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For thermoelectric applications, thermoelectric Si thin films with periodic circular pores have been
intensively studied because of the low price and earth abundance of Si. In this work, a different periodic
nanoporous pattern is investigated for its potential thermoelectric benefit, i.e., a Si thin film with periodic
nanoslots. Inside such structures, the neck between adjacent nanoslots functions as the nanorestriction to
suppress the phonon transport, leading to a dramatically reduced lattice thermal conductivity. When the
neck width is still longer than the mean free paths of majority charge carriers, bulklike electron transport
can be maintained so that the thermoelectric ZT can be enhanced. For the thermal designs of these porous
thin films, a simple but accurate analytical model based on the mean-free-path modification with a charac-
teristic length is derived and is used to predict their thermoelectric properties. For heavily doped Si films
with the neck width reduced to 5 nm, the computed ZT can reach 0.58 at 1100 K. The proposed nanoslot
pattern can be extended to general thin films and atomic thick materials to tune their transport properties.
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I. INTRODUCTION

Thermal transport within nanostructured materials is
one central topic for nanotechnology, with wide applica-
tions in thermal insulation, thermal management of elec-
tronics, and solid-state thermoelectric (TE) energy con-
version [1,2]. Particularly for TE applications, a good TE
material should possess a high electrical conductivity σ ,
a high Seebeck coefficient S, and a low thermal conduc-
tivity k. The combination of these is required to achieve
a high dimensionless ZT, defined as ZT = (S2σT)/k =
(S2σT)/(kL + kE). Here T is the absolute temperature, kL
is the lattice part of k, and kE is the electronic part of k [3].
In nanostructured materials, kL can often be dramatically
reduced with phonon scattering by nanostructured inter-
faces or boundaries [4–6], with concurrently maintained
or sometimes improved electrical properties [7,8]. A high
ZT can thus be achieved with such decoupling of electrical
and thermal properties.

Besides various nanostructured bulk materials [4,8,9],
attention has also been paid to periodic nanoporous thin
films [2,10–18] or two-dimensional (2D) materials with
atomic thickness [19–21], which can be used for device-
cooling applications. Such a periodic nanoporous pat-
tern can be exactly defined in nanofabrication. A room-
temperature ZT ≈ 0.4 was reported for hexagonal periodic
nanoporous Si film with neck and pitch sizes of 23 and
55 nm, respectively [10]. In a more recent study with more
accurate TE measurements, ZT ≈ 0.05 at room temperature
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was instead found for similar samples with a neck width of
24 nm between adjacent nanopores and at a doping level of
2.0 × 1019 cm−3 [12]. This lower ZT was attributed to the
use of ion implantation for doping, which led to a largely
reduced electrical conductivity.

Despite numerous studies on periodic nanoporous Si
films with pores distributed across a square or hexagonal
lattice, the associated analytical modeling has been a chal-
lenge, which largely hinders the thermal designs of these
nanoporous materials. At the ballistic limit, the character-
istic length Lc = (4p2 − πd2)/πd has been used to modify
the phonon mean free paths (MFPs) for kL predictions
[22,23]. In physics, this Lc is the geometric mean beam
length (MBL) for films with aligned nanopores that have a
pitch p and pore diameter d. However, kL predictions using
this Lc become less accurate with increased diffuse phonon
transport, mainly due to the error of using Matthiessen’s
rule to combine internal and boundary phonon scatter-
ing [22,24,25]. Other characteristic lengths include Lc =√

p2 − πd2/4 as the square root of the solid area within
a period [26], Lc = p − d as the neck width [27,28], and
Lc ∼ 4p2/πd as the reciprocal of the surface-to-volume
ratio [29]. Errors can be found between an analytical model
using these Lc values and accurate predictions by solving
the phonon Boltzmann transport equation [22,24].

In this work, a different nanoporous pattern is evalu-
ated for its ZT potential, i.e., periodic nanoslots patterned
across a thin film. Figure 1 illustrates a thin film patterned
with aligned nanoslots. For phonons with MFPs much
longer than the neck width w between adjacent nanoslots,
these phonons will travel ballistically away from the neck,

2331-7019/20/13(6)/064020(13) 064020-1 © 2020 American Physical Society

https://orcid.org/0000-0002-1503-2203
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.13.064020&domain=pdf&date_stamp=2020-06-08
http://dx.doi.org/10.1103/PhysRevApplied.13.064020


QING HAO and YUE XIAO PHYS. REV. APPLIED 13, 064020 (2020)

leading to strongly suppressed thermal transport and an
associated ballistic thermal resistance [30,31]. On the other
hand, charge carriers with usually a much shorter MFP
are less affected by nanoslot patterns and thus bulklike
electrical properties can be preserved. The overall ZT
can be enhanced. Compared with nanowires with classi-
cal phonon size effects for similar ZT enhancement [32],
nanoslot-patterned thin films can carry a much larger heat
flow and can be easily integrated with electronic devices
for cooling applications. Different from films with circular
nanopores, an accurate Lc expression is developed for fast
ZT evaluations in this work. The proposed modeling can
be widely used for the materials design of such nanoslot-
patterned thin films and similar nanoslot-patterned atomic
layer materials [31].

As an advancement, the proposed Lc expression found
in this work that provides a fast way to predict the TE
properties of nanoslot-patterned thin films with arbitrary
thickness. No other analytical model has been proposed
previously for these nanoslot-patterned thin films. In this
aspect, previous studies employ complicated techniques
such as Monte Carlo (MC) simulations [33,34] or numer-
ically solving the phonon or electron Boltzmann trans-
port equation (BTE) [35]. These methods can be very
time consuming and technically demanding, particularly
when frequency-dependent phonon MFPs are considered.
In contrast, the proposed analytical model is simply based
on the phonon MFP modification and can be easily adopted
in the materials design of these porous films, where a quick
evaluation of the material properties is required.

II. ANALYTICAL MODELING TO PREDICT TE
PROPERTIES

To predict the in-plane TE properties of nanoslot-
patterned thin films, an analytical model is derived for
a nanoslot-patterned thin film with the periodic length
(pitch) l along the heat-flow direction, neck width w
between adjacent nanoslots, neck depth b, film thickness

t, and the nanoslot pitch p along the transverse direc-
tion (Fig. 1 inset). The analytical model is developed for
phonon transport but the same size effects are anticipated
for charge carriers as well. For a small neck depth b,
the thermal and electrical resistances of the rectangular-
nanowire neck region can be neglected in the modeling.
The analytical model is further extended in Sec. III B for
the treatment of a large neck depth b.

A. Characteristic length of a 2D thin film with
patterned periodic nanoslots

For phonons traveling out of the neck region between
adjacent nanoslots, a ballistic thermal resistance is devel-
oped and becomes larger with decreased neck width w.
For the whole periodic structure, a characteristic length
Lc is derived assuming ballistic phonon transport and a
very small b value, i.e., no additional thermal resistance
along the neck region as a rectangular nanowire. This Lc is
anticipated to be accurate across the whole phonon MFP
spectrum. A similar result can be found for a thin film
with a single row of periodic nanoslots patterned in its
middle [30].

Along the heat-flow direction (i.e., the x direction in
Fig. 2), a periodic heat-flux boundary condition is applied
to a nanoslot-patterned thin film [33]. Due to the structure
symmetry, phonons are enforced to be specularly reflected
on the sidewalls of one period. This boundary condition
dictates that the distortion of the distribution function from
the equilibrium distribution is periodic on the hot and cold
ends of one period [Fig. 1(b)]. In calculations, a uniform
virtual-wall temperature is assigned to both ends, i.e., T1
for the hot end and T2 for the cold end. The boundary
condition can be written as

f −
2 (θ ,ψ ,ω, y, z)− f0(T2,ω) = f −

1 (θ ,ψ ,ω, y, z)

− f0(T1,ω), (1a)

FIG. 1. Thin film with periodic
nanoslots. The inset shows dimen-
sions for one single period.
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f +
2 (θ ,ψ ,ω, y, z)− f0(T2,ω) = f +

1 (θ ,ψ ,ω, y, z)

− f0(T1,ω), (1b)

in which f is the distribution function, θ is the polar angle,
ψ is the azimuthal angle, ω is the phonon angular fre-
quency, T is the absolute temperature, y and z are locations
within the y-z plane for each end. The subscripts “1” and
“2” denote the hot wall (x = 0) and cold wall (x = l),
respectively. The superscripts “+” and “−” represent the
positive x and negative x directions, respectively. Given as
the Bose-Einstein distribution for phonons, f0(T1,ω) and
f0(T2,ω) are the equilibrium distribution function at the
corresponding local virtual-wall temperatures. The general
f0(T,ω) is isotropic and is given as

f0(T,ω) = 1

exp
(

�ω
kBT

)
− 1

, (2)

where � is the reduced Planck constant and kB is the
Boltzmann constant.

When phonons have completely ballistic transport,
phonons moving into the neck region are emitted from
the hot wall at x = 0 and the cold wall at x = l. These
phonons are associated with the distribution functions
f +
1 (θ ,ψ ,ω, y, z) and f −

2 (θ ,ψ ,ω, y, z). The incoming heat
flow Q1 (Fig. 2) due to phonons emitted from the hot wall
is given as

Q1

wt
= 〈

f +
1

〉
, (3)

with the general integration 〈 f 〉 defined as

〈 f 〉 = 1
4π

∑
i=3

∫ 2π

ψ=0

∫ ωmax,i

ω=0

×
∫

θ

[�ωvg,i(ω)Di(ω) cos θ sin θ ]f dω dψ dθ . (4)

For
〈
f +
1

〉
in Eq. (3), θ integration is from 0 to π

2 , whereas θ
integration is from π

2 to π for the integration of a negative-
x-direction distribution function, e.g.,

〈
f −
2

〉
. In Eq. (4),

ωmax,i, vg,i(ω), and Di(ω) are the maximum phonon angular
frequency, phonon group velocity, and phonon density of
states (DOS), respectively. The subscript i represents three
acoustic phonon branches, whereas the optical branches
are neglected for their contribution to the heat conduction.
For any incident location �R within an imaginary y-z plane
for the left side of the neck region at x = (l − b)/2, the cor-
responding hot-wall emission location within the y-z plane
for the hot wall at x = 0 can be back tracked with the inci-
dent angles that depends on θ and ψ for the corresponding
hot-wall emission. Ballistic phonon transport is assumed
here.

The part of the incoming heat flow associated with
f0(T1) for the hot-wall emission is

QT1

wt
= 〈 f0(T1)〉 . (5)

Subtracting Eq. (5) from Eq. (4) yields

Q1

wt
− QT1

wt
= 〈

f +
1

〉 − 〈 f0(T1)〉 . (6)

A similar equation can be found for heat flow Q2 emitted
from the cold wall to the neck region:

Q2

wt
− QT2

wt
= 〈

f −
2

〉 − 〈 f0(T2)〉 . (7)

Subtracting Eq. (7) from Eq. (6) yields the averaged net
heat flux across the neck width, given as

Q
wt

= [〈
f +
1

〉 − 〈 f0(T1)〉
] − [〈

f −
2

〉 − 〈 f0(T2)〉
] + QT1 − QT2

wt
,

(8)

with Q = Q1 − Q2 as the net heat flow across the neck
region with 100% transmissivity for incident phonons.
This assumption is valid for ultrashort b values. Detailed
discussions for this aspect can be found for thin films with
rectangular pores [34] and more complicated nanostruc-
tures [36]. The extension of this model to nanoslot patterns
with a large b is given in Sec. III B.

FIG. 2. Periodic boundary con-
dition of a single period for
phonon transport.
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Substituting Eq. (1a) into Eq. (8) leads to

Q
wt

= 〈
f +
1

〉 − 〈
f −
1

〉 + QT1 − QT2

wt
, (9)

where
〈
f +
1

〉 − 〈
f −
1

〉
on the right-hand side is approximately

the net heat flux qx=0 averaged across the hot wall. The
net heat flow Q across the neck is equal to the net heat
flow across the hot wall in steady states, i.e., Q = qx=0pt.
Equation (9) thus becomes

Q
wt

≈ Q
pt

+ QT1 − QT2

wt
,

or

Q ≈ p(QT1 − QT2)

p − w
. (10)

The in-plane thermal conductance G of the whole structure
is thus

G = lim
�T→0

Q
�T

≈ p
p − w

lim
�T→0

QT1 − QT2

�T

= p
p − w

wt
∂ 〈 f0(T)〉
∂T

= p
p − w

wt
4

∑
i=3

∫ ωmax,i

ω=0
vg,i(ω)Ci(ω)dω, (11)

where �T = T1 − T2 and Ci(ω) is the spectral phonon-
specific heat per unit volume for phonon branch i.

A characteristic length Lc is assumed for the 2D nanoslot
patterns and is used to modify the phonon MFPs from the
ballistic to the diffusive regimes. Based on Matthiessen’s
rule, the effective phonon MFP in the nanoslot-patterned
thin film is

1/	eff = 1/	film + 1/Lc, (12)

where 	film is the effective in-plane phonon MFP within
a solid film and accounts for the partially and completely
diffusive phonon scattering on the top and bottom film sur-
faces. In this treatment, the influence of rough film top and
bottom surfaces is fully incorporated into 	film. A three-
dimensional (3D) thin film can be viewed as a 2D thin film
with the phonon MFP 	film reduced from the bulk phonon
MFP 	bulk. When 	film approaches infinity at the ballistic
limit, 	eff = Lc is obtained so that

G = k
pt
l

Hw =
[∑

i=3

∫ ωmax,i

ω=0
vg,i(ω)Ci(ω)Lcdω/3

]
pt
l

Hw,

(13)

in which the factor Hw accounts for the reduced G due to
decreased cross section for heat conduction inside a porous

structure. This factor Hw can be determined by Fourier’s
law analysis to check the in-plane thermal conductance G
reduced from that for a solid thin film. In this case, Hw
incorporates the porosity influence, whereas the classical
phonon size effects are further included with Lc to mod-
ify the initial 	film of a solid film. The same treatment has
been widely used for nanoporous thin films with periodic
cylindrical nanopores through the film [22,24,37,38]. Ana-
lytical expressions of the Hw factors are available for a bulk
material with cubically aligned spherical pores (Eucken
factor [39,40]) and 2D patterns with periodic circular pores
(Hashin-Shtrikman factor [41]). In this study, Hw of the
nanoslot-patterned films is evaluated using the COMSOL
Multiphysics software package.

Comparing Eq. (11) and Eq. (13) to match the spectral
contribution of G by individual phonon modes, Lc should
satisfy

Lc ≈ w
p − w

3l
4Hw

. (14a)

Although this Lc is derived under the ballistic limit, it is
anticipated to be reasonably accurate when the phonon
transport becomes more diffusive. In comparison, thin
films with a single row of nanoslots sandwiched between
two blackbodies yields a characteristic length as [30]

Lc = w
p

3l
4Hw

. (14b)

The difference between Eqs. (14a) and (14b) is caused by
the different boundary conditions. For a small w � p , the
two Lc expressions have negligible divergence. With such
simple Lc expressions, the lattice thermal conductivity kL
can be easily predicted using Eq. (12) without numeri-
cally solving the complicated phonon BTE or performing
phonon MC simulations.

B. Incorporating the diffusive phonon scattering at top
and bottom film surfaces

The discussion in Sec. II A is for a 2D thin film, i.e.,
a film with smooth top and bottom surfaces to specularly
reflect phonons. In practice, the partially or completely dif-
fusive phonon scattering by the thin-film surfaces can add
resistance to phonon transport and further reduce the lattice
thermal conductivity. This effect can be incorporated into
the employed 	film that is modified from the bulk phonon
MFP (	bulk) by the Fuchs-Sondheimer model [42]:

	film

	bulk
= 1 − 3[1 − P(λ)]	bulk

2t

∫ 1

0
(x − x3)

×
1 − exp

(
− t
	bulkx

)

1 − P(λ) exp
(
− t
	bulkx

)dx, (15)
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where t is the film thickness and P(λ) is the probability
of specular phonon reflection on the film surface. Based
on Ziman’s theory, P(λ) depends on the phonon wave-
length λ and surface roughness η, given as P(λ) =
exp[−16π2(η1/λ)

2] [43,44]. Above 300 K, completely
diffusive phonon reflection can be assumed because the
typical approximately 1-nm film-surface roughness is
comparable to phonon wavelengths to largely eliminate the
possibility of specular reflection of phonons.

With Eq. (14a), Lc can be directly used to modify 	film
and obtain an effective phonon MFP	eff in Eq. (12), which
becomes an input of the analytical solutions to predict
TE properties. For classical phonon size effects, only the
phonon MFPs are modified by Eq. (12) and other param-
eters remain the same as the bulk material. Based on the
kinetic relationship, the lattice thermal conductivity kL is
given as

kL = 1
3

Hw

∑3

i=1

∫ ωmax,i

0
ci(ω)vg,i(ω)	eff, i(ω)dω. (16)

A similar treatment using 	film to incorporate the phonon
size effects related to the film thickness can also be found
for rectangular nanowires fabricated from thin films and
other nanoporous thin films [30,38,45].

C. Extension to electrical property predictions

The treatment for phonons can be extended to charge-
carrier transport by modifying the MFPs of charge carri-
ers. For Si, a six-fold degenerate conduction band and a
valence band are considered, i.e., two bands in total. For
the ith valley of charge carriers, the in-plane electrical con-
ductivity σ and the Seebeck coefficient S are expressed as
[46,47]

σi = Hw
e2(2m∗

dkBT)3/2

3m∗
χπ

2�3

∫ ∞

0

(
−∂f
∂z

)
τ(z)

(z + βz2)
3/2

1 + 2βz
dz,

(17)

and

Si = kB

e

∫∞
0

(
− ∂f
∂z

)
τ(z)(z − η)

(z+βz2)
3/2

1+2βz dz

∫∞
0

(
− ∂f
∂z

)
τ(z) (z+βz2)

3/2

1+2βz dz
. (18)

Here the subscript i represents valley index, e is the charge
per carrier, τ is the energy-dependent relaxation time of
charge carriers, kB is the Boltzmann constant, T is the abso-
lute temperature, β = kBT/Eg with Eg as the band gap,
and � is the Plank constant divided by 2π . The correc-
tion factor Hw is added to account for the influence of
the nanoslot pattern. The DOS effective mass and elec-
tric susceptibility effective mass for each band are denoted
by m∗

d and m∗
χ , respectively. The letter z represents the

reduced charge-carrier energy z = E/kBT, where E should
refer to the corresponding band extrema. In addition,
f = [1 + exp(z − η)]−1 is the Fermi-Dirac distribution
function, in which η = EF/kBT is the reduced Fermi level.
With σi and Si for each band, the total in-plane σ and S can
be computed as

σ =
∑

i

σi, (19)

and

S =
∑

i σiSi∑
i σi

. (20)

As a measure of the averaged electron energy above the
Fermi level under the open-circuit condition [42], the See-
beck coefficient here is not directly affected by Hw. The
impact of the nanoporosity on S can be found in the modi-
fied energy-dependent relaxation time τ of charge carriers.
Some discussions can be found in a separated study [48].

The in-plane electronic thermal conductivity kE can be
expressed as

kE =
∑

i
kE,i +

∑
i�=k

σiσk

σi + σk
(Si − Sk)

2T, (21)

where i and k are band indices, and kE of band i is calcu-
lated by the Wiedemann-Franz law, i.e., kE,i = HwL0σiT.
Again, Hw is added for nanoslot patterns. Here the Lorenz
number L0 is expressed as

L0 =
(

kB

e

)2

⎧⎪⎨
⎪⎩

∫∞
0

(
− ∂f
∂z

)
τ(z)z2 (z+βz2)

3/2

1+2βz dz

∫∞
0

(
− ∂f
∂z

)
τ(z) (z+βz2)

3/2

1+2βz dz

−

⎡
⎢⎣

∫∞
0

(
− ∂f
∂z

)
τ(z)z (z+βz2)

3/2

1+2βz dz

∫∞
0

(
− ∂f
∂z

)
τ(z) (z+βz2)

3/2

1+2βz dz

⎤
⎥⎦

2⎫⎪⎬
⎪⎭

. (22)

The bulk relaxation time τbulk is determined using
Matthiessen’s rule:

τbulk =
(

1
τac

+ 1
τim

)−1

, (23)

where 1/τac and 1/τim are the scattering rates for the scat-
tering with the acoustic phonons and ionized impurities,
respectively. The expressions and parameters used for τac
and τim are given elsewhere [49,50]. With τbulk, the bulk
electron MFP λbulk can be expressed as λbulk = τbulkv,
where v is the group velocity of a charge carrier. With
λbulk and film thickness t, Eq. (15) can be used to calculate
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the electron MFP λfilm in a solid thin film. The effective
relaxation time τ of a nanoslot-patterned thin film is

τ =
(

1
λfilm

+ 1
Lc

)−1

/v. (24)

It should be noted that the surface states and their trapped
charge carriers on the nanoslot edges are not considered for
their impact on electrical properties. Detailed discussions
of pore-edge-trapped charges can be found for nanoporous
Si films [49] and graphene antidot lattices [19]. In practice,
atomic layer deposition of Al2O3 can be used for surface
passivation to preserve bulklike electrical properties for
nanoporous Si films [10].

To verify the model predictions, electron MC simula-
tions [50] are carried out for a representative 2D thin film
with a n-type doping level of 1 × 1020 cm−3, l = 100 nm,
p = 150 nm, w = 50 nm, and b = 2 nm. For σ , the differ-
ence between the predictions by the analytical model and
the energy-dependent electron MC simulations are within
8%, which is comparable to the 5% uncertainty in typical
electron MC simulations [50].

III. RESULTS AND DISCUSSIONS

A. Model verification

The proposed analytical model based on the charac-
teristic length Lc in Eq. (14a) is validated by comparing
the model predictions with those given by frequency-
dependent phonon MC simulations. By tracking the move-
ment and scattering of individual phonons, the phonon
MC simulations can statistically obtain the solution of
the phonon Boltzmann transport equation. All simulations
employ a boundary condition based on a periodic heat
flux with a constant virtual-wall temperature [33]. With
this boundary condition, a single period can be used as
the computational domain. With an applied virtual-wall
temperature difference �T across the period, the lattice
thermal conductivity can be computed using �T and the

simulated heat flow across the domain. To improve the
computational efficiency, a variance-reduced phonon MC
technique developed by Péraud and Hadjiconstantinou is
adopted [51].

Figure 3(a) compares kL predicted with the analyti-
cal model and those predicted by frequency-dependent
phonon MC simulations. The computed structure has
l = 100–200 nm, w = 10–50 nm, b = 1 nm, t = 100 nm,
and p = 150 nm. The top and bottom surfaces of the thin
film are assumed to diffusively scatter phonons. Consider-
ing three acoustic branches only, the required frequency-
dependent bulk phonon MFP 	bulk in Eq. (15) is from
existing first-principles calculations on bulk Si [52]. The
corresponding bulk phonon MFP distribution has also been
verified with experiments [53]. In all simulated cases, the
divergence between the analytical model and the phonon
MC simulations is<5%. Figures 3(b) and 3(c) present two
typical temperature profiles generated by phonon MC sim-
ulations, where the temperature gradient peaks at the neck
region.

Although Lc is derived at the ballistic limit, above
phonon MFP modification using Lc is anticipated to
be valid across the entire phonon MFP spectrum. This
assumption can be verified by examining the suppression
function α(η) = k∗

L/k
∗
film for nanoslot patterns with var-

ied η = 	∗
film/w. Here 	∗

film is a constant in-plane phonon
MFP, k∗

film is the in-plane lattice thermal conductivity
corresponding to 	∗

film, and k∗
L is the lattice thermal con-

ductivity acquired using the modified phonon MFP, i.e.,
(	∗

film
−1 + L−1

c )−1. This suppression function indicates the
reduction of the lattice thermal conductivity from the solid-
film k∗

film to k∗
L due to the nanoslot pattern. The constant

	∗
film can vary across the whole phonon MFP spectrum

to obtain the complete α(η) curves. Detailed discussions
of such MFP-dependent phonon transport analysis can
be found elsewhere [30,54,55]. Without losing the gen-
erality, the selected nanoslot dimensions are p = 150 nm,
l = 100 nm, b = 1 nm, and w = 10–70 nm. As a result, the
suppression function using Lc from Eq. (14a) is shown in

(a) (b) (c)

FIG. 3. (a) Lattice thermal conductivity kL comparison between the analytical model (curves) and phonon MC simulations (trian-
gles), with l = 100, 120, 140, 160, 180, and 200 nm from bottom to top curves. Temperature profiles (in Kelvin) for films with (b)
l = 200 nm, w = 50 nm, and (c) l = 200 nm, w = 10 nm. Other dimensions are the same, i.e., p = 150 nm, t = 100 nm.
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FIG. 4. Suppression function α for nanoslot-patterned films.
Symbols are from frequency-independent phonon MC simula-
tions assuming a constant in-plane phonon MFP 	∗

film.

Fig. 4 as the solid lines, whereas the predictions using the
frequency-independent phonon MC simulations are shown
as symbols. The suppression function α has the form

α = k∗
L

k∗
film

= (	∗
film

−1 + L−1
c )

−1

	∗
film

Hw = Lc

ηw + Lc
Hw, (25)

which suggests α should approach Hw at η → 0. This trend
can be observed in Fig. 4 as the curves saturate at small η
values. In general, phonon MC simulations agree well with
the analytical model, indicating that Lc can be used for the
entire phonon MFP spectrum.

B. Model accuracy for largely varied nanoslot patterns

The analytical model based on Eq. (14a) can accommo-
date a wide range of geometric designs of the nanoslot,
but it may become less accurate under certain conditions.
In the derivation of Eq. (14a),

〈
f +
1

〉 − 〈
f −
1

〉
in Eq. (9)

is approximately equal to the net heat flux qx=0 aver-
aged across the virtual hot wall. However, this assumption
becomes less accurate at a large p/w ratio. If a spot on
the virtual hot wall is far away from the neck region
shown in Fig. 1, the view factor between this spot and
the neck region will be small, resulting in its weak contri-
bution to Q1 and thus the net heat flow Q. Such regions
are “thermally dead” in the phonon transport analysis
[56]. With the same weight in the evaluation of qx=0, a
hot-wall spot with the same area can contribute signifi-
cantly more to Q if this spot is directly facing the neck.
This contrast between the weights in their Q contribu-
tions leads to errors in the above-mentioned assumption
and such errors can further increase at larger p/l ratios.
To show the influence of thermally dead regions, Fig. 5
compares the analytical model with the phonon MC sim-
ulation with increased p values. Other dimensions used

FIG. 5. Comparison between the analytical model and
frequency-dependent phonon MC simulations for varied p/w
ratios. Other dimensions are l = 100 nm, w = 50 nm, b = 1 nm,
and t = 100 nm.

are l = 100 nm, w = 50 nm, b = 1 nm, and t = 100 nm. At
p/w ≥ 8, the analytical model starts to deviate from the
frequency-dependent phonon MC simulations. However,
the difference is still within 14% for p/w ≤ 10.

Along another line, the thermal resistance of the
rectangular-nanowire neck region is neglected in the
derivation of Eq. (14a). With large b values, this assump-
tion becomes less accurate. In this situation, the overall
thermal resistance RL of a single period is

RL = Rslot + Rb, (26)

where Rslot represents the thermal resistance of a single
period with b → 0. In the calculation of Rslot = l/ptkL

FIG. 6. Comparison between the analytical model and
frequency-dependent phonon MC simulations on the thermal
resistance RL of a single period with increased b values. Other
dimensions are p = 400 nm, w = 100 nm, t = 100 nm, and
l−b = 190 nm.
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(a) (b)

(b) (c)

FIG. 7. Temperature-dependent TE properties for periodic nanoslot-patterned Si thin films: (a) in-plane electrical conductivity σ ,
(b) Seebeck coefficient S, (c) power factor, (d) in-plane lattice thermal conductivity k (inset, the lattice thermal conductivity kL for
the w = 5 nm case compared to that predicted by frequency-dependent phonon MC simulations). Dimensions include p = 100 nm,
l = 20 nm, t = 50 nm, b = 2 nm, and w = 5–50 nm.

based on Eq. (16) and Eq. (14a), the required Hw can
be obtained at an ultrasmall b value. The additional ther-
mal resistance associated with the depth b of the neck
region is denoted as Rb, which can be treated as the ther-
mal resistance of a rectangular nanowire with w, t, and b
as its width, thickness, and length, respectively. To solve
for Rb, a two-step model [45] is employed, which is well
calibrated with frequency-dependent phonon MC simula-
tions. In this model, Eq. (15) is first used to modify 	bulk
with t as the film thickness, leading to 	film. Then Eq.
(15) is used again to modify 	film with w as the second
film thickness to obtain the phonon MFP 	wire within the
rectangular nanowire. The kinetic relationship can thus
be used to calculate the lattice thermal conductivity kwire
for the nanowire, yielding Rb = b/wtkwire. With Rslot and
Rb, RL can be acquired to compute the corresponding lat-
tice thermal conductivity. Figure 6 presents a comparison
between RL determined using Eq. (26) and RL obtained
from frequency-dependent phonon MC simulations. The
dimensions used in Fig. 6 are p = 400 nm, w = 100 nm,
and t = 100 nm. The distance (l − b) is fixed at 190 nm,
while b increases from 30 to 100 nm in phonon MC simu-
lations. Good agreement is found between the analytical

model and the phonon MC simulations, validating Eq.
(26) in determining RL and thus kL for nanoslot patterns
with a large b. Based on the average temperature drop
and counted phonon energy flow through the neck region,
Rb extracted from frequency-dependent phonon MC sim-
ulations diverges within 4% from Rb computed with the
two-step model.

C. TE properties predicted for nanoslot-patterned Si
thin films

The proposed model is utilized to predict the TE prop-
erties of a nanoslot-patterned n-type Si thin film (Fig. 1).
The calculated structures have dimensions of l = 20 nm,
p = 100 nm, b = 2 nm, t = 50 nm, and w = 5–50 nm. A
doping level of 2 × 1020 cm−3 is considered for n-type
Si, with sixfold degenerate nonparabolic conduction bands
and a parabolic spherical valence band. Due to the lack of
temperature dependence of first-principles phonon MFPs
[52], fitted bulk phonon MFPs given by Wang et al. [57]
is adopted and further modified for heavily doped Si.
Three identical isotropic and sine-shaped acoustic phonon
branches are assumed. The considered phonon-scattering
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mechanisms include the Umklapp scattering, the impurity
scattering and the charge-carrier scattering. The Umklapp
scattering rates are given by Wang et al. [57]. For the
impurity-phonon scattering rate, given as 1/τim = Aω4

[58,59], the constant A = 1.647 × 10−44 s3 is estimated
based on the studies by Asheghi et al. for heavily doped
single-crystal Si films [60]. The charge-carrier scattering
expression is given by Ziman [59]. Detailed information
regarding the adopted scattering rates and phonon MFPs
can be found elsewhere [43,49,58].

Temperature-dependent TE properties from room tem-
perature to 1100 K are presented in Fig. 7. Various w val-
ues are represented by curves with different colors. Other
dimensions include p = 100 nm, l = 20 nm, t = 50 nm,
and b = 2 nm. In Fig. 7(a), the σ reduction is mainly due
to the small correction factor Hw that is around 0.11 for
w = 5 nm. Figure 7(b) shows the temperature-dependent
Seebeck coefficients S. Because S heavily depends on the
doping level instead of the modified electron MFPs [61],
slight difference can be found between curves with var-
ied w values. The power factor peaks at around 900 K
for these samples, as displayed in Fig. 7(c). For k shown
in Fig 7(c), a remarkable reduction can be found with
decreased w values. In addition, the kL predictions are also
validated by frequency-dependent phonon MC simulations
for w = 5 nm. In Fig. 7(d) inset, reasonably good agree-
ment is found between the analytical model and the phonon
MC simulations though some inaccuracy is anticipated for
a large ratio p/w = 20.

The temperature-dependent ZTs are calculated and plot-
ted in Fig. 8, in comparison with other experimental data.
With w = 5 nm, a room temperature ZT = 0.05 and a max-
imum ZT = 0.58 at 1100 K are obtained. For the largest
w = 50 nm, a ZT = 0.45 at 1100 K can still be achieved. In
comparison, experimental results for nanostructured bulk
Si are also plotted in Fig. 8. Zhu et al. reported a ZT = 0.46
at 1060 K for n-type nanostructured bulk Si [62]. Yusufu
et al. reported a lower ZT = 0.35 at 1050 K for n-type
nanostructured bulk Si with an electron concentration of
3.84 × 1020 cm−3 at 300 K [63]. Petermann et al. reported
a peak ZT = 0.15 at 700 K for samples made from plasma-
synthesized Si nanoparticles with a nominal phosphorous
dopant concentration of 5 × 1020 cm−3 [64]. Bux et al.
studied the TE properties of a series of n-type nanostruc-
tured bulk Si samples [65]. For these samples, ZT ≈ 0.023
at room temperature is measured and the highest ZT value
surpassed that for a nanoslot-patterned thin film at elevated
temperatures. At 600 K, the w = 5 nm pattern renders a ZT
that is 40% higher than that reported by Zhu et al. [62].

Although nanoslot-patterned thin films may not provide
a significant ZT improvement over some nanostructured
bulk Si samples, these films have advantages in their mate-
rials design and exact structure-property control during the
fabrication processes. These films can be fully integrated
with Si devices for cooling applications, as suggested for

FIG. 8. Temperature-dependent ZTs of nanoslot patterns with
varied neck widths, in comparison with experimental results
from Yusufu et al. [63], Zhu et al. [62], Bux et al. [65], and
Petermann et al. [64].

thin films with periodic circular pores [66]. In addition,
the in-plane thermal anisotropy within nanoslot-patterned
films can also be employed to better guide the heat flow
in certain applications [45]. One concern for the high-
temperature applications of nanostructured materials is the
thermal stability of the structure. In previous studies on
electrochemically etched Si with irregular nanopores, the
nanoporous structures can deform during the annealing
process at 673 K for 45 min [67]. For nanoporous thin
films, such a nanopore deformation can be minimized with
a well-selected substrate that can prevent the spreading of
softened Si at elevated temperatures. When a nanoporous
Si thin film is placed on a thermally insulated SiO2 sub-
strate, the possible nanopore contraction can be largely
suppressed even at 1173 K [68].

D. Approaches to further improve ZTs

Based on Eq. (14a), the neck width w can be largely
reduced to decrease Lc and subsequently increase ZTs.
When this Lc is still longer than majority electron MFPs,
ZTs can always be enhanced with decreased Lc. A systemic
study on Lc, kL, and ZT with respect to the key geomet-
ric parameters is carried out here. Figure 9(a) shows the
dependence of Lc on w and l, with fixed p = 100 nm. In
Fig. 9(a), the minimum Lc = 7.3 nm is found at w = 5 nm
and l = 20 nm. For w = 1 nm and l = 10 nm, a further
reduced Lc = 2.9 nm can be obtained. Assuming b = 2 nm
and t = 50 nm, the corresponding room-temperature kL
dependency on w and l is also presented in Fig. 9(b). As
another factor to determine kL, Hw monotonously increases
with an increased Lc for the varied w and l values. At
300 K, the highest kL is around 39 W m−1 K−1 as that for
the initial solid film, i.e., w = p and Lc → ∞ in Eq. (14a).
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(a) (b)

(c)

FIG. 9. (a) Lc dependence on w and l, with fixed p = 100 nm. (b) Room-temperature kL dependence on w and l, with fixed p = 100 nm
and t = 50 nm. (c) ZT as a function of Lc at three different temperatures, with b = 2 nm and t = 50 nm.

In addition, ZTs as a function of Lc is presented in Fig. 9(c).
Here ZT> 0.6 can be achieved at 1000 K for Lc = 1 nm.

With the current Lc value, the calculated ZTs are close to
the maximum ZT ≈ 0.64 at 1000 K, as predicted for nano-
sized Si at the small-nanostructure-size limit [36,48]. At
this limit, the characteristic length Lc of a nanostructure
is decreased to the MFPs of majority charge carriers so
that ZT is maximized. Further reducing Lc does not affect
the ZT when only semiclassical effects are considered. In
this case, both k and σ will scale down with Lc, whereas
S is determined by the doping level and remains as a
constant.

In addition to nanoslot patterns, ZTs can be further
enhanced through materials engineering. A higher doping
level can also be used to enhance ZTs for materials like Si,
resulting from a higher carrier concentration and a lower
kL due to enhanced impurity-phonon and electron-phonon
scattering [69]. Along this line, a higher ZT is achieved
using GaP to increase the bulk solubility limit of phospho-
rus from 1 at. % to 2.5 at. % [62]. Along another line,

alloying Si with Ge atoms can also benefit ZTs due to a
reduced kL but the materials cost can be increased [62].

E. Extension to other geometries

Beyond the nanoslot-patterned thin films, the proposed
analytical model can also be applied to other structures.
Figure 10 presents the top view of a typical nanoslot-
patterned thin film with a larger b value, i.e., a film with
periodic rectangular nanopores. Phonon transport analysis
of such films can be found in one study but a simple ana-
lytical expression of kL is unavailable [34]. Two structures
studied before can be produced by cutting a strip out of
the porous thin film. In inset A, a fishbone nanowire [70]
can be produced when the heat conduction channel lies in
the middle of the strip. The fishbone nanowire consists of
a nanowire and small wings that are perpendicular to the
nanowire to distract the heat. In inset B, a nanoladder [56]
can be formed when the rectangular nanopores lie in the
middle of the strip. Both structures can be analyzed with
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FIG. 10. Film with periodic
rectangular nanopores and two
representative thin-film-based
structures cut out of this film (as
two insets).

Eq. (26) with reasonably good accuracy. Slight overestima-
tion of kL is anticipated because the left and right sidewalls
of these two structures should diffusively scatter phonon
as real boundaries. In the periodic rectangular-nanopore
film, these sidewalls as virtual boundaries are assumed to
specularly scatter phonons due to the structural symmetry.

IV. CONCLUSIONS

In summary, an analytical model is proposed to accu-
rately and quickly predict the TE properties of thin films
or atomic layer materials with periodic nanoslot patterns.
The analytical model modifies the phonon and charge-
carrier MFPs with a characteristic length, as the classical
size effects. Comparing with the technically demanding
phonon MC simulations or other BTE solvers, the pro-
posed model can be easily implemented to provide fast and
high-throughput predictions, which is especially beneficial
to the materials design. Frequency-dependent phonon MC
simulations is used to verify the lattice thermal conduc-
tivity predictions by the analytical model. The analytical
model is further examined for its accuracy for largely
varied nanoslot patterns. In demonstration, TE proper-
ties of representative nanoslot patterns are calculated. A
ZT = 0.58 at 1100 K is found for n-type Si thin films with a
neck width w = 5 nm. Further structure optimization for ZT
improvement is also performed using the analytical model.

This simple analytical model, which is based on Lc
in Eq. (14a), is easy to be implemented for ZT evalua-
tions. The results are practically interchangeable with the
time-consuming and technically demanding phonon and
electron MC simulations. The proposed model can easily
predict TE properties of thin films with periodic rect-
angular pores, with extension to structures like fishbone
nanowires and nanoladders.
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