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PT -symmetric systems can be used as ultrasensitive sensors by exploiting the non-Hermitian degener-
acy at the exceptional point. However, operating and controlling these systems at the exceptional point are
usually difficult. Here, we study the effect of rotation on threshold gain of circular Bragg lasers with radial
PT symmetry. We find that, even deviating away from the exceptional point, these lasers can provide a
two-orders-of-magnitude enhancement in the rotation sensitivity compared with the conventional circular
Bragg lasers of similar geometry and threshold gain. Additionally, these lasers are more robust against
perturbation in operating condition than sensors that must operate at the exceptional point.
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I. INTRODUCTION

It is well known that most rotation sensors are based
on the Sagnac effect, which refers to the different accu-
mulated phases of light propagating along or against the
rotation direction [1]. Fiber-optic gyroscopes feature high
precision and reliability but they have relatively large sizes
[2]. As basic components of photonic integrated circuits,
photonic ring and disk resonators are widely used in rota-
tion sensing to overcome the size limitation [3–6]. Passive
and active photonic resonators can both be used for gyro-
scopes. However, detecting the signals induced by the
Sagnac effect for on-chip devices is sometimes challeng-
ing [5,7,8]. It was found that in addition to the well-known
Sagnac effect, the threshold gain of ring or disk lasers
will also change with rotation, as reported in Ref. [9].
Circular Bragg lasers are an ideal candidate for rotation
sensing due to their inherent advantages, such as cylin-
drically symmetric geometry and large emission aperture
[9–13]. The rotation-induced change of threshold gain is
actually more significant than the frequency shift, and this
effect is more pronounced in the ring or disk lasers lat-
erally confined by distributed Bragg reflection than by
total internal reflection [9]. In addition to rotation sensing,
other rotation-related phenomena and applications have
also been explored, including optomechanically induced
transparency [14,15] and quantum nonreciprocity [16,17].

The concept of “PT symmetry” was proposed by Ben-
der et al. to investigate systems with a non-Hermitian
Hamiltonian [18]. A PT -symmetric system can have real
eigenvalues in the PT -symmetric phase and complex
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eigenvalues in the PT -broken phase. The two phases are
separated by the exceptional point. PT -symmetric sys-
tems have also been theoretically analyzed and experimen-
tally demonstrated in photonics and mechanics [19,20],
leading to many interesting phenomena such as enhanced
modal discrimination [12,21], phonon lasing [22–25] and
cooling [26], reversed or nonreciprocal optomechanically
induced transparency [27–29], quantum nonreciprocity
[30], orbital angular-momentum lasing [31], unidirectional
reflection [32,33], and enhanced sensing near the excep-
tional point [34,35]. However, the reported enhanced sens-
ing is based on the non-Hermitian degeneracies at the
exceptional point, which is usually difficult to implement
experimentally.

Previously, we proposed a PT -symmetric circular
Bragg laser structure as shown in Fig. 1(a), where a disk
is surrounded by a radial PT -symmetric grating [12]. In
the grating region, the real and imaginary parts of the
refractive index are designed to follow the distributions
of the Hankel functions (the eigenwaves in the cylindrical
coordinates). Our previous analyses concluded that such
structures can have higher modal discrimination than the
conventional circular Bragg lasers whose gratings con-
sist of modulation of only the real part of the refractive
index [12]. In 2007, Scheuer et al. investigated the effect
of rotation on the lasing properties of conventional circu-
lar Bragg lasers, and found that rotation affects not only
the resonant frequencies but also the threshold gain of the
resonant modes [9]. Here, we explore the effect of rota-
tion on the threshold gain of circular Bragg lasers with
radial PT symmetry and compare their sensing sensitiv-
ity with other types of rotation sensors. Compared with
other proposals for weak-signal detection [36–38], our
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FIG. 1. (a) Schematic illustration of a PT -symmetric circular Bragg laser. (b) Distribution of refractive index in the radial direction,
showing that the real and imaginary refractive-index modulations satisfy the PT symmetry. (c) Classification of PT -symmetric
circular Bragg lasers according to the values of �nr and �ni.

proposed rotation sensors can have both high sensitivity
and robust performance against environmental variations
(e.g., temperature variations).

This Paper is structured as follows: Section II presents
the theory with the calculated normalized threshold gain
and sensitivity for circular Bragg lasers. Section III ana-
lyzes the rotation-induced variation of resonant frequency
and threshold gain for circular Bragg lasers of three differ-
ent types, namely, the “conventional,” “exceptional point,”
and “gain modulated,” which are classified based on the
type of modulation of their complex refractive index.
Section IV discusses possible ways to further enhance the
rotation sensitivity and analyzes the effect of slight devia-
tion from the designed operation. Section V concludes this
Paper.

II. THEORETICAL FORMALISM

Without loss of generality, we focus on an azimuthal
mode of a circular Bragg laser structure with perturba-
tion in the radial direction [9,12,39]. Both the TE and TM
modes exist, which can be analyzed separately with a sim-
ilar method. For the TM mode, whose Ez is the major
field component, the other field components can be derived
from Ez. If the rotation speed � is much less than c/Rmax
(Rmax is the maximal distance between the structure and
the rotation center), the relativistic effect can be ignored.
Following the derivation in Ref. [39], we can include the
effect of rotation in the wave equation

{
r2 ∂2

∂r2 + r
∂

∂r
+ ∂2

∂θ2 + r2k2
0

[
ε(r, θ) + 2i

�

ω

∂

∂θ

]}
Ez = 0,

(1)

where the center of rotation is the origin of the cylindri-
cal coordinate system and the angular velocity vector is
�ẑ, ω ( = 2π f ) is the angular frequency of light, ε(r, θ )
is the distribution of the relative permittivity [39]. When
the circular Bragg laser rotates with respect to its axis
of symmetry (i.e., the z axis), the effect induced by rota-
tion does not vary in the angular direction, and this is

a common assumption in theoretical analyses [9,40,41].
In this case, Ez can be expressed as a linear combina-
tion of all the azimuthal modes Ez = ∑∞

l=−∞ Ezl exp(−ilθ)

where Ezl = Al(r)H
(1)

l (kr) + Bl(r)H
(2)

l (kr) is the field dis-
tribution of the lth-order mode in the radial direction and
exp(−ilθ ) is the field distribution in the angular direction.
H (1)

l (H (2)

l ) is the Hankel function of the first (second) kind,
which represents the outgoing (incoming) wave with the
azimuthal mode number l. H (1)

l and H (2)

l are complex con-
jugates of each other and form the basis for the propagating
waves in the cylindrical coordinate system. Substituting
Ez into Eq. (1) and taking the orthogonality of different
azimuthal modes, we obtain{

r2 ∂2

∂r2 + r
∂

∂r
− l2 + r2k2

0[ε(r) + 2l�
/

ω]
}

Ezl(r) = 0.

(2)

As shown in Eq. (2), rotation of the circular Bragg laser
induces a change in the relative permittivity by adding
2l�/ω to ε [9]. Therefore, we can use the same methods
in Ref. [12] (i.e., transfer-matrix method or coupled-mode
theory) to analyze the effect of rotation by only chang-
ing the permittivity. The effect of rotation depends on the
azimuthal order and optical frequency. To obtain enhanced
sensitivity, azimuthal modes of higher order are usually
preferred [9,41]. In the following analysis, for compari-
son purposes, we choose the eighth azimuthal mode as
previously investigated by Scheuer et al. [9,11]. The basic
structure shown in Fig. 1(a) is composed of three sections,
the inner disk (r < r0), the Bragg grating with spatial fre-
quency of kde (r0 < r < rw), and the outer region (r > rw).
Here, we describe the radial length L (= rw−r0) of the
Bragg grating by referring to the number of periods of
refractive-index modulation. The refractive index of the
inner disk and outer region is nav. The relative permittivity
in the Bragg grating region is expressed as

ε = εav − �εrsign(sin{2phase[H (1)

8 (kder)]})
− i�εisign(cos{2phase[H (1)

8 (kder)]}), (3)
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where εav is equal to n2
av, phase(x) denotes the phase of

the complex variable x, and sign(x) is 1 for positive x and
−1 for negative x. We obtain the coupled equations for the
amplitudes of both the outgoing and incoming waves in the
Bragg grating region [10]:

⎧⎨
⎩

dAl
dr = −�εr+�εi

4nav
k0Bl(r) exp(−2iδr),

dBl
dr = −�εr−�εi

4nav
k0Al(r) exp(2iδr),

(4)

where δ = k0nav − kde is the detuning of the actual wave
number from the spatial frequency of the relative permit-
tivity in the radial direction. Assuming that at the outer
boundary of the Bragg grating Bl(rw) = 0, which means no
incoming wave exists in the outer region, we obtain the
amplitudes Al and Bl at the inner boundary (r = r0) and
also the reflectivity for outgoing waves in the inner disk.
In this way, the reflectivity for the eighth azimuthal mode
with δ = 0 is

R = (κ + g)[exp(iγ L) − exp(−iγ L)]
[exp(iγ L) + exp(−iγ L)]iγ

, (5)

where κ =�εrk0/4nav and g = �εik0/4nav are the cou-
pling strength due to modulation of the real and imaginary
parts of the relative permittivity, respectively, and γ as the
eigenvalue of Eq. (4) is defined as

√
κ2 − g2.

When the system works near the exceptional point
(�εr ≈ �εi), which is known to have enhanced sensitiv-
ity, we have γ << κ and γ << g. In our analysis, we choose
κ and g to be between 0 and 2.4 × 104 m−1, L to be
approximately 18 µm, and κL and gL to be less than 1, so
that |γ L|<<κL, |γ L|<< gL, and |γ L|<< 1. By applying
Euler’s formula and the squeeze theorem, the reflectivity
can be simplified as

R = (κ + g)
tan(iγ L)

iγ
≈ (κ + g)L. (6)

Based on the definition ε = n2 = (nav + �nr + i�ni)2, ε

can be approximated as n2
av + 2nav�nr + 2inav�ni under

the typical condition of �nr << nav and �ni << nav. There-
fore, with rotation the effective relative permittivity can
be expressed as n2

av + 2l�/ω + 2nav�nr + 2inav�ni, and
the rotation-induced variation rate of reflectivity can be
expressed as

dR
d�

= − (�εr + �εi)lk0

4ωε
3/2
av

L = dR
dεav

2l
ω

. (7)

Apparently, this variation rate is proportional to the rate
at which the reflectivity changes with the relative permit-
tivity. It should be noted that rotation will not affect the

modulation depths �εr and �εi directly, as previously
pointed out by Scheuer et al. [9].

Next, we study the system’s sensing sensitivity. For the
proposed structure, we choose the number of periods to be
50, r0 to be 1.63 µm, and nav to be 2.15. The laser oscil-
lation condition is expressed as R0exp(2iδr0 + 2αr0)R = 1,
where R0 the reflection coefficient at r = 0 must be 1, and
α denotes the gain coefficient in the inner disk region
(r < r0). We may define the normalized threshold gain αr0
as the gain required for light during its travel from the
center to the edge of the inner disk to satisfy the laser oscil-
lation condition. With δ = 0, the normalized threshold gain
can also be expressed as ln(R−1/2). Figure 2(a) shows the
calculated normalized threshold gain for �nr from 0 to 0.2
and �ni from 0 to 0.02. Since rotation induces a change
in the effective relative permittivity, the variation rate of
the normalized threshold gain due to the change of effec-
tive relative permittivity dln(R−1/2)/dεav is defined as the
sensitivity. Figure 2(b) shows the calculated sensitivity as
a function of �nr and �ni. When the modulation of the
refractive index occurs in only one quadrature, i.e., either
the real or the imaginary part but not both, the reflectiv-
ity in Eq. (5) is expressed as tanh[κ(rw−r0)] when �ni = 0
and as tan[g(rw−r0)] when �nr = 0. The analytical expres-
sions of sensitivity for the two special cases (�ni = 0 or
�nr = 0) are

dln(R−1/ 2)
dεav

∣∣∣∣∣
�ni=0

= [exp(κL) + exp(−κL)]�εrk0L

8[1 − exp(−2κL)][1 + exp(κL)]2ε
3/ 2
av

,

(8)

dln(R−1/ 2)
dεav

∣∣∣∣∣
�nr = 0

= �εik0L

8 sin(2gL)ε
3/ 2
av

. (9)

It should be noted that κ (g) is linearly related to �εr
(�εi). According to Eq. (8), when �ni = 0, the sensitiv-
ity gradually decreases with increased modulation depth
�nr, as shown in Fig. 2(c). According to Eq. (9), when
�nr = 0, the sensitivity increases with increased modula-
tion depth �ni, as shown in Fig. 2(d). Figure 2(a) shows
that increasing the real or imaginary modulation depth
yields decreased normalized threshold gain. For conven-
tional circular Bragg lasers with only real modulation
(�ni = 0), a larger modulation depth �nr leads to lower
normalized threshold gain but meanwhile lower sensitivity.
This challenge can be overcome by adding an imagi-
nary modulation �ni to produce a PT -symmetric circular
Bragg laser. Maintaining the same normalized threshold
gain, we can enhance the rotation sensitivity by increas-
ing the imaginary modulation depth �ni while decreasing
the real modulation depth �nr following the blue curve
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FIG. 2. (a), (b) Normalized threshold gain (a) and sensitivity
(b) as a function of both the real and imaginary refractive-index
modulation depths �nr and �ni. The blue curve with an arrow
indicates a path to achieve enhanced rotation sensitivity while
maintaining the same normalized threshold gain for structures
of different �nr and �ni values. (c) Normalized threshold gain
and sensitivity as a function of the real refractive-index modula-
tion depth �nr under the condition of �ni = 0. (d) Normalized
threshold gain and sensitivity as a function of the imaginary
refractive-index modulation depth �ni under the condition of
�nr = 0.

along the direction as indicated by the arrow in Fig. 2(b).
It should be noted that the normalized threshold gain
of PT -symmetric circular Bragg lasers can be negative,
while that of conventional circular Bragg lasers is always
positive [42].

Figures 2(c) and 2(d) show that with the same nor-
malized threshold gain, the sensitivity for the circular
Bragg lasers with only imaginary modulation is mas-
sively enhanced from that with only real modulation. For
example, when �ni = 0 and �nr = 0.0816, the normal-
ized threshold gain is 4.5 × 10−4 and the sensitivity is
7.5 × 10−4. However, when �nr = 0 and �ni = 0.0167,
the normalized threshold gain is also 4.5 × 10−4 but the
sensitivity is 0.1698, which is approximately 226 times
larger than that for �ni = 0 and �nr = 0.0816. For a gen-
eral PT -symmetric circular Bragg laser with both real
and imaginary modulation (�nr �= 0, �ni �= 0), the nor-
malized threshold gain can be lower than that with only
imaginary modulation (�nr = 0, �ni �= 0), but the sensi-
tivity is reduced. By tracing back to the dispersion relation
γ =

√
κ2 − g2, one finds that a larger ratio between �ni

and �nr leads the system to be situated more deeply in the
PT -broken region, thus having a higher sensitivity [12].

III. ROTATION-INDUCED FREQUENCY AND
THRESHOLD GAIN VARIATION

The coupled-mode theory in the previous section is a
perturbational approach, which is accurate under the con-
dition of �nr << nav and �ni << nav. For large modulation
depths, the results derived from the coupled-mode theory
deviate from the actual values. In this regard, the transfer-
matrix method, which is based on the continuity of electric
field and its derivative at the interfaces between adjacent
layers, can be used instead to calculate the normalized
threshold gain. During calculation, we choose a circular
Bragg laser structure with the grating region consisting
of 25 periods. We also choose r0 as 1.63 µm and nav as
2.15. The real and imaginary modulation depths are chosen
to obtain similar threshold gain for the eighth azimuthal
mode. Therefore, we choose �nr = �ni = 0.020405 cor-
responding to the PT -symmetric laser working at the
exceptional point to produce the normalized threshold gain
of 4.35 × 10−4 and eigenfrequency of 1.9360 × 1014 Hz,
�nr = 0.1595 and �ni = 0 corresponding to the conven-
tional circular Bragg laser with only real modulation to
produce the normalized threshold gain of 4.35 × 10−4 and
eigenfrequency of 1.9437 × 1014 Hz, and �nr = 0 and
�ni = 0.03206 corresponding to the gain-modulated circu-
lar Bragg laser with only imaginary modulation to produce
the normalized threshold gain of 4.35 × 10−4 and eigenfre-
quency of 1.9357 × 1014 Hz. The clockwise (counterclock-
wise) rotation is defined as the positive (negative) rotation
direction.

Figure 3(a) shows that the above three types (�ni = 0,
�nr =�ni, and �nr = 0) of circular Bragg lasers have
very similar response of resonant frequency to rota-
tion speed, which is attributed to the Sagnac effect [9,
39,43]. By comparing Figs. 3(a) and 3(b), it can be

(a) (b)

FIG. 3. (a) Dependence of modal frequency on the rotation
speed 2l�/ω for the three types (�ni = 0, �nr =�ni, �nr = 0)
of circular Bragg lasers. (b) Dependence of normalized modal
threshold gain on the rotation speed 2l�/ω for the three types
(�ni = 0, �nr =�ni, �nr = 0) of circular Bragg lasers. Numbers
on the lines are the corresponding rotation sensitivities.
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concluded that the relative change of normalized thresh-
old gain [ln(R−1/2) − ln(R−1/2

0 )]/ln(R−1/2
0 ) is more pro-

nounced than the relative change of resonant frequency
(f − f 0)/f 0. For example, for the gain-modulated circu-
lar Bragg laser, the relative change of resonant frequency
is 1.08 × 10−6 while the relative change of normalized
threshold gain is 8.04 × 10−3 when 2l�/ω is 1 × 10−5.
Figure 3(b) also shows that the change of threshold gain
induced by rotation is quite different for the three types
of lasers. The sensitivity of the gain-modulated laser with
pure imaginary modulation is massively enhanced from
that of the conventional laser with pure real modula-
tion. Actually, the sensitivity of the gain-modulated laser
(0.1698) is approximately 243 times larger than that of
the conventional circular Bragg laser (7.0 × 10−4), and
also approximately 1.6 times larger than that of the PT -
symmetric laser working at the exceptional point (0.1080).
These results agree well with those from the coupled-mode
theory.

Breaking the angular symmetry, the rotation leads to
different effects on the threshold gain of the clockwise
and counterclockwise modes. If the circular Bragg laser
rotates clockwise, the threshold gain of the clockwise
(counterclockwise) mode will increase (decrease) with the
rotation speed. If the optical gain supplied to the inner
disk is increased gradually, then different modes will lase
in sequence, which can provide information of the thresh-
old gain for each mode. Alternatively, under a high pump
power beyond their thresholds, both modes will lase and
the laser will operate in a steady state due to the gain sat-
uration effect, where the intensities of the clockwise and
counterclockwise modes will be different [13]. We can
obtain the rotation speed by observing the interference
pattern of the clockwise and counterclockwise modes.

IV. DISCUSSION

In the above analysis, to compare the three types of laser
structures, we focus only on the cases where the normal-
ized threshold gain is positive. Figures 2(b) and 2(d) as
well as Eqs. (8) and (9) show that the sensitivity can be
enhanced by increasing either the modulation depth �ni
or the radial length of the circular Bragg grating L. Next,
we focus on the gain-modulated laser structure with only
imaginary modulation and use the transfer-matrix method
to calculate the normalized threshold gain as a function
of the rotation speed for different imaginary modulation
depths, with the results shown in Fig. 4(a). It is clear
that the rotation sensitivity increases with the modula-
tion depth �ni. However, for large modulation depths, the
threshold gain becomes negative [e.g., ln(R−1/2) =−1 for
�ni = 0.06], which means that the laser already operates
above the threshold due to the excessive gain from the cir-
cular Bragg grating. One can add additional loss to the
inner disk region to bring the laser back to the threshold
condition if necessary.

So far, our analysis has focused only on the ideal struc-
tures. In reality, the imaginary modulation is usually real-
ized by patterned metal and optical pumping on a semicon-
ductor gain material, so it is difficult to accurately control
the imaginary part of the average refractive index nav in
the grating region. Here, we define ndev as the deviation
from the designed imaginary part of the average refrac-
tive index. A positive (negative) ndev denotes more (less)
loss than gain in the grating region. We choose the case
where the imaginary modulation depth �ni is 0.03206.
Figure 4(b) shows that as ndev decreases, the sensitivity is
enhanced. Compared with the cases with a positive ndev,
those with a negative ndev have higher sensitivity due to net

(a) (b) (c)

FIG. 4. (a) Dependence of normalized modal threshold gain of several gain-modulated circular Bragg laser structures (�nr = 0,
�ni = 0.03, 0.04, 0.05, 0.06) on the rotation speed 2l�/ω. (b) Dependence of normalized modal threshold gain of the gain-modulated
circular Bragg laser structure (�nr = 0, �ni = 0.03206) on the rotation speed 2l�/ω, where a slight deviation ndev ( = 0.01, 0.005,
−0.005, −0.01) is added to the imaginary part of the average refractive index. (c) Dependence of normalized modal threshold gain
of the gain-modulated circular Bragg laser structure (�nr = 0, �ni = 0.03206) on the rotation speed 2l�/ω, where there is a slight
temperature variation �T ( = −10, −5, 5, 10 K). The inset is an enlarged plot for 2l�/ω ∼5 × 10−5. Numbers on the lines are the
corresponding rotation sensitivities.
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amplification of the optical fields in the grating region. On
the other hand, it should be noted that our proposed struc-
tures are insensitive to temperature variations. Assuming
that the system works at a temperature near 300 K and
the thermo-optic coefficient is 2.02 × 10−4 K−1 [44], we
calculate the normalized threshold gain as a function of
the rotation speed for a slight temperature variation �T,
with the results shown in Fig. 4(c). It is clear that the
rotation sensitivity remains almost unchanged, which is an
advantage of this type of rotation sensor compared with the
traditional ones based on the Sagnac effect.

V. CONCLUSION

In conclusion, we propose and analyze a type of rotation
sensor based on circular Bragg lasers by PT -symmetry
breaking. Different from other sensors, which perform best
at the exceptional point, these rotation sensors can oper-
ate in the PT -broken region with massively enhanced
sensitivity. We first employ the coupled-mode theory to
derive the rotation sensitivity for laser structures with real
and/or imaginary refractive-index modulation. We find that
with the same threshold gain, the sensitivity of the laser
structures with pure imaginary modulation is massively
enhanced from that of conventional laser structures with
pure real modulation. We then adopt the transfer-matrix
method to simulate the effect of rotation on the threshold
gain of the lasers. We find that the gain-modulated laser
structures feature massively enhanced sensitivity, which is
approximately 243 times larger than that of conventional
laser structures with the same normalized threshold gain of
4.35 × 10−4. Additionally, a larger modulation depth �ni
results in enhanced sensitivity, and a slight deviation in
device fabrication and operation from the ideal condition
will not affect the sensitivity significantly.
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APPENDIX: DETAILS OF TRANSFER-MATRIX
METHOD

For analyzing circular Bragg lasers, the transfer-matrix
method has been widely used to calculate the normalized
threshold gain for a specific mode. We adopt the trans-
fer matrices to relate the amplitudes of the outgoing and
incoming waves in the inner disk region to the amplitudes
of the outgoing and incoming waves in the outer region. It

is convenient to consider the Ez-field component satisfy-
ing Eq. (1). When the center of rotation coincides with the
origin of the cylindrical coordinate system and the angular
velocity vector is �ẑ, Ez of the lth-order mode also satisfies
Eq. (2).

In a specific qth layer, the relative permittivity (εq) is a
constant, so the solution of Eq. (2) can be expressed as a
linear combination of the Hankel functions of the first and
second kinds

Eq
zl(r) = Aq

l H (1)
q (kqr) + Bq

l H (2)
q (kqr), (A1)

where kq is the wavevector in the qth layer. The wavevec-

tor kq is defined as k0

√
εq + 2l�

/
ω. H (1)

q and H (2)
q repre-

sent the outgoing and incoming waves with amplitudes
Aq

l and Bq
l , respectively. To build the connection between

the amplitudes of outgoing and incoming waves in adja-
cent layers, the continuity of the electric field and its
derivative at the interface is invoked. The derivative of the
electric field can be written as

Eq′
zl (r) = Aq

l kqH (1)′
q (kqr) + Bq

l kqH (2)′
q (kqr). (A2)

With rq defined as the outer radius of the qth layer, Eq
zl

defined in Eq. (A1), and Eq′
zl defined in Eq. (A2), we obtain

[
Aq+1

l

Bq+1
l

]
=

[
H (1)

q+1(kq+1rq) H (2)

q+1(kq+1rq)

kq+1H (1)′
q+1(kq+1rq) kq+1H (2)′

q+1(kq+1rq)

]−1

[
H (1)

q (kqrq) H (2)
q (kqrq)

kqH (1)′
q (kqrq) kqH (2)′

q (kqrq)

] [
Aq

l

Bq
l

]

= Tq
l

[
Aq

l

Bq
l

]
, (A3)

where Tq
l is the transfer matrix between the qth layer and

the (q + 1)th layer. By multiplying the transfer matrices
one by one, we establish a relation between the outgoing
and incoming waves in the inner disk region (Ain

l and Bin
l )

and those in the outer region (Aout
l and Bout

l ):
[

Aout
l

Bout
l

]
= TN

l TN−1
l · · · T1

l T0
l

[
Ain

l

Bin
l

]

=
[

U11 U12

U21 U22

] [
Ain

l

Bin
l

]
. (A4)

For the circular Bragg laser, the amplitude of the incoming
wave (Bout

l ) in the outer region is set to be 0. Equation (A4)
can be simplified to U21Ain

l + U22Bin
l = 0, and the reflec-

tivity of the outgoing wave of the lth-order mode (Bin
l /Ain

l )

can be expressed as −U21/U22.
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