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Discrimination of coherent states beyond the standard quantum limit (SQL) is an important task not
only for quantum information processing but also for optical coherent communication. To optimize long-
distance optical fiber networks, it is of practical importance to develop a quantum receiver beating the SQL
and approaching the quantum bound at telecom wavelength. In this paper, we experimentally demon-
strate a receiver beating the conventional SQL at telecom wavelength. Our receiver is composed of a
displacement operation, a single-photon counter, and a real-time adaptive-feedback operation. By using a
high-performance single-photon detector operating at the telecom wavelength, we achieve a discrimina-
tion error beyond the SQL. The demonstration in the telecom band is an enabler for quantum and classical
communication beyond the SQL using a coherent state alphabet, and we envision that the technology
can be used for long-distance quantum-key distribution, effective quantum-state preparation, and quantum
estimation.
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I. INTRODUCTION

Coherent states are inherently nonorthogonal and
can therefore not be perfectly discriminated [1]. This
nonorthogonality is an attractive feature of coherent states,
as it, for example, ensures the security of quantum-key
distribution [2,3]. On the other hand, for classical opti-
cal coherent communications with a lossy channel such
as satellite-to-ground laser communication [4,5] and long-
distance optical fiber communication [6,7], the nonorthog-
onality sets a fundamental limitation on the attainable
communication rate and distance. In long-distance coher-
ent fiber communication, optical repeaters (e.g., erbium-
doped fiber amplifiers) are commonly used to amplify
weak, attenuated signals. Although these techniques are
well established, additional noise in the amplification pro-
cess limits the communication distance if a cascade of
amplifiers is required to transmit a signal [8]. To some
extent, this may be remedied by noiseless amplification
with phase-sensitive amplifiers [9,10]. Another promising
and important direction for further improvement of opti-
cal coherent communication is designing unconventional
receivers detecting the transmitted signal states below the
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shot-noise limit [1]. Unlike the strategy relying on ampli-
fiers, which enhances the signal-to-noise ratio for noisy
channel communication, the receivers beating the shot-
noise limit enables us to attain or closely approach the
ultimate performance set by quantum mechanics. Fur-
thermore, the receivers that can directly project an input
optical state onto a desired basis are important resources
for optical quantum information processing [11]. The effi-
ciency of reading out the information of an encoded signal
state is often studied in the context of quantum-state dis-
crimination where the discrimination error of possible
candidate signal states is one of the relevant figures of
merit.

If one performs direct detection of physical variables
that are encoded in coherent states, the discrimination
error obtainable is limited by the shot noise. This error
probability given by conventional detection techniques is
defined as the standard quantum limit (SQL). In quan-
tum mechanics, however, measurements can be mathemat-
ically represented as positive-operator-valued measures
(POVMs) and the ultimate bound for the discrimination
error is obtained by optimizing the POVMs [1]. The
minimum discrimination error is called the “Helstrom
bound,” which can be derived analytically for particu-
lar types of states [12] but a physical implementation of
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the optimal measurements is often nontrivial. Receivers
beating the SQL, which we call “quantum receivers” here-
after, have been extensively explored both theoretically
[13–16] and experimentally [17–21]. For binary-phase-
shift-keying (BPSK) signals, performance beyond the SQL
is achievable with a simple detection strategy consisting
of a displacement operation followed by photon count-
ing [17–20]. Furthermore, the Helstrom bound can be
attained by introducing an adaptive-feedback operation
that optimizes the displacement operation depending on
the outcomes of the photon counting [14,21]. While this
feedback receiver was originally proposed for the dis-
crimination of BPSK coherent states, it has been shown
that the receiver can implement arbitrary two-dimensional
projective measurements [22,23]. Recently, displacement-
based photon-detection receivers with or without feedback
have been used to realize a single-rail qubit projector
that was characterized by quantum-detector tomography
[24,25].

In addition to binary-state discrimination, various types
of quantum receivers have been developed for quaternary-
phase-shift-keying (QPSK) coherent states [26–32]. A
significant reduction of the discrimination error beyond
the SQL was experimentally observed by optimization
of the feedback strategy according to the a posteriori
probability for observed events [30]. Moreover, a prac-
tical receiver with a photon-number-resolving detector,
which is robust against mode-matching imperfection of
the displacement and dark-count noise, was analyzed
[29,33] and demonstrated [31]. At the telecom wave-
lengths, however, implementation of quantum receivers
that operate beyond the SQL has been particularly chal-
lenging mainly due to the low efficiency and high dark-
count rates of conventional telecom-based photon coun-
ters [34].

In this paper, we experimentally demonstrate an all-
fiber-based quantum receiver at telecom wavelength that
beats the SQL for the discrimination of QPSK states.
Our receiver consists of a displacement operation, photon
detection, and feedback for updating the displacement. For
the photon detection, we use a superconducting-nanowire
single-photon detector (SSPD) that shows high perfor-
mance at the telecom wavelength [35–37]. Our receiver
achieves more than 65% detection efficiency, thereby
allowing operation beyond the SQL without compensat-
ing for any imperfections. We further investigate the effect
of feedback delay in the receiver by developing a math-
ematical model, and we find that the delay can signifi-
cantly degrade the performance of the receiver for large
signals.

This paper is organized as follows. We first introduce the
quantum receiver and derive the theoretically achievable
error probability (Sec. II). In Sec. III, we discuss our exper-
imental setup and experimental results, while we provide
our conclusions in Sec. IV.

II. QUANTUM RECEIVER WITH FEEDBACK FOR
QPSK SIGNALS

In this section, we introduce a quantum receiver beat-
ing the SQL and approaching the Helstrom bound for the
discrimination of the QPSK coherent states.

We define the QPSK coherent states as |αm〉 =∣∣|α| e(2m+1)iπ/4
〉
, where m = 0, 1, 2, 3 and |α| represents the

magnitude of the signal state [Fig. 1(a)].
Figure 1(b) depicts a schematic of the receiver. The

receiver consists of a displacement operation, a single-
photon detector (SPD) and real-time feedback control of
the displacement phase dependent on the counting history
of the SPD. The displacement operation can be physi-
cally implemented by combining the signal state with a
strong reference beam at a beam splitter with nearly unit
transmittance. To illustrate the feedback control of the dis-
placement, an incoming signal state with full time width
T is virtually divided into M temporal-mode bins. At each
step, i, of the protocol, a displacement is applied to the ith
temporal mode such that one of the candidate states is dis-
placed to the vacuum state. The SPD provides a binary out-
come ei ∈ {0(off ), 1(on)} whose POVM is, respectively,
represented by �̂0 = e−ν

∑∞
n=0(1 − η)n |n〉 〈n|, �̂1 = Î −

�̂0, where ν is the dark count noise (counts per state) and η

is the detection efficiency of the SPD [38]. The probability
of getting an outcome ei for a coherent state |γ 〉 with a dis-
placement operation D̂(β) = exp(βâ† − β∗â) is therefore
given by

p(ei|γ ; β) = 〈γ | D̂†(−β)�̂ei D̂(−β) |γ 〉
= (1 − ei)e−ν−η|γ−β|2

+ ei(1 − e−ν−η|γ−β|2). (1)

(a)

(b)

(c)

FIG. 1. (a) QPSK coherent states in phase space. (b) A receiver
with displacement, photon-detection, and feedback operations.
(c) Theoretical performance of the receiver. Solid black, red,
blue, and green lines represent the receiver with M = 100, M =
10, M = 4, and M = 3, respective. Dash-dotted and dashed lines
represent the standard quantum limit and the Helstrom bound,
respectively.
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The a priori belief was that the incoming state was
the one that was displaced to the vacuum. If the detector
outcome is off, this belief is reinforced and the same dis-
placement is maintained for the next step. If, on the other
hand, the outcome is on, this is a strong indication that the
incoming state was not displaced to the vacuum. Hence,
the displacement phase should (typically) be changed for
the next step. On the basis of the full photon-detection
history {er}, the candidate state that has the highest a
posteriori probability P(αm|{ei}) should now be displaced
toward the vacuum state [30].

The a posteriori probability after detection of the j th bin
is obtained from

P(αm|{ei}) = �
j
k=1p(ek|αm/

√
M ; βk)

∑3
l=0 �

j
k=1p(ek|αl/

√
M ; βk)

, (2)

where we assume that the a priori probabilities of the
four signal states are equal and the signal state is equally
divided into M temporal modes. The most-likely signal
state that maximizes the final a posteriori probability is
concluded to be the received state. Thus, the average error
probability for the discrimination of the QPSK coherent
states using the feedback receiver is represented as

Pe = 1 − 1
4

3∑

m=0

∑

{ei}∈Om

P({ei}|αm), (3)

where the conditional probability P({ei}|αm) represents the
probability of having the outcomes {ei} if the actual incom-
ing signal is |αm〉 and Om is the set of outcomes for which it
was concluded that the state |αm〉 was received. An analyt-
ical expression for Eq. (3) was obtained for the ideal case
[28]. On the other hand, finding a solution for the general
case with experimental imperfections is not straightfor-
ward, and we therefore evaluate the error probability with
imperfections by simulating the model.

The achievable error probability with the receiver in
the ideal condition is shown in Fig. 1(c). The ultimate
bound for the discrimination of the QPSK states is given
by the Helstrom bound [1,28]. The SQL is the error
probability that can be attained by the conventional het-
erodyne receiver measuring both quadratures, whose error
probability is calculated to be

PSQL
e = 1 − 1

4

[
1 + erf

(
|α| /

√
2
)]2

, (4)

where erf x is the error function defined as erf x =
2/

√
π

∫ x
0 e−t2 dt. Under the ideal condition, already the

minimum number of feedback steps M = 3 beats the SQL.
Moreover, if the number of feedback steps is increased
up to, for example, M = 10, the feedback measurement

closely approaches the Helstrom bound. Although the ana-
lytical form for the asymptotic limit of the number of feed-
back steps M → ∞ is not straightforward, the reduction of
the error probability saturates for large numbers of steps. In
contrast to the BPSK case, there is a small gap between the
Helstrom bound and the feedback measurement based on
photon detection [28].

III. EXPERIMENT

Figure 2 illustrates our experimental setup. The beam
from a continuous-wave, fiber-coupled laser at 1550 nm is
split into two paths, one for preparation of the signal states
and one for the reference field for the displacement opera-
tion. We prepare the QPSK signal states using a variable
attenuator and a phase shifter that consists of a piezo-
electric transducer embedded in a circular mount with an
optical fiber looped around to control the intensity and the
phase of the signal state, respectively. The displacement
operation is physically implemented with use of a 99:1
fiber coupler, where the signal state interferes with the ref-
erence field for the displacement operation. The amplitude
of the displacement is controlled by an intensity modula-
tor (operating with a constant voltage) that is calibrated
to displace the signal states to the vacuum state by mini-
mizing the count rate obtained with a SSPD [35,36]. An
interference visibility of 99.6% can be achieved by man-
ual adjustment of the polarization. We switch the laser
intensity between high and low using an optical switch
to repeatedly and sequentially implement phase stabiliza-
tion and measurement. For the phase-stabilization period,

FIG. 2. Experimental setup. Blue and yellow lines represent
polarization-maintaining fiber and single-mode fiber, respec-
tively. AMP, amplifier; DE, detection efficiency, FC, fiber cou-
pler; IM, intensity modulator; PC, polarization controller; PM,
phase modulator; PZT, piezoelectric transducer; SW, switch; VA,
variable attenuator.

054015-3



SHURO IZUMI et al. PHYS. REV. APPLIED 13, 054015 (2020)

the relative phase between the signal and the reference
is set to one of the four phase conditions (2m + 1)π/4
(m = 0, 1, 2, 3) by our measuring the laser intensity after
the 99:1 fiber coupler on a conventional photodetector
and feeding back an error signal obtained from the pho-
todetector to the phase shifter. For the measurement, the
displaced signal is detected by the SSPD. In our experi-
ment, instead of randomly preparing the QPSK coherent
states, we prepare 500 identical signal states after releas-
ing the phase stabilization and do the procedure 20 times
for each state. A field-programmable gate array (FPGA)
counts the electrical signal from the SSPD and rapidly
changes the voltages applied to the phase modulator for the
reference field dependent on the counting history, which
corresponds to the feedback control of the phase of the
displacement operation. The feedback bandwidth of our
receiver is about 1 MHz, and is mainly limited by the
speed of the digital-to-analog converter (DAC) use for the
experiment. Since the full time width of the signal state
is defined to be T = 200 μs, the delay of the feedback is
not negligible for our experiment and hence we discard the
counts observed in the time interval 	t = 1.1 μs between
each time bin.

Imperfect transmittance of optical components as well
as the nonunit detection efficiency of the SSPD are the
main sources of loss in our experiment. The total transmit-
tance from the 99:1 fiber coupler to the fiber immediately
before the SSPD ηT is measured to be approximately 90%
(which is achieved by our splicing the fibers) and the
detection efficiency of the SSPD ηSSPD can reach approxi-
mately 73% with a dark-count rate of 45 Hz. Therefore, our
receiver is expected to have a total system efficiency ηSE =
ηT × ηSSPD of about 65%. For characterization of the total
system efficiency, we insert free-space filters attenuating
the laser power down to a few-hundred-thousand photons,
which can be measured by the SSPD without saturation.
The laser intensity in the signal-state-preparation path is
split into two paths with use of a 50:50 fiber coupler, where
the laser power in one path is measured by a power meter
to estimate the laser power Iin in the other path guided
to the receiver. After insertion of a cascade of calibrated
optical filters at the beginning of the setup, the attenu-
ated laser power passing through optical components of the
receiver is detected by the SSPD. Since we can estimate
the photon rate from the laser power Iin and the attenuation
caused by the inserted optical filters, the total system effi-
ciency is obtained by our comparing the photon rate and
the observed count rate. The total system efficiency can
be evaluated with, at most, 1.5% uncertainty, including the
finite precision of calibrating the filters and the splitting
ratio of the 50:50 fiber coupler, the systematic error due
to the laser-power fluctuation, and the filter position. As
the detection efficiency of the SSPD depends on the polar-
ization of the detected light, the polarization is carefully
controlled to optimize the efficiency.

(a)

(b)

FIG. 3. (a) Error probability for the QPSK discrimination as
a function of the signal mean photon number. Red and blue
points are experimentally obtained values for M = 10 and M =
4, respectively, and the corresponding theoretical predictions are
shown by crosses. Red and blue lines represent the performance
of the feedback receiver with M = 10 and M = 4, respectively,
in the ideal condition. Dashed, thick dash-dotted, and thin dash-
dotted lines represent the Helstrom bound, the SQL and the SQL
with total detection efficiency of 65%, respectively. (b) The same
data as in (a) but on a linear scale.

The experimentally obtained performance of our
receiver is depicted in Figs. 3(a) and 3(b). Blue and
red dots represent the experimentally obtained error
probability for M = 4 and M = 10, respectively. The
means and the error bars of the error probability are calcu-
lated from five independent procedures. The signal mean
photon number |α|2 is estimated by our rescaling the
attenuated-signal mean photon number ηSE |α|2 directly
observed by the FPGA. The error bar of the signal mean
photon number originates from the finite precision of the
estimation of the total system efficiency ηSE. The incon-
sistent size of the error bars on the signal mean photon
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number is due to the variation of the uncertainty of the
total system efficiency associated with its characterization
process. We measure the attenuated-signal mean photon
number before and after the measurement to ensure that the
signal power is stable during the data acquisition, and the
difference of the attenuated-signal mean photon numbers
is typically less than 1% of the attenuated-signal power
and 3% at most. As a conservative estimate of the mean
photon number, we choose the largest of the two measure-
ments for the plots in Figs. 3(a) and 3(b). The theoretical
values shown by crosses are evaluated by Monte Carlo
simulations under the experimental conditions, including
the total system efficiency ηSE = 65%, the visibility ξ =
99.6%, the dark-count noise ν = 9.1 × 10−3 counts per
state, and a loss due to feedback-delay compensation of
4.95% for M = 10 and 1.65% for M = 4. Dashed, thick
dash-dotted, and thin dash-dotted lines represent the Hel-
strom bound, the SQL and the SQL with total system
efficiency 65%. The small deviation of the experimental
results from the theoretical values is mainly due to vari-
ation of the visibility condition of the displacement. For
M = 4, the saturation of the error probability originates
from the imperfection of the visibility and the dark-count
noise, which increase the probability of erroneously detect-
ing the photon irrespective of the signal phase condition
[29,31]. The effect of these phase-insensitive counts is sup-
pressed by our performing a large number of feedback
steps with the feedback strategy based on the a posteriori
probability, appropriately taking into account these imper-
fections. Although the performance of the receiver is far
from ideal due to the finite detection efficiency and the vis-
ibility of the displacement operations, our receiver with
M = 10 beats the SQL and shows very good agreement
with the theoretical values.

We further investigate the possible performance of our
receiver with an imaginary SPD assumed to have higher
detection efficiencies. In Fig. 4, we plot the expected per-
formances of our receiver with a SPD whose efficiency
ηSPD is assumed to be 100% (blue), 90% (purple), 80%
(green), and 73% (red), corresponding to our experimen-
tal conditions. The signal mean photon number is obtained
by our rescaling the attenuated-signal mean photon number
ηTηSSPD |α|2, which is directly observed in our experiment,
with fixed ηT = 90% and variable ηSPD. Since the max-
imum detection efficiency of single-photon detectors at
telecom wavelength ever reported is above 90% [37,39],
our receiver can potentially provide a significant improve-
ment over the SQL by combining with such SPDs. The
lowest requirement for the detection efficiency of the SPD
to overcome the SQL with our system is estimated to be
65%, corresponding to total system efficiency of 58.5%.

Apart from the imperfections related to the photon
detection, perhaps the most-relevant practical imperfec-
tion of the feedback receiver is the limited bandwidth or
delay of the feedback operation. During the transition from

FIG. 4. Expected error probabilities for various detection effi-
ciencies of the SPD. Blue, purple, green, and red points represent
the expected error probabilities obtainable with the SPD with
detection efficiencies of 100%, 90%, 80%, and 73%, respec-
tively.

one displacement phase to another, the displacement oper-
ation is not well defined and spurious counts may occur,
negatively affecting the performance of the receiver. To
alleviate the delay problem, the counts observed in a short
time interval 	t between each temporal-mode bin can be
discarded, and the discarding time can be considered as
additional linear loss. We characterize this effect by set-
ting the discarding time to various values and observing
the error probability. We do this for mean photon numbers
|α|2 = 3.3 and |α|2 = 9.4 and plot the results as a function
of the discarding time 	t in Figs. 5(a) and 5(b). The red
circles represent the experimentally obtained error prob-
abilities, whose means and error bars are evaluated from
five independent procedures. The black circles and crosses
are the theoretical values with and without the delay effect,
obtained from the model discussed in Appendix A. The
simulation procedure is described in Appendix B. For the
black circles, the delay is not considered in the probability-
distribution model to calculate the a posteriori probability
for given outcomes, which is how our receiver is experi-
mentally realized. We further reduce the error probability
if the delay effect is taken into account in the probability-
distribution model to calculate the a posteriori probability
but we find that the reduction is not drastic, and our setting
the discarding time to 1.1 μs shows a better performance
anyway. Since the displacement phase reaches the target
condition within 1.0 μs, the theoretical values with dis-
carding time 	t greater than 1.0 μs can be simply analyzed
from the model with the discarding loss without the delay
effect. The black circles therefore coincide with the black
crosses. For the simulation, we take into account the pre-
viously mentioned imperfections as well as the discarding
loss. The degradation of the performance with small 	t is
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(a)

(b)

FIG. 5. Error probability for QPSK discrimination with M =
10 as a function of discarding time 	t: (a) |α|2 = 3.3; (b) |α|2 =
9.4. Red circles represent the experimental results, while black
circles and crosses represent the theoretical values with and with-
out the delay effect, respectively. Special treatment of the delay
effect is no longer necessary if the discarding time 	t > 1.0 μs
and the black circles are coincident with the black crosses. The
dash-dotted line represents the ideal SQL.

due to the delay of the feedback operations, and the error
probability can be reduced by our discarding the counts
observed in 	t but becomes higher as 	t increases since
the discarding loss increases. Each data point is evaluated
from independent experimental procedures and therefore
the experimental conditions, such as the mean photon num-
ber and the visibility of the displacement, are slightly
different in each discarding-time condition. This explains
the disagreement between the experimental values and the
theoretical values, which are calculated under the same
parameter conditions. For small mean photon number, the
delay effect is not as critical as for large mean photon num-
ber because the probability of detecting photons is low and
the phase of the displacement operation is rarely changed.

IV. CONCLUSIONS

We experimentally realize a quantum receiver consist-
ing of a displacement operation, a single-photon detec-
tor, and feedback operation. Our receiver uses a high-
performance photon counter and achieves discrimination
of QPSK signals with an error probability beating the SQL
at telecom wavelength. While the total system efficiency
of our receiver is limited to 65% mainly because of the
finite detection efficiency of the photon counter, our system
could provide a substantial gain over the SQL if state-
of-the-art photon counters showing higher performance
at telecom wavelength were installed [37,39]. We further
investigate the performance of the feedback measurement
with finite bandwidth of the feedback. Our delay analy-
sis shows that the feedback delay can drastically degrade
the performance for large signal mean photon numbers,
where the displacement operation needs to be changed
more frequently.

Since our all-fiber-based telecom quantum receiver
is compatible with current optical fiber communication
and can be modified to another type of two-dimensional
projector such as a single-rail qubit projector [25], we
expect that our receiver will provide a practical advan-
tage for not only conventional coherent communication
but also quantum-optical information processing [40–42].
An interesting future step is to install our telecom quan-
tum receiver in long-distance fiber communication sys-
tems by developing a truly local reference field for the
displacement operation [43,44]. Such a realistic commu-
nication scenario requires high-speed transmission of sig-
nal states and therefore the bandwidth of the feedback
operation would become a more-critical challenge to be
overcome.

Finally, further increase of the feedback bandwidth is,
in principle, possible by replacement of the DAC with a
faster one. On the other hand, the ultimate feedback band-
width of our system would be limited by the dead time
of the SSPD, which is about 50 ns. One of the promising
directions to increase the bandwidth would be to install a
multipixel SSPD that can effectively provide a short dead
time [45].
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APPENDIX A: DELAY ANALYSIS

Delay of feedback operations may degrade the per-
formance of the receiver. We develop a model of the
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FIG. 6. Electrical signals applied to the phase modulator. The
transition between time periods is at t = 0. The signal remains
constant within the temporal region (region 1), changes continu-
ously to the target condition in region 2, and settles down to the
target condition in region).

receiver with finite bandwidth of the feedback operation
to analyze the performance in the experimentally relevant
condition.

We show the electrical signals applied to the phase mod-
ulator in Fig. 6. The j th time bin starts at t = 0 and the
electrical signal remains constant in region 1, continuously
changes to the target condition in region 2, and settles
down to the target condition in region 3. The delay of the
electrical signal is because of the communication speed
between the FPGA and the DAC in addition to the finite
response time of the DAC. We use a Nexys 4 artix-7 FPGA
evaluation board and a Pmod DA3 with 16-bit resolution
from Digilent.

To theoretically investigate the performance of the
receiver with the delay of the feedback operation, we use
spatial-mode analysis where the signal state is spatially
divided into M modes and a displacement operation and
photon detection are performed on each mode. Suppose
that the signal state is equally split and the displacement
operation is implemented such that one of the four signal
states is displaced to the vacuum state D̂(−γm) |γm〉 = |0〉,
where γm = αm/

√
M . We focus on the second mode to

discuss our model for the delay analysis. In the second
mode, the signal state is further divided by beam splitters
with reflectance (transmittance) r2

1 (t21) and r2
2 (t22) into three

steps: (i) the displacement operation remains the same as
the previous displacement condition, (ii) the displacement
operation changes from the previous condition to the target
condition, and (iii) the displacement operation is imple-
mented in the target condition. A schematic of the model
is shown in Fig. 7(b). The probability of having the off
event in the second mode is given by the product of the
off probabilities for all three steps. For steps 1 and 3, the

off probability issimply given by

p[0|r1(γm − γ0)] = e−r2
1|γm−γ0|2

= e−2r2
1γ 2[1−ξ cos (mπ/2)],

p[0|t1t2(γm − γm2)] = e−t21t22|γm−γm2 |2

= e−2t21t22γ 2{1−ξ cos [(m−m2)π/2]}, (A1)

where ξ is the visibility of the displacement. In step 2,
where the displacement operation continuously changes
from D̂(−γ0) to D̂(−γm2), we introduce the following
model. The signal state is equally split into L modes and
the displacement operation is first implemented such that
m = 0 is displaced to the vacuum state. From the first mode
to the Lth mode, the phase of the displacement operation
is changed with finite step m2π/2 × 1/L; that is, the dis-
placement operation at the j th mode (1 ≤ j ≤ L) is given
by D̂(−γ ′

0eiθj ), where γ ′
m = t1r2γm/

√
L and θj = m2π/2 ×

(j − 1)/(L − 1). Therefore, the probability of having the
off event at the j th mode is given by

p
(
0|γ ′

m − γ ′
0eiθj

) = e−
∣∣∣γ ′

m−γ ′
0eiθj

∣∣∣
2

= e−2γ
′2[1−ξ cos (θj −mπ/2)]. (A2)

The off -event probability in step 2 is given by the product
of the off probabilities for L modes:

L∏

j =1

p
(
0|γ ′

m − γ ′
0eiθj

) = e−∑L
j =1 2γ

′2[1−ξ cos (mπ/2−θj )],

(A3)

where

L∑

j =1

2γ
′2

[
1 − ξ cos

(mπ

2
− θj

)]

= 2t21r2
2γ

2 −
L∑

j =1

2t21r2
2γ

2

L
ξ cos

(mπ

2
− θj

)
. (A4)

To analyze the continuously changing displacement, we
consider the limit of infinitely many modes L → ∞:

lim
L→∞

L∑

j =1

2t21r2
2γ

2

L
ξ cos

(mπ

2
− θj

)

= 4t21r2
2γ

2

m2π
ξ

(
sin

mπ

2
− sin

(m − m2)π

2

)
. (A5)
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(a)

(b)

FIG. 7. (a) Feedback measurement with the SPDs in the
spatial-mode version. (b) Theoretical model equivalent to the
displacement condition with the delay shown in Fig. 6.

The probability of having the off event in step 2 can be
analytically obtained as

lim
L→∞

L∏

j =1

p(0|γ ′
m − γ ′

0eiθj )

= e−2t21r2
2γ 2+(4t21r2

2γ 2/m2π)ξ{sin (mπ/2)−sin [(m−m2)π/2]}.
(A6)

Finally, the probability of having the off event for the
second SPD in Fig. 7(a) is obtained from the product of
the off -event probabilities for the three detection steps in
Fig. 7(b).

Since we define a full time width of the signal state
and each time bin as 200 μs and 20 μs for M = 10,
respectively, from Fig. 6, we find the parameters r1 and
r2 corresponding to our condition to be r2

1 = 0.37/20 and
r2

2 = (1.0 − 0.37)/20t21. The theoretical values for the per-
formance of the receiver with the feedback delay shown
in Fig. 5 are obtained from Monte Carlo simulation based
on the model developed above. To simulate the discarding
time 	t = 0.5 μs, step 1 is discarded (100% linear loss),
meaning that the outcome from the SPD is always off, and
21% linear loss [(0.5 − 0.37)/(1.0 − 0.37) × 100] in step
2 is assumed.

In our experiment, we set the discarding time 	t =
1.1 μs and therefore the associated loss is 1.1/200 ×
(M − 1). Figure 8 shows the error probability of the feed-
back measurement for mean photon number |α|2 = 4.0 as

FIG. 8. Error probability for the feedback measurement with-
out the feedback discarding loss (red crosses) and with the
discarding loss (green crosses) in the experimental conditions,
η = 65%, ξ = 99.6%, and ν = 9.1 × 10−3 counts per state. The
mean photon number of the signal state is set to |α|2 = 4.0.

a function of the number of feedback stages. Red and green
crosses represent, respectively, the simulation results for
the feedback measurement under the experimental con-
ditions without the discarding loss assuming no delay of
the feedback and with the discarding loss due to the delay
compensation. For an increasing number of stages, the per-
formance eventually begins to degrade since the discarding
loss becomes dominant.

APPENDIX B: SIMULATION

The theoretically expected values under the experimen-
tal conditions are obtained by our performing Monte Carlo
simulation. If the displacement magnitude is the same
as the magnitude of the signal state, the probability dis-
tribution of the photon detection can be described by a
Poissonian distribution with mean photon number n̄ = ν +
2η(1 − ξ cos θ) |γ |2, where θ is the relative phase between
the signal state and the displacement direction [31,33,46].
Hence, the probabilities of having the off event are given
by

p(0|γm; −γm) = e−ν−2η(1−ξ)|γ |2 ,

p(0|γm+π/2; −γm) = e−ν−2η|γ |2 ,

p(0|γm+π ; −γm) = e−ν−2η(1+ξ)|γ |2 ,

p(0|γm+3π/2; −γm) = e−ν−2η|γ |2 ,

where p(0|γm+θ ; −γm) represents the probability of the off
event for the state whose phase is θ shifted from the tar-
get state displaced to the vacuum. For the simulation, we
first assume that the signal state m = 0 is detected by the
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receiver and generate the outcome according to the Pois-
sonian distribution with mean photon number ν + 2η(1 −
ξ) |γ |2. Dependent on the outcome from the SPD, we cal-
culate the a posteriori probabilities P(αm|{ei}) for each
state according to Eq. (2) and obtain the most-likely state
maximizing the a posteriori probability. In the next step of
the stages, the displacement operation is performed such
that the most-likely state is displaced to the vacuum state;
that is, if the outcome is 0, corresponding to off, the out-
come is generated according to the Poissonian distribution
with the same mean photon number and otherwise the out-
come is generated according to the Poissonian distribution
with the mean photon number dependent on the a poste-
riori probabilities. By doing the simulation M times and
making the final decision on the basis of the a posteri-
ori probability at the last stage, we can conclude whether
we successfully identify the incoming signal. We perform
a similar procedure assuming that the signal states m =
1, 2, 3 are respectively detected by the receiver with the
same feedback strategy, and the total error probability is
calculated by our summing up the error probabilities for
each state divided by 4 (a priori probabilities). We simu-
late the procedure 106 times and obtain the average error
probability for the QPSK discrimination with the feedback
measurement.

The source code for the theoretical simulation of the
strategies discussed in this paper is available at Ref. [47].
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