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A large fraction of quantum science and technology requires low-temperature environments such as
those afforded by dilution refrigerators. In these cryogenic environments, accurate thermometry can be
difficult to implement, expensive, and often requires calibration to an external reference. Here, we theo-
retically propose a primary thermometer based on measurement of a hybrid system consisting of phonons
coupled via a magnetostrictive interaction to magnons. Thermometry is based on a cross-correlation
measurement in which the spectrum of back-action driven motion is used to scale the thermomechan-
ical motion, providing a direct measurement of the phonon temperature independent of experimental
parameters. Combined with a simple low-temperature compatible microwave cavity readout, this primary
thermometer is expected to become a promising alternative for thermometry below 1 K.
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I. INTRODUCTION

Achieving low temperatures is a central aspect of many
fields of physics, from the study of phase transitions in
condensed matter physics, to accessing quantum behavior
for fundamental tests and emerging technologies. Hand in
hand with the development of techniques for achieving low
temperatures is the measurement of these temperatures.
While many physical systems demonstrate temperature-
dependent behavior that can be used for thermometry,
such as electrical resistance or magnetic susceptibility,
such thermometers rely on extrinsic properties and there-
fore require calibration to an external reference to be
of use [1]. These types of thermometers are referred to
as secondary thermometers. Another class of thermome-
ters, called primary thermometers, instead do not require
external calibration and are therefore critical to precision
measurements and temperature metrology [2–4]. Primary
thermometers used in cryogenic experiments include those
that depend on intrinsic physical properties, such as the
vapor pressure of 3He or 4He [2], the melting curve of
3He [5], and orientation of radiation from the decay of
radioactive 60Co [6]. Unfortunately these primary ther-
mometers are often impractical for a variety of reasons,
such as high cost or incompatibility with experimental
apparatus. For example, the melting pressure thermometry
of 3He—which forms the basis for the realization of the
international temperature scale below 1 K [4,5]—requires
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difficult design and construction [7], in addition to rare
and expensive 3He, and the scintillators used to measure
nuclear orientation thermometers are incompatible with
applied magnetic fields.

An alternative group of primary thermometers is based
on the principle of measuring intrinsic thermal noise. Most
efforts in noise thermometry have focused on electrical
noise in resistors [8–13], including Coulomb blockade
[14,15] and tunnel-junction shot-noise thermometers [16].
These types of thermometers measure the temperature of
the electrons, which may not be in thermal equilibrium
with the phonons (lattice) in the underlying thermal reser-
voir—for example, the base plate of a dilution refrigerator
[17]. One way to measure the temperature of the phonons
directly would be to measure the thermomechanical noise
of a mechanical system in equilibrium with the bath [18].
This has recently become possible at low temperatures as
cavity optomechanics has enabled thermomechanical noise
to be the dominant noise source (instead of measurement
noise) even at millikelvin temperatures [19]. While it has
been shown that thermomechanical noise can be used for
noise thermometry when the measurement is calibrated
using an external modulation tone [20,21], this constitutes
a secondary thermometer. Instead, primary thermometry
can be achieved via self-calibration by comparing the ther-
momechanical signal with intrinsic quantum fluctuations
[22,23]. To date, this quantum correlation thermometry has
been measured with cavity optomechanics down to 10 K
[23], but a need for primary thermometers lies below 1 K.
Unfortunately, heating of optomechanical resonators from
optical absorption has been found to be a major problem
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at such low temperatures [24–26], calling into question the
practicality of optomechanical noise thermometry.

Fortunately, cavity electromechanics provides similar
measurement capabilities to cavity optomechanics, but
with orders of magnitude lower energy photons and dis-
sipationless superconducting materials [27,28]. Therefore,
we are motivated to explore quantum-correlation primary
noise thermometry of mechanical resonators using cavity
electromechanics. While nanofabricated on-chip elec-
tromechanical systems have proven to be a powerful
platform for fundamental demonstrations of quantum
mechanics [29–31] and quantum technology [32], a sim-
pler platform is desirable for wide adoption as a thermome-
ter. Hybrid magnon-phonon systems provide just such a
platform, with the relative ease with which magnons can be
strongly coupled to microwave cavities [33–35], the com-
mercial availability of high-quality materials, and the fact
that magnons have been shown to couple to phonons in
dielectric magnetic spheres [36]. Therefore, in this paper,
we propose and theoretically examine a primary ther-
mometer for a coupled microwave-magnon-photon sys-
tem, depicted in Fig. 1. This particular setup is inspired
by recent developments in microwave cavity systems with
an embedded low-loss ferromagnetic element [33–48].

In this arrangement, a single mode of a microwave
(MW) cavity couples to the magnetic excitations
(magnons) of a magnetic material via a linear interaction
[33,35]. The magnons in turn interact with a vibrational
mode of the material via the magnetostrictive interaction
[36,49]. The magnetostrictive effect causes magnetic mate-
rials to deform in response to an applied magnetic field.

(a)
Port (P)

Ferromagnet

Microwave cavity

(b)

(magnons)

gam(â† + â)(m̂† + m̂)

gmbm̂
†m̂(b̂† + b̂)

(microwaves)
â

(phonons)
b̂

m̂

Bath temperature T

FIG. 1. Considered setup. (a) A single mode of a microwave
cavity (â) couples linearly to the magnetic excitations (m̂) of a
magnetic material loaded in the cavity. The later are coupled
parametrically to the mechanical vibrations of the material (b̂).
(b) Schematic of a possible experimental implementation: the
microwave mode couples to the uniform magnon mode, which in
turn is coupled to the vibrations of the material. The cavity can be
externally pumped via a port P. Our scheme consists of pumping
the microwave mode and measuring noise correlations via the
port P, which carry information about the bath temperature T.

Therefore, fluctuations in the shape of the magnetic sam-
ple can modulate the internal magnetization, and thus the
magnon frequency, resulting in a coupling between the
magnon and vibrational modes [49]. To describe the cryo-
genic environment in which these experiments are carried
out, we assume that each mode interacts with a corre-
sponding heat bath and that all the baths are at the same
temperature T. Technically, the microwave mode need not
be in thermal equilibrium as it only serves as the readout
of the magnon, and therefore phonon, bath. Nonetheless,
since the microwave and magnon modes will be (res-
onantly) at gigahertz frequencies, thermal noise can be
neglected in them, whereas the phonon mode at mega-
hertz frequencies will have an appreciable thermal signal
that will be used as the thermal signature here. The aim is
then to measure the temperature of the phonon heat bath
by pumping and measuring the output noise fluctuations of
the MW cavity.

II. MODEL

We consider the hybrid cavity MW-magnon-phonon
system depicted in Fig. 1 in terms of three coupled
bosonic modes, denoted by â (cavity microwave mode),
m̂ (magnon mode), and b̂ (phonon mode), with frequen-
cies ωa, ωm, and ωb, respectively, where ωa,m � ωb. In this
system the MW and magnon modes interact via a linear
coupling Hamiltonian, while the magnons and the mechan-
ical vibrations are coupled via a parametric-type Hamilto-
nian [see Fig. 1(a)]. The difference in Hamiltonians arises
from the differing nature of the interactions, as has been
noted in the literature [33,35,36,49,50]. Hence, the total
Hamiltonian describing the system dynamics reads

Ĥ0 = �ωaâ†â + �ωbb̂†b̂ + �ωmm̂†m̂

+ �gam(â + â†)(m̂ + m̂†) + �gmbm̂†m̂(b̂ + b̂†).
(1)

Here, the MW-magnon coupling strength is denoted by
gam while the magnon-phonon coupling strength is denoted
by gmb. The Hamiltonian, Eq. (1), describes a general
MW-magnon-phonon system. This model applies directly
to current experimental setups in which the MW mode
strongly couples with the uniform magnetization mode
(Kittel mode) of a ferromagnetic yttrium iron garnet (YIG)
sphere [33–36]. It also applies specifically to the ther-
mometer proposed here, because we are only interested
in the thermal occupation of a single mechanical mode,
which is most strongly coupled to the Kittel mode in these
spheres, as shown in Ref. [36]. The resonant MW-magnon
coupling is usually realized by tuning the frequency of the
Kittel mode by an applied external dc magnetic field (35
to 350 mT), with frequencies ranging between 1 and 10
GHz. Magnetoelastic effects are responsible for the cou-
pling between magnons and phonons, corresponding to the
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collective mechanical breathing modes of the YIG sphere,
usually in the megahertz range due to the relative large
size of the sphere (currently in the 100 μm radius range).
For this standard experimental setup, with a sphere affixed
to a thin rod and suspended in the microwave cavity, the
coupling strengths are gam ∼ 10 MHz and gmb ∼ 65 mHz
[36]. In general, this model can describe not only any sized
sphere—which would modify the mechanical mode fre-
quencies and thermal noise spectra—but also more com-
plex structures and/or modes, with coupling parameters
modified accordingly.

The MW cavity is assumed to be coupled to a single
external port, labeled P, which is coherently driven such
that the total Hamiltonian of the system is

Ĥ = Ĥ0 + Ĥdrive, (2)

where Ĥdrive = i�εd
√

κP(âeiωdt − â†e−iωdt), with κP the
coupling rate to the port and ωd the driving frequency.
The protocol that follows can also be implemented in mul-
tiple port setups via cross-correlation measures, although
the single-port approach has some experimental advan-
tages. Namely, to avoid errors, the coupling rate to both
ports must be matched exactly, which can be difficult to
implement with two or more ports.

Employing standard quantum optics procedures, we
obtain the linearized Hamiltonian for the fluctuations δÂ =
Â − 〈Â〉 around the steady-state value 〈Â〉 of the fields Â =
â, m̂, b̂ (see Appendix A). We further assume that gam �
gmb and that the photon and magnon modes are resonant. In
the frame rotating at the drive frequency, and considering
the rotating wave approximation for the magnon-photon
coupling, the linearized Hamiltonian reads

ĤLin = −��aδâ†δâ + �ωbδb̂†δb̂ − ��̃mδm̂†δm̂

+ �gam(δâδm̂† + δâ†δm̂)

+ �(Gmbδm̂† + G∗
mbδm̂)(δb̂ + δb̂†), (3)

where �a = ωd − ωa and �̃m = ωd − ωm − 2�gmbRe[〈b̂〉]
denote the detuning of the drive with respect to the
bare microwave cavity and the phonon-shifted magnon
frequencies, respectively (see Appendix A). Since the
magnon-phonon coupling is the lowest rate in the system,
in the following we do not consider the frequency shift
−2�gmbRe[〈b̂〉]. The effective magnon-phonon coupling is
defined as Gmb = gmb〈m̂〉 and is therefore enhanced from
its bare value gmb by the average number of steady-state
magnons, driven via the coupling to the MW mode.

From the Hamiltonian, we derive the quantum Langevin
equations of motion for the frequency domain operators

δÔ[ω] = ∫ ∞
−∞ dte−iωtδÔ(t):

χ−1
a [ω]δâ[ω] = −igamδm̂[ω] + √

κP ξ̂P[ω], (4a)

χ−1
m [ω]δm̂[ω] = −igamδâ[ω] − iGmbδẑ[ω] + √

γmη̂[ω],
(4b)

δẑ[ω] = −i(χb[ω] − χ∗
b [−ω]) × (Gmbδm̂†[−ω]

+ G∗
mbδm̂[ω] + δF̂th[ω]), (4c)

where χa(ω) = [−i(�a + ω) + κ/2]−1, χm(ω) = [−i
(�̃m + ω) + γm/2]−1, and χb(ω) = [i(ωb − ω) + γb/2]−1

are respectively the photon, magnon, and phonon sus-
ceptibilities, with γm(b) the magnon (phonon) decay rate.
The total cavity mode decay rate κ = κP + κI includes the
decay into the P channel as well as the intrinsic decay
rate κI . In the last equation we have defined the phonon
displacement operator δẑ[ω] = δb̂[ω] + δb̂†[ω].

The open dynamics of the system are described via input
fluctuation operators. The input fluctuations of the cavity
mode are denoted by ξ̂P[ω], and for the magnon mode
by η̂[ω], whereas the noise acting on the phonon mode
is denoted by δF̂th[ω]. These operators have correlations
satisfying the fluctuation-dissipation theorem [51–53]. We
assume that the magnon, photon, and phonon environ-
ments are heat baths that all have the same temperature T.
For describing the photon and magnon environments, we
use the standard framework of the first Markov approx-
imation (the environment correlations decay much faster
than the time scale in which the system has a considerable
evolution) and consider that the initial system-bath state is
uncorrelated [53,54]. We moreover assume that the state of
each environment is weakly affected by the system and is
described by thermal states. The correlation properties of
the magnon and MW noises β̂ = η̂, ξ̂P are then given by

〈β̂[ω]β̂†[ω′]〉 = 2π(nth + 1)δ(ω + ω′),

〈β̂†[ω]β̂[ω′]〉 = 2πnthδ(ω + ω′),
(5)

where nth = [
exp(�ωa,m/kBT) − 1

]−1 is the thermal occu-
pancy of the photonic and magnonic baths, and kB is Boltz-
mann’s constant. Since the magnon and photon modes are
assumed to be resonant (ωa = ωm), nth is identical for both
η̂ and ξ̂P.

The noise acting on the phonon mode is encoded in
δF̂th[ω], which represents the effects of the environment
on the phonon mode and is given by [55] (see also
Appendix B)
∫ ∞

−∞
dω′〈{δF̂th[ω′], δF̂th[ω]}〉 = 2πγb

ω

ωb
coth

(
�ω

2kBT

)
,

(6)

where {·, ·} represents the anticommutator. This model
is in correspondence with the thermomechanical model
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for phonon modes in cavity optomechanical systems [23,
55]. The symmetrized noise spectra is required to com-
pare with the experimentally observable correlation func-
tions [55,56]. We note that although we use a coloured
noise model for the phonon mode, the magnon mode
noise is white noise. This is a good approximation as
long as the temperature is small enough, such that the
number of thermal magnon excitations is small, and the
magnon mode quality factor is large (see the discussion in
Ref. [55]).

The Langevin equations, Eq. (4), are then solved. The
cavity field fluctuations are given in terms of δẑ by (see
Appendix B)

δâ[ω] = −am[ω](gamGmbχm[ω]δẑ[ω]

+ igamχm[ω]
√

γmδη̂[ω] − √
κP ξ̂P[ω]), (7)

with am[ω] = (χ−1
a [ω] + g2

amχm[ω])−1. The thermal-
mechanical fluctuations, encoded in δẑ[ω], are imprinted
on the microwave mode via the coupling to the magnon
mode. This is akin to the cavity optomechanical case, in

which the thermal phonon fluctuations can be measured
via the noise of an optical mode [19,23].

III. NOISE SPECTRUM AND THERMOMETRY OF
THE MECHANICAL VIBRATIONS

Experimentally, the microwave modes are only accessi-
ble via the reflected or transmitted signals. We can obtain
the fluctuations of the output mode via the input-output
relation [53]

δâout[ω] = ξ̂P[ω] − √
κPδâ[ω]. (8)

Detection schemes, such as homodyne, can measure
arbitrary quadratures of the output fields. These carry
information of the phase and amplitude fluctuations
and are affected by thermal noise [56]. Here we use
the canonical in-phase and out-of-phase quadratures to
construct correlation spectra. For an arbitrary operator
Ô, we define X̂Ô[ω] = Ô[ω] + Ô†[−ω], and ŶÔ[ω] =
−i(Ô[ω] − Ô†[−ω]). At zero detuning, �a = �m = 0, the
quadratures of the cavity field are given by

X̂δâ[ω] = √
γmam[ω]gamχm[ω]Ŷη̂[ω] + am[ω]X̂ξ̂ [ω], (9a)

Ŷδâ[ω] = 2am[ω]|Gmb|2gamχm[ω]
(√

γmfm[ω]Ŷη̂[ω] − fa[ω]δX̂ξ̂ [ω]
) − √

γmam[ω]gamχm[ω]X̂η̂[ω]

+ am[ω]Ŷξ̂ [ω] + 2i(χb[ω] − χ∗
b [−ω])am[ω]|Gmb|gamχm[ω]δF̂th[ω], (9b)

where the coefficients fa[ω] and fm[ω] have been defined in
Appendix B and we have adopted the shorthand notation
for the total MW input noise ξ̂ = √

κP ξ̂P.
Using these and Eq. (8), we can construct a generic

quadrature of the output field δâout parameterized by θ , as

X̂δâout,θ [ω] = cos (θ)X̂δâout [ω] + sin (θ)Ŷδâout [ω], (10)

such that the symmetrized correlation spectrum can be
calculated as

Sθ ,θ ′[ω] = 1
4

∫ ∞

−∞
dω′〈{X̂δâout,θ [ω], X̂δâout,θ ′[ω′]}〉. (11)

The reflected signal can be demodulated using an IQ mixer
allowing the simultaneous measurements of δX̂δâout [ω] and
δŶδâout [ω]. Importantly, these two quadratures are sufficient
to construct a measurable correlation function containing
the phonon noise contribution. This is in contrast to the het-
erodyne measurement technique used in Ref. [23]. Instead,

here, the low-frequency microwave signal allows the direct
demodulation, simplifying measurement when compared
to high-frequency optical measurements. The two quadra-
tures can then be directly captured using a data acquisition
system, following demodulation, without any additional
postprocessing.

The phonon’s noise contribution is included in the
correlation spectrum via the component proportional to
〈{Ŷδâ[ω], Ŷδâ[ω′]}〉, and the temperature of the phonon
mode can be determined by considering the ratio of two
conveniently chosen correlation spectra: one containing
the abovementioned term and the other one a reference.
For the former, we note that the phase-phase autocorrela-
tion spectrum Sπ/2,π/2[ω], in the resolved sideband regime
ωa,b,m � κ , γm,b, is given explicitly by

Sπ/2,π/2[ω] = fπ/2,π/2[ω]|(χb[ω] − χ∗
b [−ω])|2

× γb
ω

ωb
coth

(
�ω

2kBT

)
, (12)
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FIG. 2. (a) Phase-phase autocorrelation spectrum for different
temperatures. (b) Amplitude-phase cross-correlation spectrum, at
100 mK. Each panel is plotted against frequency, normalized in
units of ωb.

while the reference term is the amplitude-phase correlation
spectrum S0,π/2[ω] given by

S0,π/2[ω] = if0,π/2[ω](χb[ω] − χ∗
b [−ω])(2nth + 1). (13)

The frequency-dependent coefficients f0,π/2[ω] and fπ/2,π/2
[ω] contain information about the relevant coupling rates,
as well as the photon and magnon susceptibilities. More-
over, at temperatures T 
 �ωa,m/kB, nth = 0 and Eq. (13)
is temperature independent.

In Fig. 2 we show a calculated phase-phase autocorre-
lation spectrum (a) and an amplitude-phase correlation (b)
as functions of the frequency. The maximum value of the
phase-phase autocorrelation Sπ/2,π/2[ω] increases with the
bath temperature T and, similar to what was reported in
Ref. [23], can be used as a thermometric measurement.

At low magnon and photon thermal occupancy, the
terms related to photon and magnon shot noise in the func-
tion fπ/2,π/2[ω] can be ignored, and the phonon noise is the
main component of the phase-phase autocorrelation (12).
In this limit, as shown in Appendix C, we have

Re{Sπ/2,π/2[ω]}
Im{S0,π/2[ω]} = 4 coth(�ω/2kBT)

2nth + 1
, (14)

where the constant background contribution from Re
{Sπ/2,π/2[ω]} has been subtracted. This expression deter-
mines the temperature of the phonon mode via the
measured correlation spectra and is independent of exper-
imental parameters, such as coupling strengths and decay
rates. We also note that the inclusion of all terms contained
within fπ/2,π/2[ω] [see Eq. (12)] is consistent with Eq. (14)
within 0.1 mK for typical experimental parameters; see
Appendix C for details.

Figure 3 depicts the thermometric relation Eq. (14) as
a function of the phonon effective temperature [Fig. 3(a)]
and for several values of the MW mode frequency
[Fig. 3(b)]. Although the relation defined in Eq. (14) is
unique for all temperatures, for T > �ωa,m/kB, the function
is relatively flat. Therefore, the thermometric measurement
will be most accurate at low temperatures when the thermal
photon-magnon occupation is less than unity.
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FIG. 3. (a) Thermometric relationship as a function of bath
temperature. The solid line represents the simplified analytical
expression in Eq. (14), and the solid circles are numerically
simulated values including all noise contributions within the
phase-phase correlation function. For this curve, ωb = 10 MHz
and ωa = ωm = 10 GHz. (b) Thermometry relationship for dif-
ferent values of the microwave resonance frequency: ωm = 10,
25, 50 GHz. In both plots ω = ωb, corresponding to the peak of
Re{Sπ/2,π/2[ω]} and Im{S0,π/2[ω]}.

It should be noted that heating due to photon absorp-
tion limits the effective lower temperature range of opti-
cal quantum-correlation thermometry to approximately 10
K [23–26]. Therefore, the use of microwave photons,
which cause minimal heating of the mechanical element
due to their low energy allows this protocol to effec-
tively be used at dilution temperatures below approxi-
mately 500 mK. Also, although a purely optomechanical
quantum-correlation thermometry setup is possible within
the microwave regime, it would suffer from similar loss
of sensitivity at moderate temperatures due to the finite
thermal occupation of the photon mode.

The absolute sensitivity of this measurement scheme is
dependent on the exact experimental geometry, namely the
effective mass and the frequency of the mechanical ele-
ment, and a fundamental limit is given by the ratio of the
thermomechanical noise spectrum to the standard quantum
limit, defined by the noise spectrum due to zero-point fluc-
tuations [19]. The relative height of the thermomechanical
spectrum compared to the standard quantum limit is pro-
portional to the number of thermal phonons within the
system. Therefore, the thermometer’s sensitivity can be
improved by decreasing the mechanical frequency, thus
increasing the number of thermal phonons. In practice,
measurements may be limited by instrumentation noise
that will depend on the exact experimental implementa-
tion, although recent microwave optomechanics experi-
ments have demonstrated imprecision below the standard
quantum limit, validating the viability of the proposed
thermometer [57].

A. Finite detuning effects and measurement
considerations

We now address the effects of nonzero detuning of the
MW drive in the proposed thermometric measurement.
The thermometric relation (14) is derived for ωd = ωa (see
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Sec. III). Finite values of the detuning introduce spuri-
ous effects. This is depicted in Fig. 4, which shows the
thermometric relation for different detunings. Experimen-
tally these effects can be minimized by carefully varying
the detuning and monitoring the real component of the
amplitude-phase cross-correlation spectra. The peak-to-
peak height of S0,π/2[ω] directly depends on the value
of the detuning. Therefore, minimizing the peak-to-peak
height of the amplitude-phase cross-correlation spectra
will minimize the thermometric relation error, as shown
in the inset of Fig. 4.

For the considered strong magnon-photon coupling, a
drive tone tuned to �a = 0 is far off resonance. This is
a consequence of the hybridization of the microwave and
magnon modes forming two normal modes separated by
2gam, as depicted in Fig. 5. This leads to the wrong conclu-
sion that it would be preferable to drive on resonance with
the hybrid mode to allow an enhancement of the magnon-
phonon coupling rate. Nevertheless, as discussed above,
the thermometric relation in Eq. (14) is precise for �a = 0.
However, the signal-to-noise ratio can be improved by
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phonon frequency, gam = ωb, resulting in a peak in the corre-
lation function at zero detuning, �a = 0, corresponding to the
measurement prescribed in the text.

(a) MW-magnon hybridized modes

(b) Mechanical sidebands

(c) Driving scheme for ωb ≈ g

ωb ω− ω+

g

ωa,m

g

ω+ω−ωb

ωb ωb ωb ωb

Frequency 
(arb. units)ωd

ω+ω−ωb

g

ωb

g

ωb

FIG. 6. Schematic illustration of the relevant frequencies in
the system. (a) The resonant magnon and photon modes (fre-
quencies ωm ≈ ωa) form two hybridized modes that, in the strong
coupling regime considered (gam � κ , γm) and for ω, have fre-
quencies ω± ∼ ωa(b) ± gam. (b) Because of the interaction with
the phonon mode, the hybrid modes have mechanical sidebands
separated by ωb from their frequencies. (c) In our driving scheme
we set ωb ≈ gam, which gives a cavity enhancement when the
MW mode is pumped on resonance, despite initial expectations.
This corresponds to pumping the mechanical sidebands of the
hybridized MW-magnon modes.

carefully tuning the magnon-photon coupling rate to match
the frequency of the phonon mode, i.e. gam = ωb. The cou-
pling gam depends on an overlap between the cavity mode
and the magnetic element, and the aforementioned condi-
tion can be achieved by carefully positioning the magnetic
element in the cavity [47,58]. When this condition is satis-
fied, by pumping the cavity on resonance, one also pumps
the mechanical sidebands of the hybrid modes as described
in Fig. 6. The two sidebands constructively interfere, pro-
ducing an enhanced signal strength for the noise spectra,
as shown in Fig. 5(b). Deviations from this ideal condition
are shown in Appendix E.

Finally, accurate thermometry requires that the phonon
mode is not affected by the microwave drive. This infor-
mation is carried by the phonon self-energy term (see
Appendix D) �[ω] [59], given by

�[ω] = i|Gmb|2(�[ω] − �∗[−ω]), (15)

where �[ω] = (χ−1
m [ω] + g2

amχa[ω]). In the weak magnon-
phonon coupling limit, the mechanical frequency is shifted
by δωb = − Re �[ω] and the interaction induces an addi-
tional damping rate �b = 2 Im �[ω], which we refer to as
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FIG. 7. (a) Magnomechanical decay rate and (b) phonon fre-
quency shift (magnonic spring effect). For these plots, gam = ωb
and Gmb = 1 kHz. The unique structure is due to the interplay
between multiple mechanical sidebands, as illustrated in Fig. 6.
See Appendix E for additional plots.

the magnomechanical decay rate:

ω̃b = ωb + δωb, γ̃b = γb + �b. (16)

In Fig. 7 we show the frequency shift δωb and the mag-
nomechanical decay rate �mag of the phonon mode for the
case in which gam = ωb. For � = 0, it can be seen that both
δωb and �b are zero.

We can further consider the effect of the magnome-
chanical interaction for finite detunings, �a �= 0. As can
be seen in Fig. 7, driving on the red (blue) sideband, i.e.
�a = nωb, where n is an integer, results in a positive (nega-
tive) additional damping rate, effectively cooling (heating)
the mechanical mode. This effect is maximized for the
first sideband and subsequent higher-order sidebands have
a reduced additional damping rate. Additionally, we note
a shift in the mechanical resonance frequency as a result
of the magnomechanical interaction. This frequency shift
is analogous to the optical spring effect in optomechanics
[19], and we refer to it as the magnonic spring effect. The
features depicted in Fig. 7 are highly dependent on the ratio
gam/ωb, as a result of the interplay between the mechani-
cal sidebands and the hybridization of the photon-magnon
modes. Here we plot these expressions for the experimen-
tally relevant case gam/ωb = 1; additional plots are shown
in Appendix E.

Finally, we point out that a colored-noise model, similar
to the that used for the phonon mode, could also be adopted
for the magnon mode. This would introduce detrimental
effects for the thermometric relation, but such effects would
only be relevant for low-quality factor magnons. A detailed
discussion about such colored-noise effects is presented in
Ref. [55] in the context of optomechanics and thermome-
chanical motion, and a similar discussion should be valid
for magnons.

IV. CONCLUSION

In conclusion, we propose a thermometry method based
on a magnon-phonon hybrid system in a microwave cavity.
Through a correlation measurement scheme, we demon-
strate how the backaction-induced mechanical spectrum

can be used as a reference to calibrate the measured ther-
mal correlation spectrum, allowing the determination of
the temperature via the measured correlation spectra. The
use of microwave photons reduces heating when compared
to higher energy optical photons, making the method com-
patible with cryogenic temperatures. We discuss possible
experimental sources of inaccuracies and show that there
is an upper-temperature limit for an accurate temperature
reading, due to the effect of thermal photons and magnons.
All of the conditions considered here are compatible with
current experimental capabilities and promise a straight-
forward platform for a primary thermometry below 1 K,
which we anticipate becoming widely useful.
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APPENDIX A: LINEARIZED QUANTUM
LANGEVIN EQUATIONS

Starting with the Hamiltonian given by Eq. (2), we apply
the unitary transformation Û = exp(iωdâ†â + iωdm̂†m̂) in
order to remove the time dependence from the driving
term, Ĥ′ = ÛĤÛ† − i�Û∂Û†/∂t [19] with

Ĥ′ = −��aâ†â + �ωbb̂†b̂ − ��mm̂†m̂

+ �gam(âm̂† + â†m̂) + �gmbm̂†m̂(b̂ + b̂†)

+ i�εd
√

κp(â − â†), (A1)

where �a = ωd − ωa and �m = ωd − ωm are the detun-
ings between the drive and the cavity-magnon mode,
κP is the coupling rate to the drive port, and we have
applied the rotating wave approximation. Moreover, εd =√

2κPP/�ωd, with P the driving laser power.
Using the above Hamiltonian, we derive the dynamics

of any operator Ô via the Heisenberg equation −i� ˙̂O =
[Ĥ′, Ô], plus the addition of dissipation-fluctuation terms
modeling the interaction with an environment. With those,
ignoring the quantum fluctuations, we obtain the following
semiclassical equations for the expectation values 〈â〉, 〈m̂〉,
and 〈b̂〉:

〈 ˙̂a〉 =
(

i�a − κ

2

)
〈â〉 − igam〈m̂〉 − εd

√
κP, (A2a)

〈 ˙̂m〉 =
(

i�m − γm

2

)
〈m̂〉 − igam〈â〉

− igmb〈m̂〉(〈b̂〉 + 〈b̂†〉), (A2b)
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〈 ˙̂b〉 =
(
−iωb − γb

2

)
〈b̂〉 − igmb|〈m̂〉|2. (A2c)

The classical steady-state values 〈â〉, 〈m̂〉, and 〈b̂〉 are then
obtained by setting 〈 ˙̂a〉 = 〈˙̂b〉 = 〈 ˙̂m〉 = 0. Additionally, we
consider gam � gmb such that

〈â〉 = (i�m − γm/2) εd
√

κP

(i�a − κ/2) (i�m − γm/2) + g2
am

, (A3a)

〈m̂〉 = igam〈â〉
i�m − γm/2

, (A3b)

〈b̂〉 = − igmb|〈m̂〉|2
iωb + γb/2

. (A3c)

Note that at zero detuning �a = �m = 0, since εd is real;
〈â〉 is real while 〈m̂〉 is purely imaginary.

Next, we consider fluctuations around the steady-state
values (A3): â = 〈â〉 + δâ, m̂ = 〈m̂〉 + δm̂, and b̂ = 〈b̂〉 +
δb̂. Neglecting higher-order terms in the fluctuations, we
obtain the quadratic Hamiltonian

ĤLin = −��aδâ†δâ + �ωbδb̂†δb̂ + −��̃mδm̂†δm̂

+ �gam(δâδm̂† + δâ†δm̂)

+ �(G∗
mbδm̂ + Gmbδm̂†)(δb̂ + δb̂†), (A4)

where, as defined in the main text, Gmb = gmb〈m̂〉 and
�̃m = ωd − ωm − 2�gmb Re[〈b̂〉].

APPENDIX B: LINEAR LANGEVIN EQUATIONS
AND THE SOLUTIONS IN THE FREQUENCY

DOMAIN

From the Hamiltonian (3) we obtain the linear coupled
quantum Langevin equations

δ ˙̂a =
(

i�a − κ

2

)
δâ − igamδm̂ + √

κP ξ̂P(t), (B1a)

δ ˙̂m =
(

i�̃m − γm

2

)
δm̂ − igamδâ − iGmb(δb̂ + δb̂†)

+ √
γmη̂(t), (B1b)

δ
˙̂b = −

(
iωb + γb

2

)
δb̂ − i(Gmbδm̂† + G∗

mbδm̂)

+ ζ̂ (t). (B1c)

These describe the evolution of the fluctuations, including
the interaction with the environment via the noise opera-
tors ξ̂P(t), η̂(t), and ζ̂ (t) [53]. In the time domain we have,

for β̂ = ξ̂P, η̂,

〈β̂(t)β̂†(t′)〉 = (nth + 1)δ(t − t′),

〈β̂†(t)β̂(t′)〉 = nthδ(t − t′).
(B2)

These correlators describe the interaction of the photon-
magnon modes with bosonic heat baths in the usual first
Markovian approximation (see the main text). For the
phonon mode, we adopt the approach of Ref. [55] in which
the environment effects are described in the framework of
quantum Brownian motion. In this case, the correlator of
the phonon noise reads

〈ζ̂ (t)ζ̂ †(t′)〉 = 1
2π

∫
dωeiω(t−t′) ω

ωb
(n[ω] + 1),

〈ζ̂ †(t)ζ̂ (t′)〉 = 1
2π

∫
dωeiω(t−t′) ω

ωb
n[ω],

(B3)

where n[ω] = [exp(�ω/kBT) − 1]−1 is the mean number
of thermal phonons with frequency ω and temperature T.

We can write Eq. (B1) in the frequency domain by per-
forming a Fourier transform δÔ[ω] = ∫ ∞

−∞ dteiωtδÔ(t) and
defining δẑ[ω] = δb̂[ω] + δb̂†[ω]:

χ−1
a [ω]δâ[ω] = −igamδm̂[ω] + √

κP ξ̂P[ω], (B4a)

χ−1
m [ω]δm̂[ω] = −igamδâ[ω] − iGmbδẑ[ω] + √

γmη̂[ω],
(B4b)

δẑ[ω] = −i(χb[ω] − χ∗
b [−ω])

× (Gmbδm̂†[−ω] + G∗
mbδm̂[ω] + δF̂th[ω]).

(B4c)

Here χa(ω) = [−i(�a + ω) + κ/2]−1, χm(ω) = [−i(�̃m +
ω) + γm/2]−1, and χb(ω) = [i(ωb − ω) + γb/2]−1 are the
susceptibilities. The correlators of the noise operators
ξ̂P[ω] and η̂[ω] in the frequency domain are given by
Eq. (5), while the phonon noise δF̂th has correlation given
by

〈δF̂th[ω]δF̂th[ω′]〉 = 2πγb
ω

ωb
coth

(
�ω

2kBT

)
δ(ω + ω′),

(B5)

and spectrum given by Eq. (6).
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By solving the linear system we obtain the following solution for δẑ[ω] in terms of only noise operators:

δẑ[ω] = {1 + (χb[ω] − χ∗
b [−ω])|Gmb|2(�[ω] − �∗[−ω])}−1

(
−i(χb[ω] − χ∗

b [−ω])
{
Gmb�

∗[−ω]
√

γmη̂†[−ω]

+ G∗
mb�[ω]

√
γmη̂[ω]

} + gam(χb[ω] − χ∗
b [−ω])

{
Gmbχ

∗
m[−ω]∗

am[−ω]
√

κP ξ̂
†
P[−ω]

− G∗
mbχm[ω]am[ω]

√
κP ξ̂P[ω]

} − i(χb[ω] − χ∗
b [−ω])δF̂th[ω]

)
, (B6)

with am[ω] = (χ−1
a [ω] + g2

amχm[ω])−1 and �[ω] = am
[ω]χm[ω]/χa[ω].

Up to this point we have assumed an arbitrary detun-
ing; however, from now on we consider that the drive
is on resonance with the cavity such that the detun-
ing is zero, �a = �m ≡ � = 0. We also assume that the
mechanical motion is within the sideband-resolved regime:
ωb � γm, γb, κ [36]. Using these simplifying assumptions
and the fact that, at zero detuning, the magnon steady-
state amplitude is purely imaginary, we have Gmb =
i|Gmb| and χa[ω] = χ∗

a [−ω], χm[ω] = χ∗
m[−ω], am[ω] =

∗
am[−ω], and �[ω] = �∗[−ω]. Note however that

χb[ω] �= χ∗
b [−ω]. These simplifications allow δẑ[ω] to be

written in the form

δẑ[ω] = i|Gam|fm[ω]
√

γm(η̂[ω] − η̂†[−ω])

+ |Gam|fa[ω]
√

κP(ξ̂P[ω] + ξ̂
†
P[−ω])

− i(χb[ω] − χ∗
b [−ω])δF̂th[ω]. (B7)

In this expression we have defined fm[ω] = i�[ω](χb[ω] −
χ∗

b [−ω]) and fa[ω] = igamχm[ω]am[ω](χb[ω] − χ∗
b [−ω])

such that fa,m[ω] = f ∗
a,m[−ω].

The microwave cavity field operator can be written in
terms of noise operators by inserting Eq. (B7) into Eq. (7)
to obtain

δâ[ω] = am[ω]gamχm[ω]
{ − i

√
γmη̂[ω]

+ |Gmb|2fm[ω]
√

γm(η̂[ω] − η̂†[−ω])

− i
√

κP|Gmb|2fa[ω](ξ̂P[ω] + ξ̂
†
P[−ω])

− (χb[ω] − χ∗
b [−ω])|Gmb|δF̂th[ω]

}

+ √
κPam[ω]ξ̂P[ω]. (B8)

Using Eq. (B8), we can proceed with calculating the
optical quadratures in Appendix C.

APPENDIX C: CALCULATION OF THE
QUADRATURE CORRELATIONS

The calculation of the phase-phase autocorrelation func-
tion Eq. (12) and the amplitude-phase cross-correlation
function Eq. (13) requires the evaluation of Eq. (11), the
symmetrized correlation spectrum. For this, we need to
evaluate the two output quadratures, X̂out[ω] = δâout[ω] +
δâ†

out[ω] and Ŷout[ω] = −i(δâout[ω] − δâ†
out[ω]), given in

terms of the output field

δâout[ω] = ξ̂P[ω] − √
κPδâ[ω]. (C1)

From Eq. (B8) and the input-output relation Eq. (C1) we
can construct the required quadratures and calculate the
noise spectra via the expectation values of products of
quadratures.

For deriving the thermometric relation we need to con-
sider the correlation spectra, Eqs. (12) and (13), which are
given in terms of the expectation values

〈Ŷout[ω]Ŷout[ω′]〉 = −√
κP〈Ŷin[ω]Ŷδâ[ω′]〉

− √
κP〈Ŷδâ[ω]Ŷin[ω′]〉

+ κP〈Ŷδâ[ω]Ŷδâ[ω′]〉, (C2a)

〈X̂out[ω]Ŷout[ω′]〉 = −√
κP〈X̂in[ω]Ŷδâ[ω′]〉

− √
κP〈X̂δâ[ω]Ŷin[ω′]〉

+ κP〈X̂δâ[ω]Ŷδâ[ω′]〉, (C2b)

where Ŷin = −i(ξ̂P − ξ̂
†
P) and X̂in = (ξ̂P + ξ̂

†
P) are the input

noise quadratures for the measurement port. The expecta-
tion values contained within Eq. (C2) are given in terms of
expectation values of noise quadratures:

〈Ŷin[ω]Ŷδâ[ω′]〉 = 2π
√

κPam[ω′]δ(ω + ω′){(2nth + 1) + 2igam|Gmb|2χm[ω′] fa[ω′]}, (C3a)

〈X̂in[ω]Ŷâ[ω′]〉 = 2iπ
√

κPam[ω′]δ(ω + ω′){2igam|Gmb|2χm[ω′] fa[ω′](2nth + 1) + 1}, (C3b)
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〈Ŷδâ[ω]Ŷδâ[ω′]〉 = 2g2
am|Gmb|2am[ω]am[ω′]χm[ω]χm[ω′](2γm|Gmb|2fm[ω]fm[ω′]〈δŶη̂[ω]δŶη̂[ω′]〉

− γmfm[ω]〈δŶη̂[ω]δX̂η̂[ω′]〉 − γmfm[ω′]〈δX̂η̂[ω]δŶη̂[ω′]〉 + 2κPfa[ω]fa[ω′]〈δX̂ξ̂P
[ω]δX̂ξ̂P

[ω′]〉)
+ gamam[ω]am[ω′](γmgamχm[ω]χm[ω′]〈δX̂η̂[ω]δX̂η̂[ω′]〉 − 2κP|Gmb|2χm[ω]fa[ω]〈δX̂ξ̂P

[ω]δŶξ̂P
[ω′]〉

− 2κP|Gmb|2χm[ω′]fa[ω′]〈δŶξ̂P
[ω]δX̂ξ̂P

[ω′]〉) + κPam[ω]am[ω′]〈δŶξ̂P
[ω]δŶξ̂P

[ω′]〉
+ 4g2

am|Gmb|2(χb[ω] − χ∗
b [−ω])(χb[ω′] − χ∗

b [−ω′])am[ω]am[ω′]χm[ω]χm[ω′]〈δF̂th[ω]δF̂th[ω′]〉,
(C3c)

〈X̂δâ[ω]Ŷδâ[ω′]〉 = γmg2
amam[ω]am[ω′]χm[ω]χm[ω′](−〈δŶη̂[ω]δX̂η̂[ω′]〉 + 2|Gmb|2fm[ω′]〈δŶη̂[ω]δŶη̂[ω′]〉)

+ κPam[ω]am[ω′](〈δX̂ξ̂P
[ω]δŶξ̂P

[ω′]〉 − 2gam|Gmb|2χm[ω′]fa[ω′]〈δX̂ξ̂P
[ω]δX̂ξ̂P

[ω′]〉). (C3d)

The expectation values for the phonon and magnon noise
quadratures can be calculated using Eq. (5) and are given
by (for β̂ = ξ̂Pη̂)

〈δX̂β̂[ω]δX̂β̂[ω′]〉 = 〈δŶβ̂[ω]δŶβ̂[ω′]〉
= 2π(2nth + 1)δ(ω + ω′), (C4a)

〈δX̂β̂[ω]δŶβ̂[ω′]〉 = −〈δŶβ̂[ω]δX̂β̂[ω′]〉
= i2πδ(ω + ω′), (C4b)

while the phonon noise correlator is given by Eq. (B5).
For all plots in the main text, we used the full expres-

sions given by Eq. (C3). However, a simplified relation
can be obtained by ignoring all terms related to the pho-
ton and magnon shot noises within the expression for
〈Ŷδâ[ω]Ŷδâ[ω′]〉. Since we are considering the experimen-
tally relevant resolved-sideband regime, all the terms,
besides the phonon noise correlation, contained within
〈Ŷδâ[ω]Ŷδâ[ω′]〉 are sharply peaked around ω = 0 and, for
ω around ωb, the only relevant contribution will be the
phonon noise term. In this case

〈Ŷδâ[ω]Ŷδâ[ω′]〉 ≈ 4g2
am|Gmb|2

× |(χb[ω] − χ∗
b [−ω])|2

× am[ω]am[ω′]χm[ω]χm[ω′]

× 〈δF̂th[ω]δF̂th[ω′]〉. (C5)

Using these definitions, we can construct the symmetrized
expectation values 〈{Â[ω], B̂[ω′]}〉 = (〈Â[ω]B̂[ω′]〉 +
〈B̂[ω′]Â[ω]〉)/2. It is necessary to use the symmetrized
expectation value to compare with the classically acces-
sible measurement currents. By performing the integration
over frequency space and properly normalizing, as defined

in Eq. (11), we arrive at the symmetrized noise spectra
given by

Sπ/2,π/2[ω] = 2πκPg2
am|Gmb|2|χb[ω] − χ∗

b [−ω]|2
× am[ω]am[−ω]χm[ω]χm[−ω]

× γb
ω

ωb
coth

(
�ω

2kBT

)

− πκPam[ω](2nth + 1), (C6a)

S0,π/2[ω] = πκPg2
am|Gmb|22

am[−ω]χ2
m[−ω]

× i(χb[ω] − χb[−ω])(2nth + 1)

× {1 + am[ω]χm[ω]/χa[−ω] − am[ω]}.
(C6b)

Here, the term πκPam[ω](2nth + 1) is a constant offset
that can be subtracted in postprocessing. Furthermore, it
can be shown that

γb
ω

ωb
|χb[ω] − χ∗

b [−ω]|2

= 4γbωωb

(ω2
b −ω2 − iωγb + γ 2

b /4)(ω2
b − ω2 + iωγb + γ 2

b /4)
,

i(χb[ω] − χb[−ω])

= 2ω3
b − 2ω2ωb + ωbγ

2
b /2 + 2iγbωωb

(ω2
b −ω2 − iωγb + γ 2

b /4)(ω2
b − ω2 + iωγb + γ 2

b /4)
.

(C7)

Therefore, it can be seen that γb(ω/ωb)|χb[ω] − χ∗
b [−ω]|2

= 2 Im{i(χb[ω] − χ∗
b [−ω])}. After some algebraic manip-

ulation it can be shown that Eq. (C6) leads to Eq. (14).

APPENDIX D: PHONON SELF-ENERGY

Starting from the equations of motion in the time domain
(B1) we obtain the equation for the magnon mode in the
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frequency domain:

χ−1
b [ω]δb̂[ω] = −i(Gmbδm̂†[ω] + G∗

mbδm̂[ω]) + ζ̂ [ω].
(D1)

We then obtain a system of equations similar to (B4), but
with Eq. (D1) and a corresponding one for δb̂[−ω] in place
of the equation for δẑ[ω]. By solving this system we obtain

χ−1
b [ω]δb̂[ω]

= −|Gmb|2
(
�[ω] − �∗[−ω]

)

×
[

1 + |Gmb|2(�[ω] − �∗[−ω])
(χ∗

b )−1 − |Gmb|2(�[ω] − �∗[−ω])

]

× δb̂[ω] + ϒ , (D2)

where the last term ϒ represents all the noise terms. We
rewrite this equation as

(χ−1
b [ω] − i�[ω])δb̂[ω] = ϒ , (D3)

where we identify the phonon self-energy �[ω] as
given by

�[ω] = i|Gmb|2
(
�[ω] − �∗[−ω]

)

×
[

1 + |Gmb|2(�[ω] − �∗[−ω])
(χ∗

b )−1 − |Gmb|2(�[ω] − �∗[−ω])

]
.

(D4)

Under the approximations used throughout this paper, but
without restricting the drive-detuning to zero, the self-
energy is given by �[ω] ≈ i|Gmb|2 (�[ω] − �∗[−ω]), as
in (15).

APPENDIX E: MEASUREMENT EFFECTS OF
PHOTON-MAGNON COUPLING RATE

In principle, the values gam and ωb are independent and
careful engineering is required to ensure that the condi-
tion gam = ωb holds. The structure of the magnonic spring
effect and the magnomechanical damping are strongly
dependent on the ratio gam/ωb. In Figs. 8 and 9—the
phonon frequency shift and magnomechanical cooling rate
[see Eq. (16)]—we show this dependence for various val-
ues of gam/ωb. Furthermore, we show in Fig. 10 the
phase-phase autocorrelation function for ω = ωb for these
values of gam/ωb.

As in the ideal case, the phonon frequency shift and
the magnomechanical decay rate vanish at � = 0. Nev-
ertheless, we see that, for gam �= ωb, a small deviation
from zero detuning can generate a relatively large effect in
the phonon frequency and decay rate. This is particularly
evident for the displayed cases of gam = 0.75ωb. On the
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FIG. 8. Phonon frequency shift as a function of the drive-
cavity detuning for ω = ωb and several values of gam/ωb.

other hand, the plots depicting the phase-phase autocorre-
lation show how the ideal condition gam = ωb generates an
enhancement in the signal for � = 0. For deviations from
this condition, the sidebands of the magnon-phonon hybrid
modes do not completely interfere. In fact, as depicted
in Fig. 10, the phase-phase autocorrelation at � = 0 gets
smaller for gam �= ωb and, when the sidebands are well
separated, as in the case gam = 0.5ωb, the value of the
correlation vanishes.
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FIG. 9. Magnomechanical decay rate as a function of the
drive-cavity detuning for ω = ωb and several values of gam/ωb.
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