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Hydrodynamic and thermal cloaking effects have attracted interest among researchers using metamate-
rials. This paper explores an analytical solution using only isotropic materials to achieve cloaking under
forced convective heat transfer. It is shown that, under a background of uniform flow and linearly varying
temperature, a circular bilayer cloak with an inner layer made of impenetrable and insulated material and
an outer layer made of a porous medium having a constant permeability and effective conductivity does
not disturb the external flow and temperature fields. Moreover, the cloaked region is shielded from the
external flow and temperature fields. Analytical temperature and velocity distributions within the porous
outer layer are presented to demonstrate both the hydrodynamic and thermal cloaking effects of such a
bilayer. Finally, numerical results, based on practically attainable material properties, are given to confirm

the analytical model.
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I. INTRODUCTION

Thermal cloaking under pure conduction heat transfer
has been well studied in recent years. Two main method-
ologies have been put forth: transformation thermody-
namics (e.g., [1]) and bilayer theory [2]. Transformation
thermodynamics leads to the concept of thermal meta-
materials having relatively complicated nonhomogeneous
and anisotropic thermal conductivity. On the other hand,
the bilayer theory yields a thermal cloak design relying
only on natural bulk materials. Only relatively recently
has thermal cloaking under forced convective heat trans-
fer conditions started to attract interest among researchers.
Unlike cloaking under pure conduction, cloaking under
convection involves also fluid flow. Therefore, cloaking
under a convective background must not disturb either
the thermal or the hydrodynamic field of the background.
Such a cloak not only provides thermal protection for the
cloaked object, but also hydrodynamic protection (such as
drag reduction).

A systematic study of a cloak under convective condi-
tions has been conducted by Dai et al. [3] for steady flow
and Dai and Huang [4] for transient flow, following the
precepts of transformation thermodynamics. Under the sit-
uation of creeping flow in porous media, it is shown that
Darcy’s law and the convection-diffusion energy equation
are form-invariant under coordinate transformation [3].
The transformed permeability and effective conductivity of
the porous cloak depend on the Jacobian of transformation
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as in the conduction case. Numerical simulation demon-
strates the full cloaking ability of the proposed cloak [3].
As in the case of conduction thermal cloaking, construc-
tion of a cloak having the required transformed properties
is a challenge. In contrast, the bilayer theory does not rely
on transformation thermodynamics, and is much simpler
in application [2].

The present study is motivated by the bilayer theory.
Specifically, we explore the possibility of finding a bilayer
cloak, made of isotropic media, which functions in a con-
vective background. The present analysis considers the
same physical system as in Dai et al. [3], corresponding
to a circular cloak subject to a background of uniform
velocity in either the horizontal or vertical direction, and
a temperature field governed by a high and low tem-
perature at the left and right side of the background
region respectively. Two situations were considered in
Dai et al. [3]: one corresponds to the flow direction being
parallel and the other to the flow direction being perpendic-
ular to the heat flux direction. The perpendicular case is the
one studied here, since the background temperature field
can be shown to be linear as in the common conduction
thermal cloaking situation studied by most researchers.
The parallel case yields a nonlinear temperature distribu-
tion (due to the advection term in the energy equation) and
therefore may not be amenable to an analytical solution for
the bilayer design.

Our study is based on creeping flow in porous media as
in Dai ef al. [3] and Urzhumov and Smith [5]. Recently,
hydrodynamic metamaterials of microfluidic structures
have been proposed by Park et al. [6,7] for hydrodynamic
cloaking. Application to flow stabilization and wake reduc-
tion is also proposed in Urzhumov and Smith [8] and
Culver and Urzhumov [9], respectively.

© 2020 American Physical Society
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II. THEORY

Figure 1 shows the notations of the physical system
under consideration. A bilayer cloak is centrally located
in a square region of a x a as shown. As for the conduc-
tion bilayer cloak, the cloaked region is defined by » < R,
the inner layer Ry < r < Ry, and the porous outer layer
R, <r < R,. The background is defined by » > R;. rand 8
denote the polar coordinates. The various regions depicted
in Fig. 1 are background (region 4), outer layer (region 3),
inner layer (region 2), and cloaked region (region 1). In
the conduction bilayer theory, the inner layer is perfectly
insulated and the outer layer has a specific conductivity
depending on the dimensions of outer layer (i.e., R; and
R3). A uniform velocity flow field is imposed in the y
direction (vertical) by means of a prescribed high and low
pressure at the bottom and top boundary, respectively, and
the left and right sides are subject to a high and low tem-
perature, respectively. Thus, the background velocity is
described by

u=0, (1)

V= Voo, )

where u and v are the velocity components, respectively,
in the x and y directions and v, is the imposed uniform
velocity. Note that this background velocity applies in the
domain r > R,; otherwise the cloak would fail to pro-
vide the necessary cloaking function for the hydrodynamic
field.

A. Thermal consideration

Consider the thermal field first. The steady-state energy
equation for incompressible flow without heat sources and
negligible viscous dissipation in the background is given
by the advection-diffusion equation (e.g., [10]) as follows:

T T 9:T 9T
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where p; is the fluid density, Cyyr is the fluid specific heat,
ky is the fluid conductivity, and T is the fluid temper-
ature. For the particular flow and thermal field arrange-
ment considered here, the advection term is approximately
zero since # = 0, and temperature varies mainly in the x
direction. Hence
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subject to the following boundary conditions:

T'=Tyatx=—a/2, T=T,atx =a/2. %)

The resulting background temperature is therefore linear in
x with a constant gradient, #y, given by (Tp — Tx)/a.
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FIG. 1. Schematic of bilayer convection cloak. The domain of
interest is denoted by ABCD with the origin at the center of
the domain. Constant temperature 7y and 7} are prescribed on
AB and DC, respectively, with AD and BC insulated. Constant
pressure py and p; are prescribed on AD and BC, respectively.

The temperature in the porous outer layer is also gov-
erned by the advection-diffusion equation, Eq. (3). Note
that both # and v are nonzero within the outer layer,
such that the argument used for the background does not
apply to the outer layer. However, for small Péclet number,
Pe = PrRe « 1 (Pr is the Prandtl number, Cp¢ir /k3, and
Re is the Reynolds number, pr v R/ s, with Ry taken
as the characteristic length of the system, 1, as the fluid
dynamic viscosity, and k3 an effective conductivity of the
porous medium), the advection term can be neglected (e.g.,
[11]) and the temperature in the porous outer layer is then
governed by the Laplace equation as in the conduction
case. The result of Ref. [2] therefore applies to temperature
cloaking:

@_W+M

6
hTR-R (6)

where k3 and k4 are, respectively, the conductivity of the
outer layer and background [2]. The derivation of Eq. (6)
is worth mentioning. Note that the supplemental material
[12] of Han et al. [2] contains a detailed derivation for
the three-dimensional case. Following the same steps as
outlined in Ref. [12], the temperature distribution, rela-
tive to an average temperature Ty = (T + 77)/2, for the
various regions depicted in Fig. 1 is given by a Fourier
series similar to Eq. (17) given later in the hydrodynamic
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consideration (Sec. II B), i.e.,

Ty = Z Ciir + mi/r] (cos 6 + sin16), @)
=1

where i denotes the region and ¢;; and ,; are constants to
be determined by interface conditions at » = R, and r =
Ry (i.e., continuity in temperature and normal heat flux).
Since the background temperature is linear in x, only the
t =1 cosine term is required in Eq. (7). Stipulating that
the background temperature field must not be disturbed,
and that the inner layer is perfectly insulated (i.e., k&; = 0),
one can solve for the constants ¢;; and 7;;, and thus arrive
at Eq. (6) above. In particular, it can be shown that

fi3=ms/R; and m3 =R /(1 +R/R)  (8)
for the outer layer.

Note that for convection cloaking, k3 is the effective
conductivity for a porous medium. The background con-
ductivity, k4, is either the fluid conductivity, k¢, if the
background is a normal fluid medium or an effective con-
ductivity if the background is also a porous medium. The
effective conductivity of a porous medium is given by

ks = k(1 — ¢) + ¢k, )

where ¢ is the so-called porosity of the porous medium
and k; is the conductivity of the solid material making up
the porous medium. Knowing the effective conductivity
from Eq. (6), the porosity of the porous medium can be
calculated from Eq. (9), given k; and k7.

The corresponding temperature field in the porous outer
layer, which can be inferred from Ref. [12], can now be
obtained from Egs. (7) and (8) as follows:

toR3 |
—2 +— cos 6,
1+ R3/R? r

where ) is the constant temperature gradient defined ear-
lier. Recall that the temperature is relative to the average
temperature T,yg; hence the actual temperature is given by
T; + T, avg-

(10)

B. Hydrodynamic consideration

Next, consider the hydrodynamic field. In the analysis of
Dai et al. [3], the background is also assumed as a porous
medium having an isotropic permeability. Under creeping
flow (Re « 1) and small permeability (K < R3), Darcy’s
law applies (note that Darcy’s law also applies to media
with anisotropic permeability); see Bear [10]. Accordingly,
the constant velocity field can be realized by applying a
constant pressure gradient in the flow direction. It is thus
similar to Problem A considered in Urzhumov and Smith

[5]. Retaining the same assumption as in Dai et al. [3], we
can proceed as follows. Darcy’s law for the background is
given by

v=0,

Y 11
p+K (11)

4

where K4 is the permeability of the background. Since the
postulated velocity in the background is uniform and in the
y direction only, the background pressure field is then

(dpa/dy) = — i Voo /Ka = py, (12)
subject to the following boundary conditions:
ps=pyaty =—a/2, ps=praty=a/2. (13)

The resulting background pressure is therefore linear in y
with a constant pressure gradient p|), given by (p, — pg)/a.
For the outer layer, Darcy’s law can be written as

v + =0. 14
Pt L= (14

The continuity equation is given by
V.i=0 (15)

Combining Darcy’s law and the continuity equation, one
obtains

2p =0. (16)

The above derivation inspires the present study, and sup-
ports the possibility of a bilayer convection cloak. In
the bilayer theory for conduction, the temperature field
satisfies the Laplace equation, and the background is char-
acterized by a constant temperature gradient. In the present
case, the pressure field satisfies the Laplace equation, and
the background is characterized by a constant pressure gra-
dient, p;. Thus pressure in the convection cloak assumes
the role of temperature in the conduction cloak, and the
same analysis as in the bilayer theory may be applied here.
Proceeding as in the thermal consideration, the general
solution (in polar coordinates 7 and 6) for the pressure field,
relative to an average pressure pave = (Py + pr)/2, is then

oo

pi = Z [a,,,-r + ,B,,,-/r] (cost6 + sinth),

t=1

(17

where i denotes the region and «;; and f;; are constants
to be determined by boundary and interface conditions.
For a convection cloak, only i = 4 (background) and i = 3
(outer layer) need to be considered, for pressure. The inner
layer, as usual, is an insulated layer (for thermal cloaking)
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and impenetrable (for hydrodynamic cloaking). The main
question is then: what is the permeability of the porous
outer layer such that the pressure and velocity fields in the
background are not disturbed?

As usual, for a linear pressure gradient field in the
background (in the y direction), p4 is given by

(18)

Therefore, only the = 1 sine term is needed in the general
solution. In addition, B; 4 = 0 and «; 4 = p;. The pressure
field in the porous outer shell is

pa = pyrsinb.

(19)

As for a conduction bilayer cloak, the unknown coeffi-
cients in the general solution are determined by interface
conditions. For convection cloaking, the interface condi-
tions are as follows:

p3 = (137 + B13/r) siné.

1. Pressure is continuous at the outer boundary of the
outer layer: p3|r, = p4lg,-

2. There is mass continuity at the outer boundary of
the outer layer. Note that mass continuity only requires
normal velocity, not tangential velocity, be continuous at
the interface between the background and the outer layer:
(v3)rlr, = (v4)+|r,, where the subscript » denotes the radial
component of the velocity vector.

3. Normal velocity is zero at the interface between the
outer layer (porous) and inner layer (impervious); e.g., see
Sec. 5.2.4 of Bear [10]. Hence (v3),|z, = 0.

The first interface condition yields

a13R; + Bi3/Ry = pyRo. (20)

The velocity in the porous shell can now be evaluated from
Egs. (14) and (19). In cylindrical polar coordinates, the
velocity components in the porous layer can be shown to
be (see Ref. [13] for a general discussion of curvilinear
coordinates)

K

(v3), = —— (061,3 - _ﬁ1£3> sin @, 21
I r
K

(v3)g = —— (am - ﬁ;) cos . (22)
W r

Applying the second interface condition at 7 = R, one gets
another equation relating o 3 and B 3:

K; ( /31,3>
—— | ¥ 3 — = VUoo»

—= (23)
1y R;

since (v4), = Voo SINH atr = R,. Finally, applying the third
interface condition at the interface between the outer and

inner shell, i.e., at » = Ry, and for nonzero K3, we have

2
arz = Pi3/Ry.

Equations (24) and (20) determine «; 3 and B; 3. The results
are

24)

_ PoRS/RY
a1,3 - 2 2
1 4 R2/R2

B

—20 (25
1+ R3/R} )

B3 =

The pressure in the outer layer is then given by, from Egs.
(19) and (25),

2
DPOR; ro1 ) )
= —F— | =+ - )siné. 26
BT R/R (Rf r (26)
As for temperature, recall that the pressure is relative to the
average pressure p,ye; hence the actual pressure is given by
P3 +pavg-
Using o1 3 and B; 3 in Eq. (23), K3 can be derived as

(R} + R)voopty

27
Po(R5 — RY) @7

3 =

Note that since the pressure gradient is negative, the result-
ing K3 is positive as physically expected. The quantity
—Vsols /P, in Eq. (27) is simply K4 from Eq. (12). Hence
Eq. (27) can be rewritten as

2 2
E: (R§+R;)’ (28)
Ky (R —RY))
which is exactly the same as the conductivity ratio for the
bilayer theory [Eq. (6)]. That the conductivity and perme-
ability ratio between the outer shell and the background
is governed by the same geometric relation is quite sur-
prising, since they are derived under seemingly different
interfacial conditions. Further examination of our formula-
tion reveals that Darcy’s law, Eq. (14), and the Fourier law
of heat conduction are of the same form, if one replaces
pressure with temperature, velocity with heat flux, and
K3/uy with conductivity. Thus streamlines governed by
Darcy’s law are equivalent to heat flux lines governed
by the Fourier law. This perspective conclusively veri-
fies the hydrodynamic cloaking function of our proposed
bilayer cloak. Physically, K4 can be interpreted as the resis-
tance that the pressure gradient must overcome in order
to produce a uniform flow of v, in a fluid with dynamic
viscosity fir .

To recap, a convection bilayer cloak could be realized
by using an isotropic porous outer shell having an effec-
tive conductivity given by Eq. (6) and permeability given
by Eq. (28), and an impenetrable inner shell of zero con-
ductivity. Such a cloak will preserve both the background
temperature and velocity field. In particular, the back-
ground temperature remains linear in the x direction and
the background velocity uniform in the y direction.
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III. ANALYTICAL RESULTS

Before proceeding to numerical simulation, we give
here the analytical results based on the model equa-
tions derived above. Consider the following example.
R2 = 2R1 =20 Mm, a = 80 Mum, TH =303 K, and TL =
293 K. The background material (assumed porous in this
study) is characterized by py = 10° kg/m?, Cpr = 5 x 10°
Jkg K, ks =10 W/m K, uy =107° Pa s, and K4 =
1072 m? (corresponds to approximately 1 darcy in per-
meability). The applied pressure difference is 400 Pa (i.e.,
pu = 400 Pa, p; = 0 Pa), such that the pressure gradient
is pj = —Ap/a = —5 x 10% Pa/m. The resulting back-
ground speed is then, from Eq. (12), —p(K4/ps or 5 x
1073 m/s. The inner layer (not present in Dai et al. [3])
is arbitrarily assigned a radius of Ry = 8 um. The above
is the same case considered in Dai et al. [3], except for kg4,
which is explicitly specified here. The relatively high &4
value chosen is to better satisfy the assumption that con-
duction is dominant over advection in the background and
in the porous outer layer. Note that the analytical solution
derived herein is independent of &, k;, and porosity ¢ of
the porous media. The porosity of either the background
or the porous outer layer can be determined for a combi-
nation of k; and &y values, once the effective conductivity
is known. For the present numerical example, the required
effective conductivity of the outer layer as calculated from
Eq. (6) is 16.67 W/m K. The required permeability of the
porous outer layer as calculated from Eq. (28) is 1.67 x
10~'2 m?. For this example, the Reynolds number is calcu-
lated as 0.1 and the Péclet number is approximately 0.03.
Moreover, K3/R3 is approximately 0.004. Thus, the valid-
ity of Darcy’s law and the Laplace equation for the outer
layer is confirmed.

Consider first the thermal field. Figure 2 shows the
isotherms in the outer layer (top half), based on Eq. (10).
These isotherms are the typical isotherms in a conduction
bilayer cloak as given in Han et al. [2]. Next consider
the flow field. Figure 3 shows the isobars (lines of con-
stant pressure, right half), based on Eq. (19). As seen, they
are similar to the isotherms since the pressure in a porous
medium satisfying Darcy’s law is governed by the Laplace
equation. The streamlines can be expressed symbolically
as

dy/dx = v, /vy, (29)
where v, and v, are the x and y components of the
velocity vector inside the porous outer layer, and can be
obtained from the » and & components, Egs. (21) and (22),
respectively, as follows:

Uy = V€080 — vy sinf,

(30)

G1)

v, = v, sinf + vg cos H.
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FIG. 2. Isotherms in the outer layer of the convection cloak.

(a) Analytical. The analytical results are obtained by setting 753 in
Eq. (10) to the indicated values inside the outer layer (R| < r <
R»). In the background (» > R;), the isotherms are simply vertical
lines for a linear background temperature field. (b) COMSOL.

For instance, in the background, v, is zero. Hence dy /dx is
oo and the streamlines are vertical (see Fig. 4).

IV. NUMERICAL SIMULATION

To further demonstrate the functionality of the pro-
posed bilayer convection cloak, and to assess the validity
of the assumptions, numerical simulation using the COM-
SOL MULTIPHYSICS code is conducted using two templates:
full advection-diffusion equation [Eq. (3)] and Darcy’s law
[Egs. (14) and (11)]. Since the full energy equation is
used, the validity of the assumption regarding conduction
dominance can be verified in both the background and
outer-layer region.
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FIG. 3. TIsobars in the outer layer of the convection cloak. (a)

Analytical. The analytical results are obtained by setting p3 in
Eq. (19) to the indicated values inside the outer layer (R < r <
R,). In the background (r > R;), the isobars are simply horizontal
lines for a linear background pressure field. (b) COMSOL.

The domain of computation is the square ABCD as
shown in Fig. 1. The adaptive meshing scheme in COMSOL
is used, with fine meshing of quadrilateral elements in the
vicinity of both interfaces (» = R} and » = R,) and regular
meshing of triangular elements elsewhere. All simulations
use the steady-state solver option in COMSOL. A mesh
study is first performed and it is determined that a mesh
consisting of 36000 elements is adequate to give con-
verged results. The thermal boundary conditions applied
consist of constant temperature 7y and 7, on AB and DC,
respectively, and insulated condition on AD and BC. The
hydrodynamic boundary conditions applied consist of con-
stant pressure py and p; on AD and BC, respectively,

(@) ————r——r——r— T
40 - -
30 4 -
20 -
10 4 -
’é J
= 0 .
>
-10 - 4
-20 - i
-30 - 4
—40 i
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10} ?
) 8
S0
= 7
-10} 6
-20 5
30! 4
- 3
—40
2

-40 -30 -20 -10 O 10 20 30 40

X (pom)
FIG. 4. Streamlines in the background and outer layer. (a)
Analytical. The analytical streamlines are obtained by numeri-
cally integrating Eq. (29) from a position starting from the lower

boundary. (b) COMSOL. Velocity vectors are shown in red arrows,
with magnitudes indicated by the color bar on the right.

and zero normal flow on AB and DC. Porous medium is
selected for both background and outer layer, and solid
medium for both inner and cloaked region. Material prop-
erties as specified in the analytical solutions (Sec. III)
are assigned to each region. For simulation purposes, the
cloaked region (» < Ry) is given the following properties:
density 10* kg/m?, specific heat 5000 J/kg K, and con-
ductivity 200 W/m K. Also, the inner layer is assigned a
conductivity of 0.15 W/m K corresponding to the material
polydimethylsiloxane (PDMS). As mentioned in the ana-
lytical solutions, our analysis is independent of porosity;
hence arbitrary porosities of 0.97 and 1.0 are assigned for
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FIG. 5. Pressure distribution on the outer radius of the inner

layer of the convection cloak.

the outer layer and background, respectively. Realistic val-
ues of kr and k; can be specified to give other porosity
values as necessary.

The COMSOL isotherms, isobars, and streamlines are
shown together with the analytical results in Figs. 24,
respectively. As seen, the isotherms are the same as the
analytical isotherms, verifying that the assumption of
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FIG. 6. Comparison of temperature distribution in outer layer.
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FIG. 7. Comparison of pressure distribution in outer layer.

dominant conduction in the background and the outer
layer is valid (since the analytical isotherms are based
on the Laplace equation of heat conduction) for the case
simulated.

Additional comparisons with the analytical results are
given as follows. Figure 5 shows the pressure distribution
on the outer radius of the inner layer (i.e., at » = R;) and
comparison to the analytical results [Eq. (10)] at » = R;.
Excellent agreement is obtained. Figures 6 and 7 show the
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FIG. 8. Isotherms corresponding to reduced effective conduc-
tivities.
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Simulation results. (a) Bare background without obstacle and cloak. (b) Background with obstacle only. (c) Background with

obstacle and bilayer cloak. The first, second, and third panels of each row represent isotherms, isobars, and fluid velocity (streamlines),

respectively.

comparison for temperature and pressure distribution in
the outer porous layer, respectively. Very good agreement
is obtained. The slight difference in the temperature com-
parison (Fig. 6) is because the inner layer in the COMSOL
simulation is not perfectly insulated.

A sensitivity calculation is conducted to illustrate the
limitation of the assumption concerning conduction being
dominant over convection in the background and outer
layer. The effective conductivity of the background is
reduced by 10 times to 1 W/m K (hence the outer-
layer conductivity becomes 1.67 W/m K), resulting in a
Péclet number of approximately 0.3. Figure 8 shows the

isotherms in the background and outer layer. It can be seen
that the isotherms in the background visually deviate from
the vertical, implying that the temperature distribution is
not precisely linear as the conduction equation requires.
Since COMSOL solves the full advection-diffusion equation
in the background and the outer layer for the porous
medium, the advection term in this case is not negligible
and our bilayer model becomes invalid. This sensitivity
case gives some indication of the order of magnitude of
the Péclet number to which our model applies.

To better visualize the performance of our bilayer con-
vection cloak, we perform additional COMSOL calculations,
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for the same parameters as considered in the analytical
solutions (Sec. III), for the following configurations: a
bare background configuration without the obstacle (i.e.,
cloaked region) or cloak and a reference configuration with
only the obstacle (and without cloak). Figure 9 shows the
simulation results. For the bare background (first row in
Fig. 9) with neither the obstacle nor cloak, the background
temperature and pressure field are linearly varying, and the
velocity is uniform in the y direction as specified. Once
the obstacle to be cloaked is embedded in the background,
it disturbs the thermal and hydrodynamic fields as indi-
cated (second row in Fig. 9). When the bilayer cloak is
wrapped around the obstacle, the background thermal and
hydrodynamic fields are not impacted, demonstrating the
functionality of the proposed bilayer cloak in controlling
both fluid and thermal fields.

V. CONCLUSIONS

In conclusion, a bilayer convection cloak capable of
controlling simultaneously the thermal and hydrodynamic
fields has been proposed and analyzed. For the same phys-
ical system as considered in Dai et al. [3], which is based
on transformation thermodynamics and nonhomogeneous
anisotropic porous medium, we have shown that a bilayer
design using only bulk isotropic materials is possible. The
bilayer design uses an inner layer made of impenetrable
and perfectly insulated material and a porous outer layer
with analytically derived isotropic permeability and effec-
tive conductivity. Numerical simulation using practically
attainable material properties demonstrates the cloaking
function of the proposed cloak, both hydrodynamically and
thermally. Also, agreement between analytical and numer-
ical results is excellent, verifying the validity of the major
assumptions made in the theoretical derivation.

Additionally, we remark that the hydrodynamic solu-
tion, Eq. (28), represents a fully functional hydrodynamic
cloak (without any heat transfer) capable of cloaking an
external uniform flow field in either the horizontal or ver-
tical direction, provided the background and outer-layer
region obey Darcy’s law for flow in a porous medium. This
is an exact parallel with the conduction cloak based on the
bilayer theory, thanks to the analogy between the Fourier
law of heat conduction and Darcy’s law of flow in porous
media.
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