia-
batic effect and allow for a faster and more efficient transfer
process. Figure 8(d) shows the hybridized eigenenergies
based on the approximate three-state description. Fig-
ures 8(e) and 8(f) describe the evolution of normalized
sound intensities in cavities 1 (red line) and N (blue

line), which are calculated by solving the Schrödinger-type
equation and by the approximate three-state description,
respectively. The results show that the sound energy in the
system is completely transferred from cavity 1 to cavity
N after the adiabatic interaction. The black dashed line
and the black dotted and dashed line in Fig. 8(f) denote
the probability evolution, PL,R(t), of the topological end
states φI

L(t) and φI
R(t). Comparing Fig. 8(e) with Fig. 8(f),

we conclude that it is feasible to implement the topolog-
ical adiabatic propagation of sound via the technique of
STIRAP. For the case of the trimer-cavity domain wall
in Fig. 7(b), the aforementioned process is also valid,
with the effective coupling coefficients being CL(t) =
αII

Lα
II
C{(n/2)τ1χ

(n/2)−1 + [(n − 2)/2]τ2χ
n/2} and CR(t) =

αII
Rα

II
C{(n/2)τ ′

1η
(n/2)−1 + [(n − 2)/2]τ2η

n/2}.

C. Topological adiabatic propagation of sound in the
heterostructured SSH cavity chain

In this section, we present the topological adiabatic
propagation in the designed three-state acoustic system.
In the simulation, the width of the coupling channels is
w = 10 mm and the other parameters are the same as those
of the two-state topological pumping in Fig. 6. In this case,
we obtain the coupling coefficients

τ1(t) = τ0

[
1 − cos

2π(t −Δt)
T

]
, (29a)
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(a)

(b)

(c)

(d)

(e)

FIG. 9. (a) Time-varying coupling coefficients τ1(t), τ ′
1(t), and τ2 versus time t in the designed structure. Eigenfrequency spectra

of the designed structures with single-cavity (b) and trimer-cavity (c) domain walls at the interface. Sound-intensity distributions
of the topologically protected adiabatic transfer state φ0(t) at five different instants of time t = Δt, t = T/3, t = T/2, t = 2T/3, and
t = T −Δt, for structures with single-cavity (d) and trimer-cavity (e) domain walls.

τ ′
1(t) = τ0

[
1 − cos

2π(t +Δt)
T

]
, (29b)

τ2 = 168.8 s−1, (29c)

where Δt = 0.05T and τ0 = 76.3 s−1.
Figure 9(a) shows the changing curves of the designed

coupling coefficients τ1(t), τ ′
1(t), and τ2. Figures 9(b)

and 9(c) display the simulated eigenfrequency spectra
of the designed structures with single-cavity and trimer-
cavity domain walls, respectively. In agreement with the-
ory, the hybridized topological states reside in the band
gap. In Figs. 9(d) and 9(e), we plot sound-intensity distri-
butions of the topological adiabatic transfer state φ0(t) at
five different times of t = Δt, t = T/3, t = T/2, t = 2T/3,
and t = T −Δt, for the designed structures with single-
cavity and trimer-cavity domain walls, respectively. At
the beginning of time t = Δt, the coupling interaction
τ1(t)/τ2 = 0 and the topological adiabatic transfer state is
completely localized in the first cavity. At the end of time
t = T −Δt, the coupling interaction τ ′

1(t)/τ2 = 0 and the

topological adiabatic transfer state is completely localized
in the last cavity. During the adiabatic interaction process,
the sound energy is transferred from the first cavity to the
last one. Comparing Fig. 9 with Fig. 8, we find that the
numerical simulation results agree well with the theoretical
analyses.

V. CONCLUSIONS

In summary, we comprehensively investigate the topo-
logical adiabatic propagation of sound in the two-state
and three-state time-varying SSH cavity chain lattices.
Without requiring an extremely slow evolution to com-
plete adiabatic transfer in gapless acoustic systems, we
find that the topological pumping of end states in the
SSH cavity chains is protected by a nontrivial band gap
with a width of 2|κ1(t)− κ2(t)|, which provides a strong
robustness against the nonadiabatic effect and allows for a
faster and more efficient transfer. We design structures for
the experimental implementation of topological-pumping-
based acoustic adiabatic propagation and verify the effec-
tiveness in transferring sound energy between two robust
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end states in full-wave simulations. The physics and design
rules can be further extended to the heterostructured SSH
cavity chain, where two end states and one interface state
under topological protection are employed to construct a
topological three-state system. We find that, in this archi-
tecture, topological pumping can be judiciously fused with
the acoustic STIRAP technique. As a useful result, efficient
and robust adiabatic transfer of sound energy is realized in
the band gap of the Hamiltonian spectrum between two
topological end states via a dark state.
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