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Understanding the dynamics of quantum systems to time-varying perturbations is not only a question
of basic physics, it is a question that can have life-critical relevance. Specifically, as GPS signals take on
greater roles in autonomous navigation, means must be found to ensure the moment-by-moment integrity
of those signals, and thereby the integrity of GPS atomic clock frequencies. The frequency of an electro-
magnetic field, like the microwave field in a GPS atomic clock, is stabilized to a quantum system’s energy
structure by modulating the field’s frequency and then demodulating the quantum system’s response. The
first harmonic (i.e., fundamental) demodulated signal provides the correction for field frequency, while
the second harmonic is often taken as an instantaneous status-of-health indicator for the correction signal.
The interpretative problem for the second harmonic is that the modulation frequency, the quantum sys-
tem’s dephasing rate, and the Rabi frequency are all approximately equal in these frequency stabilization
systems, violating the textbook assumptions of quantum mechanics: the quasistatic approximation (QSA),
the adiabatic approximation, and the sudden approximation. Here, we take a careful experimental and
theoretical look at the QSA under realistic conditions for field stabilization (i.e., the approximation most
often employed for the engineering interpretation of atomic dynamics behavior). Our results demonstrate
that the second harmonic can be employed as a rapid-response herald of correction signal degradation,
and that while the QSA is useful as a means for diagnosing causal effects through the second harmonic, a
small-signal approximation (SSA) is better.
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I. INTRODUCTION

Often, when the frequency of an electromagnetic (EM)
field is locked to a quantum system for sensing purposes,
the field’s wavelength is modulated at ωm and allowed to
resonantly interact with the quantum system as illustrated
in Fig. 1 [1]. Routinely, the atoms’ dynamics are detected
and demodulated at the fundamental of the modulation fre-
quency, yielding the atoms’ “first-harmonic response” S1,
which creates the frequency-correction signal for the field.
When the applied EM field is on resonance S1= 0, other-
wise the sign and magnitude of S1 provide information on
the sign and magnitude of the field’s detuning: �≡ ν f −νo.
(Here, ν f is the EM field’s frequency, while νo is the
quantum system’s resonant frequency.) As a sensor, the
stabilized EM field can be employed to measure Doppler
shifts, magnetic field strengths, or integrated to measure
time intervals (i.e., atomic clocks).

The figure of merit for this kind of sensor, and thereby
the inherent capability of the atomic device, is defined
by the slope of the fundamental signal on resonance (i.e.,
dS1/d�|�=0). This slope is a measure of the correction
signal’s ability to discriminate against small deviations
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between the field’s frequency and the atom’s resonant fre-
quency, and intuitive discussions of the device’s function-
ing and figure of merit usually proceed via the quasistatic
approximation (QSA). In the QSA, the dynamics are
viewed in terms of the quantum system’s static response
to the resonant field. Thus, in the QSA S1 is proportional
to the static lineshape’s first derivative, while the second-
harmonic signal S2 (demodulated at 2ωm) is proportional
to the second derivative of the static lineshape. To the
extent that the QSA is valid, S2 is a measure of dS1/d�|�=0
[2], and can therefore be employed as an atomic signal
figure-of-merit or status-of-health indicator [3,4].

For researchers in the laboratory, the QSA has the
advantage of yielding relatively simple closed-form
expressions for dS1/d�|�=0 that qualitatively capture the
atomic system’s dependence on various parameters (e.g.,
dephasing rate γ 2 and Rabi frequency �). Consequently,
the QSA can be a useful guide for researchers desiring
rapid information on design trade-offs, and suggestions
for profitable directions of device improvement (see, for
example, Ref. [5]). Nevertheless, in most situations of real
practical interest the QSA is quantitatively questionable,
since it assumes that the atomic system reaches steady
state in the time interval between “significant” field vari-
ations. Specifically, given adiabatic fast passage effects
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FIG. 1. Basic frequency feedback loop of an atomic device.
The frequency of an electromagnetic field undergoes wavelength
modulation at some relatively low rate ωm, and interacts with a
quantum system causing the atoms to undergo a state change,
|1〉 ↔ |2〉. The atoms’ response to the wavelength-modulated
electromagnetic field is monitored using phase-sensitive detec-
tion (i.e., the atoms’ response is demodulated at ωm), which
produces a correction signal that keeps the frequency, ν f , of the
EM field locked to the atoms’ resonant frequency, νo. The stabi-
lized electromagnetic field can then be used in diverse ways for
sensing (e.g., magnetic fields, time intervals, and Doppler shifts).

[6,7] maximum values of dS1/d�|�=0 are obtained when
ωm ∼ γ 2, strongly invalidating the QSA. Further, since
dS1/d�|�=0 is maximized near saturation, atomic devices
routinely operate with � ∼ γ 2 (and as a consequence
� ∼ωm). Therefore, none of the standard approxima-
tions found in quantum mechanics textbooks apply to real
atomic devices [8,9]: the QSA is violated, since ωm ∼ γ 2;
the sudden approximation is violated, since ωm is not much
faster than all other rates; and the adiabatic approximation
is violated, since � is not much greater than ωm.

The failure of these approximations’ underpinnings
would pose no real problem if all atomic devices were
confined to the laboratory, where one can always appeal
to numerical solutions of the time-dependent Schrödinger
equation. This, however, is not the case, since atomic
devices have now moved well beyond the research labora-
tory’s confines. As a dramatic illustration, the satellites of
GPS and other global navigation satellite systems (GNSS)
carry atomic clocks as they orbit the Earth at an alti-
tude of 12 000 miles. In such cases, the onboard atomic
devices need to autonomously and rapidly estimate their
status of health, and provide to ground operators (through
space-to-ground telemetry links) information on the

atomic system’s functioning. One of the clearest exam-
ples of this need concerns passenger aircraft navigating
their runway approaches using GPS [10]. In that situation,
GPS signal-integrity algorithms do not have the luxury of
running highly accurate, multilevel, Runge-Kutta atomic
dynamics codes. GPS spacecraft must autonomously eval-
uate the status of health of their onboard clocks second
by second in order to protect lives, and rapidly provide
operators on the ground with information so that they can
quickly make informed decisions regarding the present and
future health of the satellite clock.

This then raises the basic physics question of the
present work: given that the validity conditions of the QSA
are strongly violated, yet the QSA is effectively the “go
to” tool for easily interpreting the relationship between
dS1/d�|�=0 and S2 (with S2 provided by space-to-ground
telemetry), how badly corrupted are the QSA’s predic-
tions of quantum-system dynamics? Saying this differ-
ently (and more in line with a specific application), given
that the validity conditions of the QSA are violated in
GNSS atomic clocks, can systems engineers and operators
nonetheless employ the simple closed-form expressions of
the QSA to interpret atomic clock health warnings? The
predictions of the QSA do not need to be accurate at the
fractions of a percent level. Rather, systems engineers and
operators need to know if a significant (e.g., 20%) drop in
S2 implies a significant problem with the onboard atomic
clock; and therefore that users should ignore that satel-
lite’s signal in their navigation solutions until such time
as ground-station device engineers can examine the situa-
tion more judiciously. Somewhat surprisingly, the answer
to that question is presently unknown.

To be clear, assessing GPS signal integrity can be
achieved in a number of ways: for example, with receiver
autonomous integrity monitoring (RAIM), where multiple
(redundant) computations of position can be exploited to
determine the internal consistency of the navigation solu-
tions [10], or by the self-monitoring of oscillator signals
using delayed frequency comparisons [11]. These tech-
niques can alert users and ground controllers that there is
a problem with a GNSS satellite’s signal, but they can-
not isolate that problem to the atomic physics package
of the satellite atomic clock, nor can they suggest what
may have been the root cause of the problem. Examina-
tion of the second-harmonic signal has that potential, if
theoretical approximations can be trusted for S2 interpre-
tations.

Here, we take a look at the relationship between
dS1/d�|�=0 and S2 in an atomic clock system, and there
are three basic and applied general atomic physics ques-
tions that we look to answer:

1. How (if at all) is S2 quantitatively related to
dS1/d�|�=0 under conditions that are known to violate the
QSA?
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2. Even if quantitatively inaccurate, to what extent is
the QSA’s prediction of proportionality between S2 and
dS1/d�|�=0 valid?

3. Even if quantitatively inaccurate, and even if S2
is not exactly proportional to dS1/d�|�=0, is the QSA
“good enough” for systems engineering applications? Is
the QSA good enough to be used as an autonomous
diagnostic of atomic clock health in life-critical GNSS
applications?

In the next section, we discuss the QSA in more detail,
as well as another less-well-known approximation that can
lead to closed-form expressions relating S2 to dS1/d�|�=0:
the small-signal approximation (SSA). Then, in Sec. III
we discuss our experiment examining S2 and dS1/d�|�=0
as functions of �. In Sec. IV the experimental results are
compared to the QSA, the SSA, and a numerical density-
matrix computation. Finally, based on our measurements
we discuss the utility of S2 as a status-of-health interpreter
for remote vapor-cell atomic clocks, like those flying on
GNSS satellites.

II. QUASISTATIC AND SMALL-SIGNAL
APPROXIMATIONS

A. Quasi-static approximation

With the QSA, one assumes that the modulation period
of the field, 2π /ωm, is long compared to the time scale of
atomic processes, so that the atoms effectively reach steady
state at each instantaneous value of the modulated field’s
frequency. Consequently, writing �(t) as �o +αωmg(t)
[where α is the modulation index, �o is the average field
and atom detuning, and g(t) is a modulation waveform, for
example g(t) = sin(ωmt)], the atoms’ response to the mod-
ulated field, 	(t), can be expanded in a Taylor series about
�o, yielding

	(t) = 	(�o) + αωmg(t)
d	

d�

∣∣∣∣
�o

+ 1
2 [αωmg(t)]2 d2	

d�2

∣∣∣∣
�o

+ . . . (1)

For sine wave modulation, it is straightforward to show
that at the average detuning �o

	(t) = So + S1 sin(ωmt) + S2 cos(2ωmt) + . . . , (2)

where

So ∼= 	(�o) + α2ω2
m

4
d2	

d�2
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�o

, (3a)
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, (3b)

S2 ∼= −α2ω2
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. (3c)

Thus, in the QSA we have on resonance
∣∣∣∣dS1

d�

∣∣∣∣ = 4|S2|
αωm

. (4)

(In what follows when writing |dS1/d�| it is assumed that
this is evaluated at �o = 0.)

Taking the routine case that 	(�o) corresponds to a
saturated Lorentzian, we have

	(�o) =
(

�2

�2
s + �2

)(
γ 2

2 + γ2
γ1

�2

γ 2
2 + �2

0 + γ2
γ1

�2

)
, (5)

where γ 1 is the longitudinal relaxation rate and �s is the
saturation Rabi frequency. The first term in brackets in this
expression accounts for saturation of the signal amplitude,
while the second accounts for power broadening of the
Lorentzian lineshape. Using Eq. (5) in Eq. (3c), we find
that

S2 = αωm

2(γ 2
2 + γ2

γ1
�2)

(
�2

�2
s + �2

)
. (6)

It is important to note that in the demodulation process,
the experimental results for dS1/d� and S2 will have units
of (for example) V/Hz and V, respectively. However, in
what follows we want to compare theory and experiment,
and so we need a common unit of measurement for the
signal, 	(t), that applies to both experiment and theory. We
therefore define normalized values of |dS1/d�| and |S2|:

X ′
1 ≡

∣∣∣∣dS1
/

d�

∣∣∣∣∣∣∣∣dS1
/

d�

∣∣∣∣
M

, (7a)

X2 ≡
4|S2|/

αωm∣∣∣∣dS1
/

d�

∣∣∣∣
M

, (7b)

where |dS1/d�|M is the maximum value of |dS1/d�|. (In
the present experiments, this is the maximum value of
|dS1/d�| as a function of Rabi frequency for fixed γ 2 and
ωm.)

In contrast to the normalized values, and contemplating
the utility of S2 as a herald and interpreter of changes in
dS1/d� (complimentary to other heralds of change), what
is important are the fractional changes of |S2| from its nom-
inal value, and how those relate to fractional changes in
|dS1/d�| from its nominal value. Therefore, to examine the
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utility of S2 as a status-of-health indicator and interpreter,
we define two additional parameters:

Y′
1 =

⎛
⎜⎜⎝

∣∣∣∣dS1
/

d�

∣∣∣∣∣∣∣∣dS1
/

d�

∣∣∣∣
M

− 1

⎞
⎟⎟⎠ = X ′

1 − 1, (8a)

Y2 = |S2|
|S2|N

− 1. (8b)

In Eqs. (8), we assume that the nominal value of |dS1/d�|
is equal to |dS1/d�|M (i.e., the system is designed for opti-
mal frequency-stabilization purposes, so that nominally
|dS1/d�| takes on its maximum value), and we define
|S2|N as the value of |S2| when |dS1/d�| achieves its max-
imum value. With this definition of Y2, we are explicitly
noting that |S2|N may not equal the maximum value of |S2|
as a function of Rabi frequency. To be clear, Y′

1 and Y2 rep-
resent fractional changes in |dS1/d�| and |S2| from their
values under optimum frequency-stabilization conditions,
while X ′

1 and X 2 represent normalized values of |dS1/d�|
and |S2| relative to a common normalization constant.

B. Small-signal approximation

In the atomic candle [12–14], the second harmonic is
employed to stabilize the amplitude of an electromagnetic
field, and in their studies of the Rabi resonances employed
in atomic candles Coffer et al. [15] considered the dynam-
ics of an atom’s response to a phase-modulated resonant
field [i.e., g(t) = sin(ωmt)]. Specifically, Coffer et al. con-
sidered solutions to the system’s density-matrix equations
based on a “small-signal” approximation [16].

Writing the density matrix as ρ(t) = 〈ρ(t)〉 + δ(t), where
〈ρ(t)〉 represents an unmodulated portion of the den-
sity matrix’s evolution (which can eventually reach
steady state) and δ(t) an addition to the density
matrix that accounts for the atoms’ modulated dynam-
ics, the SSA requires in a quasi-steady-state limit that
Im[〈ρ12〉] > Im[δ12]. (Here, ρ12 is the density-matrix
coherence term for a two-level atom.) With the additional
assumption that αωm � γ 2, Coffer et al. then obtained
closed-form expressions for the atoms’ first- and second-
harmonic responses to the phase-modulated field, yielding
on resonance:

dS1

d�

∣∣∣∣
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Thus, in the SSA we have on-resonance
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In situations where � ∼ ωm ∼ γ 2 and γ 1 ∼= γ 2 (i.e., the sit-
uation applicable to GNSS atomic clocks, but clearly a
violation of the SSA’s underlying assumptions) Eq. (10a)
simplifies to

∣∣∣∣dS1

d�

∣∣∣∣ ∼= 4
√

3|S2|
αωm

. (11)

III. EXPERIMENT AND RESULTS

Figure 2 is a block diagram of our experimental
arrangement, where we employ the 6834.7 MHz 0-0
hyperfine transition in 87Rb [i.e., 52S1/2(Fg = 2,mF = 0) –
52S1/2(Fg = 1,mF = 0)] to study the relationship between
dS1/d� and S2. A vertical cavity surface emitting
laser (VCSEL) at λ = 780 nm is locked to the
52S1/2(Fg = 2) → 52P3/2 transition of 87Rb (i.e., the D2
transition) in a cell containing isotopically enriched Rb and
10 torr of N 2. In a separate beam, the same laser light
is expanded and apertured (to make a reasonably colli-
mated “top-hat” beam) before passing into our resonance
cell, which also contains isotopically enriched 87Rb and 10
torr N 2. (Given the relatively large phase noise of VCSEL
diode lasers [17], and the not so small diameter of our
aperture, we see no evidence of diffraction effects in our
experiment or our experimental results.) The beam diam-
eter in the resonance cell is 2RL ∼= 0.27 cm; the cell has a
diameter of 2Rc = 2.5 cm, and the cell length is L = 3.8 cm.
This geometry is chosen so that the signal volume diameter
will be much smaller than the cell diameter, thereby limit-
ing temperature gradients across the signal volume to the
axial direction. The maximum laser power entering the cell
is nominally 45 μW, and the laser light optically pumps the
87Rb atoms creating a population imbalance between the
two ground-state hyperfine manifolds. As a consequence
of optical pumping, there is a reduction in the number
density of atoms in the optically absorbing |Fg = 2,mF〉
Zeeman states [18,19].

The cell is located in an oven where we impose a com-
pensating temperature gradient along the cell length to
mitigate naturally occurring, systematic, axial temperature
gradients. The oven sits inside a mu-metal tube to limit
environmental magnetic fields to the axial direction, and
the “heating jacket” is actually composed of two strip
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FIG. 2. Experimental arrangement. With heating strips placed on the front and back of the resonance cell (i.e., “heating jacket”) we
can compensate potential temperature gradients along the length of the cell. Since the beam diameter is small, we should be insensitive
to transverse temperature gradients.

heaters on each end of the cell. Nominally, the temper-
ature of the resonance cell is 44 °C, corresponding to a
measured optical attenuation coefficient of ξ [Rb]σL = 2
[[Rb] is the Rb number density; the fraction of absorb-
ing atoms in the optically excited hyperfine manifold is
ξ = (I + 1)/(2I + 1) = 5/8 with I the nuclear spin of 87Rb,
and σ is the optical absorption cross section]. Magnetic
field coils are placed outside the mu-metal tube in order
to impose a controllable, axial quantization axis on the
atoms, and these provide a 76-mG magnetic field inside the
tube. The microwaves at 6834.7 MHz are derived from a
frequency synthesizer; they pass through a variable attenu-
ator, and then a +30-dB amplifier before passing to a horn
that broadcasts the microwave signal to the atoms in the
resonance cell. Since the microwave field is free space,
there is no cavity-mode field geometry over the signal
volume that could create mesoscopic effects [20].

The transmitted light intensity is detected with a Si
photodiode and amplified. As the microwave field is
tuned about the 0-0 hyperfine resonance, the number
density of atoms in the absorbing state increases, trac-
ing out the microwave resonance in the absorbed laser
light. For maximum optical pumping and consequently
maximum signals we use full laser intensity, and from

previous studies this yields a γ 2 of 85 Hz [21]. From
those same studies we also know the microwave power
at this light intensity that yields a near-optimum 0-0 res-
onance lineshape for microwave frequency-stabilization
purposes (i.e., a lineshape near saturation): P = −11 dBm
as measured on the spectrum analyzer. We label this
optimum microwave power PN (i.e., nominal operating
condition).

From those same studies we were able to determine the
correlation between spectrum-analyzer measured power
and power-broadened linewidth (i.e., half-width at half-
maximum, �ν1/2): �ν1/ 2 = β

√
P with β = (316 ± 28)

Hz/mW1/2 extrapolated to zero light intensity [22]. The
value of β at zero light intensity is relevant, since it allows
a calibration of Rabi frequency to β without assump-
tions regarding the value of a light-dependent linewidth
enhancement factor [23]. Specifically, in the limit of zero

light intensity β
√

P =
√

γ2
/

γ1 �. In the present situa-
tion, where the Carver rate is small [24] and diffusional
relaxation likely dominates [25,26] we expect γ 2/γ 1 ∼= 1.
Consequently, at the nominal power PN we estimate
�N = (89 ± 8) Hz. Measuring the amplitude of the fun-
damental signal as a function of Rabi frequency, we are
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TABLE I. Listing of the dynamical parameters that optimize
the slope of the first-harmonic signal for frequency-stabilization
purposes in the present experiment.

Dynamical parameter Value

Measured dephasing rate at full light γ 2 85 Hz
Nominal Rabi frequency �N (89 ± 8) Hz
Saturation Rabi frequency �S (74 ± 7) Hz
Modulation frequency ωm 81.73 Hz
Modulation depth αωm 33 Hz

also able to determine the saturation Rabi frequency:
�s = (74 ± 7) Hz.

For the present experiments, we are interested in
the modulated response of the atoms to the resonant
microwave field as a function of �o. Consequently, we set
� =�o + αωmsin(ωmt), and demodulated the signal from
the photodetector with two lock-in amplifiers, one was ref-
erenced to ωm and the other to 2ωm. With each lock in
we obtain both the in-phase and quadrature components of
the demodulated signal, which allows us to reconstruct the
magnitudes of S1 and S2: |Sj | = [S2

j ,inphase+ S2
j ,quad]1/2.

The four lock-in outputs are recorded and averaged for
a number of �o scans in order to improve the measured
signal-to-noise ratio, and |dS1/d�| is computed from the
magnitude of S1 as a function of �o.

With � = �N , we investigate ranges of modulation
frequency and modulation index that would maximize
the slope of the fundamental signal on resonance. We
find that maximum values of |dS1/d�| are obtained with
ωm = 81.73 Hz and α = 0.404. (Additionally, we want a
value of ωm that would be very incompatible with ac

FIG. 3. Example of our first- and second-harmonic signals (in-
phase components) as functions of �o for P/PN = 1.56.

line voltage.) The complete set of dynamical parameters
for our experimental situation are provided in Table I,
and as discussed previously the dynamical parameter val-
ues that maximize |dS1/d�| lead to violations of the
standard approximations employed in atomic physics:
ωm ∼�N ∼ γ 2. Figure 3 shows an example of the in-
phase S1 and S2 signals as functions of �o for the case
of P/PN = 1.56; and as one would expect from the QSA
the fundamental has the appearance of a Lorentzian line-
shape’s first derivative, while the second harmonic has the
appearance of a second derivative. For each trial, we deter-
mine the resonant frequency by finding the zero crossing
of |S1|.

Determining the magnitude of S2 on resonance is
straightforward: it is just the vector sum of the lock-in
amplifier’s in-phase and quadrature second-harmonic sig-
nals when �o = 0. However, determining the magnitude of
|dS1/d�| requires some discussion. Specifically, the tan-
gent line to the first derivative of a Lorentzian varies near
�o = 0 (albeit slightly). Consequently, it is not always best
to simply fit a straight line to the first-harmonic data in
some region about �o = 0 to determine |dS1/d�|, as this
could introduce systematic errors into the results. Since our
digitized fundamental signals are separated by a frequency
interval of δf = 0.34 Hz, we settle on the following pro-
cedure: (1) using the |S1| data, we compute the numerical
derivative of our fundamental signal: δ|S1|/δf ; (2) these
δ|S1|/δf values are fit by a quadratic function in a ±50 Hz
region about �o = 0 (i.e., δ|S1|/δ�= a�2 + b); (3) the
intercept is taken as our estimate of |dS1/d�|. Figure 4
shows an example of this procedure.

FIG. 4. Example of our determination of |dS1/d�| for
P/PN = 1.56. The numerical derivative has been smoothed over
a 1-Hz bandwidth for clarity of presentation. However, for the
actual analyses the quadratic fits are taken over unsmoothed data:
δ|S1|/δ� = a�2 + b, with the intercept of the fit providing our
estimate of |dS1/d�|�o=0.
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FIG. 5. In our experiments, we chose the lock-in phase θ

by maximizing the in-phase signal of each lock-in amplifier
at �= �N : for the first harmonic we find θN =−52.3o, while
for the second harmonic θN =−40.2o. As � changes, without
readjusting θ , the in-phase signal will scale like cos[θ−θN ] all
other things being equal. As the figure shows, for both the first-
harmonic and second-harmonic signals, cos[θ−θN ] varies slowly
near �=�N . The dashed lines are simply aids to guide the eye.

Figure 5 shows the cosine of the phase difference for S1
(or S2) from its nominal value as a function of Rabi fre-
quency (i.e., θ = the signal phase at �, and θN = the signal
phase at �N ). For both S1 and S2 the cosine of the phase
difference changes slowly near �∼=�N . This implies that

an examination of S1 and S2 magnitudes (i.e., the vector
sum of the in-phase and quadrature signals) should provide
valid information on the in-phase behavior of these signals
alone for � near �N .

IV. EXPERIMENT AND THEORY COMPARISON

The experimental measurements of the normalized first-
harmonic slope, X’1, are shown in Fig. 6(a), and agree
very well with the density-matrix calculations (discussed
in Appendix A). In particular, it should be noted that there
are no free parameters in the density-matrix calculations.
The experimental results are in fair agreement with the
QSA at low �, but much better agreement with the SSA.
At high �, experiment and the density matrix remain in
agreement. However, while the density matrix remains in
fair agreement with the QSA in the regime of high �, it
is in poor agreement with the SSA. To understand this
behavior, note that there is a transition in the approximate
theories’ agreement with the density matrix: in weak fields
the SSA is better than the QSA, while in strong fields the
reverse tends to be true. We rationalize this by recogniz-
ing that the SSA assumptions are best satisfied in weak
fields, and will break down under saturation conditions.
Alternatively, in strong fields the dressed states of the atom
become well separated in energy, so that modulation can-
not induce nonadiabatic transitions between the dressed
states [6]. For all intents and purposes in strong fields the
atom’s response is something close to quasistatic, because
we can consider the modulation as a perturbation acting on
the dressed-atom eigenfunctions of the static dressed-atom
Hamiltonian.

(a) (b)

FIG. 6. (a) Normalized slope of the first-harmonic signal X′
1 and (b) the normalized magnitude of the second-harmonic signal

X 2 as functions of the Rabi frequency �. Circles correspond to the experimental results, and the dashed line is a density-matrix
calculation discussed in Appendix A. Also shown are predictions from the QSA theory and the SSA theory. In (b), the divergence of
the experimentlal results and the density matrix in strong fields (i.e., �>�N ) is thought to be due to higher-order diffusion modes as
discussed more fully in Appendix B, which are not adequately modeled in the present density-matrix equations.
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The second-harmonic signal as a function of the Rabi
frequency is shown in Fig. 6(b), and again we note reason-
able agreement between experiment and the density matrix
in weak fields. The slight disagreement between density-
matrix theory and experiment in weak fields that we do
notice is easily explained as a consequence of not ade-
quately estimating the rate parameters (e.g., the Rabi fre-
quency). Additionally, similar to Fig. 6(a) the SSA agrees
better with the density matrix than the QSA in weak fields.
However, as � approaches saturation experiment and the
density matrix diverge. Though at present we have no com-
plete explanation for this strong-field divergence, we do
have a working hypothesis. In the present work we approx-
imate diffusion’s effect on the density matrix’s evolution
through the γ 1 and γ 2 relaxation parameters. Though this
is a routine approximation for dealing with diffusion [27],
it is nonetheless a coarse one [18,28]. As discussed in
Appendix B, the various diffusion modes that enter the
problem have differing influences on the atom’s first- and
second-harmonic responses, and the higher-order diffusion
modes play a more significant role in the atomic system’s
second-harmonic dynamics than the first-harmonic dynam-
ics as microwave power saturates the atomic transition. In
the present work, with a beam diameter much smaller than
the resonance-cell diameter, we clearly excite higher-order
radial diffusion modes [26,28].

Figure 7 shows the relationship between |dS1/d�| and
S2 relative to their nominal values: Y′

1 as a function of Y2.
Interestingly, experiment agrees reasonably well with the
QSA theory, the SSA theory and the density matrix in weak
fields: all three theories imply near proportionality between
|dS1/d�| and S2, and this is what is observed experimen-
tally. Though it would appear that experiment agrees better
with the QSA and SSA theories in weak fields than the den-
sity matrix, we take this more as coincidence than any real
indication of QSA and SSA theory superiority. As noted
with regard to the strong-field divergence between exper-
iment and the density matrix in Fig. 6(b), it is likely that
the present density-matrix equations do not fully account
for the details of diffusional relaxation, and it may be that
with regard to the relationship between |dS1/d�| and S2
the QSA and SSA are more forgiving of these deficiencies.

In strong fields (i.e., Y2 > 0) not only do experiment and
the density matrix diverge in Fig. 7 [likely for the same
working-hypothesis reason as discussed with regard to
Fig. 6(b)], but the SSA theory fails badly in its agreement
with the density matrix. Alternatively, the QSA theory is
in fair agreement with the density matrix for both weak
and strong fields. From Eq. (3c), it is easy to show that the
QSA theory is restricted to Y′

1 and Y2 less than zero. There-
fore, as the Rabi frequency transitions weak → strong, the
QSA theory marches Y2 to the right with Y′

1 increas-
ing; as the Rabi frequency transitions strong → weak, Y2
marches to the left with Y′

1 now decreasing as it retraces
its weak → strong path.

FIG. 7. Change in |dS1/d�| relative to its nominal value, Y′
1,

as a function of the change in |S2| relative to its nominal value Y2.
In weak fields (i.e., � < �N ⇒ Y2 < 0) experiment and all three
theories are in reasonable agreement. We note that the QSA is
restricted to Y′

1 and Y2 less than zero. In strong fields the SSA
is in complete disagreement with the density-matrix calculations
and experiment, while the QSA simply retraces its path from
Y2= 0 to Y2= −1.0. For completeness, the inset shows the SSA
theory over the full range of �.

V. DISCUSSION

Given the results of Figs. 6 and 7, we are in a position to
address the questions raised in Sec. I. First, with regard to
proportionality and the quantitative relationship between
|dS1/d�| and |S2|. . . it depends. In weak fields, changes in
|S2| reasonably reflect proportional changes in |dS1/d�|. In
strong fields, the density-matrix calculations suggest that
the proportional relationship is weakened, while the exper-
iment and theory comparison indicates that unmodeled
physical processes (i.e., higher-order diffusional relaxation
modes) completely negate the proportional relationship.
As far as employing theory to diagnose causal effects
given an observed decrease in |S2| from its nominal value
(and by inference a decrease in |dS1/d�| from its nominal
value), the Fig. 6 data suggest that while the QSA theory
is not bad, the SSA theory is better.

As noted in Sec. I, there are a number of ways GNSS
users can be alerted to problems in a satellite’s navigational
message (e.g., RAIM). However, simply alerting users to
a potential problem is only part of the issue. Users, and
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more importantly ground controllers, should have informa-
tion on the source of the problem (e.g., the onboard atomic
clock) and the possible mechanism creating that problem.
This latter is important for ground controllers, since it pro-
vides pathways of response (e.g., deciding on whether the
onboard clock should be turned off and another on, or
allowing the problem time to self-correct); it is also valu-
able for users, since it can provide information on how long
the satellite’s navigational message may be unavailable. In
this context, the second-harmonic signal is an adjunct to
other means of integrity monitoring: (1) it can confirm a
problem with the GNSS satellite’s navigational message;
(2) it can pinpoint the source of the problem to the onboard
atomic clock; and (3) when combined with other teleme-
try information [29,30] can limit possible atomic clock
degradation mechanisms.

Of course, taken together Figs. 6 and 7 indicate that
|S2| can only be employed as a herald and interpreter of
changes in |dS1/d�| for decreases in |S2| from its nom-
inal value. If |S2| increases, “all bets are off.” However,
with regard to integrity monitoring and problem interpre-
tation for life-critical GNSS signals, we are not concerned
with increases (i.e., betterment) of |dS1/d�|. There is no
integrity-monitoring user-alert scenario one can reason-
ably envision where the onboard clock performs better
than expected. To protect the integrity of GPS signals
we are primarily concerned with sudden and unexpected
degradation and failures of atomic clock components. For
example, a change in microwave power from its optimum
value [31], due perhaps to radiation effects on a clock’s
step-recovery diode [32], or some decrease in the qual-
ity factor of the atomic clock’s microwave cavity [33].
Thus,

1. for integrity-monitoring and problem-interpretation
purposes, decreases in dS1/d�|�=0 are proportional to (and
heralded by) decreases in S2;

2. for integrity-monitoring and problem-interpretation
purposes, our results indicate that both the QSA and SSA
can be employed to diagnose atomic clock health issues,
with the SSA likely the better choice.

VI. CONCLUSION

Twenty years ago atomic sensors based on frequency-
stabilized electromagnetic fields were not necessarily rare,
but they were certainly not ubiquitous. Today that situation
has changed with the proliferation of (for example) atomic
magnetometers and atomic clocks [34]. Importantly, the
reliability of atomic devices in crucial infrastructure, the
miniaturization of atomic devices, and the enhancement
of atomic device performance, are all problems that strad-
dle basic and applied science. One the one hand, the
resolution of those problems will not be found through
complex numerical solutions of the Schrödinger equation

that provide little intuitive guidance, nor will they be found
through empirical engineering charts on the other. Rather,
their solution will require a mix of basic and applied sci-
ence: physically based, intuitive, and valid approximations
of atomic dynamics under time-dependent perturbation
conditions that can help guide the efforts of electrical,
mechanical, and systems engineers.

In this work, we show that the QSA and the SSA
have value for those endeavors. Both theories of quantum-
system dynamics are reasonably good approximations to
more rigorous density-matrix descriptions of the dynamics,
with the SSA likely a better approximation in weak fields
and the QSA a better approximation in strong fields. Of
course the present work also illustrates that there appears
to be more detail in the dynamics than even a reason-
ably complete density-matrix calculation provides, and our
present thinking is that this derives from the complex
role of diffusional relaxation in the dynamics. We plan to
investigate this further in future work.
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APPENDIX A

To accurately model the atomic dynamics of the 87Rb
system subject to a phase-modulated field, we employ the
generalized Vanier theory [23] of the 0-0 hyperfine tran-
sition in alkali-metal atoms. Briefly, the ground state of
an alkali atom has g = 2(2I + 1) Zeeman sublevels (where
I is the nuclear spin). Consequently, modeling of the
dynamics in the most general form requires the solution of
4(I + 1) simultaneous differential equations with noncon-
stant coefficients (including the real and imaginary parts
of the 0-0 coherence), or in the case of 87Rb with I = 3/2
ten simultaneous equations. The generalized Vanier model
simplifies this considerably by assuming the following: (1)
all of the |F = I + ½, mF �=0〉 states have the same frac-
tional population; (2) all of the |F = I−½, mF �=0〉 states
have the same fractional population; and (3) that there
is only one coherence in the system, which is between
the |F = I + ½, mF = 0〉 and |F = I−½, mF = 0〉 states.
With these assumptions, the dynamics of any alkali 0-0
hyperfine transition can be described by five simultaneous
equations, which after normalizing the density matrix ρ,
and using Einstein summation convention become

∂ρi

∂t
= −�ij (z, t)ρj + ζi(z), (A1)

where
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ρ =

⎡
⎢⎢⎢⎢⎢⎢⎣

ρ(F̃ , mF �= 0)

ρ(F̃ , 0)

ρ(F , 0)

Re[ρ(F̃ , 0; F , 0)]

Im[ρ(F̃ , 0; F , 0)]

⎤
⎥⎥⎥⎥⎥⎥⎦

, (A2a)

�(z, t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2B(z)
g

( g
2 − F̃

) + γ1 −B(z)
g 0 0 0

− 2F̃B(z)
g

B(z)(4I+1)

g + γ1 0 0 �

− 2F̃B(z)
g −B(z)

g γ1 0 −�

0 0 0 B(z)
2 + γ2 �o + αωm sin(ωmt)

0 −�
2

�
2 −[�o + αωm sin(ωmt)] B(z)

2 + γ2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A2b)

ζ = γ1

g

⎡
⎢⎢⎢⎣

1
1
1
0
0

⎤
⎥⎥⎥⎦ . (A2c)

In these expressions, F̃ is the total angular-momentum
quantum number for the hyperfine manifold that is cou-
pled to the optical-pumping light, and B(z) is the photon
absorption rate, which depends on axial position z as a con-
sequence of attenuation of the light as it passes through
the vapor. Assuming that only the first-order axial diffu-
sion mode is effective, we take B(z) = Boe−ξ̄ (z)Nσ z with the
ansatz that

ξ̄ (z) ∼= 2F̃ + 1
2(2I + 1)

+
{

[2F̃ρ̄1(z) + ρ̄2(z)] − 2F̃ + 1
2(2I + 1)

}
sin

(πz
L

)
;

(A3a)

here, the overbar indicates a time average. This expression
for ξ̄ (z) allows for the influence of axial diffusion on the
efficiency of optical pumping: at z = 0 or L we have ξ̄ (z)
defined by the degeneracy of the optically pumped Zee-
man manifold, while at z = L/2 we have ξ̄ (z) given by the
time-averaged solution of the optically pumped density-
matrix equations at that axial location (time averaged over
the period of the microwave field’s modulation). Since we
divide the vapor length into N units (typically N = 90), the
digitized form of Eq. (A3a) for the numerical solution of

the density-matrix equations is given by

ξ̄ (zn) ∼= 2F̃ + 1
2(2I + 1)

+
{

[2F̃ρ̄1(zn−1) + ρ̄2(zn−1)] − 2F̃ + 1
2(2I + 1)

}

× sin
(πzn

L

)
, (A3b)

where it is to be noted that ξ̄ (zn) is defined by ρ̄1 and ρ̄2
evaluated at zn−1.

The goal of the computation is to determine the first- and
second-harmonic responses of the transmitted light inten-
sity. Thus, we consider light transmission passing through
a thin slice of vapor, δz, at time t:

δI(t, z) ∼= −Ī(z) ξ(t, z) Nσδz. (A4)

Integrating over a normalized length (i.e., x = z/L) and then
quantizing over the N slices of vapor length yields

�I(t, L)

Io

∼= −NσL δx
Bo

N∑
n=1

B(zn) ξ(t, zn). (A5)
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The first- and second-harmonic signals, S1 and S2 respec-
tively, then become

S1 = 2
To

Tequil+Tint∫
t=Tequil

[(
�I(t, L)

Io

)]
sin(ωmt)dt

+
2
To

Tequil+Tint∫
t=Tequil

[
�I(t, L)

Io

]
cos(ωmt)dt, (A6a)

S2 = 2
To

Tequil+Tint∫
t=Tequil

[
�I(t, L)

Io

]
sin(2ωmt)dt

+
2
To

Tequil+Tint∫
t=Tequil

[
�I(t, L)

Io

]
cos(2ωmt)dt, (A6b)

where the first term on the right-hand side in each expres-
sion is the in-phase component of the harmonic signal,
while the second term is the quadrature component. Tequil is
the time required for the density-matrix equations to reach
equilibrium, with Tint the time interval over which the time
averages are taken for S1 and S2. For the present calcula-
tions we take Tequil = 20/γ 1 and Tint = 60/γ 1. To determine
ξ (t,zn), the density-matrix equations are solved using the
Fehlberg fourth-order Runge-Kutta method with adaptive
step size [35].

APPENDIX B

In this appendix, we want to sketch out the influence
of diffusional relaxation modes on the first and second
harmonics of an atom’s response to a sinusoidally, phase-
modulated field. Given the observable

〈

I · 
S

〉
, which corre-

sponds to the ground-state hyperfine population imbalance
in alkali atoms, we write its dynamics as [36]

∂
〈

I · 
S

〉
∂t

= D∇2
〈

I · 
S

〉
− γc

〈

I · 
S

〉
+ G(t). (B1)

Here,
〈

I · 
S

〉
= Tr[ρ(
I · 
S)], where ρ is the density matrix.

The first term on the right-hand side of Eq. (B1) accounts
for diffusion of the atoms to the resonance cell walls, with
diffusion coefficient D and boundary conditions such that〈

I · 
S

〉
= 0 at the walls. The second term on the right-hand

side corresponds to loss of
〈

I · 
S

〉
due to binary collisions

with the buffer-gas atoms and molecules in the resonance
cell, and the third term accounts for first- and second-
harmonic forcing functions, which ultimately derive from

the imaginary part of the
〈

I · 
S

〉
coherence [23]. In par-

ticular, as discussed in Appendix A we anticipate that
G ∼ �Im[ρ(F̃ , 0; F , 0)] ≡ �Im[ρ21], where � is the Rabi
frequency and ρ21 is the 0-0 coherence term in the density
matrix.

To proceed, we note that in the case G(t) = 0, the
solution of Eq. (B1) is well known [27]:

〈

I · 
S

〉
=
∑
i,ν

AiνJo(μiχ) sin[πνζ ]e−γiν t, (B2a)

where

γiν =
[
π2ν2

L2 + μ2
i

R2
c

]
D + γc. (B2b)

In Eqs. (B2), L is the cell length and Rc the cell radius;
μi is the ith zero of the Jo(x) Bessel function, and ν is
an integer: χ = r/R and ζ = z/L. Further, since Minguzzi
et al. [28] analyzed an experimental situation very similar
to ours (i.e., an optical-pumping light beam with smaller
diameter than that of the cylindrical resonance cell), we
take from them

Aiν = 4Boξ
J1(ξμi)

J 2
1 (μi)

πν

γiνμi

[
1 − (−)νe−[Rb]σL

([Rb]σL)2 + π2ν2

]
. (B3)

Here, ξ = RL/Rc, where 2RL is the diameter of the laser
beam, and Bo is a measure of the photon absorption rate
at the entrance to the resonance cell.

In what follows, we limit our discussion to ν = 1, as this
will simplify the analysis without affecting the implications
of our conclusions. Consequently, for the case G(t) �= 0 we
write

[D∇2 − γc]
〈

I · 
S

〉
= −

∑
i

γifi(t)Jo(μiχ) sin[πζ ], (B4)

which effectively generalizes Eq. (B2a) to the present sit-
uation with the inclusion of fi(t) on the right-hand side
in place of Aie−γit. Moreover, since G(t) derives from the〈

I · 
S

〉
coherence, it should have a spatial form similar to

Eq. (B2a):

G(t) = 1
2

∑
i

Go,iAiJo(μiχ) sin[πζ ](eiωmt + ei2ωmt) + c.c.;

(B5)

and since Go,i ∼�Im[〈ρ21〉], we approximate its value
by employing a two-level model of the field-atom
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(a)

(b)

(c)

FIG. 8. The relative amplitude of the ith diffusion mode’s con-
tribution to the first- and second-harmonic signals for differing
values of the Rabi frequency: a ⇒ �= 30 Hz, b ⇒ � = 100 Hz,
c ⇒ �= 300 Hz. At low Rabi frequencies each diffusion mode
makes roughly the same contribution to the atom’s first and
second-harmonic dynamics. However, at larger Rabi frequen-
cies, higher-order diffusion modes play a greater role in the
atom’s second-harmonic dynamics than they do in the atom’s
first-harmonic dynamics.

interaction [15]:

Go,i = � Im [〈ρ21〉] ∼= 1
2

�2γi

γ 2
i + �2

. (B6)

Incorporating Eqs. (B4)–(B6) into Eq. (B1), we get

∑
i

(ḟi + γifi)Jo(μiχ) = 1
4

∑
i

(
�2γi

�2 + γ 2
i

)

× AiJo(μiχ)(eiωmt + ei2ωmt) + c.c.,
(B7)

which, after taking advantage of the orthonormality of
Bessel functions, yields

ḟi + γifi = 1
4

(
�2γiAi

�2 + γ 2
i

)
(eiωmt + ei2ωmt) + c.c. (B8)

Defining the Fourier transform of fi(t) as Fi(ω): fi(t) =
(2π)−1

∫
Fi(ω)eiωtdω, and taking the Fourier transform of

Eq. (B8), we get

Fi(ω) = π

2

(
�2γiAi

�2 + γ 2
i

)(
γi − iω
γ 2

i + ω2

)
[δ(ω − ωm)

+ δ(ω + ωm) + δ(ω − 2ωm) + δ(ω + 2ωm)].
(B9)

Finally, taking the inverse Fourier transform we obtain for
fi(t) [with ϕk,i = tan−1(γ i/kωm)]

fi(t) = 1
2

(
�2γiAi

�2 + γ 2
i

)

×
⎡
⎣sin(ωmt + ϕ1,i)√

γ 2
i + ω2

m

+ sin(2ωmt + ϕ2,i)√
γ 2

i + 4ω2
m

⎤
⎦ . (B10)

Figure 8 shows the various diffusion modes’ contribu-
tions to the first and second-harmonic signals for three
different values of the Rabi frequency. For the compu-
tation, we use parameter values from our experiment,
approximating γ c = 10 Hz. (Note that our experimentally
measured dephasing rate is a combination of γ c plus dif-
fusion.) Clearly, at Rabi frequencies corresponding to the
optimum in our experiments (i.e., � ∼ωm) and larger,
higher-order diffusion modes play a more significant role in
the atom’s second-harmonic dynamics than they do in the
atom’s first-harmonic dynamics. This is what we hypoth-
esize to explain the experimental results shown in Figs. 6
and 7.
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