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We propose a scheme to achieve the analogous interface-state laser by dint of the interface between the
two intermediate-resonator-coupled non-Hermitian resonator chains. We find that, after introducing the
couplings between the two resonator chains and the intermediate resonator at the interface, the photons
of the system mainly gather into the three resonators near the intermediate resonator. The phenomenon
of the photon gathering towards the certain resonators is expected to construct the photon storage and
even the laser generator. We reveal that the phenomenon is induced via the joint effect between the iso-
lated intermediate resonator and two kinds of non-Hermitian skin effects. In particular, we investigate
the interface-state laser in a topologically trivial non-Hermitian resonator array in detail. We find that
the pulsed interface-state laser can be achieved accompanying with the intermittent proliferation of the
photons at the intermediate resonator when an arbitrary resonator is excited. Also, we reveal that the
pulsed interface-state laser in the topologically trivial non-Hermitian resonator array is immune to the
on-site defects in some cases, whose mechanism is mainly induced by the nonreciprocal couplings instead
of the protection of topology. Our scheme provides a promising and excellent platform to investigate

interface-state laser in the microresonator array.
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I. INTRODUCTION

Topological insulators [1-4], a new state of matter, have
attracted growing interest among the physics community
since they possesses many distinctive properties. One of
the most well-known of these properties is that topological
insulators have the conducting boundary or surface states
at the interface and the insulating bulk states in the bulk
simultaneously [1,2,4]. These conducting boundary or sur-
face states originate from the topology of the topological
insulator, namely, the topological materials on both sides
of the interface are topologically inequivalent [1,2,4,5].
More specifically, these conducting boundary or surface
states appear at the interface between the topologically
nontrivial matter (such as the topological insulator) and
the topologically trivial matter (such as the usual insu-
lator). It has great significance for the investigation of
these conducting boundary or surface states due to its
protection of the topology and numerous potential appli-
cations in quantum-information processing [6—8]. Thus,
growing efforts have been devoted to the context of these
interface states, including the direct observation of the
interface state between topological and normal insulators
[9], the nontrivial interface states between two topological
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insulators [10], the inverse spin-galvanic effect [11], and
the boundary states [12] at the interface between the topo-
logical insulator and the ferromagnetic insulator, the mul-
tiple topologically protected interface states in the bulk
silicene [13], the topological interface in ultracold atomic
gases [14], and superconducting qubits [15], etc.

Recently, the non-Hermitian extensions [16—22] of topo-
logical insulators have also attracted increasing attention
both in P7 -symmetric topological systems [23—30] and
the non-Hermitian topological systems with nonreciprocal
couplings [31-42]. The existence of the imaginary energy
spectrum and the appearance of the non-Hermitian skin
effect [32,33] are the most prominent features in these
non-Hermitian topological systems. In particular, the inter-
face states in these non-Hermitian topological systems also
have been extensively investigated, such as the topolog-
ically protected interface and the bound states in P7 -
symmetric topological systems [28,43—46], the interface
states in nonreciprocal higher-order topological metals
[47], the defect states in nonreciprocal optical waveguide
[48], the robust propagation of the electromagnetic waves
at the defect interface [49—51], the detection of the topo-
logical boundary states and the non-Hermitian skin effect
[52], etc.

In this paper, enlightened by the above investiga-
tions, we propose a scheme to implement the robust
interface-state laser based on the interface states in the
non-Hermitian microresonator array. We show that, based
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on a non-Hermitian microresonator array composed by
two intermediate-resonator-coupled resonator chains with
the opposite nonreciprocal coupling configurations, the
photons of the resonator array mainly gather into the inter-
mediate resonator at the interface and the two resonators
around the intermediate resonator. We demonstrate that,
the gathering of the photons towards the certain resonators
is caused by the joint effect between the isolated intermedi-
ate resonator and two kinds of non-Hermitian skin effects,
in which one type of non-Hermitian skin effect origi-
nates from the original two non-Hermitian resonator chains
while another type of non-Hermitian skin effect originates
from the two new resonator chains induced by the cou-
plings between the two original resonator chains and the
intermediate resonator. The phenomenon that the photons
gather towards a certain resonator has various potential
applications in photon-storage and laser-generator devices.
We show that, via designing the nonreciprocal couplings of
the resonator array appropriately, the photons will gather
in the resonator at the interface intermittently as the time
increases. It means that we can hopefully realize the pulsed
interface-state laser. In particular, we investigate the pulsed
interface-state laser based on the topologically trivial non-
Hermitian microresonator array in detail. We find that the
photons are intermittently gathered into the intermediate
resonator at the interface corresponding to an arbitrary
excitation of the resonator. Dramatically, the interface-
state pulsed laser in the topologically trivial non-Hermitian
resonator array is immune to the on-site defects due to the
property of the photonic robust propagation induced by the
nonreciprocal couplings. After scanning a certain resonator
with a range of external driving frequency, the numerical
simulations of the output detection spectrum reveal that
the pulsed interface-state laser can be realized when an
arbitrary resonator is excited. Thus, our scheme provides
opportunities towards the non-Hermitian laser generator
both in theory and in experiment.

The paper is organized as follows: in Sec. I, we pro-
pose a non-Hermitian resonator array composed by two
resonator chains with opposite nonreciprocal coupling
configurations and investigate the gathering effect of the
photons. In Sec. III, we focus on the case of the interface-
state pulsed laser in a topological trivial non-Hermitian
resonator array without the energy gap and analyze the
robustness of the interface-state pulsed laser on the on-site
defects. Finally, a conclusion is given in Sec. V.

II. THE GATHERING EFFECT OF THE PHOTONS
IN NON-HERMITIAN TOPOLOGICALLY
NONTRIVIAL RESONATOR ARRAY

A. Model and theoretical analysis

We consider a 1D non-Hermitian microresonator array
consisting of two resonator chains L; and L,, in which
the two chains couple with each other via the auxiliary

resonator (J, as shown in Fig. 1. In this array, the two res-
onator chains L; and L, both have nonreciprocal intracell
and intercell couplings. Then, the system can be described
by the Hamiltonian # = H;, + Hy, + Hiink, with

Hy =Y [Jlbjgan +Jialb, + Jra!, b, +J2/b:§an+1] :
n

Hy=Y" [J{B;A,, L AB, + JiA!

LiBa+ BB,

n

Hin = J0"by + 1,640 + 1,410 + 1014,
(1)

where a} (an), Al (4,), and Q' (Q) are the creation (anni-
hilation) operators of the resonators a,, 4,,, and Q, respec-
tively. Hy, (H},) is the Hamiltonian of the resonator chains
Ly (L,) with the nonreciprocal couplings J; = #; + 6, Jl/ =
ty — 6, J, =t +34, and Jz/ =1, — 8. Hynx represents the
coupling between two resonator chains assisted via the
auxiliary resonator Q. We stress that the nonreciprocal cou-
pling between two adjacent resonators, such as J; and J. '
can be achieved via an auxiliary microring with gain in the
upper half perimeter and loss in the bottom half perime-
ter [49,50]. In this way, the photons from the resonator a,
to resonator b, pass through the half perimeter microring
with gain accompanying with the amplification of hop-
ping amplitude, while the photons from the resonator b,
to resonator a, pass through the half perimeter micror-
ing with loss accompanying with the deamplification of
hopping amplitude. Essentially, the amplification and the

! gain ring

loss ring

FIG. 1. Schematic of the one-dimensional (1D) non-Hermitian
microresonator array. The resonator array contains two resonator
chains L and L,, in which the two resonator chains both have
nonreciprocal intracell and intercell couplings. The two resonator
chains L; and L, couple with each other via the intermediate res-
onator O, with the nonreciprocal coupling strengths J, and JZ/.
The nonreciprocal coupling between the two adjacent microres-
onators can be realized via an auxiliary half perimeter microring
with gain in the upper half perimeter and loss in the bottom half.
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deamplification of the hopping amplitude are induced by
the synthetic imaginary gauge field A originating from the
gain and loss of the auxiliary microring, with Je*bha, and
Jea}b,. Thus, we can construct the required nonrecip-
rocal coupling configuration via designing the appropri-
ate synthetic imaginary gauge field A, with Je* = J; and
Je ™ =J,.

Obviously, when the Hamiltonian H)jy is vanishing, the
present microresonator array is divided into three inde-
pendent components with the isolated microresonator Q,
the microresonator chain L, and the microresonator chain
L,. Note that the independent microresonator chains L
and L, are the analogous version mentioned in Ref. [41],
in which the chain L; (L,) exhibits a non-Hermitian skin
effect towards the edge resonator by (4;) since the intra-
cell and the intercell couplings satisfy J; > J{ and J; > Jz/.
However, when the Hamiltonian Hji, is added into the
system, the isolated microresonator Q tends to become an
ensemble with the microresonator chains L; and L,, lead-
ing the original microresonator chains L; and L, to be
equivalent to the two new odd-size microresonator chains
L/1 and L/z.

Thus, the two new chains L’1 and L; generate an
interface at the auxiliary resonator 0. We note that, in
Ref. [47], an analogous nonreciprocal single energy-band
model with the interface has been investigated in detail.
They have demonstrated that, depending on the differ-
ent nonreciprocal coupling configurations, the interface
state can be analytically solved accompanying with two
sets of solutions, in which one solution reveals that the
interface state is localized near the interface with an
exponential amplification distributions towards the inter-
face site, while another set of solution indicates that
the interface state can be bounded at the two lateral
sites around the interface site or be bounded at the
interface site. Similar to the results obtained in Ref.
[47], we find that the Hamiltonian of our system, under
the open boundary condition, can also be exactly diag-
onalized with only one of the analytical zero-energy
modes. And the corresponding eigenstate |W)g_g, in
the basis of [0),, ® [0)p, ® -+ ® [0)ay ®10)5, @ [0)p ®
[0)4, ®10)p, ® --- ®[0) 4y ®10)py, can be analytically
written as

f+38 h+8\"
W)g—o = 1) Oa IEEREE ’O:
[W)E=0 s ( t2—8)
(_t1+8>N+1,O,
th — 3§
n+8\" t+s
_1+ a"-a_ia Oa 1) (2)
th — 3§ th — 6

Obviously, the eigenstate |W)g—o is the interface state,
in which the interface state has the maximal distribution
at the resonator Q when |(#; +8)/(t, — §)| > 1, accom-
panying the exponential decay distributions at the a-type
(B-type) resonators towards the resonators a; and By.
In particular, when Jl, =J2/ =0 [47], we find that all
the eigenvalues of the system are zero only corre-
sponding to two nontrivial (nonzero) eigenstates, with
) =10,0,...,0,1,0,1,0,...,0, 0)and | )P =
0, 0,...,0, 0, 1, 0, 0,...,0, 0). It means that the inter-
face state can also be localized at the resonators by and A;
with a bound state or be localized at the interface resonator
QO with a bound state. We think that the bound interface
state |"IJ)1(52;0 essentially originates from the isolated res-
onator O when Hjy = 0. It is easy to demonstrate that
the system only has one zero-energy mode with its eigen-
state [0, 0,...,0, 0, 1, 0, 0,...,0, 0) when Hjj,x = 0. In
this way, when Hjy is added into the system, Hjiy leads
the right (left) edge state of the original chain L, (L;) to
be bounded. Stated thus, the zero-energy interface states
of the system mainly have three distributions, namely,
with exponential amplification distributions towards the
resonator O, with the bound state being localized at res-
onators by and 4, and with the bound state being localized
at the resonator Q. And we predict that, similar to the non-
Hermitian skin effect, the eigenstates in our system also
exhibit a skin effect towards the interface state.

To further clarify the insightful physics, we simulate
the energy spectra of the microresonator array versus the
parameter #, numerically when Hjy, is added into the
system, as shown in Figs. 2(a) and 2(b). For simplicity,
we focus on the case of #, > 0 in the following discus-
sions. We find that, when #, approximately satisfies 0 <
t; < 0.6, the real-energy spectrum of the system has three
degenerate zero-energy modes locating in the energy gap,
while the three degenerate zero-energy modes transform
into one zero-energy mode when #, approximately satis-
fies 0.6 < #, < 1. In particular, when #, is large enough
with #, > 1, the two energy bands gradually touch each
other, and the zero-energy mode integrates into the bulk
states at the same time. Note that the imaginary part of the
energy spectrum disappears corresponding to a pure real-
energy spectrum when #, approximately satisfies #, > 0.8.
Besides, as the predication mentioned above, we find that
all the eigenstates of the system indeed exhibit a localized
effect, which is similar to the non-Hermitian skin effect
[41], as shown in Figs. 2(c) and 2(d).

Together with the analytical solutions of the three zero-
energy interface states, the reason for the existence of
the three degenerate zero-energy modes in the energy
spectrum can be further interpreted as follows. When the
coupling parameter satisfies 0 < #, < 0.6, it corresponds
that a relatively mild Hjj, is added into the system, lead-
ing to the original uncorrelated three subcomponents Q,
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(a)
2

FIG. 2. The energy spectrum and localization of the system.
(a) The real part of the energy spectrum versus the parameter #,,
in which the energy gap of system is divided into three parts.
(b) The imaginary part of the energy spectrum versus the param-
eter #,, in which the system corresponds to a pure real-energy
spectrum when #, > § and #, < —é. (c) The inverse participa-
tion ratio (IPR) versus #, for each real part of energy level with
IPR = Z,'-Vzl |0, )4/ ((¥,|W,,))?, in which j represents the lat-
tice index and |W,,) is the nth eigenstate of the system. The finite
IPR corresponds to a localized state. (d) The vertical view of IPR
in (c). Other parameters take 1, = 1,5 = 0.8, and L; = L, = 10.
We set #; as the unit of energy.

Ly, and L, generating the following inclinations: (i) the
original isolated auxiliary resonator Q remains to keep
the isolated inclination accompanying the generation of
the bound state; (ii) the two resonator chains L; and L;
remain to keep the independent inclinations accompanying
the original right-edge resonator by of L; and the origi-
nal left-edge resonator 4; of L, (note that the equivalent
inclination is that the original right-edge resonator by of L;
and the original left-edge resonator A, of L, are bounded
due to Hyiny); (iii) the two resonator chains L; and L; also
tend to link with the auxiliary resonator O accompanying
the generations of the new right-edge resonator QO of L/1

and the new left-edge resonator Q of L;. Thus, as revealed
in the analytical solutions, these three inclinations imply
that the three degenerate zero-energy modes correspond to
the three interface states with being bounded at interface
resonator Q, being bounded at resonators by and 4, and
being localized at resonator Q with the exponential dis-
tributions, respectively. In other words, these inclinations
originating from the weak interaction Hjy, generate effects
on both the isolated bound state, original topological edge
states, and the new topological edge states simultaneously.
In particular, we stress that the effects of the weak inter-
action Hjipx on the original topological edge states and the
new topological edge states will directly determine the skin
effects of the original two resonator chains L; and L, and
the two new resonator chains L/1 and L/Z. Thus, these joint
effects will together determine the zero-energy modes and
the states of the system.

B. Numerical analysis for weak #,

To further demonstrate the points mentioned above, we
plot the energy spectra and the distributions of the zero-
energy modes when an extremely weak #, = 0 is added
into the system, as shown in Fig. 3. The numerical results
show that, indeed, the real and the imaginary parts of the
energy spectrum both have three degenerate zero-energy
modes located in the gap, in which the zero-energy modes
are divided into three types. More specifically, as shown
in Fig. 3(a), the two zero-energy modes in the real-energy
spectrum exhibit a characteristic of the bound states, in
which the photons mainly gather around the auxiliary
microresonator . And there is also one zero-energy mode
being localized near the auxiliary microresonator Q with
the exponential attenuation or amplification distributions
at the odd resonators, which means that the zero-energy
mode is a topological zero-energy mode, corresponding to
the generations of the new right edge of L/1 and the new left
edge of L;. Note that the generations of the new topolog-
ical edges leads to the two new microresonator chains L/l

and L/2 both exhibiting a non-Hermitian skin effect towards
the auxiliary microresonator Q.
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Energy spectra and distributions of the zero-energy modes. (a) Real part of the energy spectrum and the distributions of

the three degenerate zero-energy modes. (b) Imaginary part of the energy spectrum and the distributions of the three degenerate
zero-energy modes. Other parameters take t; = 1,5 = 0.8, , = 0, and L; = L, = 10. We set #; as the unit of energy.

Besides, as shown in Fig. 3(b), the imaginary energy
spectrum of the system also possesses three degenerate
zero-energy modes, in which two zero-energy modes are
localized near the resonators by and A; with the the
approximatively exponential attenuation or amplification
distributions at the even resonators. (We stress that the
two zero-energy states are the bound states in essence
because of the weak Hj,x. However, to interpret it more
intuitive, for the extremely weak Hjy ~ 0, we regard
these two zero-energy states as the original topological
edge states of L, and L,.) It reveals that the two zero-
energy modes correspond to the original topological right
edge by of L, and the original topological left edge 4; of
L,, which means that the original microresonator chains
Ly (L) still tends to exhibit a non-Hermitian skin effect
towards the original topological right (left) edge by (4;).
Note that the rest of the zero-energy mode corresponds
to the new topological edges of L,l and L/z, which is
the same zero-energy mode discussed in the real-energy
spectrum.

To further verify the above conclusions, we simulate the
distributions of all the eigenstates, as shown in Figs. 3(c)
and 3(d). The numerical results reveal that all the eigen-
states are divided into two types, in which one type of
eigenstate has the maximal distribution at the resonator Q
(labeled by I-type eigenstates) while another type of eigen-
state has the maximal distributions at the resonators by
and 4, (labeled by II-type eigenstates). Obviously, the two
types of eigenstates exhibit a similar skin effect, which is
consistent with the conclusions mentioned above. Thus,
it indicates that all the photons will mainly gather into
the resonators by, Q, and A; since all the eigenstates are
both localized near the resonators by, O, and A4;. The
localization of all the eigenstates is caused by the similar
non-Hermitian skin effects and the bound effect of the iso-
lated resonator Q. At the same time, we find that the two
types of eigenstates approximately have the same order of
magnitude for the distributions, which means that the pho-
tons will mainly appear in the resonators by, O, and 4,
with the same proportion.
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FIG. 4. Interface-state laser in the non-Hermitian resonator

array when L, = L, = 10. (a) Evolution of the photons when
the auxiliary resonator Q is excited. (b) Evolution of the photons
when the first resonator is excited. (c) Evolution of the photons
when the first and last resonators are excited. (d) Evolution of the
photons when all of the resonators are excited. Other parameters
take r; = 1,8 = 0.8, and /, = 0. We set #; as the unit of energy.

The properties that all the photons gather towards cer-
tain microresonators have wide potential applications in
photon-storage [53,54] and laser-generator devices [55—
57]. Thus, to further clarify it, we investigate the evolution
of the photons in the resonator array if we excite the
different resonators of the resonator array initially. The
numerical results show that, as shown in Fig. 4(a), the
photons mainly gather in resonators by, O, and 4; with
increase of time when the auxiliary microresonator Q is
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excited initially. The reason that all the photons are mainly
gathered into resonators by, O, and 4; in the approxima-
tively uniform way is that the two types of eigenstates
approximately have the same order of magnitude for the
distributions. When other resonators are excited initially,
the photons still mainly gather in the resonators by, Q, and
A with the increase of time, as shown in Figs. 4(b)}—4(d).

C. Effects of the increasing #,

As mentioned above, we realize the gathering of photons
towards certain resonators. However, we except that pho-
tons mainly gather in one certain resonator to obtain the
excellent performance of photonic gathering, which is cru-
cial to realize the laser-generator device. Thus, we focus on
the case that #, is gradually increased. For example, when
t; = 0.5, we find that the real part and the imaginary part
of the energy spectrum still have three degenerate zero-
energy modes, as shown in Fig. 5. The numerical results
show that, with the increasing of #,, the bound effect of the
original isolated resonator Q is weakened while the new
topological edge states of the new resonator chains L’1 and

L/2 are strengthened, as shown in Fig. 5(a). The reason is
that the correlation between the original resonator chain L;
(L,) and the auxiliary resonator Q is strengthened due to
the existence of the strong interaction Hjj,x. The strength-
ened correlation between the original resonator chain L;
(L,) and the auxiliary resonator Q also further destroys the
original topological right (left) edge by (41) of L (L),
leading to the topological effect of the original topologi-
cal right (left) edge by (A4;) of L; (L;) tending to become
the bound effect, as shown in Fig. 5(b). As a result, the
gathering of the photons towards the middle resonator QO
is strengthened while the gathering of the photons towards

(b)
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Energy spectra and distributions of the zero-energy modes. (a) Real part of the energy spectrum and the distributions of the

three degenerate zero-energy modes. (b) Imaginary part of the energy spectrum and distributions of the three degenerate zero-energy
modes. Other parameters take t; = 1,§ = 0.8, 1, = 0.5, and L; = L, = 10. We set #; as the unit of energy.
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array when L; = L, = 10. (a) Evolution of the photons when
the auxiliary resonator Q is excited. (b) Evolution of the photons
when the first resonator is excited. (c) Evolution of the photons
when the first and the last resonators are excited. (d) Evolution of
the photons when all of the resonators are excited. Other param-
eters take t{ = 1, § = 0.8, and 1, = 0.5. We set #; as the unit of
energy.

the resonators by and A; is weakened. To further demon-
strate the conclusions mentioned above, we simulate the
evolutions of the photons with the increase of time when
the different resonators are excited initially. The numeri-
cal results show that, as shown in Fig. 6(a), the photons
mainly gather in the middle resonator Q and the resonators
by and A; alternatively with the increase of time when
the resonator Q is excited initially. It indicates that we can
realize the pulsed interface laser since the photons mainly
gather in the resonator Q at the interface intermittently. The
numerical results when other resonators are excited ini-
tially are shown in Figs. 6(b)—6(d). The numerical results
reveal the same conclusions discussed above.

III. INTERFACE LASER IN THE
NON-HERMITIAN TOPOLOGICALLY TRIVIAL
RESONATOR ARRAY

Now, we further increase the strength of #, with ©, = 1.
As discussed in the last section, when #, > §, we find
that the system corresponds to a pure real-energy spec-
trum. As is well known, the physical meaning of the pure
real-energy spectrum can be revealed easier in experi-
ment. Besides, the zero-energy mode gradually integrates
into the bulk state corresponding to a nongapped energy
spectrum when #, > 1. Thus, when #, = 1, the present
nonreciprocal resonator array is a topologically trivial sys-
tem since the resonator array has the same intracell and
intercell coupling configurations. To further clarify the
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FIG. 7. Energy spectrum and distributions of the states when
L, = L, = 10. (a) Nongapped energy spectrum of the resonator
array, which still contains a zero-energy mode. (b) Distribution
of the zero-energy mode. (c) There are 10 eigenstates possessing
the maximal distribution at the 11th resonator Q. (d) There are
10 eigenstates possessing the maximal distribution at the 10th
and the 12th resonators. Other parameters take 1, = 1, § = 0.8,
and #, = 1. We set #; as the unit of energy.

topology of the system, we plot the energy spectrum of
the resonator array, as shown in Fig. 7(a). We find that
the energy spectrum of the system does not possess an
energy gap corresponding to a continuous energy spec-
trum. Although the system does not have the energy gap,
the present system still has a zero-energy mode. Analo-
gously, as shown in Fig. 7(b), the zero-energy mode has the
maximal distribution at the middle resonator Q, which can
be potentially used to realize the perfect pulsed interface-
state laser. The reason for the above phenomenon is that the
bound states and the original topological right (left) edge
state of L; (L) are further inhibited (the bound state of
the isolated Q disappears and the topological edges of L,
and L, disappear) due to the existence of the strong inter-
action Hjk. As a result, the gathering of the photons into
the resonator Q is strengthen again accompanying the fur-
ther weakened gathering of the photons in the resonators
bN and Al .

To demonstrate the above analysis, we plot the distribu-
tions of the bulk eigenstates, as shown in Figs. 7(c) and
7(d). Similar to the case of weak #,, we find that the bulk
eigenstates of the system are also divided into two types,
in which one type of the eigenstate has the maximal dis-
tribution at the middle resonator Q while other eigenstates
have the maximal distributions at the resonators by and 4.
Obviously, the I-type bulk states are mainly caused by the
skin effect of the new resonator chains L/1 and L;, while, the
II-type bulk states mainly originate from the bound effect
after the original edges of L and L, are further destroyed.
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Note that, different from the case of weak f,, we find that
the order of magnitude for the I-type eigenstates’ distri-
butions is much large than the order of magnitude for the
II-type eigenstates’ distributions, leading to all the photons
being easier to gather in the resonator Q compared with
the resonators by and A4;. In this way, the photons mainly
gather in the resonator Q for a long time while the pho-
tons transiently gather in the resonators by and A;. Thus,
we can realize the better gathering of the photons in the
resonator Q.

The interface-state laser can further be comprehended
via the evolution of the photons initially prepared into the
middle resonator O, as shown in Fig. 8(a). Obviously, the
evolution of the photons initially prepared into the middle
resonator Q exhibits a bamboo-shape, which is induced by
the alternative evolution of the two types of the eigenstates.
This kind of distribution of the alternative evolutions with
time is equivalent to a pulsed interface-state laser, in which
the photons gather in the middle resonator O intermittently.
To implement the interface-state laser easier in experiment,
we expect that the interface-state laser can also be achieved
when the photons are initially prepared in the other res-
onators. Thus, we prepare the initial state when the first
resonator is excited, and we plot the evolution of the initial
state, as shown in Fig. 8(b). Indeed, the pulsed interface-
state laser can be achieved with the increase of time.
In particular, the pulsed interface-state laser can reappear

1
n io.s
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1 21
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1 6 11 16 21
Lattice site
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Lattice site

16 21 1 6 11 16 21
Lattice site

FIG. 8. Interface-state laser in the non-Hermitian resonator
array when L; = L, = 10. (a) Evolution of the photons when
the auxiliary resonator Q is excited. (b) Evolution of the photons
when the first resonator is excited. (c) Evolution of the photons
when the first and the last resonators are excited. (d) Evolution of
the photons when all of the resonators are excited. Other param-
eters take 1y =1, § = 0.8, and ©, = 1. We set ¢; as the unit of
energy.

perfectly when the two end resonators are excited simulta-
neously, as shown in Fig. 8(c). Besides, we also investigate
the interface-state laser when all resonators are excited ini-
tially, as shown in Fig. 8(d). The numerical results show
that the photons are better gathered in the middle resonator
0, which is different from the previous case of the pulsed
interface-state laser.

Now, we are devoted to revealing the effects of the
on-site defects on the interface-state laser in the present
non-Hermitian resonator array, since it is important for the
realistic applications in experiment. We find that, when
the middle resonator Q is excited, the defect added on the
middle resonator Q makes the original pulsed interface-
state laser be a nonpulsed interface-state laser, as shown
in Fig. 9(a). The reason for the above phenomenon is
that the large enough on-site defect makes the middle res-
onator decouple from the resonator array directly due to
the absence of the protection of the energy gap. Also, we
investigate the case that the on-site defects are separately
added on the second and the third resonator when the first
resonator is excited initially, as shown in Figs. 9(b) and
9(c). We find that the nonpulsed interface-state laser and
the pulsed interface-state laser can still be achieved with-
out the influence of the on-site defects. We stress that this
immunity to the defects is induced by the nonreciprocal
couplings of the non-Hermitian resonator array [49—51]

20
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=
5
0

11 16 21 16 21
Lattlce site Lattlce site
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"' El()-i

11 16 21 16 21
Lattlce site Lattlce site
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FIG. 9. Effects of the on-site defects on the interface-state laser
when L; = L, = 10. (a) Effects of the on-site defect added on the
auxiliary resonator Q on the interface-state laser. (b) Effects of
the on-site defect added on the second resonator on the evolution
of the photons when the first resonator is excited. (c) Effects of
the on-site defect added on the third resonator on the evolution
of the photons when the first resonator is excited. (d) Effects of
the on-site defect added on the 10th resonator on the evolution of
the photons when the first resonator is excited. Other parameters
taket; = 1,5 = 0.8, and £, = 1. We set 7, as the unit of energy.
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instead of the protection of the topology of the system.
Dramatically, when the defect is added on the lateral res-
onator of the middle resonator Q, we find that the photons
gather into the two adjacent resonators alternatively with
the time increasing, as shown in Fig. 9(d). It means that we
can achieve two different kinds of complementary pulsed
interface-state lasers in different time regions.

Before conclusion, we give an analysis of the experi-
mental feasibility. As mentioned above, the interface state
laser can be realized when an arbitrary resonator is excited.
Thus, in experiment, we can add the external driving on
the different resonators, and then the photons will inter-
mittently gather towards the resonator at the interface in
a proliferative way due to the non-Hermitian evolution.
For example, when we use an external driving with a
range of frequencies to scan the resonator at the interface,
the simulation results show that the photons intermittently
accumulate in the resonator at the interface with the vary-
ing of the scanning frequency, as shown in Fig. 10(a).
Similarly, when other resonators are excited by the exter-
nal driving, the photons still mainly gather in the resonator
at the interface, as shown in Figs. 10(b)-10(d). It means
that the pulsed laser at the interface of the resonator array
can be realized via the external excitation. Furthermore,
we note that a similar interface-state excitation scheme
based on the Hermitian microresonator chains has been

( ) x10* (b) x10"
2 N 2
7
1 e 8
Jo0 . 3 ’
-1 A )
1
_2 2
16 21 1 6 11 16 21
Lattlce site Lattice site
(C)Z x10" m‘”
1 s
o0 ’
| O .
_2 ¥
11 16 21 16 21
Lattlce site Lattlce site
FIG. 10. Output detection spectra when the external excita-

tions are added on the different resonators. (a) Output detection
spectrum when the external excitation is added on the resonator
at the interface. (b) Output detection spectrum when the external
excitation is added on the first resonator. (c) Output detection
spectrum when the external excitations are added on the first
and the last resonators at the same time. (d) Output detection
spectrum when the external excitations are added on all the res-
onators. Other parameters take t; = 1, § = 0.8, and r, = 1. We
set #; as the unit of energy.

reported in Ref. [55], in which the defect-induced inter-
face state can be excited only when the defect resonator
at the interface is excited. Different from the above Her-
mitian scheme, our scheme ensures that the interface-state
laser can be realized when an arbitrary resonator is excited,
which greatly decreases the limitation of the experimental
realization. At the same time, there is also a non-Hermitian
topological laser scheme based on the cavity-array plane
with the gain and loss being proposed in Refs. [56,57],
in which the photons can propagate along the boundary
of the two-dimensional cavity-array plane and realize the
proliferation induced by the gain material. Compared with
the above non-Hermitian cavity-array plane scheme, our
scheme of realizing the interface-state laser has two promi-
nent advantages. One advantage is that our scheme is based
on a 1D resonator chain, which can keep its simplest struc-
ture in space. Another advantage is that the proliferation
of the photons in our scheme is dependent on its intrin-
sic non-Hermiticity rather than the gain material. Further,
our scheme can also induce the topologically trivial and
nontrivial interface-state lasers at the same time via design-
ing the appropriate nonreciprocal coupling configurations.
Thus, our scheme provides a feasible path to induce the
interface-state laser and provides significant convenience
in experiment.

IV. CONCLUSIONS

In conclusion, we propose a scheme to achieve the
interface-state laser based on a non-Hermitian microres-
onator array, which is composed by two coupled resonator
chains via an auxiliary resonator. We find that, when the
couplings between the two resonator chains and the auxil-
iary resonator is weak enough, the photons mainly gather
in some certain resonators near the interface if the differ-
ent resonators are excited initially. The gathering of the
photons, towards the certain resonators, has many potential
applications in photon-storage and laser-generator devices.
Particularly, we investigate the case that the resonator
array takes the non-Hermitian topological trivial config-
uration, in which the pulsed interface-state laser can be
achieved corresponding to the excitation of the photons
in an arbitrary resonator. Also, we reveal that the large
enough on-site defect has no effect on the interface-state
laser in some cases. The reason is that the nonreciprocal
couplings of the resonator array induce the robust photon
transmission, which is different from the usual topological
protection. Our scheme provides a feasible and appealing
method to investigate the interface-state laser based on the
macroresonator array both in theory and experiment.
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