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Binding energy calculation in two-dimensional (2D) materials is crucial in determining their electronic
and optical properties pertaining to enhanced Coulomb interactions between charge carriers due to quan-
tum confinement and reduced dielectric screening. Based on full solutions of the Schrodinger equation in
a screened hydrogen model with a modified Coulomb potential (1/7#~2), we present a generalized and
analytical scaling law for the exciton binding energy, Eg = Eo(aB’ + ¢)(u/€?), where B is a fractional-
dimension parameter that accounts for the reduced dielectric screening. The model is able to provide
accurate binding energies, benchmarked using the reported Bethe-Salpeter equation and experimental
data, for 58 monolayer 2D and eight bulk materials, respectively, through B. For a given material, 8 is
varied from B8 = 3 for bulk three-dimensional materials to a value lying in the range 2.55-2.7 for 2D
monolayer materials. With Bpean = 2.625, our model improves the average relative mean square error by
a factor of 3 in comparison to existing models. The results can be used for Coulomb engineering of exciton
binding energies in the optimal design of 2D materials.
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I. INTRODUCTION

Accurate determination of optical and electronic prop-
erties of bulk and two-dimensional (2D) materials is cru-
cial for many applications, especially when the excitonic
effects become significant in the 2D regime due to struc-
tural changes induced by dielectric environments leading
to variation in binding energies [1-10]. The 2D nature
of the material makes the excitons easily tunable, with
some external stimuli, enabling excitonic-transport-based
photonic devices such as electrically driven light emit-
ters, optovalleytronic devices, photovoltaic solar cells,
and lasers [11—13]. Thus the binding-energy calculation
in 2D materials has become an active area of research
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and numerous studies based on theoretical and experi-
mental approaches have been reported in the literature
to understand the excitonic effects and their implications
[14-18]. Due to the high cost of experimental proce-
dures, reliance on numerical approaches such as the Bethe-
Salpeter equation (BSE) becomes inevitable for accurate
modeling of excitonic effects and thus serves as a bench-
mark for other models [19]. In order to reduce the com-
putational complexity, analytical methods are desirable
to speed up the design processes [20—22]. A number of
models to describe exciton behavior have been reported,
including the pioneering works of Frenkel and Wannier-
Mott (W-M) [23,24]. The Frenkel model is based on the
concept of localized screening, whereas the W-M model
incorporates an average delocalized screening effect irre-
spective of the actual dielectric environment and thus leads
to an overestimation of binding energies. Olsen et al. [25]
introduced an effective dielectric screening based on mate-
rial polarizability, resulting in relatively accurate binding
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energies. Recently, a generalized extension of the model by
Jiang et al. [26] has found the 2D exciton binding energy
to be one fourth of the band gap, resulting in error reduc-
tion. The difficulty with the existing models is that the
inherent Coulomb screening potential does not take the
structural-confinement effects into account and therefore
the accuracy in 2D binding-energy calculations is compro-
mised. Therefore, we propose a simple approach to explic-
itly incorporate the structural-confinement effects in the
screening potential by representing the Coulomb potential
in a fractional space to represent a more realistic dielectric
environment in an effective manner. Moreover, the realistic
systems are not 2D in a strict sense and the fields, includ-
ing the electric field and the magnetic field, the electron
emission, and the angular momentum, are not confined to
a smooth plane [27]. Hence, the central force between the
electron and the nucleus may be better represented by a
generalized Coulomb potential function, assuming that the
system lies in an equivalent fractional-dimensional space.
It is worthwhile to mention that the concept of fractional-
dimensional space has been successfully applied to study
the effects of confinement, roughness, and disorder in vari-
ous physical problems arising in electron-device modeling
[28,29], plasma physics [30], and electromagnetism [31].

Motivated by the above, the purpose of this paper is
fourfold.

First, an analytical model based on the power-law fit
to the full solution of the simple hydrogen model with
a fractional Coulomb potential is presented, of the form
Eg = Eo(aB® + ¢)(j1/€?), namely the fractional Coulomb
potential (FCP) model, where f is a fractional-dimension
parameter linked to the screened Coulomb potential, £y =
13.606 eV is the Rydberg energy, a = —2.619 x 10*, b =
—9.634, c = —0.3833, and u and € represent the material-
specific reduced exciton effective mass and dielectric con-
stant, respectively.

Second, we demonstrate the accuracy of the proposed
FCP model to calculate the 2D and bulk binding ener-
gies, benchmarked using the BSE and experimentally
reported data. The FCP model allows the incorporation
of the structural-confinement effects and enables the cal-
culation of exact 2D binding energies corresponding to
the actual dielectric environments through the fractional-
dimension parameter §, with bulk values intercepted at
B = 3 and monolayer data represented by S lying in the
range 2.55-2.7. We also show that the W-M model is a
special case of the FCP model reduced at a fixed f =
2.515.

Third, we report a correction in the average 2D exci-
ton screening represented at Bue.n = 2.625, based on error
analysis of our proposed FCP model in comparison with
existing models by using BSE-reported data for 58 mono-
layer materials having binding energies up to 1.5 eV
as a reference. It is shown that binding-energy calcula-
tions based on W-M and Jiang ef al. [26] have average

mean square errors (MSEs) of 39.2% and 26%, respec-
tively, whereas the proposed FCP model (at Bmean =
2.625) reduces the average MSE to below 12.8%.

Finally, we show that there exists a simple scaling
with a smooth transition of 8 corresponding to structural
confinement from bulk to the monolayer regime.

II. FORMULATION

The FCP model is based on a fractional Coulomb poten-
tial embedded in an infinite quantum well given by the
radial part of a simple hydrogen model as

h? d?

[_Zﬁ + Vfrac(r)] v (r) = Ey (), (1
where 11 = 0.9995mg (mo = 9.11 x 107! kg) is the exci-
ton reduced mass, r is the radial distance, and Vi (7) 1is
the fractional Coulomb potential. The fractional Coulomb
potential is a generalized form of the standard Coulomb
potential that exhibits a Coulomb-like electron-hole pair
interaction and is based on the fractional-dimensional
Poisson equation [31-33] of the form

V; Vfrac(r) = _p/€9 (2)

where f is a fractional-dimension parameter that is valid
in the range 2 < § < 3, p is the volume charge density,
and Vé is a generalized fractional-dimensional Laplacian
operator in spherical coordinates [34], with the radial
component given by

1 o 0
2 _ - T B
Vi = =1 or [r ar]' ®)

Following the analytical solution of Eq. (2) from Ref. [32],
the fractional Coulomb potential takes the form

Virae (r) = kge? /P72, 4)

where kg =T (B/2)/[2nP2(B — 2)e0). At B =3,kg
reduces to 1/4mwey and Vi (r) simplifies to the standard
Coulomb potential of the form 1/r. When g differs from
three, the Coulomb potential of a point source falls off as
1/r#=2 and the dynamical symmetry is broken; this is effec-
tively linked to the reduced hydrogenic screening and leads
to an effective reduction in the Bohr radius.

The full solution to Eq. (1) is performed (for the detailed
derivation, see the Appendix) to calculate the ground-state
hydrogenic energy ey(B8), where eo(8) = Eo(8)/13.6 eV.
A power-law fit to the full solution of Eq. (1) is performed
to develop an analytical scaling law for the binding-energy
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FIG. 1. Curve fitting to FCP computed ground-state hydro-

genic energies for 2 < 8 < 3, based on full solution. The mark-
ers indicate the FCP data points. The dotted line presents the
power-law fit to the data with the function ey(8) = aB® +
¢, where a = —2.619 x 10*, b = —9.634, and ¢ = —0.3833,
with 95% confidence bounds of (—2.867 x 10*, —2.37 x 10%),
(—9.749, —9.519), and (—0.4164, —0.3502), respectively.

calculation, given by
b H
Eg = Eo(ap +C)<e_2>’ )

where Ey=13.6 eV, ap’ +c~ey(B), a=—2.619 x
104, and b= —9.634 and ¢ = —0.3833 are the fit-
ting parameters obtained from a power-law fit to eo(8)
with 95% confidence intervals of (—2.867 x 104, —2.37 x
10%), (—9.749, —9.519), and (—0.4164, —0.3502), respec-
tively, as shown in Fig. 1. Here, € is the dielectric constant,
calculated using %(1 + /1 4+ 32mau/3), which represents
the effective linear screening for the strict 2D case [25], u
is the reduced exciton mass, and « is the 2D polarizability
based on reported data for Gy, [19].

An infinite quantum-well (QW) equivalence of the FCP
model in Eq. (1) is demonstrated to explain an effec-
tive reduction in the Bohr radius. The fractional Coulomb
potential for 2.5 < 8 < 3 is calculated using Eq. (4) and is
plotted against a radial distance r corresponding to 8 = 3,
as illustrated in Fig. 2. A radial distance of approximately
20 times the Bohr radius (19.75a¢, where ay = 0.529 A)
with a uniform mesh grid of 300 points is taken to emu-
late the full-wave behavior of the FCP model, which is
necessary for convergence (for details, see the Appendix).
Here, the radial distance is equivalent to an infinite QW
width and is highlighted to shrink with decreasing values
of B. This is validated by first computing the ground-state
hydrogenic energies Ey(8) for 2.5 < B < 3 using the FCP
model in Eq. (1), as shown in the inset of Fig. 2. The
resulting values of Ey(B) are then employed to calculate
the corresponding infinite QW width w, using

w =V R2r?/2uEo(B), (6)
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FIG. 2. An illustration of the FCP model with an analogous
example of an infinite QW model. The radial distance corre-
sponds to the QW width, taken as being at least 20 times the Bohr
radius, in order to converge the full solution of the FCP model
in Eq. (1) for ground-state hydrogenic energies, as shown in the
inset. The FCP model reduces to a standard hydrogen model at
B =3 with Ey(B) = 13.6 eV, whereas for 2 < 8 < 3, the FCP
model reflects a screened hydrogen model and thus results in
Ey(B) > 13.6 eV. The screened hydrogen model corresponds to
an infinite QW model, having the provision to vary the QW width
through 8.

which is in excellent agreement with the radial distance r as
shown in Fig. 3. The decrease in w corresponds to a reduc-
tion in the effective Bohr radius given by ag = w/19.75, as
illustrated in the inset of Fig. 3. The reduction in ag takes
place due to a proportionate decrease in the QW dimen-
sions, as a well width of at least 19.75ay is required for the
infinite QW model to produce hydrogenic energies Ey(8).
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FIG. 3. A demonstration of the FCP model as an equivalent

infinite QW model. The black dotted line shows the correspond-
ing decrease in the radial distance with B, as depicted in Fig. 2.
The blue dashed line is the equivalent reduction in the infinite
QW width calculated using Eq. (6), corresponding to ground-
state hydrogenic energies calculated using the FCP model in
Eq. (1) for 2.5 < B < 3. The inset shows a reduction in the effec-
tive Bohr radius calculated as ag = w/19.75, where w is the
infinite QW width for2 < 8 < 3.
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II1. RESULTS AND DISCUSSION

The significance of the fractional Coulomb potential in
the 2D binding-energy calculation is highlighted by per-
forming a comparison of the existing analytical methods
with the proposed FCP model by using BSE-reported bind-
ing energies for 58 monolayers as a benchmark [19]. The
analysis is performed to intercept S based on the FCP
model in Eq. (5) for binding energies reported using the
BSE and that calculated using existing analytical models.
The result in Fig. 4 shows that the FCP model accurately
produces results through 8, with most of the monolayer
materials found to lie at 8 values in the range 2.55-2.7,
to represent the actual 2D exciton screening, whereas the
W-M model is shown to overestimate the 2D binding ener-
gies, with the average screening represented by a fixed
value of 8 = 2.515 as a special case. This is because the
W-M model considers the average screening in 2D exci-
tons with binding energies given by 4 x (13.6u/€) [27].
However, the exciton model given by Jiang et al. [26]
results in significant under- or overestimation of binding
energies. Moreover, the FCP model is also demonstrated
to intercept binding energies for eight bulk materials at
B = 3, benchmarked using experimentally reported data
[35-46].

The fractional-dimension parameter 8 is linked to the
screening effect due to the fractional Coulomb potential. It
is related to the dimensionality in terms of the hydrogenic
Bohr radius, explained through the equivalence of the pro-
posed FCP model to an infinite QW model and, in fact,

3 AL A = BSE 2D data fitted with 3
* ‘W-M 2D data fitted with 3
# Jiang et al. [26] 2D data fitted with
291 A Experimental bulk data fitted with
=
*
2.8} g, *
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FIG. 4. The FCP model in calculations based on Eq. (5), to
intercept B for 58 monolayer materials for reported values of
BSE binding energies [19], W-M data calculated for 58 mono-
layer materials using 4 x (13.6u/€?) and fitted with the respec-
tive B values [24,47], Jiang et al. [26] data calculated for 58
monolayer materials with E,/4 and fitted with the respective g
values, and experimentally reported data for eight bulk materials
also fitted with the respective B values. Here, it is to be noted
that the binding-energy calculation for the aforementioned mod-
els is performed by employing the required reported data: the
complete details are given in the Supplemental Material [48]. The
blue double-headed arrow shows the range of 8 for 2D BSE data.

is not directly related to the physical dimensions. It has
been shown in Fig. 4 that § = 3 and 2.55 < 8 < 2.7 repre-
sent the bulk and 2D screening, respectively. The Coulomb
potential in fractional space provides an additional param-
eter in the form of B, in addition to u and €, which allows
us to incorporate a screening correction in material sys-
tems induced due to the varying thickness, substrates, and
stress layers and the practical conditions under which the
experimental and numerical calculations are performed.

The result in Fig. 5 illustrates an error analysis of the
proposed FCP model in comparison with existing mod-
els by using BSE-reported data for 58 monolayer materials
as a reference. The BSE data are calculated accurately by
the FCP model fitted with the respective B values, whereas
the W-M data, having an inherently fixed 8 = 2.515, show
an overestimation that increases with the binding energies.
However, the exciton model by Jiang et al. [26] has a
variable 8 and is shown to exhibit an increase in underesti-
mation for binding energies greater than 0.5 eV. Moreover,
the existing models capture reported values in good agree-
ment limited up to 0.5 eV, as also reported by Olsen et
al. [25]. This limitation is caused by the incorrect dielec-
tric screening in the existing models, which is validated
by the FCP model, with the identification of actual aver-
age screening represented at Bye.n = 2.625. This corrected
B is found to result in binding energies that fall compar-
atively, in good agreement with the reported BSE data up
to 1.5 eV. The result in Fig. 6 shows an average reduc-
tion in the relative MSE for the FCP model with Bcan =
2.625 to less than 12.8%, which is a reduction of approx-
imately one third and one half in comparison to W-M and
Jiang et al. [26], respectively.
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FIG. 5. A comparative analysis of the relative MSE in calcu-
lated binding energies for the FCP model with Bpesn = 2.625
using Eq. (5), W-M, and Jiang et al. [26] with respect to reported
BSE data fitted with the respective B values, using Eq. (5)
taken as a reference. Binding energies calculated using the FCP
model with Bpean = 2.625, capable of capturing most of the data
in comparatively good agreement up to 1.5 eV, in contrast to 0.5
eV for the other two models.
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FIG. 6. The FCP calculation with Byean = 2.625 reduces the
relative average MSE for 58 monolayer materials up to one
half and to one third in comparison to Jiang et al. [26] and W-
M, respectively. Moreover, a comparison with Olsen et al. [25]
shows an approximate reduction in the error of up to one fourth
(for details, see the Supplemental Material [48]).

It is to be noted that the simple screened hydrogen model
with the classical Coulomb potential with a 1/r depen-
dence demonstrates W-M excitons of a delocalized nature
and hence can model binding energies of a few hundreds of
millielectronvolts correctly. Since the dielectric screening
in some 2D materials can be greatly reduced, the exci-
ton binding energy may reach higher values (up to 1 eV
and above). However, their corresponding quasiclassical
radius of the ground-state orbital may still remain substan-
tially larger than the lattice constant [49]; such excitons can
be regarded as W-M excitons and are sometimes referred
to as tightly bound 2D W-M excitons. Here, the materi-
als with higher binding energies are presumed to fall into
this category of tightly bound 2D W-M excitons and our
FCP model with its 1/~ dependence can model them
correctly. Once the exciton radius becomes comparable
to the lattice constant, the strongly W-M picture becomes
inapplicable and a non-Coulombic electron-hole interac-
tion takes place [49,50], which is beyond the scope of
the current study. Moreover, binding energies smaller than
0.35 eV are not subject to experiment due to limited avail-
ability of the reference data; the materials included in this
work have a high dynamic and thermodynamic stability
with the available reference values of the BSE binding
energy, the Gy W, band gap, the effective mass, and the 2D
polarizability [19].

The FCP model intercepts the BSE-reported 2D binding
energies based on a hydrogenic solution with the Coulomb
potential represented in the fractional space by including
an effective linear screening based on 2D polarizability
and additionally allows for the correction in 2D screening
through g, resulting in a Bohr radius corresponding to a 2D
regime. Further, an exciton radius of 5.53 A is calculated
for monolayer MoS, as Rex. = ag(e/p), corresponding to

a binding energy of 0.547 eV, intercepted at § = 2.631.
Here, u = 0.236, € =4.003, and ag = 0.326 A is calcu-
lated as w/19.75, where w is equal to 6.44 A computed
at § = 2.631, using the result in Fig. 3. The calculated
value of 5.53 A is in good agreement with the theoretically
reported value of approximately 55A [51] correspond-
ing to an experimentally reported monolayer thickness of
approximately 0.65 nm [52]. Although an exciton radius
of 1 nm has also been reported [21,53], corresponding
to varying values of binding energies for free-standing
monolayers of 0.96 eV and 0.54 eV, the authors do not
explain why the exciton radius does not change: a change
in the radius is linked to the screening [54] and the screen-
ing effect has been shown to change the binding energies
[55]. We believe that such discrepancies can arise due to
different approaches chosen to initiate the numerical cal-
culations and that a further investigation in the future will
prove to be fruitful.

A smooth transition of 8 with structural confinement
from bulk to the monolayer, given the material data for the
respective number of layers, is presented in Fig. 7. This
demonstration is based on a power-law fit to the reported
MoS, binding energies corresponding to a decreasing
number of layers, intercepted with the FCP model through
B as given in Table 1. In practice, the variation of the
binding energy is inversely proportional to the dielec-
tric constant, whereas the dielectric constant is known to
have a direct relationship with the structural confinement
[56,57], due to which the proposed FCP model can provide
an approximate estimate of the layer thickness correspond-
ing to the desired binding energy through the mapping of
the fractional-dimension parameter 8, as demonstrated in
Fig. 8. The result in Fig. 8§ is an extension of Fig. 7, which
shows a relationship between the fractional-dimension
parameter S and the number of layers (L), given by
B(L). Here, B(L) follows a power-law model of the form

1 ,
B MoS, Monolayer
B MoS, Bilayer
—~ 0.8 m MoS, Four-layer (1
E “ MoS, Six-layer
\ B MoS, Bulk
] 2
20 0.6y ‘\ = == Our model
g \
£3) .‘
= \
= N
~
B o2t .
2.5 2.6 2.7 2.8 29 3

FIG. 7. A demonstration of the smooth transition of 8 with
respect to the binding energy for MoS,, given u and € data for
the respective numbers of layers. The blue dotted line represents
a power-law fit to the data points given in Table 1.
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TABLE 1. The calculation details for FCP-model-based interception of the reported MoS, binding energies corresponding to a
structural confinement from bulk to the monolayer.

Structure uw € Binding energy (eV) Number of layers (L) Brcp?
Bulk 0.4 [35] 10.71 [35] 0.04 [35] 310 3
Six-layer 0.3 [59] 7.92 [59] 0.08 [59] 6 [59] 2913
Four-layer 0.25 [59] 7.16 [59] 0.09 [59] 4 [59] 2.875
Bi-Layer 0.25 [59] 5.51 [59] 0.424 [59] 2[59] 2.531
Monolayer 0.19 [47] 3.43 [47] 0.897 [47] 1[47] 2.506

2The FCP-model interception of binding energies for the respective layers through tuning of §.
YBulk thickness (approximately 20 nm)/monolayer thickness (0.65 nm) [52].

(c1L°? + ¢3) and indicates a sharp decrease in the screen-
ing for the 2D regime (very small L) compared to the bulk
regime (large L), attributed to the strong excitonic effects
due to structural confinement. This allows an approximate
calculation of the binding energies for a changing num-
ber of layers as Eg; = Eo| aB(L)" + c] (1/€?), where a,
b, and c remain the same as in Eq. (5), highlighting the
usefulness of the FCP model in practical design problems.
It is worthwhile to mention that an earlier model reported
by Thilagam has reported the kinetic energy part of the
two-particle fractional-dimensional Schrodinger equation
with a classical Coulomb potential [58]. On the contrary,
our FCP model demonstrates that the fractional Coulomb
potential corresponds to structural changes from bulk to
the 2D regime and thus provides a better representation of
dielectric screening in confined materials.

As an example for many applications, recent studies
on a number of photovoltaic systems based on 2D mate-
rials [60—63] have been demonstrated to highlight the
influence of various dielectric environments and structural

di _______-______l._
29} L0~ |
[ 4 ® Orcp vs Layers (Table I)
/ - - =Power-law behavior
_28F
= |
Q. 1
27 r 1
1
1
1
26+ !
1
1
'@
2 5 .I. . L L 1 1 1
0 5 10 15 20 e ”

Number of Layers (L) for MoS,

FIG. 8. A demonstration of the smooth transition of 8 with
respect to the number of layers in MoS,, showing the usefulness
of the FCP model in the design process for practical applications.
The blue dotted line shows that B(L) follows a power-law model
as (¢ L2 + ¢3), which is obtained by performing a fit to the data
points given in Table I, where ¢; = —0.5233, ¢, = —0.8394,
and c¢3 = 3.029 with confidence bounds of (—1.19,0.1439),
(—3.385,1.707), and (2.413, 3.646), respectively. The black
markers indicate the FCP data.

configurations on the critical role of the binding energy
in solar applications for a favorable dissociation of photo-
generated excitons into free carriers at room temperature.
Further, the 2D binding energy is reported to make a sig-
nificant contribution to band-gap renormalization and is
shown to vary due to the screening induced by the exter-
nal dielectric environment, leading to shifts in the optical
spectrum [64—66]. Thus 2D-material-based optical detec-
tion, which requires a strict optical frequency and a narrow
line width, would demand an accurate determination of the
binding energy. Here, the FCP model will prove to be a
promising tool due to its ability to produce accurate bind-
ing energies for a wide range of 2D materials with the aver-
age screening felt by 2D excitons corrected to represent
a more realistic dielectric environment, hence contribut-
ing toward the accurate determination of optoelectronic
properties. Additionally, it has the potential to track the
variation in binding energy due to a change in material
thickness from a monolayer to many layers and thus can
allow for binding-energy tunability to achieve efficient
photoconversion as reported in the literature [67,68].

Furthermore, strain in 2D materials is shown to induce
band-gap shifts with excitonic effects [5,69,70] and vari-
ous experimental and numerical studies [71—73] have been
reported recently to account for strained excitonic effects.
In future, our proposed FCP model can be extended to
calculate the strained binding energies by establishing a
physical relationship between § and the lattice parameters
corresponding to the strain levels. Such an extension can
potentially be used as a tool to control the optical properties
of strained 2D materials [17].

IV. CONCLUSION

In conclusion, the proposed model gives a generalized
analytical expression to calculate the binding energies for
a wide range of materials ranging from bulk to the 2D
regime using the reported material parameters 1 and €. The
fractional-dimension parameter § = 3and 2.55 < 8 < 2.7
corresponds to the actual dielectric screening in bulk and
2D materials, respectively, and thus results in an accurate
calculation of the binding energies for 58 monolayer and
eight bulk materials benchmarked using reported data. An
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average screening in 2D excitons represented by Bmean =
2.625 comparatively reduces the relative MSE, on aver-
age, by up to one third with most of the materials captured
by our model up to 1.5 eV, in contrast to 0.5 eV in exist-
ing models. Finally, for a given material, we show that
there exists a scaling law between § and structural con-
finement from bulk to the monolayer, which assists in the
tuning of the binding energy by varying the material thick-
ness. The proposed FCP model will prove useful in the
design and engineering of optoelectronic devices based on
2D heterostructures, due to the critical role of the bind-
ing energy in the efficient photoconversion operation. The
FCP model can provide a useful tool with its analyti-
cal approach through providing accurate binding-energy
estimates for 2D materials under the impact of practi-
cal dielectric environments, thus contributing toward the
optimal design of optoelectronic devices.
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APPENDIX: DETAILED DERIVATION AND
FULL SOLUTION OF SCREENED HYDROGEN
MODEL WITH FRACTIONAL COULOMB
POTENTIAL (FCP)

The FCP model is developed based on an arbitrary
potential embedded in the infinite quantum well, as illus-
trated in Fig. 9, following the eigenvalue calculation
method reported in Ref. [74].

The radial part of the simple hydrogen model in spher-
ical coordinates incorporating the fractional Coulomb
potential represents the FCP model as follows:

n? d?
[ ~5 g T Vfrac(r)]lﬁ(r) =Ey(r), (Al
wdr
where © = 0.9995m, is the exciton reduced mass,
Viae(r) = kge? /rP~% is the fractional Coulomb potential,
r is the radial distance equivalent to the infinite QW width,
and B is the fractional-dimension parameter linked to the
screened Coulomb potential.
The formulation of the eigenvalue problem for a frac-
tional Coulomb potential embedded in an infinite QW is
given as Y "™ H,,.c,, = Ec, and the Hamiltonian-matrix

m=1

+o00—T—T—T—T—T—T—T—T—T—T—T—T—T—T—T—T—T—T—T
[— Infinite Quantum Well + Arbitrary Potential (Coulomb)|

Potential Energy
(=)

Radial Distance

FIG. 9. The model framework for hydrogenic energy com-
putation with the Coulomb potential embedded in an infinite
quantum well. Here, ay is the Bohr radius and « is the radial
distance of the infinite QW taken as being at least 20 times ag
to achieve convergence. Here, we replace the Coulomb potential
with a fractional Coulomb potential.

elements are given by
Hym = [<¢n|HO + Vfrac|¢n>] = 8nmE2 + Virae(r),  (A2)

where Hy|¢p,) = E,?lqb,,) represents the infinite QW. The
eigenstates of the infinite QW, ¢,(r) =+/2/asin(nnr/a),
with eigenvalues E° = w2h?n*/2moa®, allow for the
Fourier-series expansion of the embedded wave function
as [Y) = Y™ ¢l hm, where [ | (r)|*dr = 1. The infi-
nite QW enforces the embedding wave function ¥ (r) to
satisfy the von Karman boundary conditions as 1 (0) =
0 and ¥ (r =a) = 0. Here, my =9.11 x 1073! kg and
a = 20ay is the width of the infinite quantum well. The
fractional Coulomb potential over the radial distance is
expressed as

2kge* (¢ . (nmr\ 1 . (mmr
Viac(r) = — sin| — | z—sin| — dr,
a Jo a )rf- a

(A3)

where kg = I'(8/2)/(2nP>(B — 2)€¢). After trigonomet-
ric transformations, we arrive at

k,gez
Virac (1) = _7 Gn+m)—Gn—m)|, (A4)
where
ar] — nr
Gn +m) = / [ cos iﬂa_z(n + m)):| ar.
‘ (AS)
arl — cos (”—r(n—m))
Gin—m) = / |: - } dr.
0 rf=2
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FIG. 10. The FCP-model convergence calculated by varying
the radnial distance a/ag for ny,x = 400, Eg = 13.6 ¢V, and ap =
0.529 A.

The dimensionless version of the Hamiltonian matrix
equation for the FCP model is represented as

Nmax

E hnmcm = éCy,
m=1

where h,, = H,,/Ey, e = E/Ey, and Ey = h2/2moa% R
13.606 eV, resulting in the following expression for the
numerical calculation of the eigenvalues:

T na, 2
hnmz‘s( O)
a

470-DT(8/2) ay
—— G2 ;[G(n +m) — G(n— m)]

(AT)

(A6)

The integrals are computed using trapezoidal integration
and the dimensionless Hamiltonian matrix for the FCP
model is solved for the first bound states by employing
block diagonalization using the Jacobian rule.

5 o0 ‘
-~ ke k. e 2k
h{ ~ » /E\ »
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FIG. 11. The FCP-model convergence calculated by varying
nmax for a/ag = 20.

The plots in Figs. 10 and 11 show the convergence of
the FCP model for the ground-state energy for2 < g <3
with respect to a/ay and np,x, respectively, where ny,.x rep-
resents the Hamiltonian matrix size, which is dependent
on the cutoff energy of the wave function, and a/ay rep-
resents the radial distance equivalent to an infinite QW
width, which is important for convergence. We perform
our calculation for n,,x =400 and a/ay = 50.
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