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Electromagnetic waves carrying orbital angular momentum (OAM) have attracted much interest due
to their capacity to enhance communication capabilities. In this work, the OAM-mode-dispersion (OMD)
phenomenon is analyzed by decomposing the vortex wave into a series of plane waves based on the
spectral-domain method. Specifically, the OMD phenomenon induced by off-axis transmission is analyzed
in detail, which clearly demonstrates that the vortex wave with a single OAM mode is spread to multiple
OAM modes after off-axis propagation. To avoid the performance degradation of the OAM system due to
OMD (e.g., interchannel crosstalk and signal-to-noise ratio reduction), a method for alleviating the OMD
based on the reflective metasurface is proposed to transmit or receive the vortex waves with multiple OAM
modes. Theoretical formulas for the phase distribution are developed in order to construct the metasurface.
As proof-of-concept demonstrations, two metasurface prototypes are designed, fabricated, and measured
to verify the proposed method in the radio-frequency range. The experimental results agree very well with
the full-wave simulation results, validating the design methodology.
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I. INTRODUCTION

Electromagnetic waves can carry not only energy but
also orbital angular momentum (OAM) due to wave-
particle duality. This physical property of the electromag-
netic field has been widely studied and utilized in the
optical regime due to the particle properties of the photon
at short wavelengths [1–3]. Meanwhile, it is an intriguing
question whether this property can find applications in the
microwave domain to serve radar or communication sys-
tems. To answer this question, three fundamental issues
need to be addressed. First, how can we generate a vor-
tex wave efficiently in the low-frequency radio domain?
A uniform circular array (UCA) phased by eilϕ is a sim-
ple way that has been proposed in 2007 [4] to radiate
vortex radio waves. Since then, many methods have been
reported to generate OAM waves, including spiral-phase-
plate metasurfaces [5,6], defect structures [7,8], higher-
mode radiation [9–11], and so on, leading to compact [12],
broadband [13], and multiplexing designs [14–16]. Sec-
ond, how can we receive and demultiplex OAMs at the
receiving end? In general, there are two common receiv-
ing schemes, namely whole-aperture-sampling receiving

*chench@ustc.edu.cn

(WASR) and partial-aperture-sampling receiving (PASR)
[17]. Third, we need to identify the means of modeling
the radio-vortex-wave propagation properties and predict-
ing the link budget. The transmission characteristics of a
radio vortex wave have been initially investigated in 2015
[18]. Recently, a generalized Friis transmission equation
for radio OAMs has been proposed [19], which represents
great progress in this research area. Also, OAM reflec-
tion, refraction, and interaction with certain complicated
targets have been studied in Ref. [20,21]. Although there
are still controversies on whether there are distinct differ-
ences between OAM-based radio technology and multiple-
input–multiple-output (MIMO) technology [22,23], a large
number of applications have verified the OAM-based
systems’ capabilities for achieving super-resolution radar
imaging and detection [24–32] and improving the channel
capacity [33–38].

Although the works mentioned above have demon-
strated the widespread applications of OAM-based sys-
tems, ranging from wireless communication to radar, most
of the existing works assume the line-of-sight (LOS)
model, which is a simplification of the realistic situation. In
the real world, during the propagation of the OAM waves,
reflection, refraction, diffraction, and even atmospheric tur-
bulence could occur [33], which would inevitably distort
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the wave front of the original OAM waves and lead to
the dispersion of the topological charges. In this work, this
phenomenon is defined as OAM-mode dispersion (OMD).
The OMD breaks the orthogonality among different OAM
channels, resulting in interchannel crosstalk and a signal-
to-noise ratio reduction, which could greatly degrade the
performance of OAM-based systems. Therefore, the aim
of this work is to theoretically demonstrate the OMD
phenomenon and design a reflective anti-OMD metasur-
face to alleviate this issue. The main contributions of this
work are twofold: (1) this work attempts to study the OMD
phenomenon quantitatively and systematically by using
the spectral-domain method (SDM); and (2) a system-
atic OMD alleviation methodology based on the reflective
metasurface is proposed. The proposed method has great
potential to be applied in super-resolution imaging or com-
munication systems that suffer from OMD. The paper is
organized as follows: in Sec. II, the OMD is analyzed
and demonstrated by SDM in detail; in Sec. III, the OMD
alleviation method based on the reflective metasurface is
proposed and validated through full-wave simulations and
experiments; and brief conclusions are drawn in Sec. IV.

II. PROPAGATION ANALYSIS OF OAM WAVES

Several issues that occur in radar and wireless com-
munication systems (e.g., off-axis transmission, multipath
propagation, and partial-aperture-sampling receiving) are
likely to deteriorate the purity of the OAM spectrum,
which usually leads to system-performance degradation.
To quantitatively understand the impact of these issues on
an OAM system, we analyze the OMD phenomenon based
on the SDM. One typical scenario (i.e., off-axis transmis-
sion) as shown in Fig. 1 is studied in detail in this work.
In Fig. 1, both the transmitter (Tx) and the receiver (Rx)
are reflective metasurfaces and the displacement between
Tx and Rx is denoted as D. The radii of Tx and Rx are
denoted as Rt and Rr, respectively.

FIG. 1. A schematic view of an off-axis orbital-angular-
momentum (OAM) transmission system. Both the transmitter
and the receiver are metasurfaces composed of M × N elements
to radiate and detect the OAM waves.

Before analyzing the OMD phenomenon, the mathemat-
ical model for far-field radiation of an OAM system based
on an ultrathin circular metasurface is built up by Fourier
transformation. The aperture field of the metasurface can
be written as

−→
E = E(ρ ′) e−jlϕ′

ŷ, (1)

where E(ρ ′) is the amplitude-distribution function of
the electric field along the radial direction under the
y-polarized incidence, l is the topological charge, and
(r, θ ,ϕ) is the spherical coordinate. In this work, the e−jωt

time convention is assumed. According to the Fourier rela-
tion between the aperture field and the radiation field, the
radiation field can be expressed by

−→
E rad(r) = C1

ejkr

4πr

∫ R

0
E(ρ ′)ρ ′ dρ ′

∫ 2π

0

× e−jlϕ′
ejkρ′ sin θ cos(ϕ′−ϕ) dϕ ′̂y, (2)

where k is the magnitude of wave vector in the propa-
gation medium, R is the radius of the metasurface, and
C1 = jk(1 + cos θ). The observation and source points are
denoted by (r, θ ,ϕ) and

(
ρ ′,ϕ′, 0

)
in spherical and cylin-

drical coordinates, respectively. By using variable substitu-
tion and the integral relationship of the lth Bessel function,
the general radiation-field expression in Eq. (2) can be
simplified as

−→
E rad(r) = 2π j nC1

ejkr

4πr
e−jlϕ

∫ R

0
E(ρ ′)ρ ′Jl

(
kρ ′ sin θ

)
dρ ′̂y

(3)

where Jl is the lth-order Bessel function of the first kind.
Here, we assume that E

(
ρ ′) is constant and we ignore the

effect of C1. Detailed derivations from Eq. (1) to Eq. (3)
can be found in Appendix A.

According to the classic electromagnetic theory, arbi-
trary waves (including OAM waves) can be decomposed
into plane waves by the SDM [17]. Then, the radiation
field carrying OAM waves expressed by Eq. (3) can be
expanded into the superposition of infinite plane waves, as

F(x, y, z) = j
4π2

∫∫
k2

x +k2
y<k2

�(kx, ky)ej (kxx+ky y+kzz) dkx dky ,

(4)

where

�(kx, ky) = e−jlϕ
∫ R

0
ρ ′Jl

(
kρ ′ sin θ

)
dρ ′

=
∫ R

0

∫ 2π

0

ρ ′

kz
ejkρρ′ cos(ζ−ϕ)e−jlζ dζ dρ ′, (5)
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k2
x + k2

y + k2
z = k2, kρ = k sin(θ),

kx = kρ cos(ϕ), ky = kρ sin(ϕ).
(6)

Detailed derivations from Eq. (4) to Eq. (6) can be found in
Appendix B. The complex amplitude of each plane wave
is determined by �

(
kx, ky

)
and the propagation direction

depends on the wave vector
(
kx, ky , kz

)
. In this way, the

propagation analysis of OAM waves can be transformed
into the analysis of a series of plane waves, which is sim-
pler and more comprehensible. The amplitude and phase
distributions of the series of plane waves for two OAM
systems with l = 2 and 4 are illustrated in Fig. 2, with R =
50 mm at 6 GHz. It can be observed from Figs. 2(a) and
2(c) that the dominant amplitude components of the plane
waves concentrate on a narrow annular domain, which
indicates that the wave vectors of these plane waves form
a cone rotating around the z axis and most of the energy
is reserved in this annular region. Moreover, it can be
noted that the outer radius of the annular ring (focal ring)
becomes larger when the topological charge increases.
The calculated phase pattern for l = 2 (l = 4) as shown
in Fig. 2(b) [Fig. 2(d)] clearly demonstrates the phase
changes of 4π (8π ) around a circle. Based on these prop-
erties, we propose a method for radiating multiple OAM
modes by constructing different OAM modes in different
annular rings of the metasurface. In addition, Fig. 3 plots
the cone angle (θmax) with respect to different topologi-
cal charges for different radii of the metasurface. It can be
observed from Fig. 3 that the cone angle (θmαx) increases
as the topological charge increases and the radius of the
metasurface decreases, indicating that a larger aperture is
required to recover an OAM wave carrying higher-order
modes.

(a) (b)

(c) (d)

FIG. 2. The visual representation of �
(
kx, ky

)
: the amplitude

distribution, (a) l = 2 and (c) l = 4, and the phase distribution,
(b) l = 2 and (d) l = 4. The operation frequency is 6 GHz and
the radius of the metasurface, R, is 50 mm.

FIG. 3. The propagation directions of the maximum plane-
wave components vary with the radii and topological charges.

Therefore, arbitrary OAM waves radiated by the meta-
surface can be considered as the superposition of a series
of plane waves and the propagation characteristics of
each plane wave is known. In the following, the off-axis
transmission is discussed and we show how the SDM can
be used in the OMD analysis.

To show the mechanism of the mode-dispersion phe-
nomenon clearly, the phase and magnitude distributions
on the receiver aperture are calculated by MATLAB and the
full-wave simulator (HFSS v. 19). In the HFSS simulation,
the parameters are configured as follows: the receiving
plane is a circle with a radius of one wavelength, the dis-
tance between Tx and Rx is five wavelengths, and the
operation frequency is set to be 6 GHz. The transmitter
Tx or excitation source used here is a single circular meta-
surface with a radius of one wavelength. The OAM-purity
calculation is based on the complex Fourier transform.
Since the azimuthal angle ϕ is a periodic function, its
Fourier conjugate, the OAM, is a discrete variable and the
corresponding Fourier relationship is given in Ref. [39] by

Al = 1
2π

∫ 2π

0
ψ(ϕ) dϕ e−jlϕ , (7)

ψ(ϕ) =
∑

l

Alejlϕ . (8)

Only topological charges ranging from −10 to 10 are
considered in the following sections, because the higher-
order (> |6|) topological charges are trivial enough to
be neglected in the scenarios (l = −2, D ≤ 0.6λ) under
investigation.

Considering an OAM off-axis transmission link as
shown in Fig. 1, a Tx transmits an llth-OAM wave and
an l2th-OAM receiver (Rx) is utilized to receive the signal.
Usually, in the on-axis situation, the signal can be recov-
ered only when l1 = l2, due to the orthogonality of the
OAM waves. However, in the off-axis situation, the nor-
malized amplitude of the received wave can be written as
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(a) (b) (c)

(d) (e) (f)

FIG. 4. The OAM purities in off-axis transmission with a dominant transmission OAM mode of l = −2 by varying the displacement
between Tx and Rx: (a)–(c) results calculated by MATLAB; (d)–(f) results simulated by HFSS. (a),(d) D = 0.2λ; (b),(e) D = 0.4λ; (c),(f)
D = 0.6λ.

F (xr, yr, zr) as follows:

F(x, y, z) = j
4π2

∫∫
k2

x +k2
y<k2

�
(
kx, ky

)
× ej (kxx+ky (y+D)+kzz) dkx dky , (9)

where D is the displacement between Rx and Tx.
The OAM purities of the received signal with a domi-

nant mode of l = −2 in off-axis transmission with different
displacements are shown in Fig. 4, where Figs. 4(a)–4(c)
and Figs. 4(d)–4(f) are the results calculated by MATLAB
and those simulated by HFSS, respectively. It can be seen
from Fig. 4 that these two sets of results agree very well
with each other. Moreover, it can be noted that the received
wave spreads to more OAM modes when the displacement
increases, indicating a worse OMD phenomenon. Further-
more, for other scenarios, such as multipath transmission
and multiple-object scattering, similar phenomena can be
observed and the OMD will affect the system performance.

III. OMD-ALLEVIATION METHOD BASED ON
REFLECTIVE METASURFACE

As discussed in the previous section, the OMD usu-
ally cannot be avoided during OAM transmission in the
real world. Therefore, to improve the OAM system per-
formance, it is highly desirable to harvest as many OAM
modes as we can in the dispersed OAM spectrum. In this
work, a method is proposed to address this issue based on
the reflective metasurface as illustrated in Fig. 5(a), which

can generate or receive multiple OAM modes in pairs
(±ll, ±l2, . . . , ±lN ). The method is based on the observa-
tions presented in previous sections that the directions of
the main lobes vary with the topological charges and radii
of the metasurfaces. Thus, in the proposed method, the
whole metasurface is divided into N regions for 2N OAM
modes, as shown in Fig. 5(b), and each region corresponds
to superimposed OAM modes of ±li (i = 1, . . . , N ). The
N regions are composed of a circular region with a radius
of Rl and N − 1 annual rings. The inner and outer radii
of the nth annual ring are denoted as Rn−1 and Rn, respec-
tively. The circular area is for the OAM mode with the
minimum number of l1 and each annual ring corresponds
to the assigned OAM modes.

A. Derivation of the method

If only two-mode OAM (i.e., ±l1) is considered, the
metasurface consists of only the central area. The two-
mode metasurface composed of M × M metal-patch ele-
ments is illuminated by a feeding horn antenna located at
the position of vector rf , as shown in Fig. 5(a). To harvest
two OAM modes of ±l1, the required phase shift at each
element for generating two OAM modes can be derived as

φmn = − arg[cos(l1ϕmn)+ cos(−l1ϕmn)] − k0 |rmn − rf| ,
(10)

where rmn is the position vector of the mnth element and k0
is the wave vector in vacuum.
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(a) (b)

(c)

(d) (e)

(f)

FIG. 5. (a) The configuration of the two-mode OAM meta-
surface and the structure of the metasurface element. (b) The
configuration of the metasurface for generating multiple OAM
modes. (c) The amplitudes and phases of reflections for the eight
elements simulated at 6 GHz. (d) A top view of the metasur-
face for two complementary multiple OAM modes (l = ±2). (e)
A top view of the metasurface for four multiple OAM modes
(l = ±1, l = ±3). (f) The experimental system configuration for
measuring the vortex wave front using the near-field scanning
technique.

According to the phase distribution given in Eq. (10),
the radiation electric field of the reflective metasurface can
be calculated by the superposition principle:

E(θ ,ϕ) = cos θ
M∑

m=1

M∑
n=1

Cmnej k0|rmn−rf|(ej l1ϕmn + e−j l1ϕmn),

(11)

where Cmn is the pattern function of the mnth element.
Therefore, according to Eq. (11), two-mode OAM (±ll)
with almost the same electric field intensity can be
obtained.

To generate more OAM modes, it is necessary to divide
the whole metasurface into N regions, each of which cor-
responds to the superimposed modes of ±li (i = 1, . . . , N ).
Considering that |Jl(·)| = |J−l(·)|, the following equations
need to be satisfied (assuming that the designed angle of
the main-lobe direction of the vortex waves is θM ) and the
phase-shift distribution in each region between Ri−1 and Ri
satisfies Eq. (10) for different li:

∣∣∣∣
∫ R1

0
Jl1(kρ

′ sin θM ) dρ ′
∣∣∣∣ =

∣∣∣∣
∫ R2

R1

Jl2(kρ
′ sin θM ) dρ ′

∣∣∣∣ · · ·
=

∣∣∣∣∣
∫ RN

RN−1

JlN (kρ
′ sin θM ) dρ ′

∣∣∣∣∣ .

(12)

Thus, to design a reflective metasurface with four modes
of ±l1 = 1 and ±l2 = 3, R1 and R2 are calculated to be 8p
and 30p , respectively, according to Eq. (12), where p is
periodicity of the metasurface element.

B. Simulated and measured results

To realize the required phase distribution of the meta-
surface, metal-patch structures are utilized, as depicted
in the inset of Fig. 5(a). By using the frequency-domain
solver in HFSS, we plot the amplitude and phase distribu-
tions of eight selected metasurface elements at 6 GHz in
Fig. 5(c). These eight metasurface elements are labeled
as 1, 2, 3, 4, 5, 6, 7, and 8, with corresponding lengths
of 1.0, 9.3, 10.4, 11.1, 11.6, 12.3, 13.4, and 15.0 (in
millimeters), respectively. It can be seen from Fig. 5(c)
that a reflective 2π phase coverage with a phase step of
π/4 can be achieved and that the reflective amplitudes
are kept almost the same (close to unity). As proof-of-
concept demonstrations, we design two reflective metasur-
faces with superimposed two-OAM modes (±ll = 2) and
four-OAM modes (±l1 = 1 and ±l2 = 3). The required
phase delays φmn for the mnth element are calculated using
Eqs. (10) and (12) Accordingly, the phase distributions
of the two-mode OAM (±ll = 2) and four-mode OAM
(±ll = 1 and ±l2 = 3) waves are depicted in Figs. 5(d)
and 5(e), respectively. In order to show the phase distribu-
tions clearly, in Figs. 5(d) and 5(e) we use different-colored
patches to represent different phases. Moreover, the phase
distributions of more metasurfaces with other multiple
superimposed OAM modes are illustrated in Fig. 8 (see
Appendix C).

Considering the reflective metasurfaces composed of
30 × 30 elements, the operating frequency and the peri-
odicity of the metasurface element are set to be 6 GHz
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(a) (b)
(c)

(d) (e) (f)

FIG. 6. The two-mode OAM metasurface for generating
±ll = 2. Simulated results: (a) the amplitude pattern; (b) the
phase pattern; (c) the OAM-mode purities. Measured results: (d)
the amplitude pattern; (e) the phase pattern; (f) the OAM-mode
purities.

and p = 15 mm, respectively. These two designed meta-
surfaces are simulated by the full-wave simulator HFSS,
fabricated by printed-circuit-board (PCB) technology and
characterized by a near-field scanning system in an ane-
choic chamber. The measurement setups are shown in
Fig. 5(f). The position vector of the feeding source rf is
set to be (0, 0, 0.75 × 30 × 15 mm). Figures 6 and 7 depict
the simulated and measured results for the two-mode OAM
and four-mode OAM, respectively. Figures 6(a) and 6(b)
and Figs. 6(d) and 6(e) plot the simulated (measured)
amplitude and phase of the normalized three-dimensional
radiation pattern in the u-v plane (u = sin θ cosϕ, v =
sin θ cosϕ) for the two-mode OAM, respectively, while
Fig. 6(c) [Fig. 6(f)] shows the OAM spectra calculated
by Eqs. (7) and (8). It can be observed that the simulated
results and measured results agree very well with each
other, which validates the design methodology. Besides,
it can be noted that the energy null caused by the phase

(a) (b)

(d) (e) (f)

(c)

FIG. 7. The four-mode OAM metasurface for generating
±l1 = 1 and ±l2 = 3. Simulated results: (a) the amplitude pat-
tern; (b) the phase pattern; (c) the OAM-mode purities. Measured
results: (d) the amplitude pattern; (e) the phase pattern; (f) the
OAM-mode purities.

singularity is clearly observed in Figs. 6(a) and 6(d).
The phase distributions shown in Figs. 6(b) and 6(e) are
different from the single-mode OAM phase distribution.
Furthermore, it can be seen from Fig. 6(f) that the domi-
nant modes for the two-mode OAM wave are −2 and +2
as desired. The measured mode purities for modes −2 and
+2 are 43% and 46%, respectively and hence are approx-
imately equal. Some phase noise occurs at other modes,
which might be due to the quantization loss. Similar con-
clusions can be drawn from Fig. 7 for the four-mode OAM
case. It is worth mentioning that the purities of the different
OAM modes are designed to be approximately equal in this
method, as expressed in Eqs. (11) and (12), which could
be of great interest for the application of super-resolution
imaging. Furthermore, the purities of the different radi-
ated OAM modes can be designed to achieve arbitrary
ratios.

IV. CONCLUSION

To summarize, the OMD phenomenon is theoretically
analyzed by SDM and a method for alleviating the OMD
is proposed using reflective metasurfaces. In general,
although the receiver can fully recover the information
from an OAM transmitter with the same mode in ideal on-
axis transmission, the OMD phenomenon usually emerges
during real-world transmission and affects the system
performance. The OMD phenomenon caused by off-axis
transmission is analyzed in detail, which clearly demon-
strates that the single-mode OAM beam is spread into
multiple OAM modes. Besides, according to the spectral-
domain decomposition method, it is observed that the
energy of the vortex beam is concentrated in an annular
ring for a certain OAM mode in the spectral domain and
that the inner radius of the ring increases as the topolog-
ical charge increases. Based on this property, a method
based on reflective metasurfaces is developed to alleviate
the OMD, in which the whole metasurface is divided into
N regions and each region corresponds to two OAM modes
of ±l. Correspondingly, two metasurface prototypes are
designed, fabricated, and measured to verify the theoret-
ical analysis and full-wave simulations at 6 GHz. The
experimental results agree very well with the simulation
results, validating the design methodology. The proposed
method could pave the way toward the application of OAM
waves in microwave radar imaging and wireless commu-
nication systems with a much-reduced mode-dispersion
effect.
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APPENDIX A

The lth Bessel function has the following integral relationship: [40]

Jl(z) = j −n

2π

∫ 2π

0
ej (z cosϕ−lϕ) dϕ. (A1)

Then, using the variable substitution t = ϕ′ − ϕ, the general radiation field can be simplified as

−→
E rad(r) = C1

ejkr

4πr

∫ R

0
E(ρ ′)ρ ′ dρ ′

∫ 2π

0
e−jl(t+ϕ)ejkρ′ sin θ cos t dϕ ′̂y

= C1
ejkr

4πr
e−jlϕ

∫ R

0
E(ρ ′)ρ ′ dρ ′

∫ 2π

0
ejkρ′ sin θ cos t−lt dϕ ′̂y

= 2π j nC1
ejkr

4πr
e−jlϕ

∫ R

0
E(ρ ′)Jl(kρ ′ sin θ)ρ ′ dρ ′̂y. (A2)

As mentioned in Sec. II, it is assumed that E(ρ ′) is a constant and we ignore the effect of 2π j nC1. According to the
following integral equations [41],

∫ 1

0
xJ0(ax) dx = J1(a)

a∫ 1

0
xμJν(ax) dx = a−μ−1

[
(μ+ ν − 1)νJν(a)Sμ−1,ν−1(a)− aJν−1(a)Sμ,ν(a)+ 2μ

�( 1
2 + ν

2 + μ

2 )

�( l
2 + ν

2 − μ

2 )

]
,

(A3)

where Sμv() is the Lommel function and �() is the gamma function. Then, substituting Eq. (A3) into Eq. (A2), the integral
in Eq. (A4) can be rewritten as

−→
E rad(r) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ejkr

4πr
e−jlϕR2 J1(kR sin θ)

kR sin θ ŷ l �= 0

ejkr

4πr
e−jlϕR2a−2

[
alJl(a)S0,l−1(a)− aJl−1(a)S1,l(a)+ 2

�(1 + l
2 )

�( l
2 )

]
ŷ l = 0

(A4)

Considering that the analytical formula in Eq. (A4) is
too complicated to be calculated, the normalized direc-
tional function can be deduced by means of Eq. (2).

APPENDIX B

The point-spread function can be expanded into the
integral of a plane spectrum, as follows:

ejkr

2πr
= j

4π2

∫∫
∞

ej (kxx+ky ,y+kzz)

kz
dkx dky . (B1)

Here, we consider a propagation case; the evanescent
waves are truncated and Eq. (B1) can be approximated as

follows:

ejkr

2πr
= j

4π2

∫∫
k2

x +k2
x ≤k2

ej (kxx+ky y+kzz)

kz
dkx dky . (B2)

According to the integral relationship of the lth Bessel
function, the integral in Eq. (3) can be rewritten as follows:

∫ R

0
ρ ′Jl

(
kρ ′ sin θ

)
e−jlϕ dρ ′

= j −n

2π

∫ R

0

∫ 2π

0
ρ ′ej (kρ′ sin θ cosϕ′−lϕ′)e−jlϕ dϕ′ dρ ′.

(B3)

Then, using the variable substitution ζ = ϕ′ + ϕ and
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 8. The required phase-shift distributions along the meta-
surface: (a) l = ±1; (b) l = ±2; (c) l = ±3; (d) l = ±1, l = ±4;
(e) l = ±1, l = ±2; (f) l = ±1, l = ±3; (g) l = ±1, l = ±2,
l = ±3; (h) l = ±1, l = ±3, l = ±4; (i) l = ±1, l = ±3, l = ±5.

Substituting Eqs. (B2) and (B3) into Eq. (3), Eq. (3) can
be expanded into a superposition of infinite plane waves,
as shown in Eq. (5).

APPENDIX C

Some typical phase-shift distributions along the meta-
surface are shown in Fig. 8, based on Eqs. (10) and (12).
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