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Analytical Criteria for Magnetization Reversal in a ϕ0 Josephson Junction
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The switching of magnetization by electric current pulse in the ϕ0 Josephson junction formed by ordi-
nary superconductors and a magnetic noncentrosymmetric interlayer is studied. The ground state of this
junction is characterized by the finite phase difference ϕ0, which is proportional to the strength of the
spin-orbit interaction and the exchange field in the normal metal. Based on the Landau-Lifshits-Gilbert
and resistively shunted junction model equations we build an analytical description of the magnetization
dynamics induced by an arbitrary current pulse. We formulate the criteria for magnetization reversal and,
using the obtained results, the form and duration of the current pulse are optimized. The analytical and
numerical results are in excellent agreement at GrIp � 1, where G is a Josephson-to-magnetic energy
ratio, r is a strength of spin-orbit interaction, and Ip is a value of the current pulse. The analytical result
allows one to predict magnetization reversal at the chosen system parameters and explains the features of
magnetization reversal in the G-r and G-α diagrams, where α is the Gilbert damping. We propose to use
such a ϕ0 Josephson junction as a memory element, with the information encoded in the magnetization
direction of the ferromagnetic layer.
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I. INTRODUCTION

The ability to manipulate magnetic properties by the
Josephson current and its opposite, i.e., to influence the
Josephson current by a magnetic moment, has attracted
much recent attention [1–6]. In the superconductor-
ferromagnet-superconductor (S-F-S) Josephson junctions,
the spin-orbit interaction in a ferromagnet without inver-
sion symmetry provides a mechanism for a direct (linear)
coupling between the magnetic moment and the super-
conducting current. In such junctions, with noncentrosym-
metric ferromagnetic interlayer and broken time-reversal
symmetry, called ϕ0 junctions, the current-phase relation
(CPR) is given by I = Ic sin(ϕ − ϕ0), where the phase shift
ϕ0 is proportional to the magnetic moment perpendicular to
the gradient of the asymmetric spin-orbit potential [7].

The ϕ0 junctions are possible due to the anomalous
Josephson effect in different hybrid heterostructures, which
reflect the simultaneous interplay of superconductivity,
spin-orbit interaction and magnetism [8–22], gives insight
into the problem of the mutual influence of superconduc-
tivity and ferromagnetism, allows a realization of exotic
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superconducting states such as the Larkin-Ovchinnikov-
Fulde-Ferrell state and triplet ordering. The anomalous
Josephson effect promises applications that utilize the spin
degree of freedom [13] and demonstrates a number of
unique features, important for superconducting spintron-
ics and modern informational technologies. These features
allow one to manipulate the internal magnetic moment
by using the Josephson current [7,23]. Thus, once the
magnetization rotates, a reverse phenomenon should be
expected. Namely, magnetization rotation might pump cur-
rent through the ϕ0 phase shift, which is fueled by the
term proportional to magnetization and spin-orbit cou-
pling. Such pumping of current leads to the appearance
of a dc component in the superconducting current, and
plays an important role in the transformation of the I -V
characteristics in the resonance region [24].

The application of a dc voltage to the ϕ0 junction
produces current oscillations, and consequently, magnetic
precession. As shown in Ref. [23], this precession may be
monitored by the appearance of higher harmonics in the
CPR, as well as by the presence of a dc component in the
superconducting current. The latter increases substantially
near the ferromagnetic resonance (FMR). Konschelle and
Buzdin [23] stressed that the magnetic dynamics of the S-
F-S ϕ0 junction may be quite complicated and strongly
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anharmonic. In contrast to these results, it was demon-
strated in Ref. [24] that precession of the magnetic moment
in some current intervals along I -V characteristics may
be very simple and harmonic. It is expected that external
radiation would lead to a series of interesting phenomena.
Among these, there is the possibility of the appearance of
half-integer Shapiro steps (in addition to the conventional
integer steps) and the generation of an additional magnetic
precession at the frequency of the external radiation [23].

Heterostructures that demonstrate the anomalous Josep-
hson effect are being intensively developed. The anoma-
lous Josephson effect was predicted in two types of sys-
tems: one with both, spin-orbit interaction and exchange
field and another with a noncoplanar magnetization. In
Ref. [25] a full microscopic theory to describe the Joseph-
son current through an extended superconductor–normal-
metal–superconductor (S-N -S) diffusive junction with an
intrinsic spin-orbit coupling (SOC) in the presence of a
spin-splitting field h was presented. It was demonstrated
that the ground state of the junction corresponds to a
finite intrinsic phase difference 0 < ϕ < 2π between the
superconductor electrodes provided that both h and the
SOC-induced SU(2) Lorentz force are finite. The authors
found the ϕ0 as a function of the strengths of the spin
fields, the length of the junction, the temperature, and the
properties of S-N interfaces. The proper geometry of the
system was discussed in Ref. [26], where a quasiclassi-
cal transport theory to deal with magnetoelectric effects
in superconducting structures was developed. For Joseph-
son junctions the authors establish a direct connection
between the inverse Edelstein effect and the appearance
of an anomalous phase shift ϕ0 in the current-phase rela-
tion. In particular they show that ϕ0 is proportional to the
equilibrium spin current in the weak link.

Predictions of anomalous Josephson junctions with a
noncoplanar magnetization have been done in Ref. [27],
for ballistic systems, where the anomalous Josephson cur-
rent appears at zero phase difference in junctions coupled
with a ferromagnetic trilayer having noncoplanar mag-
netizations. The anomalous current was calculated using
the Bogoliubov-de Gennes equation, and a clear physical
explanation was given of the anomalous Josephson effect
in this structure [27]. The authors of Ref. [27] also showed
that the triplet proximity correlation and the phase shift
in the anomalous current-phase relation all stem from the
spin precession in the first and third ferromagnetic lay-
ers. In Ref. [28] it was demonstrated that the conditions
for the observation of the anomalous Josephson current
in diffusive S-F-S junctions are a noncoplanar magneti-
zation distribution and a broken magnetization inversion
symmetry of the superconducting current. The authors
show that this symmetry can be removed by introducing
spin-dependent boundary conditions for the quasiclassical
equations at the superconducting-ferromagnet interfaces
in diffusive systems [28]. Using this recipe, they then

determine the ideal experimental conditions in order to
maximize the anomalous current [28].

The Josephson junctions composed of two semicon-
ducting nanowires with Rashba spin-orbit coupling and
induced superconductivity from the proximity effect dis-
play a geometrically induced anomalous Josephson effect,
the flow of a supercurrent in the absence of external
phase bias [22]. A generic nonaligned Josephson junction
in the presence of an external magnetic field reveals an
unusual flux-dependent current-phase relation [20]. Such
nonaligned Josephson junctions can be utilized to obtain
a ground state other than 0 and π , corresponding to the ϕ

junction, which is tunable via the external magnetic flux. A
tunable ±ϕ and hybrid system between ϕ and ϕ0 junctions
were investigated in Refs. [17–19].

Recently, an anomalous phase shift was experimentally
observed in different systems, particularly, in the ϕ0 junc-
tion based on a nanowire quantum dot [29]. A quantum
interferometer device was used in order to investigate
phase offsets and demonstrate that ϕ0 can be controlled
by electrostatic gating. The presence of an anomalous
phase shift of ϕ0 was also experimentally observed directly
through CPR measurement in a hybrid S-N -S Joseph-
son junction fabricated using Bi2Se3 (which is a topo-
logical insulator with strong spin-orbit coupling) in the
presence of an in-plane magnetic field [30]. This consti-
tutes a direct experimental measurement of the spin-orbit
coupling strength and opens up different possibilities for
phase-controlled Josephson devices made from materials
with strong spin-orbit coupling. In Refs. [31] and [32], the
authors argued that the ϕ0 Josephson junction is ideally
suited for studying of quantum tunneling of the magnetic
moment. They proposed that magnetic tunneling would
show up in the ac voltage across the junction and it could
be controlled by the bias current applied to the junction.
Though the static properties of the S-F-S structures are
well studied both theoretically and experimentally, much
less is known about the magnetic dynamics of these sys-
tems [33–35]. The observation of a tunable anomalous
Josephson effect in InAs/Al Josephson junctions mea-
sured via a superconducting quantum interference device
(SQUID) reported in Ref. [36]. By gate controlling the
density of InAs the authors were able to tune the spin-
orbit coupling of the Josephson junction by more than one
order of magnitude. This gives the ability to tune ϕ0, and
opens several opportunities for superconducting spintron-
ics [1], and the possibilities for realizing and characterizing
topological superconductivity [37–39].

One of the milestones for superconducting electronics,
which stands out by ultralow energy dissipation is the
creation of cryogenic memory [40–42]. Different realiza-
tions for such devices were proposed including devices
based on the ϕ0 Josephson junctions [41,43–45]. The
dc superconducting current applied to a S-F-S ϕ0 junc-
tion might produce a strong orientation effect on the
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ferromagnetic layered magnetic moment [46]. The full
magnetization reversal can be realized by applying an elec-
tric current pulse [46]. Detailed pictures representing the
intervals of the damping parameter α, Josephson to mag-
netic energy relation G, and the spin-orbit coupling param-
eter r were obtained with the full magnetization reversal
[47]. It was demonstrated that the appearance of the rever-
sal was sensitive to changing the system parameters and
showed some periodic structure. Guarcello and Bergeret
[45] suggested to use a ϕ0 S-F-S junction as a cryogenic
memory element, based on the current pulse switching
of magnetization proposed in Ref. [46]. In this scheme,
a bit of information is associated with the direction of
the magnetic moment along or opposite the direction of
the easy axis of the ferromagnetic layer. The writing is
carried out as a reversal of the magnetic moment by a
pulse of current and the readout is performed by detec-
tion of the magnetic flux by SQUID inductively coupled
to the ϕ0 junction. They also explored the robustness of
the current-induced magnetization reversal against thermal
fluctuations and suggested a way of decoupling the Joseph-
son phase and the magnetization dynamics by tuning the
Rashba spin-orbit interaction strength via a gate voltage.
A suitable nondestructive readout scheme based on a dc
SQUID inductively coupled to the ϕ0 junction was also
discussed. We stress that in all the above mentioned works
the magnetization reversal was studied numerically only.

In our present work we derive an analytical solution
for the magnetization dynamics induced by an arbitrary
current pulse and formulate the criteria for magnetiza-
tion reversal in the ϕ0 Josephson junctions formed by
ordinary superconductors and a magnetic, noncentrosym-
metric interlayer. Using the obtained analytical results,
we optimize the form and duration of the current pulse.
The agreement between analytical and numerical investi-
gations is reached in the case of a large product of the
ratio of the Josephson energy to the magnetic energy,
strength of spin-orbit interaction and a minimum value
of the flowing current. The obtained results explain the
periodicity in the appearance of the magnetization-reversal
intervals observed in Ref. [47] and allow one to predict
magnetization reversal at the chosen system parameters.

The plan of the rest of this work is as follows. In
Sec. II we introduce the model and methods, particu-
larly, the derivation of effective field and current pulse.
This is followed by Sec. III, where the relation between
expressions for the temporal dependence of the current’s
pulse and the superconducting current is obtained for dif-
ferent Josephson-to-characteristic frequency ratios of the
junction. In Sec. IV we present the solution of the Landau-
Lifshiz-Gilbert equation for the case when the product of
the ratio of the Josephson-to-magnetic energy and spin-
orbit coupling is much more that one. Section V is devoted
to the small damping regime. We discuss the periodicity in
the appearance of the magnetization-reversal intervals in

the diagrams “Gilbert damping—Josephson-to-magnetic
energy ratio.” The periodicity for the diagram “spin-
orbit coupling—Josephson-to-magnetic energy ratio” is
discussed in Sec. VI. Finally, in Sec. VII we summarize
our main results and conclude.

II. MODEL AND METHODS

We study the anomalous Josephson effect in the sys-
tem with both spin-orbit interaction and exchange field.
Such a case was also demonstrated in a recent experi-
ment by Strambini and collaborators [48] who showed
that the combined actions of spin-orbit coupling and
exchange interaction breaks the phase rigidity of the sys-
tem, inducing a strong coupling between charge, spin, and
superconducting phase.

Here we investigate the system, which consists of a
simple ϕ0 Josephson junction with planar geometry made
up with ordinary superconductors and noncentrosymmet-
ric magnetic interlayer with intrinsic Rashba spin-orbit
coupling [23,45,46]. From the microscopic point of view
such Rashba coupling is considered as vSO [�σ × �p] · �n,
where �n is the unit vector along the asymmetric poten-
tial gradient and parameter vSO describes its strength. In
the following text the microscopical details of the Rashba
SOC and exchange field are included in one dimension-
less parameter r and the current-phase relation written
as Is = Ic sin (ϕ − ϕ0), where ϕ0 = rMy/M0, My denotes
the component of magnetic moment in ŷ direction, M0
is the modulus of the magnetization. So, the physics of
S-F-S Josephson structures is determined by the system
of equations that consists of the Landau-Lifshits-Gilbert
(LLG), resistively shunted junction (RSJ) model with
Is = Ic sin (ϕ − ϕ0), and Josephson relation between phase
difference and voltage. The dynamics of the magnetic
moment in the ϕ0 Josephson junction is described by [49]

dM
dt

= γmHeff × M + α

M0

(
M × dM

dt

)
, (1)

where M is the magnetization vector, γm is the gyromag-
netic relation, Heff is the effective magnetic field, α is the
Gilbert damping parameter, M0 = |M|.

In order to find the expression for the effective magnetic
field we use the model developed in Ref. [23], where it
is assumed that the gradient of the spin-orbit potential is
along the easy axis of magnetization taken to be along ẑ.
In this case the total energy of the system can be written as

Etot = −�0

2π
ϕI + Es (ϕ, ϕ0) + EM (ϕ0) , (2)

where ϕ is the phase difference between the supercon-
ductors across the junction, I is the external current,
Es (ϕ, ϕ0) = EJ [1 − cos (ϕ − ϕ0)], and EJ = �0Ic/2π is
the Josephson energy. Here �0 is the flux quantum, Ic is
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the critical current, ϕ0 = lυSOMy/(υFM0), l = 4hL/�υF , L
is the length of F layer, h is the exchange field of the F
layer, EM = −KVM 2

z /(2M 2
0 ), the parameter υSO/υF char-

acterizes a relative strength of spin-orbit interaction, K
is the anisotropic constant, and V is the volume of the
ferromagnetic (F) layer.

As mentioned in the Introduction, the physics of the
S-F-S Josephson junctions is mostly described by the qua-
siclassical Green-function method. Here we reduce it to
the RSJ model assuming the current-phase relation Is =
Ic sin (ϕ − ϕ0), calculated by the Green-function method
in Refs. [7], [25], and [26]. We consider a low-frequency
regime �ωJ � Tc (ωJ = 2eV/� being the Josephson angu-
lar frequency [50]), which allows us to use the qua-
sistatic approach to treat the superconducting subsystem. If
�ωJ � Tc, one can use the static value for the total energy
of the junction, Eq. (2), considering ϕ (t) as an external
potential. Derivative of total energy, Eq. (2), on phase dif-
ference gives the current-phase relation, which is used in
the RSJ model.

The effective field for the LLG equation is determined
by

Heff = − 1
V

∂Etot

∂M

= K
M0

[
Gr sin

(
ϕ − r

My

M0

)
ŷ + Mz

M0
ẑ
]

, (3)

where r = lυSO/υF , and G = EJ /(KV).
Using Eqs. (1) and (3), we obtain the system of equa-

tions, which describes the dynamics of the magnetization
of F layer in S-F-S structure

ṁx = 1
1 + α2 {−mymz + Grmz sin(ϕ − rmy)

− α[mxm2
z + Grmxmy sin(ϕ − rmy)]},

ṁy = 1
1 + α2 {mxmz

− α[mym2
z − Gr(m2

z + m2
x) sin(ϕ − rmy)]},

ṁz = 1
1 + α2 {−Grmx sin(ϕ − rmy)

− α[Grmymz sin(ϕ − rmy) − mz(m2
x + m2

y)]},

(4)

where mx,y,z = Mx,y,z/M0 satisfy the constraint
∑

i=x,y,z

m2
i (t) = 1. In this system of equations, time is normalized

to the inverse ferromagnetic resonance frequency ωF =
γ K/M0 : (t → tωF).

In order to describe the full dynamics of S-F-S struc-
ture the LLG equations should be supplemented by the
equation for phase difference ϕ, i.e., the equation of the
RSJ model. According to the extended RSJ model [51],
which takes into account the derivative of the ϕ0 phase

shift, the current flowing through the system in the over-
damped case is determined by

I = �

2eR

[
dϕ

dt
− r

M0

dMy

dt

]
+ Ic sin

(
ϕ − r

M0
My

)
, (5)

or in the normalized variables,

I = w
d�

dt
+ sin �, (6)

where the bias current I is normalized to the critical one Ic
and � = ϕ − rmy .

We note that in order to use the same time scale in the
LLG and RSJ equations we normalize time to the ω−1

F . In
this case an additional parameter given by the w = ωF/ωc
appears, where ωc = 2eIcR/� is a characteristic frequency
of the Josephson junction. As we see, the behavior of
the system depends on the value of this parameter and it
characterizes its different regimes.

The current pulse is I = Ip and it has rectangular form

Ip(t) =
{

As, t ∈ [t0, t0 + δt];
0, otherwise, (7)

where As and δt are the pulse amplitude and width, respec-
tively. We note that if any other form is not specified below,
the rectangular form is considered.

The initial conditions for the LLG equation are the
mx(t = 0) = 0, my(t = 0) = 0, mz(t = 0) = 1 and for
RSJ-model equation ϕ(t = 0) = 0. Via the numerical solu-
tion [46,47] of Eq. (4), taking into account Eqs. (6) and (7),
we obtain the time dependence of magnetization mx,y,z(t),
phase difference ϕ(t), and normalized superconducting
current Is(t) = sin(ϕ − rmy).

In this paper we also compare the analytical and numer-
ical results concerning the periodicity of magnetization
reversal in the α-G and r-G planes. In order to demonstrate
the realization of the magnetization-reversal intervals, we
solve numerically the system of differential Eqs. (4) and (6)
for the fixed values of G and α (or G and r). Then we check
the value of mz at the end of each time domain, and if
the reversal is realized, the values of G and α (or r) are
recorded to the files. Repeating this procedure for the dif-
ferent values of our parameters we build the figures, which
demonstrate the magnetization-reversal appearance in α-G
and r-G planes.

III. RELATION BETWEEN Ip (t) AND sin �(t) AT
DIFFERENT w

As mentioned above, the physics of switching in the
ϕ0 is determined by the LLG equation, Eq. (1), and the
RSJ-model equation, Eq. (6). An interesting feature of this
system of equations in the overdamped case is a decou-
pling, i.e., Eq. (6) for � is decoupled from the LLG
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equation. Eq. (4). This allows us to find the analytical solu-
tion for � and build the theory for magnetization reversal
at some values of model and pulse parameters.

To investigate the magnetization dynamics, we solve
Eq. (6) for the pulse Ip(t) and calculate sin �, which is
needed to determine the effective magnetic field, Eq. (3).
We find that the sin � profile consists of two regions: the
first one is the pumping of the sin � during the pulse and
the second one is the dropping of sin � to zero when the
pulse has been switched off. We investigate these processes
in the case of the rectangular pulse, Eq. (7). During the
pulse t0 ≤ t ≤ t0 + δt, the equation for � has a form

As = w
d�

dt
+ sin �, (8)

with the initial condition �(t = t0) = 0. For As < 1 it
gives

tan �(t)/2 = As

tanh
[

t−t0
τ0

]

tanh
[

t−t0
τ0

]
+ √

1 − A2
s

. (9)

Here τ−1
0 = √

1 − A2
s/2w, which determines the time scale

for approaching a constant value of �. So, the formula (9)
allows calculation of the sin � during the pulse t0 ≤ t ≤
t0 + δt.

In the second region t ≥ t0 + δt, when the pulse has been
switched off [Ip(t) = 0], we have

sin �(t) =
2 tan

[
�(t0+δt)

2

]

exp
[

t−t0−δt
w

]
+ tan2

[
�(t0+δt)

2

]
exp

[
− t−t0−δt

w

] ,

(10)

which exponentially drops to zero with a time scale τ1 ∼
w. Here tan{[�(t0 + δt)]/2} is determined by Eq. (9).

We see that there are two physically distinguishable
cases. The first case of small w is realized when the
conditions τ0 = 2w/

√
1 − A2

s � δt and τ1 ∼ w � δt are
fulfilled, i.e., when the pumping time τ0 and the time τ1
of dropping to zero, are small in comparison with the pulse
duration: τ0 � δt and τ1 � δt. These conditions mean that
sin � approaches As and drops to 0 for short periods of
time τ0, τ1, correspondingly, in comparison with the pulse
duration δt, thus sin � shows nearly a rectangular form,
which coincides with the pulse Ip(t). This case is demon-
strated in Fig. 1(a). Here the magnetic moment feels an
approximately constant field sin � during the pulse.

In the opposite case of w � τ0, τ1 the profile of sin �

becomes more complicated. First, the pumping process of
sin � to As becomes broader. Second, a significant tail
emerges where Ip(t) = 0, but sin � 
= 0, which influences
the magnetization dynamics. This situation is shown in
Fig. 1(b).

(a) (b)

FIG. 1. (a) Dynamics of sin � (green line), based on the ana-
lytical formulas (9) and (10), and numerical solution of Eq. (4)
(blue dots). The red line corresponds to the current pulse Ip(t)
at w = 0.1. The other parameters of calculations are As = 0.5,
t0 = 1, and δt = 3; (b) the same at w = 1.

So, one can notice that parameter w measures time of
� reaction to the external current. It could be concluded
that for small w in comparison with the characteristic time
scale of Ip(t) and for arbitrary current pulse Ip(t), where the
values are not very close to 1 (to Ic), time derivative w�̇

in Eq. (6) can be neglected and then, the relation sin � =
Ip(t) works well.

The following question appears: is magnetization rever-
sal determined by the value of mz at the end of the current’s
pulse? The answer is positive for small w only, i.e., when
ωF � ωc. In this case, when the pulse is switched off, the y
component of effective field, Eq. (3), in the LLG equation
can be neglected, because Ip ≈ sin �. Then, the dynamics
of mz is determined by parameters of the LLG equation:
if mz < 0, we observe the magnetization reversal, and it
does not happen in the opposite case (mz > 0). At a large
value of w the magnetization reversal is determined by the
tails in sin � after switching the pulse off. This feature is
demonstrated in Fig. 2, where the influence of sin � tails
on the dynamics of magnetization component mz is shown
at different w.

In the case w = 0.01 [see Fig. 2(a)] and the chosen
set of parameters we observe the fastest reversal, i.e., the
magnetization reversal happens in the current pulse time
interval and after switching the pulse off, the mz = −1. In
the case of w = 0.1, [Fig. 2(b)] the magnetization rever-
sal is also realized, but the value of mz after switching
the pulse off is mz = −0.82 and it reaches the mz = −1
at t = 40. At w = 1 [Fig. 2(c)], even the value of mz is
positive and has a large enough value at the end of the
current pulse (mz = 0.5), we nevertheless observe the mag-
netization reversal, but it reaches the mz = −1 at t = 60
only. The magnetization reversal is not realized at w = 10
[Fig. 2(d)] for the chosen values of the system parameters.
So, the value of w, i.e., the relation of ωF to ωc plays an
important role for the magnetization reversal.
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(a)

(c)

(b)

(d)

FIG. 2. Time dependence of mz at G = 60, α = 0.1, r = 0.1,
As = 0.5, and δt = 1 for different values of parameter w indicated
in the figures. Insets demonstrate the enlarged parts showing the
mz dynamics in the time interval around current pulse.

IV. SOLUTION OF THE LLG EQUATION FOR
THE Gr � 1 CASE

Our theory is based on a few key observations. The first
one is that for small w and current pulse Ip(t), where the
value As is not close to 1 (to Ic), as discussed in the previ-
ous section, we can neglect the term w × d�/dt in Eq. (6),
which implies the relation

Ip(t) = sin �. (11)

The second observation is that the condition w � 1 can be
rewritten as w = (1/G)(�0/2πV)(γ�/2eRM0) ∼ const ×
1/G � 1. It means that w � 1 does not imply the case of
small G � 1, therefore we can use the LLG equation in
the Gr � 1 limit as carried out in Ref. [23]. It was also
estimated there, that it is plausible for G to vary in a wide
range, starting from G � 1 till G ∼ 100 � 1.

The third observation is that the Gilbert damping can be
relatively small α � 1 [52–54]. So, if the duration of the
current pulse is not long, the damping cannot influence the
magnetization significantly, and the system may be consid-
ered as it is at α = 0. Estimations for this case is given in
the next section.

According to the previous remarks, using Eq. (11), we
can write the LLG equation during the pulse as

⎧⎨
⎩

ṁx = Grmz sin � = GrIp(t)mz,
ṁy = mxmz,
ṁz = −Grmx sin � = −GrIp(t)mx.

(12)

The limit of the strong coupling Gr � 1 (but r � 1) can
be treated analytically [23]. In this case my(t) ≈ 0 and
for applicability of this method we also need GrIp(t) � 1
during the pulse. In the opposite case, zeroes of current
pulse Ip(t) destroy the predominance of the used terms and
more careful consideration should be carried out. Because
my(t) ≈ 0, then mx = ρ sin φ, mz = ρ cos φ and we find
directly φ̇ = GrIp . So,

φ(t) = Gr
∫ t

t0
dt1Ip(t1). (13)

As we see from Eq. (9), after the pulse has been switched
off, the sin � has a fast drop to 0 due to condition w � 1. In
this time region the dynamics of the magnetization is deter-
mined only by the interplay of the magnetic anisotropy and
the Gilbert damping, which makes the magnetization line
up along the easy axis [55].

So, as follows from Eq. (13), the magnetization reversal
occurs when

cos
[

Gr
∫ t0+δt

t0
dt1Ip(t1)

]
< 0, (14)

where δt is the pulse duration.
We illustrate this idea in Figs. 3(a) and 3(b) for a rect-

angular pulse Ip(t) = As [θ(t − t0) − θ(t − t0 − δt)] with
As = 0.5 for two pulse durations δt1 = 1 and δt2 = 3.

The parameters G = 100, r = 0.1, α = 0.005, w =
0.01 are used. In the first case our criteria, Eq. (14),
gives cos (GrAsδt1) = 0.28 > 0, so the reversal is absent,
whereas for δt2 = 3 we get cos (GrAsδt1) = −0.76 < 0
and the reversal occurs. We see that the solution, Eq. (13),
represented by the blue dashed curve, coincides with the
numerical one, represented by the green solid curve, using
the complete Eqs. (6) and (1) with Eq. (3) during the
pulse. When the pulse has been switched off, the damp-
ing destroys any deviations from the easy axis mz = ±1. It
is demonstrated in the insets to Fig. 3.

It should be noted, that the magnetization reversal is not
affected by the form of the current pulse, but by its inte-
gral over the pulse duration only. This is demonstrated
in Fig. 4(c) for the pulse Ip(t) = 0.75 − |t − t0 − t/2|/3,
δt = 3. The integral

∫
dt1Ip(t1) for such a pulse is the same

as for the pulse in Fig. 3(b), so we see that dynamics of mz
and the magnetization reversal appearance are not different
from the case presented in Fig. 3(b).

V. SMALL DAMPING REGIME

It was demonstrated in Ref. [47] by numerical simu-
lations that there was a periodicity in the appearance of
intervals of the magnetization reversal under the variation
of the spin-orbit coupling, Gilbert damping parameter, and
Josephson-to-magnetic energy ratio. Now we can see that
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(a)

(b)

FIG. 3. Dynamics of mz based on numerical solution of
Eqs. (4) and (6) (blue dots) and analytical solutions of Eq. (13)
(green line) for different pulse amplitudes and widths. The cur-
rent pulse is shown by red. The parameters of calculations are
G = 100, r = 0.1, α = 0.005, w = 0.01, t0 = 1. (a) As = 0.5,
δt = 1; (b) As = 0.5, δt = 3.

the origin of this feature follows from Eq. (14), which
leads to such a periodicity by changing parameters of the
system and current pulse. As a result, we observe the
intervals of parameters with the magnetization reversal
and its absence. Based on this equation we can repro-
duce results of the numerical simulations of Ref. [47] and
show the way to optimize magnetization reversal at differ-
ent conditions. Under current pulse the magnetic moment
has complex oscillations determined by system and pulse
parameters. Due to the Gilbert damping, the deviated mag-
netic moment returns back to the stable states with mz =
1 or mz = −1. To describe its dynamics, we write the
equation for my including the first non-neglecting term in
damping parameter α

ṁy = mxmz + αGr(1 − m2
y) sin �. (15)

At the beginning of the pulse my(t) ≈ 0, mxmz makes fast
oscillations due to Gr � 1, so rising of my is determined

FIG. 4. Dynamics of mz (green line, analytical; blue dots,
numerical) with the current pulse Ip(t) = 0.75 − |t − t0 −
δt/2|/3, δt = 3, δt = 3 (red line). Insets show dynamics after
switching current pulse off.

only by the term αGr sin �. For applicability of Eq. (13)
we need to keep my(t) ≈ 0, which imposes the condition
for the small damping regime

∫ t0+δt

t0
dt1αGr sin �(t1) = αGr

∫ t0+δt

t0
dt1Ip(t1) � 1.

(16)

For example, at G = 100, r = 0.1, As/Ic = 0.5, δt = 3
we have α � 0.07, which corresponds to the experimental
value of the Gilbert damping parameter [52–54].

According to Eq. (14), the magnetization reversal in the
r-G plane under pulse Ip(t) = As [θ(t − t0) − θ(t − t0 − δt)]
occurs in the hyperbolic areas at

π

2
+ 2πn ≤ GnrAsδt ≤ 3π

2
+ 2πn (17)

for n = 0, ±1, . . ., whereas the most efficient reversal
appears when the condition

cos (GrAsδt) = −1 (18)

is fulfilled, i.e., GrAsδt = π + 2πn.
Equation (17) does not depend on α, but it indicates

the intervals of MR at α = 0. These intervals are shown
in Fig. 5 by dashed lines. We see that analytical intervals
coincide with the numerical ones, calculated at small α. It
allows us to make a conclusion that magnetization reversal
does not depend on α at its small values.

In order to test the effect of the small damping regime
determined by Eq. (16), we calculate numerically the areas
in the α-G diagram where the reversal appears. Results are
demonstrated in Fig. 5(a).

As we see, in the small damping regime the magneti-
zation reversal does not depend on α. The areas, where it
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(a)

(b)

FIG. 5. (a) Comparison of analytical and numerical results
demonstrating the periodicity MR realization in the α-G plane
at small Gilbert damping. The orange stripes reflect the areas
where magnetization reversal is realized. The dashed blue lines
correspond to the areas obtained analytically by Eq. (17). The
calculation is performed for the G with the step �G = 0.5 and for
α with the step �α = 0.0001. Other parameters are r = 0.1, w =
0.01, As/Ic = 0.5, δt = 3; (b) results of numerical calculations at
large Gilbert damping produced with the same parameters.

occurs, are periodic in parameter G, which is determined
by Eq. (17). As we see, the realization of the magnetiza-
tion reversal intervals in α-G plane obtained by numerical
simulations at small damping, is in agreement with the
analytical results.

Results of numerical calculations of the magnetization
reversal intervals in α-G plane at large Gilbert damping
produced with the same parameters are demonstrated in
Fig. 5(b). We see essential variations of the stripes at large
G and α. The estimations made for different S-F-S Joseph-
son junctions show small values of Gilbert damping when
our theory works [29,30,36]. Our theory works also in the
limit of small Gilbert damping only. Nevertheless, we con-
sider that the presented results are a challenge for future
theoretical considerations.

VI. PERIODICITY OF THE MAGNETIZATION
REVERSAL IN r-G PLANE

For simplicity we again consider a rectangular pulse
in the low damping regime and small w. Equation (17)
gives the hyperbolic curves for different n. From a physical
point of view they are the curves of a constant ampli-
tude for the driving force in the LLG equation, Eq. (1).
In this situation the magnetic moment becomes aligned
in the mz = −1 direction exactly after the pulse has been
switched off, and the relevant time scale is determined only
by the pulse duration, not by the Gilbert damping. It helps
us to optimize the pulse duration in order to make the
fastest reversal. We see from Eq. (18) that the shortest time
is realized for n = 0, i.e.,

δteff = π

GrAs
. (19)

This situation is demonstrated in Fig. 6 for G = 100, r =
0.1, α = 0.005, w = 0.01, As = 0.5, and δteff = 0.628. It
leads to the reversal time δtrev ≈ 0.6 × 10−10 s for typical
ωF ∼ 10 GHz. This time is 2 orders of magnitude smaller
than the estimated one in Ref. [46].

Similar hyperbolic profiles of 1/δteff on Ip(t) were
obtained theoretically in Ref. [56] and experimentally in
Refs. [44] and [57] for a spin-transfer-induced magneti-
zation reversal setup in current-perpendicular spin-valve
nanomagnetic junctions. In contrast to our case, this type
of setup needs some critical spin-polarized current for
magnetization reversal.

In order to test our analytical results, we calculate
numerically the areas of the magnetization reversal in the
r-G plane, using the complete Eq. (1) with Eqs. (3) and (6).
In Fig. 7 we compare them with the analytical results
(shown by dashed lines) based on Eqs. (17) and (18).

FIG. 6. The same as in Fig. 3 for the current-pulse duration
δteff = 0.628 together with analytic according to Eqs. (19). The
green line corresponds to the analytical solution and blue dots to
the numerical one. The current pulse is shown by the red line.
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FIG. 7. Periodicity of the magnetization reversal in the r-G
plane. Realization of magnetization reversal is shown by the
green stripes, the borders of the areas, Eq. (17), by the blue
dashed lines and the curves for the most efficient reversal,
Eq. (18), by the red lines. The calculation is performed with
the step �G = 0.5 and step �r = 0.001. Other parameters are
α = 0.005, w = 0.01, As/Ic = 0.7, δt = 3. The solid lines cor-
respond to the analytical expression (17) with n = 0, 1, 2, . . . , 9.
Black circles indicate the point where the dynamics of mz(t) is
shown in Fig. 8.

The almost perfect agreement between numerical and
analytical calculations stresses the validity of our theory
at the chosen system’s parameters. It should be noticed
that the periodicity of the magnetization reversal in the r-
G plane was observed in Ref. [47] numerically only and
for a nongauge-invariant scheme. Comparing both results
we may conclude that, actually, the term ϕ̇0 in Eq. (6),
which makes the equations gauge invariant, only slightly
shifts these areas of magnetization reversal. But, from the
other point of view, the gauge-invariant form of equa-
tions gives a possibility for analytical consideration of
Eq. (6).

Finally, we discuss the magnetization reversal at the
parameters corresponding to the different points in the
stripes, indicated in Fig. 7. The results of numerical sim-
ulations of mz temporal dependence in the first, second,
and third stripes at different values of spin-orbit coupling
are shown in Fig. 8.

First we compare the magnetization dynamics for three
points in the lowest stripe shown in Figs. 8(a)–8(c). At
the boundaries of this stripe we observe a slow reversal,
while at the point corresponded to the center of stripe
(r = 0.021) the magnetization reversal is the fastest one
[Fig. 8(b)]. The similar behavior we observe at the points
corresponded to the second and the third stripes shown in
Fig. 8. The main important difference between dynamics of
the mz in the centers of the different stripes is the following:
for the second stripe the mz makes an additional rotation
in compare with a case of the first stripe [see Fig. 8(f)],
also for the third stripe mz makes one more additional rota-
tion [see Fig. 8(i)]. So, it could be directly concluded, that

the stripes in Fig. 7 differ from each other by the number
of oscillations made by the mz(t) component during the
current pulse.

It should be noted that the obtained periodicity of the
magnetization reversal in the S-F-S ϕ0 junction is similar
to the well-known effect following from the Bloch equa-
tions in quantum optics and nuclear magnetic resonance
[47,58]. Generally speaking, here we find the limits of
parameters, where the famous π pulse is realized in our
system. As seen from Figs. 7, 8, and (13), the number
of oscillations n made by mz during the reversal pro-
cess is proportional to the integral of the pulse function∫

dtIp(t) over time, multiplied by Gr/π . This property
takes place for Gr � 1, w � 1 and small damping regime,
Eq. (16), otherwise the process of the reversal becomes
more complicated, as discussed in Ref. [47].

To implement the magnetization-switching element we
propose using a memory element that is based on a fer-
romagnetic anomalous Josephson junction [7]. The latter
consists of a S-F-S Josephson junction with a Rashba-like
spin-orbit coupling. Its ground state corresponds to a finite
phase shift in its current-phase-relation 0 < ϕ0 < π . In our
proposal, the magnetization-switching element is a Joseph-
son junction with a ferromagnetic link, with time-reversal
broken intrinsically by the exchange field. As demon-
strated theoretically, in these junctions the magnetization
of the F layer can be controlled by passing an electric cur-
rent through the device [23,33,35,46,59,60]. We propose to
use such a junction as a memory element with the informa-
tion encoded in the magnetization direction of the F layer.
An important issue for the memory element is the effects
stemming from the unavoidable thermal fluctuations on
both phase and magnetization dynamics. An exhaustive
analysis of the noisy dynamics of a current-biased S-F-S
Josephson junction, considering the influence of stochas-
tic thermal fluctuations were presented in Ref. [45] and the
robustness of such memory against noise-induced effects
was investigated.

Finally, we specify the set of ferromagnetic layer param-
eters and junction geometry for the possible experimental
observation of the predicted effect. In a ferromagnet with
weak magnetic anisotropy, as in the permalloy with [61]
K ∼ 4 × 10−5 KA−3, a junction with a relatively high crit-
ical current (Ic ∼ 3 × 105–5 × 106 A/cm2), as reported for
the Nb/NiGdNi/Nb junction [62], and a ferromagnetic film
volume V = 10−15 cm3, we find that the ratio between
the Josephson and the magnetic anisotropy energy to be
G ∼ 20–200 [55]. Another suitable candidate may be the
permalloy doped with Pt [63]. As estimated in Ref. [23],
if the length of the ferromagnetic layer is of the order of
the magnetic decaying length we have r ∼ 0.1, the value
of the parameter Gr is in the range 2–20. Note that ferro-
magnets without inversion symmetry, like MnSi or FeGe,
may also be interesting candidates for the observation of
the discussed phenomena.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

FIG. 8. Results of numerical simulations of mz temporal dependence in the first stripe (a)–(c), the second stripe (d)–(f), and the
third stripe (g)–(i) for the set of parameters G = 100, α = 0.005 w = 0.01, As = 0.5, δt = 3, and different value of the SO coupling
parameters indicated in the figures.

VII. CONCLUSIONS

The ϕ0 Josephson junction is an interesting and
important object for superconducting electronics. Its
experimental realization opened the way for its use in
different applications, particularly, as a cryogenic mem-
ory element. In our paper we study the reversal of
the magnetic moment in the superconductor-ferromagnet-
superconductor ϕ0 Josephson junction and developed a
theory, which allows us to understand the phenomena of
magnetization reversal in this system, and also to predict
its occurrence at the chosen system parameters. The ana-
lytical criteria for the magnetization reversal are derived

in Eqs. (14) and (18), which clarify the dependence of
the reversal on the Josephson-to-magnetic energy ratio,
spin-orbit coupling, and pulse amplitude, as well as its
duration. We compare our analytical results with numer-
ical simulations, explain the observed diagrams G-r and
G-α, and demonstrate their almost perfect agreement. We
demonstrate the magnetization reversal for different forms
of the current pulse. In particular, we find the conditions
for faster reversal, which is important for the creation of
cryogenic memory, based on this system. We consider
that the obtained analytical criteria will be useful in the
development of a memory element based on the S-F-S ϕ0
Josephson junction.
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