
PHYSICAL REVIEW APPLIED 13, 054027 (2020)

Optimizing Single-Photon Avalanche Photodiodes for Dynamic Quantum Key
Distribution Networks

Guan-Jie Fan-Yuan ,1,2,3,† Jun Teng,1,2,3,† Shuang Wang,1,2,3,* Zhen-Qiang Yin,1,2,3 Wei Chen,1,2,3

De-Yong He,1,2,3 Guang-Can Guo,1,2,3 and Zheng-Fu Han1,2,3

1
CAS Key Laboratory of Quantum Information, University of Science and Technology of China, Hefei,

Anhui 230026, People’s Republic of China
2
CAS Center for Excellence in Quantum Information and Quantum Physics, University of Science and Technology

of China, Hefei, Anhui 230026, People’s Republic of China
3
State Key Laboratory of Cryptology, P. O. Box 5159, Beijing 100878, People’s Republic of China

 (Received 31 January 2020; accepted 14 April 2020; published 12 May 2020)

Quantum key distribution (QKD) networks can provide unconditional secure communications among
many remote users. In real QKD networks, with the dynamic access and quit of nodes, qualities of various
user links and the link lengths among different users, such as transmission loss, are different and changing.
Customized optimization that aims at various channel environments offers a network performance benefit.
In this paper, we propose including the detection efficiency, dark-count probability, and afterpulse rate
of the single-photon avalanche photodiode (SPAD) into the parameter optimization by controlling its
voltage and temperature to optimize the secure key rates in dynamic QKD networks. The result shows that
our method improves the network adaptability to the variation and asymmetry of channel and profits the
establishment of QKD networks in a complex channel environment. This method is suitable for arbitrary
SPAD-based QKD system and network architecture.
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I. INTRODUCTION

Quantum key distribution (QKD) [1,2] allows autho-
rized partners, Alice and Bob, to share a private key
securely. Its security is unconditional and relies on the
principles of quantum physics [3,4]. The implementa-
tions and protocols of QKD are various, such as BB84
[5–8], DPS [9–11], measurement-device-independent
QKD (MDI QKD) [12–15] and twin-field QKD [16–21].
But they share a common characteristic that the number of
communicating parties is limited to two. Therefore, QKD
networks [22–28], which can provide QKD service for
numerous users is a goal of practical QKD and a critical
stage of the Quantum Internet [29].

The diversity of QKD protocol leads to a variety of
network architecture. The physical topologies of reported
QKD-network implementations include point-to-point net-
work [23], mesh topology [25,26], daisy chain [27], star
topology [24,28], etc. Certainly, constructing a network
with hybrid architecture is a common practice. Whatever
the architecture adopted, however, QKD networks can-
not ensure that the channel losses between users are the
same. The immediate cause is the diversity of the user
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location. The spatial distance between users is the main
factor governing the channel loss. The users located in
different places can initiate a network access request any-
time [22]. Moreover, the channel loss also depends on the
physical link. For example, in fiber-based networks, more
routes and more redundancy can lead to a high channel
loss. Besides, the channel loss of an established communi-
cation can change over time. Typically, both the motion
of users in free-space communication and the dynamic
switching of physical link in fiber-based communication
are the causes. Due to the sensitivity of secure key rate
to parameter optimization, the diversity and dynamics of
channel losses require a customized optimization of each
QKD instance in networks.

For single-channel protocols, such as the BB84 protocol,
where Alice and Bob are connected by a single channel, the
parameters that can be optimized include the intensities of
weak coherent source and the probabilities of preparing the
quantum state with various intensities and bases. The for-
mer is introduced by the decoy technique, and the latter is
a consideration for the finite-size effect. Besides, in other
protocols, such as the measurement-device-independent
protocol, both Alice and Bob are transmitters and con-
nected with an untrusted relay, Charlie. The losses of
the two channels connected with Charlie can be differ-
ent, which is called asymmetry [30,31]. The asymmetric
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channel can nearly double the number of parameters that
need optimization, but the types of parameters are still the
intensity and probability.

Optimizing only the parameters of transmitters limits
the improving of the secure key rate. The potential of
optimizing the detector is neglected in previous works.
Here we propose a method that optimizes the parameters
of the single-photon avalanche photodiode (SPAD) [32],
which is the mainstream of the single-photon detection
in QKD, to obtain the optimal secure key rates at vari-
ous channel losses. The dual-track approach that optimizes
the detector as well as the transmitter can further improve
the performance of QKD, whose significance can be fur-
ther reinforced by the asymmetry and dynamic of network
channels. Due to the uniform role of detection units, our
method is not limited to the protocols and architectures of
QKD networks.

In our design shown in Sec. II, the detection efficiency,
dark-count probability, and afterpulse rate [33], as the
parameters related to the generation of the secure key rate,
are included in the optimization. However, the working
principle of SPAD limits the independent modulation of
these parameters. To overcome the undesired correlations
among them, we propose modulating them by two inde-
pendent parameters, the bias voltage and temperature of
SPAD. We collect the data from a commercial detector
[34] to map the relationship among three factors and two
independent parameters. Then, the detector can be opti-
mized by modulating the bias voltage and temperature. In
Sec. III, we numerically simulate the secure key rate of
BB84 protocol on different losses as an exemplification
of asymmetric and dynamic channels. The optimal volt-
ages and temperatures on different losses are obtained. The
comparison between the secure key rates with and with-
out SPAD optimization shows that the improvement of our
approach is significant.

II. METHOD

The parameter modulation of a QKD communication
can be abstracted into an optimization problem. The objec-
tive function of the problem is the formula of the secure
key rate, and the decision variables represent the system
parameters related to the secure key rate. Therefore, the
parameter optimization problem in previous works can be
defined as

max R(I , P, Env)

s.t. I ≥ 0

0 ≤ P ≤ 1
∑

P = 1

(1)

where I = {μ, ν, ω, . . .} is the set of intensities of weak
coherent pulses, which depends on the particular scheme

TABLE I. List of the experimental parameters used in numeri-
cal simulations. NZ = ∑

α nZ
α is the total number of responses on

Z basis. fe is the error correction efficiency. εsec is the security
parameters of finite key. εcor is the probability that a pair of non-
identical keys passes the error-verification step. Vmax and eIC are
the optimal system visibility and its incompleteness in running
system, they are used to depict the misalignment error.

NZ fe εsec εcor Vmax eIC

109 1.16 10−9 10−15 0.999 1%

of decoy, P = {PμX , PμY, . . . , PνX , PνY, . . .} is the set of
the probabilities that preparing the pulse with particular
intensity and basis, and Env is the set of the environment
variable which includes the variables listed in Table I, and
the parameters of detector. The restrictions represent the
nature of the intensity and probability.

Besides I and P, the secure key rate is directly depen-
dent on the yield rate and error rate of single-photon
states, which are also affected by the detection efficiency,
dark-count probability, and afterpulse rate of SPAD. The
detection efficiency and dark-count probability are the
responsivity of a single-photon state and a vacuum state,
respectively. The afterpulse rate is the average number of
the afterpulses ignited by an avalanche of the light pulse
and dark count. Therefore, in our method, the optimization
problem is redefined as

max R = f (I , P, ηd, pd, pa, Env)

s.t. I ≥ 0

0 ≤ P ≤ 1
∑

P = 1

0 ≤ ηd ≤ 1

0 ≤ pd ≤ 1

0 ≤ pa

g(ηd, pd, pa) = 0,

(2)

where ηd is the detection efficiency, pd is the dark-count
probability, and pa is the afterpulse rate.

The detection efficiency determines the number of valid
counts, and the dark-count probability and the afterpulse
rate introduce error counts. An ideal SPAD should have
high detection efficiency, low dark-count probability, and
low afterpulse rate. Unfortunately, it is a quantum ver-
sion of “impossible trinity” [35] because of the working
principle of SPAD. The correlation among the parame-
ters is not yet clear and introduces the cooperative con-
straint, g, which is an obstacle to solve the optimization
problem.

The working principle of SPAD is amplifying the elec-
tronic response to a single-photon absorption by avalanche
gain [32,36,37]. Initially, the bias voltage, which is larger
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than the breakdown voltage, reverses the SPAD to Geiger
mode. When a photon arrives, the SPAD absorbs it and cre-
ates an electron-hole pair of electrical carriers. To detect
the weak signal of single carriers, the carrier is charged
by a high electric field and then ionizes extra carriers.
As the process repeats in the electric field, the number of
carriers increases exponentially. Finally, a strong enough
signal is formed, which is called avalanche current. The
breakdown current of biased diode generated by photon
absorption and avalanche gain can be harnessed to detect
the single photon. The detection efficiency is defined as
the ratio of successful detections of avalanche current to
photon incidences.

However, the primary dark current in SPAD can also
ignite an avalanche as a seed carrier [38]. Such an unde-
sirable response is called dark count. In addition, some
defects can be formed in SPAD. The carriers of an
avalanche can be trapped by defects and released in future
detection. The release of trapped carriers can also ignite
an avalanche after the previous avalanche, which is named
afterpulse [38–40].

According to the physical principle of SPAD, the
avalanche photodiode is reversed by a bias voltage to
detect infrared single photons, which is known as Geiger
mode operation. Therefore, the value of the bias voltage
is critical to the performance of SPAD. Higher bias volt-
age increases the probability and intensity of avalanche
and then brings higher detection efficiency. However, side
effects are produced: the number of dark counts and after-
pulses are also exacerbated by the rise of electric field
intensity.

Besides, the breakdown voltage of SPAD shows a posi-
tive [41] correlation with the environmental temperature.
As temperature increases, the avalanche is difficult to
ignite due to the higher breakdown voltage, and both detec-
tion efficiency and dark-count probability are weakened.
To ensure sufficient efficiency, the bias voltage is normally
higher than it in the low temperature. Overall, under the
influences of higher breakdown voltage and bias voltage,
the dark-count probability is inflated when the detection
efficiency remains unchanged. Hence, the SPAD is gen-
erally placed in a low-temperature environment to reduce
the dark-count probability. However, the fact that the life-
time of trapped carriers is prolonged by lower temperature
increases the afterpulse rate [39,40].

Therefore, the conditions of high detection efficiency,
low dark-count rate, and low afterpulse rate cannot be sat-
isfied simultaneously. However, it enlightens us to the fact
that although the detection efficiency, the afterpulse rate,
and the dark-count probability are dependent, the opti-
mal state can be obtained by modulating the bias voltage
and the temperature independently. The availability of sep-
arate regulation to bias voltage and temperature avoids
the optimization of dependent parameters and builds an
explicit solution space for the search algorithm. Then, the

optimization problem can be redefined as

max R = f (I , P, V, T, Env)

s.t. I ≥ 0

0 ≤ P ≤ 1
∑

P = 1

Vmin ≤ V ≤ Vmax

Tmin ≤ T ≤ Tmax,

(3)

where V is the bias voltage, T is the temperature of
avalanche diode, and the subscripts of min and max are the
lower bound and upper bound of tunable ranges, respec-
tively, which depend on the peripheral circuit of SPAD,
and the constraint g is removed.

To solve the problem, the mappings from performance
factors to bias voltage and temperature need to be built.
For reliability and practicability, we collect the data, as
detailed in Appendix A, from a real commercial SPAD-
based detector (WT-SPD-300, Qasky). Note that because
the differences between SPADs are inevitable, the data are
an example and each detector needs its own characteri-
zation. However, the collection can be performed quickly
with an automated program. Therefore, the difference is not
an obstacle.

Figure 1 shows the measured relations among detec-
tion efficiency, dark-count probability, afterpulse rate, bias
voltage, and temperature. The data indicates the correspon-
dence with the aforementioned analysis. In addition, the
detector has four preset modes of detection deficiency, 10,
15, 20, and 25%, which are marked by red circles. The
temperatures on these modes are −40.88 ◦C and the corre-
sponding bias voltages are 65.06, 65.32, 65.68, 66.22 V,
respectively. With this data, we can solve the optimiza-
tion problem and verify if the optimization of detectors is
helpful for dynamic QKD networks.

III. RESULTS

In this section, we present that the optimization of
detectors is beneficial and discuss the results of the numer-
ical simulation. To simulate the network environment, we
numerically calculate the secure key rate on different chan-
nel losses with the data of Fig. 1, which is shown in Fig. 2.
Here we use the one-decoy states protocol [42] and the
characterizations of measurement unit [33,43] in all key
rate calculations.

The yields and error yields are affected by the detection
efficiency, the dark-count probability and the afterpulse
rate, hence the data collected in Sec. II can help in sim-
ulating them. Then the gain and error rate of single-photon
states can be estimated based on the yields and error yields
and further be used to obtain the secure key rate. The
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FIG. 1. (a) Detection efficiency, (b) dark-count probability, and (c) afterpulse rate as functions of bias voltage and temperature. The
red circles mark four preset modes of a single-photon detector, which respectively, denote 10, 15, 20, and 25% of factory detection
efficiencies. The ranges of bias voltage and temperature are 64.9 to 67 V and −34.07 to −54.33 ◦C, respectively. The step sizes of bias
voltage and temperature are set as 0.1 V and 1 ◦C.

method of secure key rate calculation is described in detail
in Appendix B.

Here, for comparison, the data of the detector are used
in two distinct ways. One is the same as previous works,
keeping the detection efficiency, the dark-count probabil-
ity, and the afterpulse rate unchanged at different commu-
nication distances. The other is our optimization method,
finding the optimal parameters for various communica-
tion distances by modulating the bias voltage and the
temperature.

The secure key rates obtained by the two methods are
shown in Fig. 2, which indicates the advantage of detector
optimization. The solid line is the secure key rate using the
optimization method, and the dashed lines are the results
in preset modes of 10, 15, 20, and 25%, respectively.
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FIG. 2. Optimal secure key rates (per pulse) with and without
detector optimization in logarithmic scale as functions of trans-
mission loss, which are represented by solid and dashed lines,
respectively.

This result proves the validity of our method. Figure 2
shows that the preset modes never become the optimal
state on all transmission losses. Both secure key rate and
maximum tolerable transmission loss on the optimal state
are better than them on preset modes. Moreover, the secure
key rate obtained in the highest detection efficiency is,
however, the lowest result. Because the afterpulse rate
in the mode of 25% is significantly higher than in other
modes. The error rate introduced by afterpulses lower the
secure key rate. Furthermore, the cross of yellow and green
lines confirms our analysis. That is, the higher detection
efficiency is more appropriate at a short distance, and
the lower dark-count probability, and afterpulse rate are
important at a long distance. The best is the mode of
15%, which represents the most balanced state in embed-
ded modes. Therefore, in real QKD networks where the
distances between users are various and changing, the
detector optimization for specific communication links is
effectual.

Furthermore, the optimal state is not changeless on
different channel losses. For a clear explanation, the move-
ment locus of optimal state among detection efficiency,
dark-count probability and afterpulse rate are shown in
Fig. 3. The result shows that the bias voltage and tempera-
ture decrease with the increase of transmission loss.

This conclusion bears out the analysis in Sec. II. In QKD
networks, afterpulses, and dark counts introduce error
responses and influence the longest distance of secure com-
munication. Therefore, the bias voltage is reduced on high
transmission losses to obtain low dark-count probability
and afterpulse rate by sacrificing the detection efficiency.

Finally, the optimal values of detection efficiency, dark-
count probability, and afterpulse rate on different losses
are shown in Fig. 4. Comparing with detection efficiency,
reducing the dark counts, and afterpulses for lower error
yield is preferential as the transmission loss increases.

Although it seems counterintuitive that the afterpulse
rate is increasing, the afterpulse is indeed weakened.
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FIG. 3. Optimal state on different transmission losses.

Because the afterpulse depends not only on the after-
pulse rate of detectors, but the intensity of laser pulses
the detector received. Specifically, an afterpulse is likely
to be ignited only if an initial avalanche occurred, then
the higher the afterpulse rate is, the greater the probabil-
ity of igniting an afterpulse. The detailed derivation of
the afterpulse probability is shown in Eq. (B14). There-
fore, an increase in the afterpulse rate on its own does not
determine the absolute probability of an afterpulse. Even if
the afterpulse rate increases, the absolute probability of an
afterpulse may decrease if the yield also decreases, which
can be caused by the lower intensity of emergent pulses,
lower detection efficiency, and higher transmission loss.

Figure 5 shows that the increment of the transmission
loss causes the absolute probability of an afterpulse to
plummet. The red line indicates that the linear increase
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FIG. 4. Optimal detection efficiency, dark-count probability,
and afterpulse rate as functions of transmission loss, which are
represented by red, green, and blue lines, respectively.
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FIG. 5. Absolute probability of an afterpulse and the overall
yield of the one-decoy method as functions of transmission loss.

in the transmission loss leads to an exponential decrease
in the yield, such insufficient prerequisite forces the after-
pulse probability down (blue line) while the afterpulse rate
remains the same magnitude as shown in Fig. 4. Therefore,
the afterpulse effect is not enhanced.

IV. CONCLUSION

In conclusion, we propose a solution to the channel
loss changing and asymmetry in QKD networks. It works
because the sensitivity of QKD networks to dark counts
and afterpulses changes with channel loss. By adjusting
the bias voltage and temperature of SPAD, its detection
efficiency, dark-count probability, and afterpulse rate can
be maintained at optimal values. Our method can effec-
tively improve the secure key rate and the longest secure
communication distance.

Furthermore, other parameters that can affect the detec-
tion efficiency, dark-count probability, and afterpulse rate,
such as dead time and threshold voltage, can also be a
complement to the bias voltage and temperature. Because
they, in essence, increase the available combinations of
detection efficiency, dark-count probability, and afterpulse
rate, which cannot worsen the optimal result. In theory,
anything that expands the feasible set can benefit the
optimization. Besides, with accurate modeling, the char-
acterization of the relationship among parameters can be
avoided. Here characterizing the detector is chosen for the
reliability and practicability.

The network is a dynamic world, the change and asym-
metry of channels are inevitable. Our method offers an ini-
tiative adaptation of QKD systems to the channel change
and helps in building a QKD network in a fickle environ-
ment. Moreover, future QKD networks may be realized in
hybrid topologies. Remarkably, our method is effective to
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all types of QKD network based on the SPAD and can be
a beneficial complementary to previous works.
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APPENDIX A: CHARACTERIZATION OF SPAD

In this work, to map the relations, we collect the data
based on the scheme shown in Fig. 6. Specifically, the
pulsed laser source (ID300, ID Quantique) and the single-
photon detector (WT-SPD-300, Qasky) are triggered by
clock signals of 1 and 50 MHz, respectively. The laser
pulse is attenuated to a weak coherent pulse with the mean
photon number (μt) of 0.1. The gate width and dead time
of the detector are set at 1 and 50 ns. The ranges of bias
voltage and temperature are 64.9 to 67 V and −34.07 to
−54.33 ◦C, respectively, within the capabilities of device
software function. These ranges are selected to contain
four special states, 10, 15, 20, and 25% of factory detec-
tion efficiency, which are preset in the device as optional
suggested modes. The step sizes of bias voltage and tem-
perature are set as 0.1 V and 1 ◦C. Since the characters of
each avalanche photodiode are not necessarily the same,
the scan range and step size can be modified to specific
situations.

To measure the required data, a time-to-digital converter
(quTAG, qutools) is started by a clock signal, which is
the same as the trigger signal of the laser, and stopped
by the response signals of the detector. Therefore, in each
period of start, there is a time tag with a constant delay
to the start signal according to pulse-emitting events. The
count at such a time tag, denoted by Cdd, contains suc-
cessful detection responses and dark counts. There are also

output inputinput

FIG. 6. Schematic diagram of data collection. Laser, short-
pulse laser source; ATT, attenuator; SPD, single-photon detec-
tor; TDC, time-to-digital converter; AWG, arbitrary waveform
generator.

other time tags created by the afterpulse responses and dark
counts, whose count is denoted by Cad, because the detec-
tor opens its gate at those time tags without incident pulse.
Both Cdd and Cad are cumulated in 30 s. In addition, the
dark counts per second, Cd, can be obtained by counting
the detector responses with the extinct laser source. Then,
the detection efficiency, ηd, the dark-count probability, pd,
and the afterpulse rate, pa, can be derived by the following
relationships:

ηd =
ln
(

1 − Cdd

30 × 106

)

−μt(1 − pd)
,

pd = Cd

50 × 106 ,

pa = Cad − pd × 30 × (50 − 1) × 106

Cdd
.

(A1)

APPENDIX B: CALCULATION OF SECURE KEY
RATE

The total secure key rate R can be generated by X basis
and Z basis.

R = lX + lZ
N

(B1)

lω = sω
0

−+sω
1

−[1 − H2(eω
1,p

+
)]

− λEC − 6 log2
19
εsec

− log2
2

εcor
, (B2)

where s0 is the number of vacuum events, s1 is the
number of single-photon events, e1,p is the phase error
rate, the superscripts + and − represent upper and lower
bounds, respectively, N is the total number of pulses
(sent by Alice), ω ∈ {X , Z} represents a basis, H2(x) =
−x log2(x) − (1 − x) log2(1 − x) is the binary Shannon
entropy function, λEC = nωfeH2(Eω) is the consumption of
the information in error correction, fe is the efficiency fac-
tor of the error-correction method used, εcor and εsec are
secure parameters.

All needed parameters can be estimated by analytic for-
mulas [42,44,45]. The analytic formulas of the one-decoy
scheme, intensity α ∈ {μ, ν}, which used in our simulation
are given by

sω
0

− = τ0

μ − ν

(
μeνnω

ν
−

Pν

− νeμnω
μ

+

Pμ

)
(B3)

sω
1

− = μτ1

ν(μ − ν)
[

eνnω
ν

−

Pν

− ν2eμnω
μ

+

μ2Pμ

− μ2 − ν2

μ2

sω
0

+

τ0

]
(B4)
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eω
1,p

+ = vω
1

+

sω
1

− + γ

(
εsec,

vω
1

+

sω
1

− , sω
1

−
, sω

1
−
)

, (B5)

where

τn =
∑

α

Pα

e−ααn

n!
, (B6)

sω
0

+ = 2

⎛

⎝τ0mω
α

++
√∑

α nω
α

2
log

19
εsec

⎞

⎠ , (B7)

vω
1

+ = τ1

μ − ν

(
eμmω

μ
+

Pμ

− eνmω
ν

−

Pν

)
, (B8)

γ (a, b, c, d)=
√

(c + d)(1 − b)b
cd log 2

√

log2

(
c + d

cd(1 − b)b
212

a2

)
.

(B9)

ω and ω are different bases, i.e., ω = Z when ω = X and
vice versa. nω

α
± and mω

α
± are the upper bound and lower

bound of the number of detections and bit error of basis ω

and intensity α.
In order to deal with the statistical fluctuation, accord-

ing to the counterfactual protocol proposed by Ref. [45],
the counts and errors can be bounded by Hoeffding’s
inequality.

nω
α

± = nω
α ±

√
nω

2
ln

19
εsec

,

mω
α

± = mω
α ±

√
mω

2
ln

19
εsec

(B10)

In the numerical simulation, nω
α and mω

α can be derived
by

nω
α = NPαPωPωQω

α ,

mω
α = NPαPωPωEω

α Qω
α ,

(B11)

where Pα , Pω, Qω
α , Eω

α Qω
α are the ratio of α state, the select-

ing probability ω basis, the gain of α state in ω basis, and
the QBER of α state in ω basis, respectively.

The gain and QBER can be obtained by

Qμ = pa
μ(1 − pb

μ) + (1 − pa
μ)pb

μ + pa
μpb

μ,

EμQμ = (1 − pa
μ)pb

μ + 1
2

pa
μpb

μ,
(B12)

where the pa
μ and pb

μ are the response probability of
detector a and b, respectively, in a dual-detector system.

Furthermore, the pa
μ and pb

μ are given by

pa
μ = 1 − e−μη(1−ηl)(1 − Y0)(1 − Pap),

pb
μ = 1 − e−μηηl(1 − Y0)(1 − Pap),

(B13)

where μ is the intensity of the coherent source, η is
the overall transmission of the channel, ηl is the light
leak ratio, Y0 is the background counting rate, Pap is the
afterpulse probability.

The relationship between Y0 and pd depends on the
scheme of detection. For example, Y0 is equal to pd
and 2pd(1 − pd) for the single-detector scheme and the
dual-detector scheme, respectively.

The ηl is defined by the optimal visibility, Vmax, and the
incompleteness of optimal visibility, eIC, which character-
izes the misalingment error in Ref. [43].

ηl = 1 − V
2

,

V = (1 − eIC)Vmax.
(B14)

The afterpulse probability can be obtained by the analy-
sis proposed in Ref. [33].

Pap = pa

1 − pa
Q̂d

Q̂d =
∑

α=μ,ν,...

PαQ̃α

Q̃α = (P2
X + P2

Z)

{
1 − 1

2
[e−αη(1−ηl) + e−αηηl](1 − Y0)

}

+ 2PX PZ
[
1 − e−(αη/2)(1 − Y0)

]
,

(B15)

where pa is the overall afterpulse rate, Pα and Q̃α are the
selecting probability and response probability of the state
of intensity α respectively, PX and PZ are the probabilities
of selecting basis (X or Z) in preparation and measurement.
Note that Eqs. (B14) require that pa < 1. If pa ≥ 1, Pap is
set to 1.

In our numerical simulation, the full parameter opti-
mization is employed. The values of these parameters are
listed in Table I.
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